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1. Introduction

In this work, we are interested in solve numerically a two-dimensional, singularly perturbed, elliptic,
weakly—coupled system, which is given by

Lsgi(x,y) = ME(x, y) + A(x, y) - Vi(x,y) - Blx, E(x,y) = f(x,y), V() € Q,
Z(x,)’) = g)l(xay)’ V(xa)’) € Fla Z(X,Y) = §2(-xay)9 V(X,Y) € FZ’ (11)
Z(xa }’) = §3(X, )’), V(.x, )’) € r3a i)(X,y) = §4(-x’ Y), V(x, )’) € r4’

where the domain is Q = (0, 1)? and its boundaries are denoted by

50 = [ ={0,n0<y<D), ={x0]0<x<1)
D={1y|0<y<D), Ty={xDO<x<)).

Below we denote the whole boundary by ' =T UT, UT3 U Ty,
The convection matrix is A(x, y) = (A;(x,y), &2(x, y)) and the reaction matrix is B(x, y). We suppose
that the convection matrices are diagonal and the reaction matrix is a full matrix, i.e., we have

S _(al(x,y) 0 5 _(ay(x,y) 0 = _(Pu(xy) Dbia(x,y)
A](-x,y) = ( ! 0 a%(x’y)),Az(X,y) - ( 2 0 a%(x,y))’B(xay) - (b21(x,y) bzz(X,y) .

Moreover, the differential operator, the diffusion parameters, the convection parameters, the source
term, and the boundary conditions are given by

-

i = (Lil,yl"Eiz,yz)T’g = (81’82)T’ﬁ = (/11’”2)T9Z(x,y) = (Zl(-x9y)’ ZZ(X»Y))T,
(x,)’) = (fl(xay)’ fZ(-x’y))T7 g)i(x’y) = (gil(x’y)’ giz(x,y))T, i = 1a2’ 3’4

—.

We suppose that 0 < g1, &, u1, 42 < 1 and, without loss of generality, we assume that &y < &, and
U1 < wo. Moreover, the coeflicients of the reaction and the convection matrices satisfy

di(x,y) > >0, d(x,y) =29, >0, i=1,2,
bi(x,y)2p>0,i=1,2, (1.2)
bii(x,y) > |bij(x, )|, bij(x,y) <0, i,j=1,2,i# j,

for some positive constants i, ,, and S. From the previous values, we define the constants

¥ = min(Y,9,), A = min

»J

bii — bij bii — by; .. C
{ i } fori,j=1,2,i%j (1.3)
24, 2a,

which will play an important role posteriorly. Finally, we assume that the components of A, A, B
and f are sufficiently smooth functions on Q, g; € C*Ty), i = 1,2,3,4, for some y € (0,1], and
they satisfy sufficient compatibility conditions in order that the continuous problem has a solution Z;
moreover, this solution satisfies Z € C>?(Q) (in [17] and [15], Theorem 3.2, appear the compatibility
conditions that guarantee this regularity).
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Problems of type (1.1) are interesting because they appear as models for many physical problems
in different areas, as transport phenomena in chemistry and biology, turbulent interactions of waves
and currents, bio-fluids mechanics, saturated flow in fractured porous media, quantum mechanics, or
elasticity (see [2,3,5,16,27,30]). For instance, from [2], consider the following model for saturated
flow in fractured porous media:

Yoy + MY L~ 8 Ap; + L(p) = p2) = filx, 1),
(Ye, + ”Q)’)%2 — 2Apy + L(pr — p1) = fo(x, 1),

where p; and p, are the pressures of the liquid in the pores of the first and second-order, respectively, y
is the coefficient of compressibility of the liquid, and v is the viscosity of the liquid. Here y,, and y,, are
positive constants, whereas k; and k, are the porosity of the system of pores of first and second-order
respectively, and n; and n, are the values of the first and second-order porosity at standard pressure.

It is well known that the exact solution of singularly perturbed problems has, in general, boundary
layers and/or internal layers of different types when the positive parameters are sufficiently small. Then,
the use of standard numerical methods defined on uniform meshes does not give good approximations
unless the step size of the mesh is very small (depending on the value of the parameters), that is
not useful from a numerical point of view. So, uniformly convergent methods are needed, i.e.,
numerical methods which calculate a good approximation of the exact solution of the continuous
problem independently of the value of the parameters.

In the last years there has been an increasing interest in problems having small parameters that
affect both the convection and the diffusion terms of the differential equation (see, for instance, [13, 14,
24,25]). The case of singularly perturbed systems with parameters at the diffusion and the convection
terms is a particular case where difficulties are added due to the complex structure of the boundary
layers that appear in the exact solution.

Elliptic and parabolic singularly perturbed coupled systems, for which the small parameters appear
only in the diffusion term, are well studied; see, for instance, [4, 7, 8, 20, 21, 26, 28, 29], where 1D
and 2D convection—diffusion or reaction-diffusion systems were considered and uniformly convergent
methods were constructed to solve them. Nevertheless, the case where small parameters appear at
both the diffusion and the convection terms is a special case, which is less analyzed in the literature.
In [1], a parabolic 1D weakly—coupled system of convection—diffusion type was studied. In [9], a
2D elliptic singularly perturbed weakly—coupled system of convection-reaction—diffusion type, was
analyzed. In [22], a 1D elliptic singularly perturbed weakly—coupled system, for which the diffusion
parameters at each equation are different and the convection parameters are the same at both equations,
was considered.

In this work we use similar ideas and techniques to those in [10,11] for the same type of problems
as (1.1). Nevertheless, in [10], for the 2D elliptic system considered, it was assumed that the diffusion
parameters can be distinct and with a different order of magnitude, but the convection parameter was
the same in both equations of the coupled system. On the other hand, in [11], the same problem that
(1.11) was studied; nevertheless, in that work, the authors analyzed the cases Ju;? < Jur> < Ag| <
A&y, Ae| < Aey < Yui? < 9un?, Agy < 9 < 9un? < Aey and 9u? < Ag; < Asy, < dun? were
analyzed; note that in this case, the asymptotic behavior of the exact solution is more complicated.
In the two previous works, a uniformly convergent method was constructed based on the use of the
classical upwind scheme defined on appropriate Shishkin meshes, which depend on the value and
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the ratio between the four discretization parameters; in both works, it was proved that the numerical
algorithm has almost first order of convergence. Note that analysis of the uniform convergence is
considerably more difficult in the second work. Here, our main motivation is to complete the study
made in [11], assuming now that Ju;> < Ag; < dux? < Ag; or Ag; < 92 < Asy, < Yup? hold.
Note that due to € # &, and y; # o, they can have different orders of magnitude, and the structure of
overlapping boundary layers, on the inflow and the outflow boundary of the domain, is a difficult task.

The paper is structured as follows. In Section 2, we study the asymptotic behavior of the exact
solution, and we prove adequate estimates for its partial derivatives; note that the analysis shows the
behavior of the exact solution with respect to the four singular perturbation parameters €y, &, u; and
o, and the ratio between them in the two cases analyzed in this work. In Section 3, we construct
the numerical method; in its construction, it is crucial to define a special nonuniform mesh of Shsihkin
type, adapted to the type of boundary layers that the exact solution has. In Section 4, we prove the main
result of the work, i.e., we obtain the uniform convergence of the numerical method, with respect to
the four singular perturbation parameters, proving that it is an almost first-order uniformly convergent
method. In Section 5, we show the numerical results obtained for a test problem, for which the two
cases associated with the ratios of the parameters are taken; from these results, clearly the uniform
convergence of the numerical algorithm follows, in agreement with the theoretical results. Finally, in
Section 6, some conclusions are given.

Henceforth, we denote by || - || the continuous maximum norm; moreover, for a function ¥ -
CIR D |‘f’| = (|¥,],|¥2))?, and C denotes a generic positive constant which is independent of the
diffusion parameters, &; and &,, the convection parameters, y; and u,; and also of the discretization
parameter V.

2. Asymptotic behavior of the exact solution of the continuous problem

In this section, we prove which is the asymptotic behavior of the exact solution of the problem (1.1)
and also adequate estimates for its partial derivatives with respect to the diffusion and the convection
parameters. These estimates are crucial to obtain the uniform convergence of the numerical method
defined posteriorly.

