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1. Introduction and preliminaries

The theory of integral inequalities is studied to estimate the various mathematical quantities, and
relying on the concept of inequality, numerous concepts of mathematical analysis are developed. One
of these concepts, convex functions, is particularly useful in determining notable inequalities such as
Young’s inequality, Hölder’s type inequalities, Jensen’s inequality, trapezium’s inequality, Ostrowski’s
type inequalities, Simpson’s type inequalities, and so on. It is interesting to note that Jensen’s and
Hermite-Hadamard inequalities are studied as equivalent definitions of convex mappings and necessary
and sufficient conditions to check the concavity of functions, respectively.

Definition 1.1. Let z : [m1,m2]→ R be considered as convex mapping if

z((1 − z)ω + zω1) ≤ (1 − z)z(ω) + zz(ω1), ∀ω,ω1 ∈ [m1,m2], (1.1)

where z ∈ [0, 1].

Let z : I = [m1,m2] ⊂ R→ R be a convex mapping, then

z
(m1 + m2

2

)
≤

1
m2 − m1

∫ m2

m1

z(ω)dz ≤
z(m1) + z(m2)

2
. (1.2)

Innovative and creative strategies have been employed to analyze the Hermite-Hadamard
inequality. We can determine the boundaries for the remainder in trapezoidal and mid-point rules
employed for numerical integration by assessing the inequality from both the right and left sides,
respectively. For more details, see [1]. As far as we are aware, Simpson’s rule is the most
frequently applied three-point approximation integration rule, although it has the disadvantage of
being inapplicable to functions that are not differentiable at the domain’s endpoints. In the part that
follows, we recapture the Simpson’s 1

8 formula and the well-known Simpson’s inequality, which is
demonstrated as: ∫ m2

m1

z(ω)dω ≈
1
6

[
z(m1) + 4z

(m1 + m2

2

)
+ z(m2)

]
.

Theorem 1.1. [2] If z : [m1,m2]→ R is a four times continuously differentiable on (m1,m2), and
||z(4)||∞ = supω∈(m1,m2) |z

(4)| < ∞, then∣∣∣∣∣∣16
[
z(m1) + 4z

(m1 + m2

2

)
+ z(m2)

]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣ ≤ 1
2880

||z(4)||∞(m2 − m1)5.

To address the limitation of Simpson’s inequality, the Maclaurin method is employed since it does
not involve any boundary points in its quadrature rules. We present the Maclaurin’s inequality, which
is stated as:

Theorem 1.2. Let z : [m1,m2]→ R be a four times continuously differentiable on (m1,m2), and
||z(4)||∞ = supω∈(m1,m2) |z

(4)| < ∞, then∣∣∣∣∣∣18
(
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

))
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤

7(m2 − m1)2

51840
‖z(4)‖∞.
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In 2009, Alomari et al. [3] explored the general form of Simpson’s-like inequalities utilizing s-
convexity of functions. Budak et al. [4] presented some fresh improvements regarding Simpson’s
type inequalities by making use of newly proposed quantum operators. Yang et al. [5] obtained
new representations of Simpson’s-like inequalities using (s,m) convex mappings. Noor et al. [6]
presented the inequalities of the trapezium type, utilizing the definition of harmonic convexity for two
dimensions. Set et al. [7] obtained some Ostrowski-like inequalities by making use of s-convexity and
fractional concepts. In [8], the authors discussed the Dragomir-Agarwal type inequalities incorporated
with the generalized convexity and (p, q) calculus. In 2020, Chu et al. [9] came up with a new type of n-
polynomial strongly convex mappings and worked out some new, stronger Simpson’s type inequalities
using Katugampola fractional integral operators. Dragomir and Rassias [10] published a monograph
on Ostrowski’s type inequalities and their utilities. In [11] applied a unified technique to extract the
bounds for various error inequalities incorporated with monotone mappings. Ujevic [12] discussed the
sharp inequalities of Simpsons’s and Ostrowski’s type. For more details, see [13–15].

In 2013, Alomari and Dragomir [16] introduced a new unified kernel and developed the error
bounds of several Newton-Cotes formulas, including Euler-Maclaurin’s inequality. Meftah et al. [17]
came up with error bounds for Euler-Maclaurin’s method using the idea of generalized convexity
in the fractal domain. They then used the results in numerical integration to show that they were
correct. In 2023, Hezenci and his fellows [18] investigated the fractional forms of Euler-Maclaurin-
like inequalities associated with convex functions. Additionally, simulations verify the outcomes.
In [19], the authors utilized the q approach to obtain more general and improved Euler-Maclaurin’s type
inequalities. In the continuation, Peng and Du [20] implemented the concepts of multiplicative calculus
and established the new error estimates regarding Maclaurin’s formula. In 2013, for the first time,
Alomari [21] derived the error estimates for Milne’s formula for first-order differentiable mappings.
This article paved the way to investigate these kinds of methods. Budak et al. [22] investigated the error
estimates of open methods involving convex functions and functions having the property of bounded
variation and their applications. Also, Bin-Mohsin et al. [23] used quantum mechanics and the Jensen-
Mercer inequality to look at new inequalities of Milne’s type and used graphs to show that their results
were correct.

Research on Euler-Maclaurin’s inequality has motivated us to derive more accurate upper bounds
for under-consideration inequality and its applications, particularly a novel iterative algorithm related
to the open method of Maclaurin’s rule. We determine Euler-Maclaurin’s type inequalities via a
new identity established for first-order differentiable and convex mappings, bridging some elementary
results from the theory of inequalities. Our obtained estimates will yield more accurate results
than those found in other research. Moreover, we visualize and verify our primary outcomes
through graphical representations and numerical examples. To increase reliability, we present novel
applications of theoretical means, numerical integration, and a new iterative method to solve non-
linear problems.

2. Major results

In the following part of the investigation, we construct new error boundaries for first order
differentiable convex by leveraging the elementary concepts of inequalities. First, we prove a new
differentiable identity concerning Maclaurin’s procedure.
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Lemma 2.1. Let z : I = [m1,m2]→ R be a differential mapping on Io with m1 < m2 and z ∈ L[m1,m2],
then the following equality hold

1
8

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω (2.1)

= (m2 − m1)

∫ 1
6

0
zz′((1 − z)m1 + zm2)dz +

∫ 1
2

1
6

(
z −

3
8

)
z′((1 − z)m1 + zm2)dz

+

∫ 5
6

1
2

(
z −

5
8

)
z′((1 − z)m1 + zm2)dz +

∫ 1

5
6

(z − 1)z′((1 − z)m1 + zm2)dz

 .
Proof. Let

I1 =

∫ 1
6

0
zz′((1 − z)m1 + zm2)dz

I2 =

∫ 1
2

1
6

(
z −

3
8

)
z′((1 − z)m1 + zm2)dz

I3 =

∫ 5
6

1
2

(
z −

5
8

)
z′((1 − z)m1 + zm2)dz

I4 =

∫ 1

5
6

(z − 1)z′((1 − z)m1 + zm2)dz.

