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1. Introduction

One of the main research areas of differential geometry is the characterization of curves in
Euclidean, Minkowski, or other special spaces by analyzing them according to different frame such
as Frenet, Bishop, etc.

Although the Serret-Frenet frame is useful for the analysis of curves, this frame cannot be
defined at points where the second derivative of the curve is equal to zero. This has led to the
popularization of orthonormal frame systems defined along a curve, which have been proposed as an
alternative to the Frenet frame. In this way, the frame can be defined at points with this property and
enables any space curve to be analyzed. One of these alternative frames, the Bishop frame, offers a more
suitable option, especially when the torsion is zero or when the effect of torsion needs to be minimized.
The advantages of the parallel frame and its comparison with the Frenet frame in 3-dimensional (3D)
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Euclidean space were given and studied by Bishop [1]. The Bishop frame has many applications in
computer graphics and biology. For example, the Bishop frame can be used to predict the shape of
DNA sequences or to control virtual cameras in computer graphics. It provides clearer geometric
modeling by avoiding the analysis of torsional effects in the double-helical structure of DNA [2]. It is,
therefore, of great importance to identify new types of curves and characterize them in different
frames.

Helices appear in many applications, so the most common way to characterize curves is to
determine whether they are general helices, cylindrical helices, or slant helices. A curve with a helix
in F® is characterized by the property that the tangent vector field forms a constant angle with a
constant direction. Lancret’s theorem proves that the ratio of torsion and curvature of a helix is
constant [3]. The helix was generalized by Hayden in [4]. Later, with the help of the Killing vector
field over a curve, the general helix was defined in 3D real space form, and in this space form,
Lancret’s theorem for general helices was given again by Barros [5]. Izumiya and Takeuchi named
the curve whose main normal vector field makes a constant angle with a constant direction in 3D
Euclidean space as a slant helix [6]. They also gave another characterization of the slant helix in [7].
Biik¢li and Karacan, on the other hand, defined slant helixes in the Bishop frame and gave the
necessary and sufficient condition for a curve to be a slant helix according to this frame as the ratio
of Bishop curvatures of the curve being constant [8]. Another example of the classification of curves
is the integral curves, which are the solution of a differential equation and define a parameterized
curve. In [9-12], curves generated by the integral of the binormal vector field, which is one of the
Frenet vectors of a curve given by any parameter s, are defined as associated curves.

It is possible to generate new curves from a given curve by introducing geometric features, as in
integral curves. There are some special curves in this context, including the Bertrand, Mannheim,
Natural Mate, Smarandache, involute, evolute, and pedal curves, etc. In the references, there are
some studies on these curves in different frames such as Frenet and the Bishop frame [13-16], and
these curves have important applications in physics, engineering surface modeling, and computer
graphics [17-19].

In differential geometry, Smarandache curves are important in that they create more complex
geometric structures by transitioning from one curve to another. Smarandache curves in £

Minkowski space were introduced by Yilmaz and Turgut. By definition, Smarandache curves are
included in Smarandache geometry, and if the position vector of a curve £ is generated by the vectors
of the Frenet frame of another curve «a, then the curve f is called a Smarandache curve [20]. These
curves enable in-depth analysis of the curve and surface. They are used in physics, engineering,
biomechanics, robotics, and computer graphics, among other fields. Particularly in physics, they are
employed in general relativity theory and space-time geometry [21]. They are used in materials
science and structural analysis in engineering. They are essential to motion planning and object
recognition in robotics and computer graphics [15]. They also contribute to theoretical and applied
research in differential geometry by providing a more flexible and general framework than other
types of curves. For example, Smarandache curves form a derived curve based on Frenet vectors
since curvature and torsion are usually not constant compared to helical curves with constant
curvature and constant torsion. While other curves based on curvature and torsion use only curvature
and torsion, Smarandache curves directly use the other elements of the Frenet frame: the tangent,
normal, and binormal vectors. Special Smarandache curves have been studied by some authors. Ali
introduced special curves in Euclidean space, called Smarandache TN, NB, and TNB curves by
Frenet-Serret vector fields [22]. Cetin et al. also studied Smarandache curves according to Bishop
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frame and made some calculations about the geometric properties of the curve [23]. Nurkan and
Giliven defined special curves by combining Smarandache curves and integral curves in the Frenet
frame and gave some characterizations [24]. The Smarandache curves of Mannheim, Bertrand,
involute and evolute curves are discussed in detail in [25-28], while their geometric properties in
Minkowski space are explored in [29,30]. Recent advancements in curve and surface theories across
various spaces include studies in Galilean space [31-33], and ruled surfaces generated from
Smarandache curves are analyzed in [34-36].