As we have indicated previously, in [11] the authors studied four different cases related to the ratio
between the four parameters &, ;, i1, and p,. Now, we consider the other cases, which are given by

Case 1: it holds Yu,% < Ag; < 9> < Asy, Case2: itholds Ag; < 9u;? < Ae, < dw?. (2.1)

Before to obtaining the estimates, we remember some results, which hold for the exact solution of
the continuous problem, which were proved in [11].

Lemma 2.1 (Minimum principle). Let Z;g,ﬁ be the differential operator given in (1.1), and we assume
that (1.2) holds. If d_;(x, y) > 0 on 0Q and .Zg,ﬁ(f(x, y) < 0 for all (x,y) € Q, then it holds (I;(x, y) > 0
forall (x,y) € Q.

Proof. The lemma can be proven using a similar methodology to this one used in [11] (Lemma 2.1). O

Lemma 2.2 (Stability result). Let deccC 3Y(Q); then, it holds

- 1 - - - - > o
ID(x, y)l < 1_9”‘55,;7(1)” + max{||®@||r,, [PlIr,, |PIIr;, |PIr, },
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where ¥ is the constant defined in (1.3).

Proof. The proof follows straightforwardly from Lemma 2.1; the technique used for the proof is well
known in the literature in the context of singularly perturbed problems. O

Theorem 2.3. Let 7 be the exact solution of the continuous problem (1.1). Then, its derivatives satisfy
the following bounds on Q.

a(ll+lz)zi(x’ y) (-2 i (L1+1) )

|T6y’2 < C(g) ™" {1 + (f) }max{z,-, fh1<h+L<2,i=1,2, (2.2a)

@(11+12)Z1(x y) I (i+h)

) (~li—1)/2 M

’—7%55;7— <Cle) {1+(V@J }HmX&ufU+
afi 0

Ce ™" max {Zl, fi; i i} 3<sh+h<4, (2.2b)
ox 0Oy

(9(“”2)@()6, y) (li—b)/2 o (L+1)

|W <C(e)7 {1 + (E) }max{zz, fl+

Cgi—(ll+lz)/28£l max {Zz, b, %, %}, 3<lh+L <4 (2.2¢)

ox 0Oy
Proof. We can use the similar methodology given in [11] (Theorem 2.3). O

Previous estimates are not adequate because they do not reflect the presence of boundary layers in
the exact solution of the continuous problem. To obtain better estimates, we propose a decomposition
of the exact solution Z of the problem (1.1) into its regular component ¥, boundary layer components w
and corner layer components S. Moreover, those functions can be decomposed into w;, W,, W,, W, and
Siv» Sbr» Sy, Sii» T€Spectively. These components are obtained as the solution of the following problems:

Loy =f V(ny eQ,
Vxy) = &), Yy ely, ¥(xy) =&, Y(xy el (2.3)
VoY) = &0), Yy €ls,  V(xy) =&(x), Y(xy) ely,

where g?,-, i = 1,2,3,4, are specially chosen functions (see the analysis below), for the regular
component,

LaiWi(x,y) =0, k=1Lrbt, Yy eQ,

wi(x,y) = Z-P)(x,y), Y(x,y) €Ty, Wi(x,y) =0, V(x,y) e, UT3 UTYy,
W (x,y) = (Z-P)(x,y), V(x,y) €T3, Wo(x,y) =0, V(x,y) €T, UT, UTy,
W,(x,y) = (Z-P)(x,y), Y(x,y) €Ty, Wi(x,y) =0, ¥(x,y) e} UT, UT}3,

(2.4)

AIMS Mathematics Volume 9, Issue 12, 35570-35598.



35575

for the boundary layer components and

zg,,ﬁk(x, y) =0, k=1b,br,rt,lt, Y(x,y) € Q,

Su(x,y) = =W (x,y), V(x,y) €Ty, 8p(x,y) = =Wp(x, ), V(x,y) € I3,

Spr(x,y) = =Wp(x,y), Y(x,y) € T2, §p(x,y) = =W, (x,y), Y(x,y) €T3,

Si(x,y) = =W, (x,y), Y(x,y) €T3, §u(x,y) = =W, (x,y), Y(x,y) € T4, (2.5)
Su(x,y) = =Wi(x,y), Y(x,y) €Ty, 8u(x,y) = =W(x,), Y(x,y) € Ty,

Sw(x,y) =0, Y(x,y) € [3 ULy, Sp(x,y) =0, V(x,y) €T} UTy,

S(x,y) =0, Y(x,y) € I UT, §4(x,y) =0, Y(x,y) e T, UT3,

for the corner layer components, respectively.

First, we study the behavior of the smooth component ¥ = (r;,7,)". To accomplish this, we
distinguish two cases.
Case 1: If 9u,% < Ag; < 9uy? < As,, we decompose the components of F as

ry=vo + \/8_1V11 +(\/8_1)2V21 +(\/8_1)3V31, (2.6)
ry = v + VEvin + (VE) vy + (V&) va, (2.7)

where V; = (vi1, v)", i = 0, 1,2, 3, and their corresponding defining equations on Q are given by

=b11vor — biover = fi,  bivin + biavia = Avg + “\/—;_(a{,aé)va, (2.8a)
1
biyvar + biava = Avyy + %(a},a§>Vv11, (2.8b)
1
Ll vy = =Avy — “_\/;_@,a;)vm, v3i(x,y) = 0, ¥(x,y) €T, (2.8¢)
1
and
—by1vo1 = bopvoa = fo,  bavin + bapvin = Avgy + 'u\/—i_(a%,aé)Vvoz, (2.9a)
2
b _ H2 5 -
21V21 + boovay = Avyp + $(01,02)VV12, (2.9b)
2
L], v =—Avy — ﬂ—\/z_(a%, a3)Vvy,  van(xy) =0, Y(x,y) €T, (2.9¢)
2
respectively.

Then, following the same technique that we have used for the analysis in [11], and using the results
of Lemmas 2.2 and 2.3, applied now to both problems (2.8c) and (2.9¢), we can obtain

8114—[21_-) 611+lzr1 1

axllaylz < C, 0< ll + 12 < 2, 6x118yl2 < C81 s ll + 12 = 3, (2103)
all+lz

. ari < Cg;l/Z’ I, + 1, = 3. (2.10b)
X110y

Then, from previous bounds, the required result for the regular component follows.
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Case 2: If Ag; < Yu? < Aey < Yup?, we now decompose the components of ¥ in a different way;
then, we have

rr =vog1 +&€vi1 + 8%\/‘21 + 8?\131, (211)

r) = Vo + &Vvip + 8%\122 + 83\/32, (212)

where V; = (v;1,vp)T, i = 0,1, 2, 3, and their corresponding defining equations on Qare given by

L, vor = fi, vai(x,y) = 21(x, ), ¥(x,y) € T3 UTy, (2.13a)
L, vii = =Avor, vir(x,y) = 21(x,¥), Y(x,y) € T3 U Ty, (2.13b)
-5,1,,\/21 = —Avig, vai(x,y) =0, Y(x,y) e I3 U Ty, (2.13¢)
Ll v =—Avy, vai(x,y) =0, Y(x,y) €T, (2.13d)
and
L v = fr. via(x,y) = 22(x,y), Y(x,y) € T3 UTy, (2.14a)
L vip = —Avpy, via(x,y) = 22(x,¥), Y(x,y) € T3 UTy, (2.14b)
£Z2V22 = —Avi, via(x,y) = 0, Y(x,y) € I3 UTYy, (2.14¢)
Liwz"n = -Avyp, valxy) =0, Y(x,y) €T, (2.14d)
respectively.