Implementing the integration by parts, we have

I1 = z

(
z((1 − z)m1 + zm2)

m2 − m1

)∣∣∣∣∣∣
1
6

0

−

∫ 1
6

0

z((1 − z)m1 + zm2)
m2 − m1

dz

=
1

m2 − m1

1
6
z

(
5m1 + m2

6

)
−

∫ 1
6

0
z((1 − z)m1 + zm2)dz


=

1
m2 − m1

1
6
z

(
5m1 + m2

6

)
−

1
m2 − m1

∫ 5m1+m2
6

m1

z(ω)dω

 . (2.2)

Similarly, we obtain

I2 =

(
z −

3
8

)
z((1 − z)m1 + zm2)

m2 − m1

∣∣∣∣∣∣
1
2

1
6

−

∫ 1
2

1
6

z((1 − z)m1 + zm2)
m2 − m1

dz

=
1

m2 − m1

1
8
z
(m1 + m2

2

)
+

5
24
z

(
5m1 + m2

6

)
−

1
m2 − m1

∫ m1+m2
2

5m1+m2
6

z(ω)dω

 , (2.3)

I3 =

(
z −

5
8

)
z((1 − z)m1 + zm2)

m2 − m1

∣∣∣∣∣∣
5
6

1
2

−

∫ 5
6

1
2

z((1 − z)m1 + zm2)
m2 − m1

dz

=
1

m2 − m1

1
8
z
(m1 + m2

2

)
+

5
24
z

(
m1 + 5m2

6

)
−

1
m2 − m1

∫ m1+5m2
6

m1+m2
2

z(ω)dω

 , (2.4)
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I4 = (z − 1)
z((1 − z)m1 + zm2)

m2 − m1

∣∣∣∣∣15
6

−

∫ 1

5
6

z((1 − z)m1 + zm2)
m2 − m1

dz

=
1

m2 − m1

1
6
z

(
m1 + 5m2

6

)
−

1
m2 − m1

∫ 1

m1+5m2
6

z(ω)dω
 . (2.5)

Summing (2.2–2.5) and then taking the product of the obtained results by (m2 − m1), we get (2.1). �

Theorem 2.1. Assume that all of the requirements of Lemma 2.1 are fulfilled. If |z′| is a convex mapping
on [m1,m2], then∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣ (2.6)

≤
25(m2 − m1)

576
(|z′(m1)| + |z′(m2)|).

Proof. Considering Lemma 2.1 and implementing the modulus characteristic and the convexity of |z′|,
we have∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤ (m2 − m1)

∫ 1
6

0
z|z′((1 − z)m1 + zm2)|dz +

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz +

∫ 1

5
6

|z − 1||z′((1 − z)m1 + zm2)|dz


≤ (m2 − m1)

∫ 1
6

0
z((1 − z)|z′(m1)| + z|z′(m2)|)dz +

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ ((1 − z)|z′(m1)| + z|z′(m2)|)dz

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ ((1 − z)|z′(m1)| + z|z′(m2)|)dz +

∫ 1

5
6

|z − 1|((1 − z)|z′(m1)| + z|z′(m2)|)dz


= (m2 − m1)

∫ 1
6

0
z((1 − z)|z′(m1)| + z|z′(m2)|)dz

+

∫ 3
8

1
6

(
3
8
− z

)
+

∫ 1
2

3
8

(
z −

3
8

) ((1 − z)|z′(m1)| + z|z′(m2)|)dz

+

∫ 5
8

1
2

(
5
8
− z

)
+

∫ 5
6

5
8

(
z −

5
8

) ((1 − z)|z′(m1)| + z|z′(m2)|)dz

+

∫ 1

5
6

|z − 1|((1 − z)|z′(m1)| + z|z′(m2)|)dz


=
25(m2 − m1)

576
(|z′(m1)| + |z′(m2)|).

The proof is completed. �

We now give a graphical illustration of the above mentioned result.

AIMS Mathematics Volume 9, Issue 12, 35885–35909.



35890

Example 2.1. Suppose all the properties of Theorem 2.1 are met, and considering the mapping z(z) =
θ

r+2θz
r
θ+2 defined on R+ with r ≥ 1, θ > 1, m1 = 1 and m2 = 3 be a convex function. Then,∣∣∣∣∣∣∣∣∣∣

θ
(
3
(

4
3

) r+2θ
θ

+ 2(2
r+2θ
θ ) + 3

(
8
3

) r+2θ
θ

)
8(2θ + r)

−
θ2

(
3

r+3θ
θ − 1

)
2((r + 2θ)(r + 3θ))

∣∣∣∣∣∣∣∣∣∣
≤

25
288

(
3

r+θ
θ + 1

)
.

Under similar assumptions with α = 1 = r = θ, Theorem 3.2 proved in [17] and Theorem 2.1 provide
the following bounds for Maclaurin’s inequality: 0 < 0.7525 and 0 < 0.8681, respectively. Our results
provide better estimations compared to results previously established.

(a) (b) 2 3 4 5 6 7
r

20

40

60

80

100

120

140

Ϝ(r)

(c) 2 3 4 5
θ

0.2

0.4

0.6

0.8

Ϝ(θ)

Figure 1. Graphical visuals of left and right sides of Theorem 2.1.

• For Figure 1(a)–(c), we vary r ∈ [1, 5] and θ ∈ [1, 5] to illustrate the comparison between the
left and right sides of Theorem 2.1. From these visuals, one can easily observe that the left side
is strictly less than the right hand side of Theorem 2.1, which confirms the accuracy of under-
consideration of the result.

Theorem 2.2. Assume that all of the requirements of Lemma 2.1 are fulfilled. If |z′|q is a convex
mapping on [m1,m2], q > 1, then∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤ (m2 − m1)

( 1
6p+1(p + 1)

) 1
p
(
11
72
|z′(m1)|q +

1
72
|z′(m2)|q

) 1
q

+

 1
p + 1

( 5
24

)p+1

+

(
1
8

)p+1 1
p (

2
9
|z′(m1)|q +

1
9
|z′(m2)q

) 1
q

+

 1
p + 1

(1
8

)p+1

+

(
5

24

)p+1 1
p (

1
9
|z′(m1)|q +

2
9
|z′(m2)q

) 1
q

+

(
1

6p+1(p + 1)

) 1
p
(

1
72
|z′(m1)|q +

11
72
|z′(m2)q

) 1
q
 ,

where 1
p + 1

q = 1.
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Proof. Taking p > 1. Considering Lemma 2.1, and making the utility of notable Hölder’s integral
inequality and the convexity of |z′|q, we achieve∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤ (m2 − m1)

∫ 1
6

0
z|z′((1 − z)m1 + zm2)|dz +

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz +

∫ 1

5
6

|z − 1||z′((1 − z)m1 + zm2)|dz


≤ (m2 − m1)


∫ 1

6

0
zpdz


1
p
∫ 1

6

0
|z′((1 − z)m1 + zm2)|qdz


1
q

+

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣p dz


1
p
∫ 1

2

1
6

|z′((1 − z)m1 + zm2)|qdz


1
q

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣p dz


1
p
∫ 5

6

1
2

|z′((1 − z)m1 + zm2)|qdz


1
q

+

∫ 1

5
6

|z − 1|pdz
 1

p
∫ 1

5
6

|z′((1 − z)m1 + zm2)|qdz
 1

q


≤ (m2 − m1)


∫ 1

6

0
zpdz


1
p
∫ 1

6

0
((1 − z)|z′(m1)|q + z|z′(m2)q)dz


1
q

+

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣p dz


1
p
∫ 1

2

1
6

((1 − z)|z′(m1)|q + z|z′(m2)q)dz


1
q

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣p dz


1
p
∫ 5

6

1
2

((1 − z)|z′(m1)|q + z|z′(m2)q)dz


1
q

+

∫ 1

5
6

|z − 1|pdz
 1

p
∫ 1

5
6

((1 − z)|z′(m1)|q + z|z′(m2)q)dz
 1

q


= (m2 − m1)

( 1
6p+1(p + 1)

) 1
p
(
11
72
|z′(m1)|q +

1
72
|z′(m2)|q

) 1
q

+

 1
p + 1

( 5
24

)p+1

+

(
1
8

)p+1 1
p (

2
9
|z′(m1)|q +

1
9
|z′(m2)q

) 1
q

+

 1
p + 1

(1
8

)p+1

+

(
5

24

)p+1 1
p (

1
9
|z′(m1)|q +

2
9
|z′(m2)q

) 1
q

+

(
1

6p+1(p + 1)

) 1
p
(

1
72
|z′(m1)|q +

11
72
|z′(m2)q

) 1
q
 ,
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which ends the proof. �

Below is the graphical illustration of Theorem 2.2.