In this paper, new adjoint curves are defined by combining special Smarandache curves and
integral curves in the Bishop frame, and interesting and useful results are provided. I define these
new curves as t {'-Bishop adjoint curve, t {,-Bishop adjoint curve, ¢, -Bishop adjoint curve,
and t_C/'C; -Bishop adjoint curve. Some relationships are established between a curve in the Bishop

frame and the adjoint curves generated from it. Moreover, using these relations, I give necessary and
sufficient conditions for the curve to be a general helix and slant helix.

2. Basic concepts

Some fundamental concepts related to differential geometry of space curves in Euclidean space
E® are reviewed in this section.

Consider that Euclidean 3-space £?3, with the standard flat metric given by
() =dx} +dx; +dx3,
where X, —X, is arectangular coordinate system of £3. The norm is defined by

Jul = yu. )l

A curve «a is called a unit speed curve if its velocity vector «' satisfies

=1.

|
When « is a unit speed curve, its unit tangent vector is
t(s)=a(s)
and its curvature is
o=l (s)].
a'(s)=x(s)n(s)
and
b(s)=t(s)xn(s)

give the principal normal vector and the unit binormal vector of «, respectively. Next, the
well-known Frenet formula is shown as
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' 0 x 0\t
nj=l-« 0 7| nj, (2.1)
b’ 0 -z 0)ib

where

is the torsion of «.

An alternate method for creating a moving frame that is well-defined even in cases when the
curve’s second derivative vanishes is the Bishop frame, also known as the parallel transport frame.
To represent the parallel transport of an orthonormal frame along a curve, just parallel transport each
frame component. Any convenient arbitrary basis and the tangent vector are used for the remaining
section of the frame.

Although t(s) for a given curve model is unique, the parallel transport frame is based on the

observation that, for the remaining portion of the frame, I can choose any convenient arbitrary basis
(Cl(s),gz(s)) as long as it is in the normal plane perpendicular to t(s) at each point. Regardless

of the curvature of the path, (Ql(s),gz(s)) may change smoothly if their derivatives only depend
on t(s) and not on each other. Thus, the various frame equations are available to us

t 0 k k)t
& |=| -k 0 0| (2:2)
QZ' -k, 0 0)\G,

The set {t,(;,C,} is referred to as a Bishop trihedron in this case, the curvatures k, and k,
are called Bishop curvatures. The relation matrix can be expressed

t=t,
n=cosd(s)¢, +sind(s)¢,, (2.3)
b =-sind(s)¢, +cosd(s)L,,
where
0(5):arctanﬁ, k, #0, T(S):_de(s)
K, ds
and

k(s)=q/k +k;,
so that k; and k, effectively correspond to a Cartesian coordinate system for the polar coordinates
K, 8 with

Hz—jr(s)d5+t90.
The orientation of the parallel transport frame includes the arbitrary choice of integration constant

AIMS Mathematics Volume 9, Issue 12, 35355-35376.



35359

which g, which disappears from 7 (and hence from the Frenet frame) due to the differentiation

(see [1,23]). Here, Bishop curvatures are defined by

k,(s)=x(s)cosO(s), k,(s)=x(s)sind(s) (2.4)
on the other hand, if Eq (2.3) is regularized, the following equations are obtained
t=t,
£, =cosf(s)n—sinf(s)b, (2.5)

£, =sinf(s)n+cosb(s)b.

When the angle between a curve’s tangent lines and a fixed direction remains constant, the curve
is called to general helix. The general helix’s axis is the name given to this fixed direction. In 1802,
Lancret articulated the definition of a helix, stating that a curve may be classified only as a general

helix if the harmonic curvature or the ratio i remains constant, with
K

k=0.
If both
k=0 and t=0

are constants, the general helix is referred to as a circular helix [3].
The constant geodesic curvature function of the principal image of the constant normal
indicatrix characterizes a slant helix, as stated in [7]. This function that is constant is provided by

o(s)- ﬁH ©)

Bikgiand Karacan defined the concept of slant helix according to the Bishop frame in 3D Euclidean
space [E° and stated that the necessary and sufficient condition for a curve o to be a slant helix is
that the ratio of the Bishop’s curvatures

k, 20 and k,#0
should be constant.
Theorem 2.1. ([8]) Let the unit speed curve
a:l > E°

be a slant helix with non-zero natural Bishop curvatures. Then « is slant helix if and only if k—l is
2

constant.