Then, using a similar methodology to that in [11], and applying Lemmas 2.2 and 2.3 to both
problems (2.13d) and (2.14b), it holds

al1+lzl‘2 8ll+lzr1 L
‘ —lelaylz <C, 0<h+hL<2, —Bxllaylz <Ce', L+, =3, (2.15a)
all+lzr2 »
‘ axiayt || = Cey, hi+lh=3. (2.15b)

In second place, to study the asymptotic behavior of the layer functions, we define 8B!(x), 8/(x), and
Bl(y), Bi(y), i = 1,2, which, on the domain Q, are given by

e 170, 9y < Aey < 9? < Ae,
e_Kl(]_x), 19/,[12 < Agl < ﬁ'ﬂzz < A829
(2.16a)

e % Y < Mg < 9ur? < Ae,
e, Ag; < ui? < Agy < 92,

ﬂm:{ Em:{

; e "% Yu? < Ae; < 9uy? < Aey, ) e 219 91,2 < Agp < 9un? < Aes,
By(x) = 1 2 2 By(x) = 1 2 2
e % Y ? < Ag; < 9w? < Aey, e1=9 " 912 < Ag; < Fun? < Ass,
(2.16b)
[OA Ju; A .. ) .
where 6, = —, A = i, K = R for i = 1,2. Similarly, we can describe the functions
& & Mi

corresponding to the y-direction B°(y), Bi(y), i = 1,2.
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Theorem 2.4. Let Wy, k = 1,1, b, t, where W, = (wy,, wi,)! satisfy the problem (2.4) for the two cases
defined in (2.1). Then, the following bounds hold for the singular components.
For Case 1, it holds

i, (6, V)| < CBL(x), [wi, (x,Y)] < CBL(X), W, (x, )] < CBEW), [wy,(x,y)| < CB5Q),

l+j

8l+j ) .
Tgy’j < ;"B (x) + &, By(w)), ,(;V”] < C(e;BY(y) + &5 Bo). i, = 1,2.3,
8i+j ) ai+]

axi;ylj < Ce;?Bh(x), i, j = 1,2, xi(;vy’; < Cey (e Bi(x) + &' *By(x)), i, j = 3
ai+jw B i+jw

# Ce,* By, i, j = 3y 2| < Cey' (e Bl + & B0, i = 3,
Wi, (£, 9)| < CB[(x), Wy, (x, )] £ CB(x), Iwy, (x, )] < CBL(), Iwy, (x, )| < CB(y),

aH—er N . 1+]

x| < Cer Bl + & By(0). |7 < Cle B + 8By, 0= 1,2,3,
i, i o i+j ) . .

8xl.ay; < Ce;*Bi(x), i, j= 1,2, - la S| <Ce'w 7B () + &' PBL (), i, j =

iw,, < CePB(y). i = 1.2 i < Cs5' (B () + 55 BL ),

8xiayj — 82 2y7l’.]— s <~ 818} 82 (,Ul (y 82 y l]_

For Case 2, we have

wi, (x, )| < CB (), wi,(x, )| < CBY(x), |Wb1(x VI < CBIW), Wi, (x, 9| < CBL(y),

—alﬂw" < Cui'e'Bi(x) + &, B o < Clu’e'B () + & Bhy)), i, j = 1,2,
oxigyl| = la i L 2 BN
0wy, <Cw's;'BL(x), i, j=1,2,3 O™iw < Cei'(ue;'Bi(x) + & S12gl (X)), 1, 3,
8xi8yj s L 2 2 s L ] 9 Ly Iy a ’(9 I 1 12 2 ‘]
ai+jwb2 . o H']wb B _

Gway | < CH'e B0 i = 123, |Gt < CeyGue ' BI0) + & B0, i =
Wy, (X, 9 < CB[(x), Wy, (x, )] £ CB(x), Iwy, (x, 9)] < CBL(3), Iwy, (x, )| < CBY(y),

ai+jwr i . . i+ j B

Gxays | < Cn B + & B, | Fm ) < ChuT/BI0) + & By i = 1.2,
" w,, ity s s ”j 1 1y, 3 12 -

axidy) < Cuy'Bi(x), i, j=1,2, 0y <C& (U7 Bi(x) +&, " By(x), i,j=3
9w, it s Hw, g g

oy < Cuw'BL(y), i, j=1,2, vy &' By + & PBYY), i, j =

Proof. To prove the estimates for the derivatives of the layer components, we use the concept of
extended domains (see, for instance, [18, 23, 24] for more details). In this context, we focus on the
bounds for the left layer component for the two cases defined in (2.1). To do that, we consider the
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change of variable for both components, ¥, = x/v;, ¥, = x/v,, where v = &(u; + \/.9_1)‘1, Vy =
e (up + \/3_2)‘1. Then, the resulting problems after this transformation of variables are given by

* #

ow, W) .
)+ avital (s, D ) ()= By, = B

= fi(PLy), Y(PLy) e,

ﬁzwj 02w7
( + &1 a >

wi (PLy) = @ —vD(PLy), Y(PLy) eIy,
wi (P1,y) =0, Y(¥,y) eIy, UTY, ur*l

3,v1 4,vy°
(2.17a)
5 62ij 82w;" Wi ow, . . . .
(821’2 92 t+& 8y )+/~12V2 a1 (le,)’) +#zaz (Tz,y)—y— bzl(%,)’)wll —bzz(%,)’)wg
2

= £ (#,y), V(Py) e Q)
wi (P2.y) = (& = v3)(Pa.y),  Y(Phy) €TT)
wi(P2,y) =0, Y(¥o,y)ely, ULy ULy,

37 4,vp°

(2.17b)

respectively, where Q' = (0, 1/v;) x (0, 1), Q' = (0,1/v)) x (0,1) and T}, 7!

Lv1? iy’

i=1,2,3,4, are
the corresponding boundaries of the extended domain Q;;' and Q;;', respectively.

Then, using a similar methodology to this one in [6, 19], we can get the bounds for the left layer
component W, .

Analogously, we can consider the relative boundary layer components W, k = r, b, t, for the two
cases defined in (2.1). O

Theorem 2.5. Let §y,1,, ki, ko = 1, b, 1,1, where Sii, = (Styky)y» Stika),)” Satisfy problem (2.5) for the two
cases defined in (2.1). Then, the following bounds are satisfied by the corner components.
For Case 1, it holds

Supy, (5. ) < CBLOBLD), iy, (9] < CBLRBEY), [8m, (%, 9)] < CB(x)BE(y),
156, (6 I < CB)BED), 80, (6, 0| < CB()BL(Y), (800, (x, V)| < CBL()BS(y),
150, (X, )| < CBL()BLY), [8n, (X, ¥)] < CBL()BLY),

ot
S0 < OBl (0BE ) + &5 PBLBLY), 1 <i+ <3,
oxioyl | ~
g js(lbh (z])/z !
l<i+j<2,
Toa| < Ce BB, 1<+ )
™ s _
Gray | S €8 W e BIIBI0) + &' Ba0Bi0). i+ ) =
ai+j "
200 < @B 0BIY) + &5 IPBBLY), 1<i+ <3,
oxioy/
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i+j
a .s(br?z <Cs ( i- j)/ZBr(x)B ), 0<i+j<2,
oxiay/
8i+js(br) —1qpr
W < Cey*(uy%e]' B (y) + &' BL(0)B5(y), i+ j=3
(9i+j .
‘S( I).l < C(8 (=i- szr(x)Bt(y) +8( i— J)/2Br(x)B (y)) 1<i+ ] <3,

0x'oy’

i+j
9 Smm| Cel ™ PBY 0By y), 1<i+j<2,

0x'oy’
(9i+j "
T 2 ¢ Ce(ut BU)BL(Y) + & BYBL)), i+ ) =3,
0x'oy’

i+j
O s | CEeB(0B(y) + &5 BB, 1 <i+j<3,
0x'oy’

i+j
T8 ¢ cotIP By, 1< it j<2,

0x'oy’
(9i+jS([) _ o _ . .
Waytfz < Cey*(uy %e] ' BL(0)BL () + &5 ' BL(0)BLY)), i+ j=3.

For the Case 2, we have

Sup), (6, V)| < CBL)BED), 181y, (x, )] < CBLX)B5), 86, (63| < CB{(0)BL(W),
1560, (X, )| < CB)B5), 1500y, (X, 0| < CBUN)BLD), S0, (1, 9)] < CBL(0)BL (),
S, (x5, 9)| < CBL()BL(), 154, (x, )| < CBLx)B5(),

ai+j

200 < Ccitiel B (0BEG) + £ TPB (0B, 1 <i+ <2,
o0x'oy/

0™ s, i+j i .

Ty | S CE T BWBI). 1sit <3,

O san, < CeP*(Be*Bi(0)B5(y) + &' BL(0)BL(Y), i+ j=
axiayj = 1 1¢1 y 2 .]

ai+j "

0 < O B (B ) + €T PBI (B, 1< it <2,
o0x'oy/

(?H'jS(br) —ivi —j . .