Example 2.2. Suppose all the properties of Theorem 2.2 are met, and considering the mapping z(z) =
θ

r+2θz
r
θ+2 defined on R+ with r ≥ 1, θ > 1, m1 = 1 and m2 = 3 be a convex function. Then,∣∣∣∣∣∣∣∣∣∣

θ
(
3
(

4
3

) r+2θ
θ

+ 2(2
r+2θ
θ ) + 3

(
8
3

) r+2θ
θ

)
8(r + 2θ)

−
θ2

(
3

r+3θ
θ − 1

)
2((r + 2θ)(r + 3θ))

∣∣∣∣∣∣∣∣∣∣
≤ 2

√ 1
648

√11
72

+
1

72

(
3

2r+2θ
θ

) +

√
19

184

√2
9

+
1
9

(
3

2r+2θ
θ

)
+

√
19

184

√1
9

+
2
9

(
3

2r+2θ
θ

) +

√
1

648

√ 1
72

+
11
72

(
3

2r+2θ
θ

) .
• For Figure 2(a)–(c), we vary r ∈ [1, 5] and θ ∈ [1, 5] to illustrate the comparison between the

left and right sides of Theorem 2.2. From these visuals, one can easily observe that the left
side is strictly less than the right side of Theorem 2.2, which confirms the accuracy of under-
consideration of the result.

(a) (b) 2 3 4 5
r

50

100

150

200

Ϝ(r)

(c) 2 3 4 5
θ

1

2

3

4

5

Ϝ(θ)

Figure 2. Graphical visuals of left and right sides of Theorem 2.2.

Theorem 2.3. Assume that all of the requirements of Lemma 2.1 are fulfilled. If |z′|q is a convex
mapping on [m1,m2], q ≥ 1, then∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤ (m2 − m1)

( 1
72

)1− 1
q
(

1
81
|z′(m1)|q +

1
648
|z′(m2)|q

) 1
q

+

(
17
576

)1− 1
q
(

863
41472

|z′(m1)|q +
361

41472
|z′(m2)q

) 1
q

+

(
17

576

)1− 1
q
(

361
41472

|z′(m1)|q +
863

41472
|z′(m2)q

) 1
q

+

(
1

72

)1− 1
q
(

1
648
|z′(m1)|q +

1
81
|z′(m2)q

) 1
q
 .

Proof. Considering Lemma 2.1, implementing the power-mean’s inequality and the convexity of |z′|q,
we get∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
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≤ (m2 − m1)

∫ 1
6

0
z|z′((1 − z)m1 + zm2)|dz +

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz +

∫ 1

5
6

|z − 1||z′((1 − z)m1 + zm2)|dz


≤ (m2 − m1)


∫ 1

6

0
zdz

1− 1
q
∫ 1

6

0
z((1 − z)|z′(m1)|q + z|z′(m2)q)dz


1
q

+

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ dz
1− 1

q
∫ 1

2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ ((1 − z)|z′(m1)|q + z|z′(m2)q)dz


1
q

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ dz
1− 1

q
∫ 5

6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ ((1 − z)|z′(m1)|q + z|z′(m2)q)dz


1
q

+

∫ 1

5
6

|z − 1|dz
1− 1

q
∫ 1

5
6

|z − 1|((1 − z)|z′(m1)|q + z|z′(m2)q)dz
 1

q


= (m2 − m1)

( 1
72

)1− 1
q
(

1
81
|z′(m1)|q +

1
648
|z′(m2)|q

) 1
q

+

(
17
576

)1− 1
q
(

863
41472

|z′(m1)|q +
361

41472
|z′(m2)q

) 1
q

+

(
17

576

)1− 1
q
(

361
41472

|z′(m1)|q +
863

41472
|z′(m2)q

) 1
q

+

(
1

72

)1− 1
q
(

1
648
|z′(m1)|q +

1
81
|z′(m2)q

) 1
q
 .

Hence, we acquire our required result. �

Here is the visual analysis of Theorem 2.3.

Example 2.3. Suppose all the properties of Theorem 2.3 are met, and considering the mapping z(z) =
θ

r+2θz
r
θ+2 defined on R+ with r ≥ 1, θ > 1, m1 = 1 and m2 = 3 be a convex function. Then,∣∣∣∣∣∣∣∣∣∣

θ
(
3
(

4
3

) r+2θ
θ

+ 2(2
r+2θ
θ ) + 3

(
8
3

) r+2θ
θ

)
8(r + 2θ)

−
θ2

(
3

r+3θ
θ − 1

)
2((r + 2θ)(r + 3θ))

∣∣∣∣∣∣∣∣∣∣
≤ 2

√ 1
648

√ 1
81

+
1

648

(
3

2r+2θ
θ

) +

√
19

5184


√

863
41472

+
361

41472

(
3

2r+2θ
θ

)
+

√
19

5184


√

361
41472

+
863

41472

(
3

2r+2θ
θ

) +

√
1

648

√ 1
648

+
1

81

(
3

2r+2θ
θ

) .
• For Figure 3(a)–(c), we vary r ∈ [1, 5] and θ ∈ [1, 5] to illustrate the comparison between the

left and right sides of Theorem 2.3. From these visuals, one can easily observe that the left
side is strictly less than the right side of Theorem 2.3, which confirms the accuracy of under-
consideration of the result.
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(a) (b) 2 3 4 5
r

5

10

15

Ϝ(r)

(c) 2 3 4 5
θ

0.1

0.2

0.3

0.4

Ϝ(θ)

Figure 3. Graphical visuals of left and right sides of Theorem 2.3.

Theorem 2.4. Assume that all of the requirements of Lemma 2.1 are fulfilled. If |z′|q is a convex
mapping on [m1,m2], q > 1, then∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤ (m2 − m1)

6

( 1
6p+2(p + 1)(p + 2)

) 1
p
(

17
1296

|z′(m1)|q +
1

1296
|z′(m2)|q

) 1
q

+

(
1

6p+2(p + 2)

) 1
p
(

1
81
|z′(m1)|q +

1
648
|z′(m2)|q

) 1
q


+3

(3p+2 + 5p+1(11 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

13
324
|z′(m1)|q +

5
324
|z′(m2)|q

) 1
q

+

(
5p+2 + 3p+1(13 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

11
324
|z′(m1)|q +

7
324
|z′(m2)|q

) 1
q


+3

(5p+2 + 3p+1(13 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

7
324
|z′(m1)|q +

11
324
|z′(m2)|q

) 1
q

+

(
3p+2 + 5p+1(13 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

5
324
|z′(m1)|q +

13
324
|z′(m2)|q

) 1
q


+6

( 1
6p+2(p + 2)

) 1
p
(

1
648
|z′(m1)|q +

1
81
|z′(m2)|q

) 1
q

+

(
1

6p+2(p + 1)(p + 2)

) 1
p
(

1
1296

|z′(m1)|q +
17

1296
|z′(m2)|q

) 1
q

 ,

where 1
p + 1

q = 1.

Proof. Considering Lemma 2.1, by implementing the improved Hölder’s inequality and the convexity
of |z′|q, we get∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
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≤ (m2 − m1)

∫ 1
6

0
z|z′((1 − z)m1 + zm2)|dz +

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz +

∫ 1

5
6

|z − 1||z′((1 − z)m1 + zm2)|dz


≤ (m2 − m1)

6


∫ 1

6

0
zp

(
1
6
− z

)
dz


1
p
∫ 1

6

0

(
1
6
− z

)
|z′((1 − z)m1 + zm2)|qdz


1
q

+

∫ 1
6

0
zp(z)dz


1
p
∫ 1

6

0
z|z′((1 − z)m1 + zm2)|dz


1
q


+3


∫ 1

2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣p (
1
2
− z

)
dz


1
p
∫ 1

2

1
6

(
1
2
− z

)
|z′((1 − z)m1 + zm2)|qdz


1
q

+

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣p (
z −

1
6

)
dz


1
p
∫ 1

2

1
6

(
z −

1
6

)
|z′((1 − z)m1 + zm2)|qdz


1
q


+3


∫ 5

6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣p (
5
6
− z

)
dz


1
p
∫ 5

6

1
2

(
5
6
− z

)
|z′((1 − z)m1 + zm2)|qdz


1
q

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣p (
z −

1
2

)
dz


1
p
∫ 5

6

1
2

(
z −

1
2

)
|z′((1 − z)m1 + zm2)|qdz


1
q


+6

∫ 1

5
6

|z − 1|p (1 − z) dz
 1

p
∫ 1

5
6

(1 − z) |z′((1 − z)m1 + zm2)|qdz
 1

q

+

∫ 1

5
6

|z − 1|p
(
z −

5
6

)
dz

 1
p
∫ 1

5
6

(
z −

5
6

)
|z′((1 − z)m1 + zm2)|qdz

 1
q



≤ (m2 − m1)

6

( 1
6p+2(p + 1)(p + 2)

) 1
p
(

17
1296

|z′(m1)|q +
1

1296
|z′(m2)|q

) 1
q

+

(
1

6p+2(p + 2)

) 1
p
(

1
81
|z′(m1)|q +

1
648
|z′(m2)|q

) 1
q


+3

(3p+2 + 5p+1(11 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

13
324
|z′(m1)|q +

5
324
|z′(m2)|q

) 1
q

+

(
5p+2 + 3p+1(13 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

11
324
|z′(m1)|q +

7
324
|z′(m2)|q

) 1
q


+3

(5p+2 + 3p+1(13 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

7
324
|z′(m1)|q +

11
324
|z′(m2)|q

) 1
q
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+

(
3p+2 + 5p+1(13 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

5
324
|z′(m1)|q +

13
324
|z′(m2)|q

) 1
q


+6

( 1
6p+2(p + 2)

) 1
p
(

1
648
|z′(m1)|q +

1
81
|z′(m2)|q

) 1
q

+

(
1

6p+2(p + 1)(p + 2)

) 1
p
(

1
1296

|z′(m1)|q +
17

1296
|z′(m2)|q

) 1
q

 ,

which ends the proof. �

Example 2.4. Suppose all the properties of Theorem 2.4 are met, and considering the mapping z(z) =
θ

r+2θz
r
θ+2 defined on R+ with r ≥ 1, θ > 1, m1 = 1 and m2 = 3 be a convex function. Then,∣∣∣∣∣∣∣∣∣∣

θ
(
3
(

4
3

) r+2θ
θ

+ 2(2
r+2θ
θ ) + 3

(
8
3

) r+2θ
θ

)
8(r + 2θ)

−
θ2

(
3

r+3θ
θ − 1

)
2((r + 2θ)(r + 3θ))

∣∣∣∣∣∣∣∣∣∣
≤ 2

6

√ 1
15552

√ 17
1296

+
1

1296

(
3

2r+2θ
θ

) +

√
1

5184

√ 1
81

+
1

648

(
3

2r+2θ
θ

)
+3

√ 1
1152


√

13
324

+
5

324

(
3

2r+2θ
θ

) +

√
677

1990656

√ 11
324

+
7

324

(
3

2r+2θ
θ

)
+3

√ 677
1990656

√ 7
324

+
11

324

(
3

2r+2θ
θ

) +

√
1

1152


√

5
324

+
13
324

(
3

2r+2θ
θ

)
+6

√ 1
5184

√ 1
648

+
1

81

(
3

2r+2θ
θ

) +

√
1

15552

√ 1
1296

+
17

1296

(
3

2r+2θ
θ

)
 .

• For Figure 4(a)–(c), we vary r ∈ [1, 5] and θ ∈ [1, 5] to illustrate the comparison between the
left and right hand side of Theorem 2.4. From these visuals, one can easily observe that the left
side is strictly less than the right side of Theorem 2.4, which confirms the accuracy of under-
consideration of the result.

(a) (b) 2 3 4 5
r

10

20

30

40

50

Ϝ(r)

(c) 2 3 4 5
θ

0.2

0.4

0.6

0.8

1.0

1.2

Ϝ(θ)

Figure 4. Graphical visuals of left and right sides of Theorem 2.4.
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Theorem 2.5. Assume that all of the requirements of Lemma 2.1 are fulfilled. If |z′| ≤ M, M > 0 is
convex function on [m1,m2], then∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤

25M(m2 − m1)
288

.

Proof. Considering Lemma 2.1 and the convexity of |z′|, we have∣∣∣∣∣∣18
[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤ (m2 − m1)

∫ 1
6

0
z|z′((1 − z)m1 + zm2)|dz +

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz +

∫ 1

5
6

|z − 1||z′((1 − z)m1 + zm2)|dz


≤ (m2 − m1)

∫ 1
6

0
z((1 − z)|z′(m1)| + z|z′(m2)|)dz +

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ ((1 − z)|z′(m1)| + z|z′(m2)|)dz

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ ((1 − z)|z′(m1)| + z|z′(m2)|)dz +

∫ 1

5
6

|z − 1|((1 − z)|z′(m1)| + z|z′(m2)|)dz


≤ M(m2 − m1)

∫ 1
6

0
zdz +

∫ 3
8

1
6

(
3
8
− z

)
+

∫ 1
2

3
8

(
z −

3
8

) dz

+

∫ 5
8

1
2

(
5
8
− z

)
+

∫ 5
6

5
8

(
z −

5
8

) dz +

∫ 1

5
6

|z − 1|dz


=

25M(m2 − m1)
288

.

Hence, we acquire the required outcome. �

Here is the graphical analysis of Theorem 2.5.

Example 2.5. Suppose all the properties of Theorem 2.5 are met, and considering the mapping z(z) =
θ

r+2θz
r
θ+2 defined on R+ with r ≥ 1, θ > 1, m1 = 1 and m2 = 3 be a convex function. Then,∣∣∣∣∣∣∣∣∣∣

θ
(
3
(

4
3

) r+2θ
θ

+ 2(2
r+2θ
θ ) + 3

(
8
3

) r+2θ
θ

)
8(r + 2θ)

−
θ2

(
3

r+3θ
θ − 1

)
2((r + 2θ)(r + 3θ))

∣∣∣∣∣∣∣∣∣∣
≤

25
288

(
1 + 3

r+θ
θ

)
.

• For Figure 5(a)–(c), we vary r ∈ [1, 5] and θ ∈ [1, 5] to illustrate the comparison between
the left and right hand side of Theorem 2.5. From these visuals, one can observe that the left
side is strictly less than the right side of Theorem 2.5, which confirms the accuracy of under-
consideration of the result.
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(a) (b) 2 3 4 5
r

10

20

30

40

50

60

70

Ϝ(r)

(c) 2 3 4 5
θ

0.5

1.0

1.5

Ϝ(θ)

Figure 5. Graphical visuals of left and right sides of Theorem 2.5.