T@yjz < Cuy™Me'Bi(y), 0<i+j<3,

9 S | Ce(12e; B (0B () + &5 BL()BLY)), i+ j=3
6x’<9y1_11111 2 22X0)5L0Y)), )
ai+j .

T < Cu B (B () + &S TIPBI By, 1<+ <2,
ox'oy’

0" s iigr o

W < Cuy B 0By, 1 <i+j<2,

ai+jsr 1

Tafy? < Ce2(ua SBLNBLOY) + &5 By(0BLO)), i+ j =3,
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6i+j

S < C e BB ) + 5B (B ), T+ <2,
0x' oy’

6i+j

S < e Bl (0 + & BB, 1<i+ <3,

0x' oy’

ai+js

be;’;‘ < Cel2(ui 267" BL(x) + &' BLO)BLY)), i+ j = 3.

Proof. Here, we only discuss the bounds on the derivatives of the corner layer component §y,. For this
component, we consider the new variables ¥\ = x/vy, ¢ = y/vi, and ¥, = x/v,, @2 = y/v,, where
vi = e(u + \/8_1)_], vy = & + \/3_2)“. After changing the variables, the resulting continuous
problems are given by
sy, sy, S a5y, . . . *
e1vy ( >+ = )+,U1V1 ( (5”1,<P1) +a, (5”1,Q01) ) by (P1,01)sy,, — DL, (Ph, @1)sy,
oY, (i

S7b1(7’1,¢1) = —WZ(lPl,QOl), V(1 ¢1) € Fl Vl
Sy, (Pro01) = —wp (P1,01), Y(¥,¢1) € FQV s Sy, (Pre) =0, Y(¥,¢)€ inl U Fﬁ],

and

-2 azs}ka azsle * * * * * *
£ | g2 + o2 + v, af (’I’z,soz) +a2(‘1’z,<pz) s — b5, (P2, 02)sy, — b3y (Y2, 02)sy,

2

S, (P2, 02) = —wi (P2, 2),  Y(¥2,¢) € 1"1 VZ
S (P2 2) = =W (P, 02), V(P 0) €152, 57, (P2, 02) =0, V(¥o, ) €T30 UT}?

3,7 4,vy°

respectively, where Q> = (0,1/v)%, Q7 = (0,1/v)* and 1";"31 :‘VZZZ = 1,...,4 are the relative
boundaries of the extended domains Qﬁ;z, and QV2 , respectively.

Then, using a similar methodology to this one in [6, 19,23, 24], we can obtain the bounds for the
corner layer component St

Analogously, we can consider the relative corner layer components S, k = br, rt, It, for which we

can get analogous bounds for the same two cases defined in (2.1). O
3. Discretization of the problem

In this section, we construct the numerical method to approximate the solution of (1.1). The first
step is to define a special nonuniform mesh of Shishkin type, adapted to the behavior of the exact
solution for each one of the cases given in (2.1). Then, when we have the mesh, we will define the finite
difference method (FDM) used to solve the problem (1.1) on the domain QVV = {(x;,y ) :0<1i,j< N}
For simplicity in the presentation, we take the same number of mesh points for the x and y variables.

3.1. The Shishkin mesh

The mesh is given as a tensorial product of appropriate one-dimensional Shishkin meshes. We
define the one-dimensional mesh associated to the x-variable, x;, i =0, 1,..., N, and similarly, we can

AIMS Mathematics Volume 9, Issue 12, 35570-35598.

= f1(P1, 1), Y(¥1,01) € Q7

= (Y2, ¢2), Y(¥2,¢2) € QVZ )



35581

define the mesh points associated to the y-variable, y;, j=0,1,...,N.

Case 1: If 91,2 < Ag; < 9u? < As,, then, the piecewise uniform Shishkin mesh is developed and
split the unit interval [0, 1] into seven subintervals in the form

(0,11 =[0, 7]V [r, 2] U [r2, 3] U [13,1 = 3]U[1 =13, 1 = 1] U [l =75, 1 =0 ] U [1 =0y, 1],

where the transition points 7;, i = 1,2,3 and o are defined as

2 2 [ 1 [
T = min{%,l?i;lnN}, mm{ ;-3 2 %lnN}, T3 = min{Z,2 %IHN}, (3.1a)

2y
o :min{T— 2+ N} (3.1b)

On each of the subintervals [0, 7], [T, T2], [T2, T3], [1 — 73,1 — 1], [1 — 72,1 — 01], [1 — 071, 1], there
are N/12 + 1 uniformly spaced grid points, while in the remaining subinterval [73, 1 — 73], there are
N/2 + 1 grid points also uniformly spaced.

Then, the grid points along the x-axis are given by

Lo, if 0<i<N/I2,

T+ B -)i- ), if N/12+1<i<NJ/6,

T2+%(T3_72)(i_%), it N/6+1<i<N/4
x =4 T3+ a(1-2m)0 - 5, if N/4+1<i<3N/4,

1-13+ 23— - &), if 3N/4+1<i<5N/6,
-1+ B -o)i-32), if 5N/6+1<i<I1IN/I2,

1—o + 2o (i - 4, if 1IN/12+1<i<N.

Case 2: If Ag; < Ju;® < Aey < Ju,?, then the piecewise uniform Shishkin mesh is developed and
splits the unit interval [0, 1] into seven subintervals in the form

[0,1]1 = [0, ]V [T, 2] U1, T3] U [13, 1 = 13] U [l — 73,1 — 0] U [l =0, 1 =0y ]JU[]l -0y, 1],

where the transition points 7;, i = 1,2, 3, and oy now are defined as
2&; 213 2 1 [
T = mln{Tz2 ,ulﬂl N} T, = min{% ﬁ lnN} T3 = min{Z,Z % lnN}, (3.2a)
. (T2 2up
o = mln{f, N lnN}. (3.2b)
On each of the subintervals [0, 1], [T1, 721, [T2, T3], [1 — 73,1 — 0], [1 — 02,1 — 01], [1 — 071, 1], there
are N/12 + 1 uniformly spaced grid points, while the rest subinterval [73, 1 — 73] there are N/2 + 1 grid

points also uniformly spaced.
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Then, the grid points along the x-axis are given by

24, if 0<i<N/12,

T+ B -1 - ), if N/12+1<i<NJ/6,

T+ (- )i - D), if N/6+1<i<N/4,
=] T3+ (1 =2m)i - ), if N/4+1<i<3N/4,

-1+ 23— - %), if 3N/4+1<i<5N/6,
-0+ Fo—oDi—2), if 5N/6+1<i<1IN/12,

1—oy + Zo(i - 4, if 1IN/I2+1<i<N.

For each one of the cases, the step sizes are defined as h; = x;—x;_1, i = 1,2, ..., N, hj = hj+hipy, i =
1,2,..,N—1.
The boundaries of the domain Q" are denoted by

v = {(o,yj) 0<j< N},F’J’N {(xi,O) 0<is< N},

i = {(1,y,-)|o <j< N},I“f’N - {(x,-, Do<is N},
and TV ="M o urih o,

3.2. Finite difference method (FDM)

On an arbitrary mesh, QNN to discretize (1.1), we consider the classical upwind finite difference
scheme, which is given by

Lé,ﬁ L(xi,y;) = t(xi,y)), Y(xi,y;) € Q™Y
Z(x,y) = 8,0), (xy) €TVN, Z(x,y)) = &(x), (x,y,) € T3V, (3.3)
Zxi,y) = &0, (y) €TV, Z(x,y) = &), (x,y,) €TV,

where
> N.N N 5,0 - -
Ly Z(xi,y)) = 8% + 2L (xi,y ) + HA (xi, y )DE + Ko(xi, y)DDE(x1, y7) = B(xin y ) Z(x1,y)).

As it is usual, the discrete differential operators Dy, Dy, 62, and (5§y are given by

xx2

z(xi+1,yj) - z(xi,Yj) Z(xia)’j) - Z(xi—l,)’j)

D;Z)(xi,)’j) = b , D;z(xi9yj) = 7 ,
i+1 i

= Z(xi,Y' )= Z(Xi,y ) = Z(Xi,y ) — Z(xi,y -1)

DiZ(x;,y;) = = L, DyZ(x;,y)) = — I,
J+1 J

2 — - 2 —
82 Z(xi,y;) = E(D;Z’m,y» = D Z(x1,y), 63 L(x;,y;) = ?<D;Z’(x,-,y,»> — Dy Z(x1,y)),
i J
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fori,j=1,2,...,N-1.
N.N
On the piecewise-uniform mesh Q¥ the elements of the system matrix L» -+ are given by
NN —
é’[j Z(xl’ y]) = 611 ('xl’ yj)Z(le ,y]) + q2(xuyj)Z(-xt 1’)’]) + C]}(xuyj)z(xn yj+]) + Q4(Xz, yj)Z(Xz, Y- ])
+615(xi,)’j)Z(xi,yj),

(3.4)
where
) g dAi(xy) | F 2 ﬁﬁz(xl-,yj) ) 8
xi9 i) = = + s xi’ j = -xla - s xia i) = =
qi1(xi,y;) i " Go(xi,y)) = 0 G3(xi,y;) = o o ga(xi,y)) T
) g & & & jpAy) @Any)
Xi, Vi) = —= ——— — = — = — —Bx,-,~.
S VA VO S S [ b 3)

Similarly to the continuous problem, we can prove a discrete minimum principle for the discrete
->N,N
operator L ;

Lemma 3.1 (Discrete mlmmum principle). Let Lg be the discrete operator given in (3 3), If
<I>(x,-,yj) >0 on TV and L» " d)(xl,y]) <0, Y(x;,y;) € QVN, then (I)(x,,y]) >0, Y(xi,y)) € Q"

Proof. The proof is standard in the context of singularly perturbed problems, and it follows the ideas
of [7, 26, 28, 29], where parabolic singularly perturbed systems of convection—diffusion type were
considered. O

Lemma 3.2 (Discrete stability result). Let Z(x,-, y;j) be the solution of (3.3). Then it holds
=3 1 >NN o = = = =
12yl < 51 21" + max {2, Wl 12y, 12
—N.N
where ||.||g’N denotes the discrete pointwise maximum norm on £ and v is defined in (1.3).

Proof. It is straightforward from Lemma 3.1. O
4. Uniform convergence of the numerical method

In this section, we analyze the error of our numerical method, and we prove that it is a uniformly
convergent method. To approximate the nodal errors, we decompose the discrete solution into regular
(smooth), layer, and corner components, similarly to the approach used for the continuous solutions.
Then, we have Z(x,-, yj) = ﬁ(xl-, v+ W(x,-, yj)+ §(x,-, v;). Moreover, as for the continuous problem, the
layer and the corner layer components are decomposed in the form

Wxny) = Wilxny) + Wi y) + Wo(xi y) + Wixi, y)),
§(xi,yj) = §lb(xian) + §br(xi,yj) + S)rt(xi’yj) + §lt(xi’yj)-
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The regular component R(x;, y;) is the solution of the discrete problem

>N,N
{Lé,ﬁ R(x;,y)) = F(Xi,y]'), Y(xi,y)) € QNN @.1)

ﬁ(xi,yj) =F(x;,y;),  Y(x,y;) € TV,

and the layer and corner components W(xi, y;) and §(x,~, y;) are the solutions of the following discrete
problems

Lé,ﬁ W(xi,}’j) = 0, v(xi’)’j) € Q T (4 2)
W(x,y) = W(xiy),  Y(x,y;) € TV,
for the layer component and
>N,N > NN
Lg’ﬁ S(Xi, yj) = O, V(xi,yj) e QY s (4 3)
§(Xi,YJ) = g(xi,)’j), V(Xi,)’j) e NN,

for the corner component, respectively.
Then, we study the contribution to the error of each one of these components. First, we consider
the error associated with the regular component.

Lemma 4.1. Let F(x, y) be the solution of (2.3) and I?(x;, y;j) the numerical solution of (4.1) at the grid
point (x;,y;). Then, for the four cases defined in (2.1), it holds

R(x:,y;) — P(xi,y;)| < CN7.

Proof. Using standard Taylor expansions, it is easy to see that the truncation error associated with the
regular component (4.1) satisfies
i )]
oy |I/1

»F

oy?

i

ox?

ox3

>N,N
|£g,ﬁ

Ry = # v ) = €l (3 25 + | 55]) + s+ Ko (8] 55 +

Therefore, from (2.10) and (2.15), it is straightforward to prove that it holds

[CN‘I(x/s_ﬁm)
CN™' (Ve + )

CN7'(1 + )
CN'(1 + o)

), if 19/.112 <Ag £ 29/122 < Aey,

1Ly R(xi,y)) = Ex, y))| <
[ ), if Ag; < 9ui? < Agy < Jup?.

Further, using Lemma 3.1, for all cases, we can obtain
IR(x,y)) — F(xi,y)l < CN7, (4.4)

which is the required result. O

Next, we study the error associated with the layer components.
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Lemma 4.2. Let wi(x;,y;) be the true solution of (2.4) and Wk(x,-,yj) be the numerical solution of
(4.2) at the grid point (x;,y;). Then, for Case 1 defined in (2.1), we have

\Wi(xi,y;) = Wie(xi,y)I < CN"'InN, k=1,b,r,1.

Proof. If Ty = 1/12, 7, = 1/6, and 13 = 1/4, the proof follows by using standard methods for uniform
meshes, because it holds ,uzs]‘l < ClnN, 8;1/2 < CInN and ,ugl < CInN. Hence, by using (4.2) and
Theorem 2.4, we have

83\57)1 )]
0x3

22
0 W,
0x?

W,
0y3

0*W,
0y?

— -

>N,N 5 )
1 Lg i (W, — W)l < C[(hi + hi+1)(8

)+ *; +k,+1)(§

<CN'InN.

2

Further, if 7, = % InN, 7 = 1/6, 13 = 1/4, 0y = 1/12, and we consider the intervals (x;,y;) €
M2

(Tlv T2) X (0’ 1)7 (TZ’ T3) X (05 1)5 (T39 1- T3) X (07 1)’ (1 - 73, 1- TZ) X (Oa 1) or (l — T2, 1- 0-1) X (09 1)9

then the truncation error satisfies

| Ls; (W, — W) (xi,y)l < CN™!

) <CN'InN.
&' * Bl (xi1)

On the other hand, when (x;,y;) € (0,7,] X (0, 1) or [1 — o, 1] X (0, 1), it follows

-1/2 -1/2
& + &

-1/2 -1/2

>N,N W R " .
1Lz i (Wi = W)(xi, y)l < CN™ In Neyyg
g " +e,

] <CN'InN.

2
In the case that 7, = %, 7 = 1/12, 73 = 1/4, oy = 1/12, and we consider the intervals (x;,y;) €

H2
(TZ’ T3) X (O’ 1)’ (T37 1 - T3) X (O’ 1)’ (1 — T2, 1 - 0—1) X (0’ 1)’ or (1 — T3, 1 - T2) X (09 1)’ we haVe

-1/2
N, &' *Bl(xi1)

>N,.N o N B
| Ls; (W, — W) (xi,y)| < CN™'

' ) <CN 'InN.
&' *Bl(xi1)

When (x;,y;) € (0,71) X (0, 1), (71,721 X (0,1), (1 =75,1 —01) X(0,1) or (1 =0, 1) x (0, 1), it follows

-1/2

>N,N o
1 Ls; (W, = W)(xi,y)l < CN~'InNeypy! [ ] <CN'InN.

& 27’3 & .
In the case that 73 = ElnN, Ty = 3 and 7, = 5 Ty < el < +/ey, it follows that

3<C \/8_1 InN.
To prove the error estimate on the region (x;,y;) € [73, 1 —73]% (0, 1), we consider the following barrier

functions: , ,
: Py, \7! : AP\ \7!
LN _ LN¢ N _
am»U@%EM),%mﬁU0+(&M, (4.5)
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with Bll’N (x0) = BSN (x0) = 1. After applying Theorem 2.4, we can conclude that it holds
(W, = W) (i, y )l < IW, e y )l + W0, y)l < CBEY (13) + CB5V (13) < CN7L

To get appropriate bounds for the error in the region (x;,y;) € (71,72) X (0,1), (72,73) X (0,1), (1 -
73,1 = 12) X (0, 1) or (1 — 75,1 — 1) x (0, 1) and (h; + h;11) < N~'In N +/&;, we take into account that
now the truncation error satisfies

-1/2 -1/2

-1/2 -1/2
& + &,
b
& + &

>N,N S B
1L (W = W)(x;, y)l < CN"'InN \/3_2(

and therefore, using the barrier function lf’i(xl-,y DI i_; N InN(x; — 13) + (Wz — W))( Xi,y;) and
Lemma 3.1, we can obtain that it holds
>NN o 5 o
1Lz z (Wi —wW)(xi,y)l < CN™"InN.