Theorem 2.6. Assume that all of the requirements of Lemma 2.1 are fulfilled. If |z′|q is a convex
mapping on [m1,m2], q > 1, then∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤ (m2 − m1)

6

( 1
1296

)1− 1
q
(

11
15552

|z′(m1)|q +
1

15552
|z′(m2)|q

) 1
q

+

(
1

648

)1− 1
q
(

7
5184

|z′(m1)|q +
1

5184
|z′(m2)|q

) 1
q


+3

( 251
41472

)1− 1
q
(

3059
663552

|z′(m1)|q +
319

221184
|z′(m2)|q

) 1
q

+

(
157

41472

)1− 1
q
(

4631
1990656

|z′(m1)|q +
2905

1990656
|z′(m2)|q

) 1
q


+3

( 157
41472

)1− 1
q
(

2905
1990656

|z′(m1)|q +
4631

1990656
|z′(m2)|q

) 1
q

+

(
251

41472

)1− 1
q
(

319
221184

|z′(m1)|q +
3059

663552
|z′(m2)|q

) 1
q


+6

( 1
648

)1− 1
q
(

1
5184

|z′(m1)|q +
7

5184
|z′(m2)|q

) 1
q

+

(
1

1296

)1− 1
q
(

1
15552

|z′(m1)|q +
11

15552
|z′(m2)|q

) 1
q

 ,

where q > 1.

Proof. Through Lemma 2.1, implementing the improved power-mean inequality and the convexity of
|z′|q, we get∣∣∣∣∣∣18

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
−

1
m2 − m1

∫ m2

m1

z(ω)dω

∣∣∣∣∣∣
≤ (m2 − m1)

∫ 1
6

0
z|z′((1 − z)m1 + zm2)|dz +

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz
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+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|dz +

∫ 1

5
6

|z − 1||z′((1 − z)m1 + zm2)|dz


≤ (m2 − m1)

6


∫ 1

6

0
z

(
1
6
− z

)
dz

1− 1
q
∫ 1

6

0

(
1
6
− z

)
z|z′((1 − z)m1 + zm2)|qdz


1
q

+

∫ 1
6

0
z2dz

1− 1
q
∫ 1

6

0
z2|z′((1 − z)m1 + zm2)|dz


1
q


+3


∫ 1

2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ (1
2
− z

)
dz

1− 1
q
∫ 1

2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ (1
2
− z

)
|z′((1 − z)m1 + zm2)|qdz


1
q

+

∫ 1
2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ (z − 1
6

)
dz

1− 1
q
∫ 1

2

1
6

∣∣∣∣∣z − 3
8

∣∣∣∣∣ (z − 1
6

)
|z′((1 − z)m1 + zm2)|qdz


1
q


+3


∫ 5

6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ (5
6
− z

)
dz

1− 1
q
∫ 5

6

1
2

(
5
6
− z

) ∣∣∣∣∣z − 5
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|qdz


1
q

+

∫ 5
6

1
2

∣∣∣∣∣z − 5
8

∣∣∣∣∣ (z − 1
2

)
dz

1− 1
q
∫ 5

6

1
2

(
z −

1
2

) ∣∣∣∣∣z − 5
8

∣∣∣∣∣ |z′((1 − z)m1 + zm2)|qdz


1
q


+6

∫ 1

5
6

|z − 1| (1 − z) dz
1− 1

q
∫ 1

5
6

(1 − z) |z − 1| |z′((1 − z)m1 + zm2)|qdz
 1

q

+

∫ 1

5
6

|z − 1|
(
z −

5
6

)
dz

1− 1
q
∫ 1

5
6

(
z −

5
6

)
|z − 1| |z′((1 − z)m1 + zm2)|qdz

 1
q



≤ (m2 − m1)

6

( 1
1296

)1− 1
q
(

11
15552

|z′(m1)|q +
1

15552
|z′(m2)|q

) 1
q

+

(
1

648

)1− 1
q
(

7
5184

|z′(m1)|q +
1

5184
|z′(m2)|q

) 1
q


+3

( 251
41472

)1− 1
q
(

3059
663552

|z′(m1)|q +
319

221184
|z′(m2)|q

) 1
q

+

(
157

41472

)1− 1
q
(

4631
1990656

|z′(m1)|q +
2905

1990656
|z′(m2)|q

) 1
q


+3

( 157
41472

)1− 1
q
(

2905
1990656

|z′(m1)|q +
4631

1990656
|z′(m2)|q

) 1
q

+

(
251

41472

)1− 1
q
(

319
221184

|z′(m1)|q +
3059

663552
|z′(m2)|q

) 1
q


AIMS Mathematics Volume 9, Issue 12, 35885–35909.



35900

+6

( 1
648

)1− 1
q
(

1
5184

|z′(m1)|q +
7

5184
|z′(m2)|q

) 1
q

+

(
1

1296

)1− 1
q
(

1
15552

|z′(m1)|q +
11

15552
|z′(m2)|q

) 1
q

 ,

which ends the proof. �

Example 2.6. Suppose all the properties of Theorem 2.6 are met, and considering the mapping z(z) =
θ

r+2θz
r
θ+2 defined on R+ with r ≥ 1, θ > 1, m1 = 1 and m2 = 3 be a convex function. Then,∣∣∣∣∣∣∣∣∣∣
θ
(
3
(

4
3

) r+2θ
θ

+ 2(2
r+2θ
θ ) + 3

(
8
3

) r+2θ
θ

)
8(r + 2θ)

−
θ2

(
3

r+3θ
θ − 1

)
2((r + 2θ)(r + 3θ))

∣∣∣∣∣∣∣∣∣∣
≤ 2

6

√ 1
1296

√ 11
15552

+
1

15552

(
3

2r+2θ
θ

) +

√
1

648

√ 7
5184

+
1

5184

(
3

2r+2θ
θ

)
+3


√

251
41472


√

3059
663552

+
319

221184

(
3

2r+2θ
θ

) +

√
157

41472

√ 4631
1990656

+
2905

1990656

(
3

2r+2θ
θ

)
+3


√

157
41472

√ 2905
1990656

+
4631

1990656

(
3

2r+2θ
θ

) +

√
251

41472


√

319
221184

+
3059

663552

(
3

2r+2θ
θ

)
+6

√ 1
648

√ 1
5184

+
7

5184

(
3

2r+2θ
θ

) +

√
1

1296

√ 1
15552

+
11

15552

(
3

2r+2θ
θ

)
 .

• For Figure 6(a)–(c), we vary r ∈ [1, 5] and θ ∈ [1, 5] to illustrate the comparison between the left
and right hand side of Theorem 2.6. From these visuals, one observe that the left side is strictly
less than the right side of Theorem 2.6, which confirms the accuracy of under-consideration of
the result.

(a) (b) 2 3 4 5
r

10

20

30

40

Ϝ(r)

(c) 2 3 4 5
θ

0.2

0.4

0.6

0.8

1.0

Ϝ(θ)

Figure 6. Graphical visuals of left and right sides of Theorem 2.6.

3. Applications

In this section, we discuss applications of our primary innovations. First, we establish a
relationship between the means of nonnegative real numbers by taking into account certain outcomes
from the previous section. We also present various numerical integration implementations.
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3.1. The quadrature formula

Suppose a partition P : m1 = ω0 < ω1 < ... < ωn−1 < ωn = m2 is obtained by dividing the interval
[m1,m2] into n subintervals [ωi, ωi+1] with i = 0, 1, . . . , n − 1, then∫ m2

m1

z(ω)dx = T (ω) + R(ω).

Here,

T (ω) =
m2 − m1

8

[
3z

(
5m1 + m2

6

)
+ 2z

(m1 + m2

2

)
+ 3z

(
m1 + 5m2

6

)]
,

and R(ω) denotes the error term.

Proposition 3.1. All the conditions of Theorem 2.1 are fulfilled, then

|R(ω)| ≤
n−1∑
i=0

25(ωi+1 − ωi)
576

(|z′(ωi)| + |z′(ωi+1)|).