In the cases where (x;,y;) belongs to either (0,7,) X (0,1) or (1 —o,1) X (0, 1), we have h; + hi; <
CN~!In N +/&, following the same approach as mentioned earlier, we obtain the required bounds.

Finally, assuming that 7, = iln N, 15 = ilnN and 73 = ﬂlnN, in cases where
ma A9 A

(xi,y;) € [13,1 =731 x(0,1) or (0, 7,] x (0, 1), or (1 —0,1) % (0, 1), we can obtain the required bounds
by using a method similar to that used in the corresponding intervals of the previous cases. Also, when
(x;,y;) is within either (71, 72) X (0, 1), (72, 73) X (0, 1), (1 = 73,1 =12) X (0, 1), 0r (1 =7, 1 —01) X (0, 1),
we have h; + h;,y < CN~'In N,u;lsl. Therefore, from all previous estimates, we obtain

27 (W, = W)yl < CN"'In N,
So, by using Lemma 3.1, we obtain

Wi(xi, 7)) = Wilxi, y)l < CN™'In N, (4.6)
which is the required result. O

Now, we analyze the error associated with the layer components in Case 2 defined in (2.1).

Lemma 4.3. Let Wi(x;,y;) be the true solution of (2.4) and Wk(xi,yj) be the numerical solution of
(4.2) at the grid point (x;,y;). Then, for Case 2 defined in (2.1), the error associated with the boundary
layer functions satisfies

\Wi(xi,y;) = Wie(xi,y)l < CN"'InN, k=1b,r1.

Proof. Using the similar argument shown in Lemma 4.2, we can prove the error estimates for the case
Ae; <9 < Aey < 9us’. O

To finish our study, we estimate the error associated with the corner layer components.
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Lemma 4.4. Let §,(x;,y;) be the true solution of (2.5) and §k(xi, y;) the numerical solution of (4.3) at
the grid point (x;,y;), for k = Ib, br,rt,It. Then, for Case 1 defined in (2.1), we have

1Se(xi, y;) = §k(xi, y)l < CN™'InN, k = b, br, rt, I1.

Proof. Here, we present the specific details related to the corner layer component S, exclusively. The
same procedure can be followed for the remaining corner layer components. According to the findings
mentioned in Theorem 2.5, the truncation error for the singular component §;, can be estimated as
follows:

(92S1b a3slb azslb
0x? ay? 8y
Ifry =1/12, 7, = 1/6, 73 = 1/4,and 0y = 1/12, the proof can be obtained easily by applying standard
methods (on uniform meshes) by taking into consideration that 167" < CInN, 81_1/ < CInN, and
& Y2 < CInN. Then, using Theorem 2.5 in (4.7), we have

&) (B (xi)BYvj-0)) + &, (B (i NBY - 1»]
& By (xi-)BYYj1)
Now, let us consider the appropriate barrier functions, as indicated in Lemma 4.2 and defined in

equations (4.5), within the domain Q™. Therefore, by using Lemma 3.1, we can deduce that it holds

. | 811/2 N 351/2 |
I(Si — Sip)(xi, )| < CN o172 <CN 'InN.

2

Slb

1225 S = Sl < €| + i) )+ s+ k(2] ). @

|L~ i (Slb —§p)l < CN™! (4.8)

Next, from (4.3), when 73 = | /% In N, for the grid points {(x;, y,), (0 < i, j < N)/(0 < i, j < N/4)},

we have

(S 15, = 1) X YIS 1S 1, (X Y DI+ |7, (X3 Y )| < Cmin(glfN(xi),Qé”N(yj))
< Cmin(G"V(13), G5V (13)) < CN7. (4.9)

Analogously, we can deduce

(S 15, = S1y)(xis y)I < CN7". (4.10)

In the case 73 = /%IHN, for NJ6 <i<N/4,0< j<N/4, 13 < 1/%InN. Hence, it holds

&7 (B (B () + s‘”z(Bg(xi_oB’;(yj_l)))

NN - N _
L7 i = 8)(xi, )l < CN™! 1nN( i
(BL(xi-1)B5(y-1))
For N/12<i<N/6,0< j<N/4, 15 < | /% In N, it follows that the truncation error satisfies

Ce;" (B (xi)B0(yj-1)) + a‘”%B’z(x,-_])Bg(yj_l))]

NN
1Lz (S — 8)(xi, )l < CN~ 1HN( P ,
&, (Bz(xi—l)Bz(Yj—l))
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Similarly, we can define the local error for the region 0 <i < N/12, 0 < j < N/4.For0 <i < N/4 and
0 < j < N/4, we consider the suitable barrier functions. Hence, it follows

(S = 81)(xi,y) <CN“'InN, 0<i < N/4,0 < j < N/4. (4.11)

ADY
IS = 8i)(xi, y)l < CN~'In .

From Eqgs (4.9), (4.10), and (4.11), for the case 73 = /2 In N, it has been proven that

Next, the case 7 = 1/6, 73 = 1/4,, and oy = 1/12, 7 = g—ﬂlnN i1s considered; then, ,uzel <
M1
ClnN, &' < CInN holds. For (x;,y;) € (0,711 X (0,731, hi,k; < Cey;' N™' In N. Therefore, by

using the truncation error estimate (4.7), we obtain
& iy (Bl (xi)B (i) + s‘”2(Bg<x,-_1)Bg<yj_1>>)

&, (B (xi-)B5(yj-1))
For (x;,y;) € [11,72] X (0, 73], from (4.7) and Theorem 2.5, we have

Ce;"Pui (B (xi-)BY(y;-1)) + CN~' In Ne; (8] (xi_l)zsb(yj_]))]

( = Sp)(x:, y)l < CN”'InN

1Ly (S —§’)(xl,y)l_(
AR 325 (B (i DB 1) + CN- in Ny "A(BL(x )BE (1))

For (x;,y;) € [12,73]) X (0, 73], from (4.7) and Theorem 2.5, we can deduce

NN Ce;Ppi (BL(xi)BY(yj-1) + CN~' In Ney A (BL(xi B (1))
1Lz Sy = Sip)(xi, y))| < 1 ) R
P (B (i) BY(y1) + CN In Ney " (BL(xi B (yj-1))

Similarly, we can define the error for the region (73, 1) X (0, 1). Taking the suitable barrier function for
the corner layer component for 0 <i < N, 0 < j < N, it has been deduced for each of the cases that

St = 8)(xi, y)l < CN"'In N,

O

Now, we analyze the error associated with the corner layer components in Case 2 defined in (2.1).

Lemma 4.5. Let §(x;,y;) be the true solution of (2.5) and §k(xi, y;) be the numerical solution of (4.3)
at the grid point (x;,y;). Then, for Case 2 defined in (2.1), the error associated with the corner layer
functions satisfies

ISc(xi»y;) = §(xi,y)l < CN"'InN, k = Ib, br, rt, 1.
Proof. Using the similar argument shown in Lemma 4.4, we can prove the error estimates for the case
Ag < 19,(112 <Ag < 19/122. O
Combining all previous results, we deduce the main result of this work.

Theorem 4.6. Let Z(x;,y;) be the true solution of the continuous problem (1.1) and Z(x,-,yj) the
numerical solution of (3.3) at the grid point (x;,y;), defined on the corresponding Shishkin mesh. Then,
the error satisfies

Z(x:,y;) = Z(x:,y)l < CN"'InN, (4.12)

and therefore, the numerical scheme is an almost uniformly convergent method.
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5. Numerical experiments

In previous sections we have constructed our numerical algorithm, which is defined on Shishkin
meshes. To observe the performance of the algorithm, we focus on one test example of the type (1.1).
The problems are solved using MATLAB R2023a on a system with 32 GB of RAM and an 15 processor
operating at 1.8 GHz. We have seen that the computational time to obtain results is relatively high due
to the complexity of the problem. However, to mitigate this, a sparse matrix representation is employed
within the algorithm to reduce both the computational time and the memory usage.