Proof. The proof is simply attained by applying the sum from i = 0 to n − 1 over subinterval [ωi, ωi+1]
in Theorem 2.1. �

Proposition 3.2. All the conditions of Theorem 2.4 are fulfilled, so

|R(ω)| ≤
n−1∑
i=0

(ωi+1 − ωi)

6

( 1
6p+2(p + 1)(p + 2)

) 1
p
(

17
1296

|z′(ωi)|q +
1

1296
|z′(ωi+1)|q

) 1
q

+

(
1

6p+2(p + 2)

) 1
p
(

1
81
|z′(ωi)|q +

1
648
|z′(ωi+1)|q

) 1
q


+3

(3p+2 + 5p+1(11 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

13
324
|z′(ωi)|q +

5
324
|z′(ωi+1)|q

) 1
q

+

(
5p+2 + 3p+1(13 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

11
324
|z′(ωi)|q +

7
324
|z′(ωi+1)|q

) 1
q


+3

(5p+2 + 3p+1(13 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

7
324
|z′(ωi)|q +

11
324
|z′(ωi+1)|q

) 1
q

+

(
3p+2 + 5p+1(13 + 8p)
24p+2(p + 1)(p + 2)

) 1
p
(

5
324
|z′(ωi)|q +

13
324
|z′(ωi+1)|q

) 1
q


+6

( 1
6p+2(p + 2)

) 1
p
(

1
648
|z′(ωi)|q +

1
81
|z′(ωi+1)|q

) 1
q

+

(
1

6p+2(p + 1)(p + 2)

) 1
p
(

17
1296

|z′(ωi)|q +
1

1296
|z′(ωi+1)|q

) 1
q

 .
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Proof. The proof is simply attained by applying the sum from i = 0 to n − 1 over subinterval [ωi, ωi+1]
in Theorem 2.4. �

Proposition 3.3. All the conditions of Theorem 2.5 are fulfilled, then

|R(ω)| ≤
n−1∑
i=0

25M(ωi+1 − ωi)
288

.

Proof. The proof is simply attained by applying the sum from i = 0 to n − 1 over subinterval [ωi, ωi+1]
in Theorem 2.5. �

3.2. Applications to means

We recall some notable means for non-negative real numbers.
(1) The arithmetic mean:

A(m1,m2) =
m1 + m2

2
.

(2) The Weighted arithmetic mean:

wA(w1,w2; m1,m2) =
m1w1 + m2w2

w1 + w2
.

(3) The log-mean:

Lr(m1,m2) =

[
m2

r+1 − m1
r+1

(r + 1)(m2 − m1)

] 1
r

; r ∈ < \ {−1, 0}.

Proposition 3.4. From Theorem 2.2, we get∣∣∣∣∣∣ m
8(r + 2θ)

[
3A

r
θ+2

(
m1,m2,

5
6
,

1
6

)
+ 2A

r
θ+2 (m1,m2) + 3A

r
θ+2

(
m1,m2,

1
6
,

5
6

)]
− 3L

r
θ+2
r
θ+2 (m1,m2)

∣∣∣∣∣∣
≤ (m2 − m1)

( 1
6p+1(p + 1)

) 1
p
(

1
36

A
(
11m1

( r
θ+1)q,m2

( r
θ+1)q

)) 1
q

+

 1
p + 1

( 5
24

)p+1

+

(
1
8

)p+1 1
p (

2
9

A
(
2m1

( r
θ+1)q,m2

( r
θ+1)q

)) 1
q

+

 1
p + 1

(1
8

)p+1

+

(
5
24

)p+1 1
p (

2
9

A
(
m1

( r
θ+1)q, 2m2

( r
θ+1)q

)) 1
q

+

(
1

6p+1(p + 1)

) 1
p
(

1
36

A
(
m1

( r
θ+1)q, 11m2

( r
θ+1)q

)) 1
q
 .

Proof. The statement of claim is directly followed by substitution z(z) = θ
r+2θz

r
θ+2 in Theorem 2.2. �

Proposition 3.5. From Theorem 2.3, we have∣∣∣∣∣∣ m
8(r + 2θ)

[
3A

r
θ+2

(
m1,m2,

5
6
,

1
6

)
+ 2A

r
θ+2 (m1,m2) + 3A

r
θ+2

(
m1,m2,

1
6
,

5
6

)]
− 3L

r
θ+2
r
θ+2 (m1,m2)

∣∣∣∣∣∣
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≤ (m2 − m1)

( 1
72

)1− 1
q
(

1
81

A
(
m1

( r
θ+1)q, 8m2

( r
θ+1)q

)) 1
q

+

(
17
576

)1− 1
q
(

1
20736

A
(
863m1

( r
θ+1)q, 361m2

( r
θ+1)q

)) 1
q

+

(
17

576

)1− 1
q
(

1
20736

A
(
361m1

( r
θ+1)q, 863m2

( r
θ+1)q

)) 1
q

+

(
1

72

)1− 1
q
(

1
81

A
(
8m1

( r
θ+1)q,m2

( r
θ+1)q

)) 1
q
 .

Proof. By substituting z(z) = θ
r+2θz

r
θ+2 in Theorem 2.3, we attain our desired result. �

3.3. Applications to probability functions

Assume that X be a convex with respect to probability density mapping, p : [m1,m2] → [0, 1],
and cumulative distribution mapping is explored as:

Pr(X ≤ m2) = F(m2) =

∫ m2

m1

p(z)dz.

Utilizing the fact that

E(X) =

∫ m2

m1

zp(z)dz

E(X) = m2 −

∫ m2

m1

p(z)dz.

Proposition 3.6. Through Theorem 2.1, we have∣∣∣∣∣∣18
[
3Pr

(
X ≤

5m1 + m2

6

)
+ 2Pr

(
X ≤

m1 + m2

2

)
+ 3Pr

(
X ≤

m1 + 5m2

6

)]
−

m2 − E(X)
m2 − m1

∣∣∣∣∣∣ (3.1)

≤
25(m2 − m1)

576
(|p(m1)| + |p(m2)|).

Proof. The assertion follows directly by making use of probability density mapping in Theorem 2.1.
�

Proposition 3.7. Through Theorem 2.1, we have∣∣∣∣∣∣18
[
3Pr

(
X ≤

5m1 + m2

6

)
+ 2Pr

(
X ≤

m1 + m2

2

)
+ 3Pr

(
X ≤

m1 + 5m2

6

)]
−

m2 − E(X)
m2 − m1

∣∣∣∣∣∣ (3.2)

≤
25M(m2 − m1)

288
. (3.3)

Proof. The assertion follows directly by making use of probability density mapping in Theorem 2.5.
�

4. Application to numerical scheme

Algorithm 4.1. Suppose we have a non-linear equation z(ω) = 0, then

ωn+1 = ωn −
8z(ωn)

3z′
(

5ωn+ω1n
6

)
+ 2z′

(
ωn+ω1n

2

)
+ 3z′

(
ωn+5ω1n

6

) , (4.1)
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where

ω1n = ωn −
z(ωn)
z′(ωn)

.

Proof. From Theorem 2.1 applying the result over [ωn, ω] for z′, we achieve the following result,

−z(ωn) =
ω − ωn

8

[
3z′

(
5ωn + ω

6

)
+ 2z′

(
ωn + ω

2

)
+ z′

(
ω1 + 5ω

6

)]
.

This implies that

ω = ωn −
8z(ωn)

3z′
(

5ωn+ω
6

)
+ 2z′

(
ωn+ω

2

)
+ z′

(
ω1+5ω

6

) .
Taking Newton’s method as predictor, we obtained our desired Algorithm 4.1. �

4.1. Numerical analysis

In the following subsequent portion, we demonstrate the numerical analysis of the developed
scheme 4.1. For this, we consider some physical problems.

(1) The first problem we consider is the Blood Rheology and Fractional Non-Linear Equations
Model [24]. Since blood is Casson fluid. To discuss the plug flow of Casson fluids, we take into
account the given non-linear fractional equation, where a decrease in flow rate is measured by:

z(ω) = 1 −
16
7
√
ω +

4
3
ω −

1
21
ω4 −G,

where reduction in flow rate is measured by G = 0.4. If we choose an initial guess of
ω0 = 0.1. Then, we use using the proposed Algorithm 4.1, which gives the required solution
ω = 0.10469865153654822812 in four iterations.

(2) For the second problem, we consider is the Fluid Permeability in Biogels [24]. The link
between pressure gradient and fluid velocity in porous media (such as agarose gel or extracellular fibre
matrix) is shown by the nonlinear equation below:

z(ω) = <eω
3 − 20κ(1 − ω)2,

where<e = 10×10−9 and κ = 0.3655. Using initial guess of ω0 = 2, we have noticed that the proposed
Algorithm 4.1 reached at destination ω = 1.0000369883881891758 in twenty iterations.

(3) The third problem is [25]:

z(ω) =
ω

1 − ω
− 5 log

[
0.4(1 − ω)
0.4 − 0.5ω

]
+ 4.45977, (4.2)

where ω specifies the conversion of species A in chemical reactor and ω ∈ [0, 1], for other value of
ω there does not exist any physical meanings. Using Algorithm 4.1, we have searched the solution
ω = 0.75739624625375387946 after four iterations. Note that expression (4.2) becomes undefined
when ω ∈ [0.8, 1]. The derivative of (4.2) approaches to 0 when ω ∈ [0, 0.5]. Thus, we assume the
initial approximation to be ω0 = 0.76 for the current problem.
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We now present some more numerical experiments and study the comparison analysis of
Algorithm 4.1. For this, we consider the following different types of non-linear equations:

(1) z(ω) = ω3 + 4ω2 − 15,
(2) z(ω) = xeω

2
− sin2 ω + 3 cosω + 5,

(3) z(ω) = 10ωe−ω
2
− 1,

(4) z(ω) = e−ω + cosω.
We compare our proposed method Algorithm 4.1 with well-known techniques such as the Newton

method (NM) [26], Abbasbandy’s method (AM) [27], Halley’s method (HM) [26] and Chun’s method
(CM) [28]. To determine the approximate root, we employ a tolerance of ε = 10−15. The subsequent
termination conditions are utilized for computer algorithms:

(1) |ωn+1 − ωn| < ε,
(2) |z(ωn+1)| < ε.
Numerical tests were conducted on an Intel(R) Core(TM) i5 processor with 1.60 GHz and 16GB

RAM. Maple 2020 was used for coding, while graphical analysis was carried out using Matlab 2021.
After carrying out numerical tests on the software below we present tabular as well as visual
illustrations of Algorithm 4.1 for the above mentioned examples in Table 1.

Table 1. Comparison of different methods for various examples.

Methods ω0 IT ωn z(ωn) δ

NM 2 6 1.6319808055660635175 0 0
AM 2 4 1.6319808055660635175 0 0
HM 2 4 1.6319808055660635175 0 0
CM 2 4 1.6319808055660635175 0 0
ALG 2 4 1.6319808055660635175 0 0

NM −1 6 −1.2076478271309189270 4.0 × 10−19 7.58 × 10−17

AM −1 5 −1.2076478271309189270 4.0 × 10−19 0
HM −1 4 −1.2076478271309189270 4.0 × 10−19 0
CM −1 5 −1.2076478271309189270 4.0 × 10−19 0
ALG −1 5 −1.2076478271309189270 4.0 × 10−19 0

NM 1.8 5 1.6796306104284499407 −9 × 10−20 4.7395 × 10−15

AM 1.8 4 1.6796306104284499407 −9 × 10−20 1.0 × 10−19

HM 1.8 4 1.6796306104284499407 −9 × 10−20 0
CM 1.8 4 1.6796306104284499407 2.0 × 10−19 0
ALG 1.8 4 1.6796306104284499407 −9 × 10−20 0

NM 2 5 1.7461395304080124176 6.0 × 10−20 1.0 × 10−19

AM 2 4 1.7461395304080124176 −6 × 10−20 1.0 × 10−19

HM 2 4 1.7461395304080124176 6.0 × 10−20 1.0 × 10−19

CM 2 3 1.7461395304080124176 −6 × 10−20 4.63 × 10−17

ALG 2 4 1.7461395304080124176 6 × 10−20 1.0 × 10−19

4.2. Basins of attraction

Here, we briefly describe the Algorithm 4.1 through the basins of attraction. We deploy our
proposed Algorithm on [−2, 2]×[−2, 2] with a 1000×1000 points grid by fixing the tolerance |z(ωn)| <
1 × 10−10 and the maximum number of iterations is 50. Along with this, we also present probability
distributions of the required iterations for obtaining the basins of attraction. The red line in the plots
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will indicate the most probable number of iterations. For this purpose, we consider these examples
ω2 − 1, ω3 − 1, ω5 − 1, and ω4 + 1.

Figure 7 contains the basin of attraction of above mentioned examples, while Figure 8 provides
us the probability distribution of these examples based on the number of iterations.
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Figure 7. Basins of attraction.
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5. Conclusions

One of the featured aspects of research regarding error analysis is to establish new error bounds for
quadrature rules involving different strategies. Integral inequalities are the main source for evaluating
the error estimations of numerical integration rules. In this study, we develop new integral inequalities
of Euler-Maclaurin’s type involving convex mappings. It is worth mentioning that our results provide
better upper bounds compared to other results for first-order differentiable mappings. Also, we
derive various applications for means, quadrature rules, and novel iterative schemes. We establish
a differentiable identity that enables us to achieve several other bounds through various classes of
functions, such as strong and uniform convex functions, Breckner convex functions, exponential
convex functions, and Godunova-Levin convexity. In the future, we will attempt to establish some
tight bounds of this inequality through higher-order differentiable mappings and other functional
classes in different frameworks. We hope the methodology and idea of the paper will create new
research dimensions.

Author contributions

Miguel Vivas-Cortez: Methodology, software, validation, formal analysis, investigation, writing-
review and editing, visualization; Usama Asif: Conceptualization, methodology, software, validation,
formal analysis, investigation, writing-original draft preparation, writing-review and editing,
visualization; Muhammad Zakria Javed: Conceptualization, methodology, software, validation, formal
analysis, investigation, writing-original draft preparation, writing-review and editing, visualization;
Muhammad Uzair Awan: Conceptualization, methodology, software, validation, formal analysis,
investigation, writing-review and editing, visualization, supervision; Yahya Almalki: Software,
validation, formal analysis, investigation, writing-review and editing, visualization; Omar Mutab
Alsalami: Methodology, software, validation, formal analysis, investigation, writing-review and
editing, visualization. All authors have read and approved the final version of the manuscript
for publication.

Use of Generative-AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of
this article.

Acknowledgments

Dr. Miguel Vivas Cortez thanks the Pontifical Catholic University of Ecuador, project research
UIO-077-2024, Ascoados a FRACTAL (Fractional Research Analysis Convexity their applications
Laboratory). Yahya Almalki extends his appreciation to the Deanship of Research and Graduate
Studies at King Khalid University for funding this work through Large Research Project under grant
number RGP2/430/45.

The authors are thankful to the editor and anonymous reviewers for their valuable comments
and suggestions.

AIMS Mathematics Volume 9, Issue 12, 35885–35909.



35908

Conflict of interest

The authors declare that they have no conflict of interests.