To solve the test problem, we have ordered the numerical solution in the following form:

Z1(x0, ¥0), Z1(x1, Y05 - - - » Z1(Xn, Yo),
Zy(x0, Y1), Z1(x1,¥1)s - -+ Z1 (X, Y1),
Z1(x0,¥2), Z1(x1, ¥2)5 - - s Z1(Xn, Y2),
Z =3 Zi(x0,yN)s Zy(X1, YN - - - Zi (XN, YN,
Z5(x0, ¥0)> Za(X1, Y05 - - - » Z2(Xn5 Yo),
Z5(x0, 1), Za(x1,¥1)5 -« - s Z2(Xn5 Y1),

Z5(X0,YN)> Zo(X1,YN)s - - - Zo( XN, YN,

where Z,(xo, y:), Z1(xi, ¥0), Z1(xn, i) and Zy(x;, yn), i = 0, ..., N, are calculated by using the boundary
conditions. Then, the resulting linear system can be written as

[A](Z(N+1)2,2(N+1)2)[Z](2(N+l)2,1) = [F](Z(N+1)2,1),

and we solve this system by using MATLAB, taking into account that the matrix A is sparse.
The test problem is defined as follows.

Example 5.1.

N PR
s(— + —) +u(A1(x,y)a—

- aZ - N =
T x+A2(x,y>a—y)—B<x,y>z:f<x,y>, Y(xy) € Q,

where the boundary conditions, as well as convection, reaction coefficients, and source terms, are given
by

Ax,0)=2(x,1) =2(0,y) =Z(1,y) =0,

5 [(1+x 0 5 (2 +sin(x + ) 0

Al(-x’y)_( O 2_xy)’A2(x9y)_( 0 2—COS(X+y) 5
_ 3+x+ -1 — x%y? 2 . g
Bxy) = (_1 e 34 exp()fy)), fox,y) = ( sincray), cos(rxy/2)

Figures 1 and 2 display the two components of the numerical solution for Example 5.1, taking
different values of the diffusion and the convection parameters €y, &;, ¢y and u, and a fixed value of
the discretization parameter N.

AIMS Mathematics Volume 9, Issue 12, 35570-35598.



35590

Computed Solution Z Computed Solution Z

-
AN

‘ |l “

I
IIIIIIIIIHIIIIIIIIHHHHIHH

!""muumu il

Il Mh‘\‘\ ‘\”HHH Il

|

R ‘
“l\',!l\!{g}g{\lm“p|mummnnuuumnm i

i u H‘H‘H‘

0.5

y-axis 0 o x-axis y-axis 0 o x-axis

(a) Surface graph of the numerical solution z;; (b) surface graph of the numerical solution z,;

Figure 1. When &, = 27,5, = 2719, 12 = 2716 2 = 2712 N = 96, for Example 5.1.

Computed Solution Z Computed Solution Z

y-axis 0 o x-axis y-axis 0 o x-axis

(a) Surface graph of the numerical solution z;; (b) surface graph of the numerical solution z;

Figure 2. When &, = 2710, &, = 2712, 2 =271, 12 = 271 N = 96, for Example 5.1.

Figures 3 and 4 display the error for both components, taking the same values of the diffusion,
the convection and the discetization parameters; the errors are calculated by using the double mesh
technique (see [12]), which is remembered next.

As the exact solution of this problem is unknown, to approximate the maximum point-wise errors
we use, in a usual way, the double mesh technique. Then, we calculate

EMY = max  [Z(x1v27) — ZVV(xi, ),
EH () eQvy n 2 oY

where Z*V2V is the numerical solution obtained on a mesh with 2N subintervals taking the mesh points

of the coarse mesh and also their midpoints on each spatial direction. Then, the parameter uniform

AIMS Mathematics Volume 9, Issue 12, 35570-35598.



35591

maximum point-wise errors are calculated applying the formula

ENN = max ENV,
EIJ N1

From the previous values, the uniform numerical orders of convergence are given by

NN EN,N
0 - 10g2 ( EzN,zN)'

Error Graph Z1 Error Graph Z2

muuwiﬂﬁﬁﬂ

y-axis 0 o x-axis y-axis 0 o T xaxis

(a) Error graph of the numerical solution z;; (b) Error graph of the numerical solution z5;

Figure 3. When &) = 27,6, = 2710 2 = 2716 ;2 = 2712 N = 96, for Example 5.1.

Error Graph Z1 Error Graph Z2

y-axis 0 o x-axis y-axis 0 o } x-axis

(a) Error graph of the numerical solution z;; (b) Error graph of the numerical solution z,;

Figure 4. When g, = 2710, &, = 2712, 7 =271 12 = 2719 N = 96, for Example 5.1.

Table 1 shows the maximum errors for the first component, for different values of the parameters
of convection and diffusion corresponding to Case 1 and some values of the discretization parameter
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N; also it gives the maximum uniform errors and the uniform orders of convergence. Similarly, Table
2 shows the results for the second component for same values of all parameters. In same way, Tables
3 and 4 show the maximum errors, and numerical orders of convergence for the first and the second
component, respectively, when the restriction associated to Case 2 holds. From these four tables,
we clearly can deduce the almost first order of uniform convergence of our numerical algorithm, in
agreement with the theoretical result given in Theorem 4.6. Tables 1-4 also illustrate the efficiency of
the proposed method, implemented on a Shishkin mesh, in obtaining accurate solutions for Example
5.1 under both cases. Notably, a sparse matrix representation was utilized in all computations to
minimize CPU time defined for all diffusion and convection parameter values with fixed N.

Table 1. For Example 5.1, maximum point-wise errors EN" and orders of convergence QM
calculated for z; when 9> < Ag; < Ju? < Ass.

6

e1=27n
& =272
pi® =27
pa’ =27y
n/N 48 96 192 384 768
20 1.969¢-03 | 9.520e-04 | 4.658e-04 | 2.302e-04 | 1.144e-04
271 2.792e-03 | 1.336e-03 | 6.492e-04 | 3.195¢-04 | 1.583e-04
272 3.981e-03 | 1.897e-03 | 9.180e-04 | 4.488e-04 | 2.218e-04
273 5.686e-03 | 2.745e-03 | 1.312e-03 | 6.370e-04 | 3.133e-04
274 8.114e-03 | 3.953e-03 | 1.883e-03 | 9.100e-04 | 4.451e-04
27 1.153e-02 | 5.662e-03 | 2.737e-03 | 1.308e-03 | 6.349¢-04
276 1.184e-02 | 6.749¢-03 | 3.905e-03 | 1.881e-03 | 9.087e-04
277 1.184e-02 | 6.749¢-03 | 3.906e-03 | 2.134e-03 | 1.150e-03
28 1.183e-02 | 6.749e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
270 1.182e-02 | 6.749¢-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
2-10 1.182e-02 | 6.749¢-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
2-1 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
212 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
213 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
214 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
2715 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
2-16 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
2-17 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
2-18 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
271 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
2720 1.182e-02 | 6.748e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
ENN 1.183e-02 | 6.749e-03 | 3.906e-03 | 2.135e-03 | 1.150e-03
oNN 0.8097 0.7890 0.8715 0.8926 -
CPU time (seconds) | 2.534042 | 9.177485 | 26.732375 | 46.913353 | 92.163421
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Table 2. For Example 5.1, maximum point-wise errors E¥Y and orders of convergence Q¥

calculated for z, when 9> < Ag; < dur? < Aess.