References

1. S. S. Dragomir, C. Pearce, Selected topics on Hermite-Hadamard inequalities and applications, Sci.
Direct Working Paper, 2003. Available from: https://ssrn.com/abstract=3158351

2. S. S. Dragomir, R. P. Agarwal, P. Cerone, On Simpson’s inequality and applications, J. Inequal.
Appl., 5 (2000), 533–579.

3. M. Alomari, M. Darus, S. S. Dragomir, New inequalities of Simpson’s type for s-convex functions
with applications, RGMIA Res. Rep. Coll., 4 (2009), 12.

4. H. Budak, S. Erden, M. A. Ali, Simpson and Newton type inequalities for convex functions
via newly defined quantum integrals, Math. Methods Appl. Sci., 44 (2021), 378–390.
https://doi.org/10.1002/mma.6742

5. Z. Q. Yang, Y. J. Li, T. S. Du, A generalization of Simpson type inequality via differentiable
functions using (s,m)-convex functions, Ital. J. Pure Appl. Math, 35 (2015), 327–338.

6. M. A. Noor, K. I. Noor, S. Iftikhar, C. Ionescu, Hermite-Hadamard inequalities for co-ordinated
harmonic convex functions, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys, 79 (2017),
25–34.

7. E. Set, New inequalities of Ostrowski type for mappings whose derivatives are s-convex
in the second sense via fractional integrals, Comput. Math. Appl., 63 (2012), 1147–1154.
https://doi.org/10.1016/j.camwa.2011.12.023

8. M. Vivas-Cortez, M. Z. Javed, M. U. Awan, A. Kashuri, M. A. Noor, Generalized (p, q)-analogues
of Dragomir-Agarwal’s inequalities involving Raina’s function and applications, AIMS Math., 7
(2022), 11464–11486. http://dx.doi.org/10.3934/math.2022639

9. Y. M. Chu, M. U. Awan, M. Z. Javad, A. G. Khan, Bounds for the remainder in Simpson’s
inequality via n-polynomial convex functions of higher order using Katugampola fractional
integrals, J. Math., 2020 (2020). https://doi.org/10.1155/2020/4189036

10. S. S. Dragomir, T. M. Rassias, Ostrowski type inequalities and applications in numerical
integration, Dordrecht: Kluwer Academic, 2002.

11. S. S. Dragomir, J. Pecaric, S. Wang, The unified treatment of trapezoid, Simpson and Ostrowski
type inequality for monotonic mappings and applications, RGMIA Res. Rep. Coll., 2 (1998).

12. N. Ujevic, Sharp inequalities of Simpson type and Ostrowski type, Comput. Math. Appl., 48 (2004),
145–151. https://doi.org/10.1016/j.camwa.2003.09.026

13. M. U. Awan, M. Z. Javed, M. T. Rassias, M. A. Noor, K. I. Noor, Simpson type inequalities and
applications, J. Anal., 29 (2021), 1403–1419. https://doi.org/10.1007/s41478-021-00319-4

14. T. Du, T. Zhou, On the fractional double integral inclusion relations having exponential kernels
via interval-valued co-ordinated convex mappings, Chaos Solitons Fract., 156 (2022), 111846.
https://doi.org/10.1016/j.chaos.2022.111846

AIMS Mathematics Volume 9, Issue 12, 35885–35909.

https://ssrn.com/abstract=3158351
https://dx.doi.org/ https://doi.org/10.1002/mma.6742
https://dx.doi.org/ https://doi.org/10.1002/mma.6742
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2011.12.023
https://dx.doi.org/http://dx.doi.org/10.3934/math.2022639
https://dx.doi.org/https://doi.org/10.1155/2020/4189036
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2003.09.026
https://dx.doi.org/https://doi.org/10.1007/s41478-021-00319-4
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2022.111846


35909

15. T. Zhou, Z. Yuan, T. Du, On the fractional integral inclusions having exponential kernels for
interval-valued convex functions, Math. Sci., 17 (2023), 107–120. https://doi.org/10.1007/s40096-
021-00445-x

16. M. W. Alomari, S. S. Dragomir, Various error estimations for several Newton-Cotes quadrature
formulae in terms of at most first derivative and applications in numerical integration, Jordan J.
Math. Stat., 7 (2014), 89–108.

17. B. Meftah, A. Souahi, M. Merad, Some local fractional Maclaurin type inequalities for
generalized convex functions and their applications, Chaos Solitons Fract., 162 (2022), 112504.
https://doi.org/10.1016/j.chaos.2022.112504

18. F. Hezenci, H. Budak, Maclaurin-type inequalities for Riemann-Liouville fractional
integrals, Ann. Univ. Mariae Curie-Sklodowska Math, 76 (2023), 15–32.
http://dx.doi.org/10.17951/a.2022.76.2.15-32

19. T. Sitthiwirattham, M. A. Ali, H. Budak, On some new Maclaurin’s type inequalities for convex
functions in q-calculus, Fractal Frac., 7 (2023), 572. https://doi.org/10.3390/fractalfract7080572

20. Y. Peng, T. Du, Fractional Maclaurin-type inequalities for multiplicatively convex
functions and multiplicatively P-functions, Filomat, 37 (2023), 9497–9509.
https://doi.org/10.2298/FIL2328497P

21. M. Alomari, New error estimations for the Milne’s quadrature formula in terms of at most first
derivatives, Konuralp J. Math., 1 (2013), 17–23.

22. H. Budak, P. Kosem, H. Kara, On new Milne-type inequalities for fractional integrals, J. Inequal.
Appl., 2023 (2023), 1–15. https://doi.org/10.1186/s13660-023-02921-5

23. B. Bin-Mohsin, M. Z. Javed, M. U. Awan, A. G. Khan, C. Cesarano, M. A. Noor, Exploration
of quantum Milne-Mercer-type inequalities with applications, Symmetry, 15 (2023), 1096.
https://doi.org/10.3390/sym15051096

24. R. L. Fournier, Basic transport phenomena in biomedical engineering, New York, 2007.
https://doi.org/10.1201/9781315120478

25. M. Shacham, Numerical solution of constrained nonlinear algebraic equations, Int. J. Numer.
Method Eng., 1986 (1986), 1455–1481.

26. R. K. Burden, J. D. Faires, Numerical analysis, Ninth Edition, Cengage Learning, 2011.

27. S. Abbasbandy, Improving Newton-Raphson method for nonlinear equations by
modified Adomian decomposition method, Appl. Math. Comput., 145 (2003), 887–893.
https://doi.org/10.1016/S0096-3003(03)00282-0

28. C. Chun, Iterative methods improving Newton’s method by the decomposition method, Comput.
Math. Appl., 50 (2005), 1559–1568. https://doi.org/10.1016/j.camwa.2005.08.022

© 2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 12, 35885–35909.

https://dx.doi.org/https://doi.org/10.1007/s40096-021-00445-x
https://dx.doi.org/https://doi.org/10.1007/s40096-021-00445-x
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2022.112504
https://dx.doi.org/http://dx.doi.org/10.17951/a.2022.76.2.15-32
https://dx.doi.org/https://doi.org/10.3390/fractalfract7080572
https://dx.doi.org/https://doi.org/10.2298/FIL2328497P
https://dx.doi.org/ https://doi.org/10.1186/s13660-023-02921-5
https://dx.doi.org/ https://doi.org/10.3390/sym15051096
https://dx.doi.org/ https://doi.org/10.3390/sym15051096
https://dx.doi.org/https://doi.org/10.1201/9781315120478
https://dx.doi.org/https://doi.org/10.1016/S0096-3003(03)00282-0
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2005.08.022
https://creativecommons.org/licenses/by/4.0

	Introduction and preliminaries
	Major results
	Applications
	The quadrature formula
	Applications to means
	Applications to probability functions

	Application to numerical scheme
	Numerical analysis
	Basins of attraction

	Conclusions