g =27
& =272
pi =27
pa® =27
n/N 48 96 192 384 768
20 1.091e-03 | 5.367e-04 | 2.661e-04 | 1.325e¢-04 | 6.612¢-05
271 1.410e-03 | 6.948e-04 | 3.449e-04 | 1.718e-04 | 8.575e-05
272 1.791e-03 | 8.779e-04 | 4.346e-04 | 2.163e-04 | 1.079e-04
273 2.415e-03 | 1.178e-03 | 5.815e-04 | 2.890e-04 | 1.441e-04
274 3.334e-03 | 1.618e-03 | 7.960e-04 | 3.950e-04 | 1.968e-04
273 4.651e-03 | 2.246e-03 | 1.102e-03 | 5.458e-04 | 2.722e-04
276 4.687e-03 | 2.677e-03 | 1.527e-03 | 7.711e-04 | 3.848e-04
277 4.572e-03 | 2.656e-03 | 1.527e-03 | 8.612e-04 | 4.797¢-04
278 4.505e-03 | 2.649e-03 | 1.528e-03 | 8.619e-04 | 4.801e-04
279 4.506e-03 | 2.647e-03 | 1.528e-03 | 8.625e-04 | 4.805e-04
2710 4.508e-03 | 2.648e-03 | 1.529e-03 | 8.630e-04 | 4.809¢-04
2-1 4.509e-03 | 2.649e-03 | 1.529e-03 | 8.635¢-04 | 4.811e-04
2-12 4.510e-03 | 2.650e-03 | 1.530e-03 | 8.639e-04 | 4.813e-04
213 4.511e-03 | 2.651e-03 | 1.531e-03 | 8.641e-04 | 4.815e-04
214 4.512e-03 | 2.651e-03 | 1.531e-03 | 8.643e-04 | 4.816e-04
2°1 4.512e-03 | 2.652e-03 | 1.531e-03 | 8.645¢-04 | 4.817e-04
2-16 4.513e-03 | 2.652e-03 | 1.531e-03 | 8.646e-04 | 4.817e-04
2717 4.513e-03 | 2.652e-03 | 1.531e-03 | 8.646e-04 | 4.818e-04
218 4.513e-03 | 2.652¢-03 | 1.531e-03 | 8.647e-04 | 4.818e-04
219 4.513e-03 | 2.652e-03 | 1.532e-03 | 8.647¢-04 | 4.818e-04
2720 4.513e-03 | 2.652e-03 | 1.532e-03 | 8.647e-04 | 4.818e-04
ENN 4.513e-03 | 2.652e-03 | 1.532e-03 | 8.647e-04 | 4.818e-04
oNN 0.7670 0.7917 0.8251 0.8438 -
CPU time (seconds) | 2.806159 | 10.551836 | 32.139680 | 93.906843 | 112.084236
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Table 3. For Example 5.1, maximum point-wise errors E¥Y and orders of convergence Q¥

calculated for z; when Ag; < 9u? < Aesr < Jus’.

& = 2_877
g =2
pi® =27
pa® =27n
n/N 48 96 192 384 768
20 6.713e-03 | 4.159¢e-03 | 2.572e-03 | 1.443e-03 | 7.650e-04
27! 7.036e-03 | 5.029¢-03 | 3.133e-03 | 1.780e-03 | 9.691e-04
272 8.050e-03 | 5.734e-03 | 3.568e-03 | 2.205e-03 | 1.236e-03
273 1.119e-02 | 6.103e-03 | 4.377e-03 | 2.730e-03 | 1.552e-03
274 1.470e-02 | 7.930e-03 | 4.990e-03 | 3.129e-03 | 1.938e-03
273 1.755e-02 | 1.113e-02 | 5.949e-03 | 3.242e-03 | 2.201e-03
276 1.773e-02 | 1.310e-02 | 7.833e-03 | 4.225e-03 | 2.109e-03
277 1.774e-02 | 1.311e-02 | 7.836e-03 | 4.650e-03 | 2.629¢e-03
278 1.774e-02 | 1.311e-02 | 7.840e-03 | 4.653e-03 | 2.630e-03
279 1.772e-02 | 1.311e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
2-10 1.771e-02 | 1.311e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
2-1 1.771e-02 | 1.311e-02 | 7.842e-03 | 4.654e-03 | 2.631e-03
2712 1.771e-02 | 1.311e-02 | 7.842e-03 | 4.654e-03 | 2.631e-03
2713 1.770e-02 | 1.311e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
214 1.770e-02 | 1.311e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
2715 1.770e-02 | 1.310e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
2716 1.770e-02 | 1.310e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
2717 1.770e-02 | 1.310e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
2718 1.770e-02 | 1.310e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
2719 1.770e-02 | 1.310e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
2720 1.770e-02 | 1.310e-02 | 7.841e-03 | 4.654e-03 | 2.631e-03
ENN 1.774e-02 | 1.311e-02 | 7.842e-03 | 4.654e-03 | 2.631e-03
NN 0.4363 0.7414 0.7528 0.8229 -
CPU time (seconds) | 3.113208 | 9.411691 | 28.740375 | 96.230456 | 138.686516
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Table 4. For Example 5.1, maximum point-wise errors E¥Y and orders of convergence Q¥

calculated for z, when Ag; < 9u? < Aesy < Jus’.

g1 =277

& =27

pi® =27

pa® =27n
n/N 48 96 192 384 768

20 7.932¢-03 | 4.301e-03 | 2.246e-03 | 1.148e-03 | 5.806e-04
27! 1.028e-02 | 5.763e-03 | 3.068e-03 | 1.585¢-03 | 8.062e-04
272 1.296e-02 | 7.518e-03 | 4.087e-03 | 2.137e-03 | 1.095e-03
273 1.573e-02 | 9.636e-03 | 5.419¢e-03 | 2.888e-03 | 1.493e-03
274 1.590e-02 | 1.116e-02 | 7.117e-03 | 3.921e-03 | 2.051e-03
273 1.544¢-02 | 1.111e-02 | 7.095¢-03 | 4.298e-03 | 2.509e-03
P 1.558e-02 | 1.104e-02 | 7.085e-03 | 4.293e-03 | 2.504e-03
277 1.535¢-02 | 1.103e-02 | 7.078e-03 | 4.291e-03 | 2.504e-03
278 1.533e-02 | 1.103e-02 | 7.077e-03 | 4.291e-03 | 2.503e-03
270 1.534¢-02 | 1.103e-02 | 7.079¢-03 | 4.292¢-03 | 2.504e-03
2710 1.534e-02 | 1.103e-02 | 7.082e-03 | 4.294e-03 | 2.505e-03
271 1.535¢-02 | 1.104e-02 | 7.084e-03 | 4.295¢-03 | 2.506e-03
2712 1.535¢-02 | 1.104e-02 | 7.086e-03 | 4.296e-03 | 2.507e-03
2713 1.536e-02 | 1.104e-02 | 7.088e-03 | 4.297e-03 | 2.507e-03
274 1.536e-02 | 1.105e-02 | 7.089e-03 | 4.298e-03 | 2.508e-03
2715 1.536e-02 | 1.105e-02 | 7.090e-03 | 4.299¢-03 | 2.508e-03
2716 1.536e-02 | 1.105e-02 | 7.090e-03 | 4.299¢-03 | 2.508e-03
271 1.536e-02 | 1.105e-02 | 7.091e-03 | 4.299¢-03 | 2.508e-03
2718 1.537¢-02 | 1.105e-02 | 7.091e-03 | 4.300e-03 | 2.508e-03
2719 1.537¢-02 | 1.105e-02 | 7.092¢e-03 | 4.300e-03 | 2.508e-03
220 1.537¢-02 | 1.105e-02 | 7.092¢-03 | 4.300e-03 | 2.508e-03
ENN 1.537¢-02 | 1.105e-02 | 7.092¢-03 | 4.300e-03 | 2.508e-03
NN 0.4761 0.6398 0.7219 0.7778 -
CPU time (seconds) | 2.826123 | 13.861913 | 43.906536 | 98.107984 | 135.031256

6. Conclusions

In this work we solve a 2D elliptic coupled singularly perturbed system of convection—diffusion; we
analyze the cases remaining in [11] for the ratio between the diffusion and the convection parameters. It
is well known that different types of overlapping boundary layers appear on the outflow and the inflow
boundary, depending on the value and the ratio between the diffusion and the convection parameters.
The numerical algorithm constructed to solve this type of problem is the classical upwind scheme,
which is defined on adequate nonuniform meshes of Shishkin type. We prove that the method is an
almost first-order uniformly convergent method, in the maximum norm, with respect to all singular
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perturbation parameters. The numerical results obtained with the numerical algorithm for a test
example clearly show the presence of overlapping boundary layers and also the order of uniform
convergence theoretically proved.
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