Definition 2.2. ([12]) Let « be an s-arc length parameterized regular curve with nonvanishing
torsionand {T,,N,,B,}is the Frenet frame of «. The adjoint curve of « is defined as
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Definition 2.3. ([22]) Let « be an s-arc length parameterized regular curve with nonvanishing
torsion and {T,,N,,B,} is the Frenet frame of «. Smarandache TN, NB, and TNB curves are

defined by

p=1(T,+N,),
2
1
- (N +B ),
¥ 2( «TB.)

respectively.
3. Bishop adjoint curve in £°

In [22], the author introduced that a curve in E° parameterized by the arc length is called a
Smarandache curve whose position vector is generated by the Frenet frame vectors on another
regular curve. Then, in [24], the authors adapted this definition to regular curves as integrals of
Smarandache curves in Euclidean 3-space. In this paper, New curves are obtained by taking the
integrals of Smarandache curves with respect to the Bishop frame in Euclidean 3-space.

Definition 3.1. Let « be an s-arc length parameterized regular curve with Bishop apparatus
{ta,Cﬁz,Cg,kf Ky } t,& -Bishop adjoint curve, t,8;-Bishop adjoint curve, &5 -Bishop adjoint
curve and 1,&'C; -Bishop adjoint curve of a are obtained

*
S

ﬂl(s*)=%I(ta(s)%f(s))ds’ 3.1)
ﬂz(5*):%T(ta(5)+€3(5))d51 (3.2)
ﬂs(s*):%T(CT(S)%?(S))O'S’ (3.3)

ﬂ4(s*):%j(ta (s)+&; (5)+&s (s)) ds, (3.4)

respectively.

Remark 3.2. ([9]) Let « be a regular curve parameterized by arc length s, and let g -4, be the
adjoint curves of «. The arc length parameter s of these adjoint curves can be takenas s* =s.
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3.1. t,{; -Bishop adjoint curve

Theorem 3.3. Let « be an s-arc length parameterized regular curve in &° with Bishop apparatus
{ta,q,gg,kf,k;} and B, be a t -Bishop adjoint curve of « . The Frenet vector fields,

curvature and torsion of S, are given by

tﬂlz%(taﬁ-gf),
n, = J;W(_ht“Jrthrcg)’

1

b, =———(t -{’+2h{;),
" r4hz(a G +2hts)
K, :%kfxll+2h2,

1

T __ika_ﬂ
Ao J2 7 142nY
where
h=f
ky

Proof. By differentiating Eq (3.1) and using Frenet formulas, | compute
dg, ds* 1 .
L2 - (t+¢),
ds* dS \/E( a Cl)
ds* 1 a
e Zﬁ(ta +),
if the norm of both sides of the Eq (3.6) is taken, (3.7) is obtained
ds
also, Eq (3.8) is obtained from Egs (3.6) and (3.7)
1

B :E(ta +Cf),

1

t

differentiating (3.8) with respect to s and using Eq (2.2), I obtain

tﬁ’l’ = %(klaq +k; G - klata)'

Then, the curvature and principal normal vector field of the curve S, are, respectively,

(3.5)

(3.6)

3.7)

(3.8)
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'
KB1 = Htﬂl

=%\/2(kf‘)2+(k§)2

and

n, = —k't, +k'Cf +Kk, &5 ),
B \/Z(kl‘*)2+(kg)2( 1 11 2 2)
and besides this, I express

1

tﬁlxnﬁlzﬁ(taﬂf)x !

V2l ) + (ks )

(k't, + kG ks Gs ).

Thus, the binormal vector of curve g, is

1
b, = ks't, —KSCo + 2k Cs
B \/4(k1°‘)2+2(k;‘)2( 2 291 1 2)

to find the torsion of p,, differentiate N, and use the relation

'
T/91 = <nﬂ1 ! bﬂl >

Then, I obtain
(3.9

By ordering the expressions and assuming

ho X
ky
| arrive at the final result.

Theorem 3.4. Let o be an s-arc length parameterized regular curve in £® with Bishop apparatus
{ta,gf,gg,kf‘,k;‘} and f, be a t,{-Bishop adjoint curve of «. The Bishop vector fields and

curvatures of f, are given by
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e J2+ant [ (V/2hcos g, +sing, e, (\/Ehcoseﬂl+sin9ﬁl)§f+(\/§coseﬁ]+2hsineﬂ])g;]
2+4

¢ = ( \/_hsme +00s 6, ) (x/zhsineﬂl—coseﬁl)§f+(\/§sm0 +2hcosd, ) } (3.10)
2+4h

k! = \/ +2h" cosd, , k' = 1+ 2h’siné.

JE
Proof. If Eq (3.5) is substituted into Eqgs (2.4) and (2.5), the proof is completed.
Corollary 3.5. Let the unit speed curve
a:l - E°

be a slant helix with respect to the Bishop frame, t,-Bishop adjoint curve of « is a general
helix.

Proof. If |1 compute the quotient of the torsion and curvature of t C-Bishop adjoint curve of «
which are in Theorem 3.3, | have

h!
Ty [2 \/_1 2h?

Kg —k“\/1+ 2h?
\/E 2

Assuming that « is aslant helix, then h"=0. Thus, | get
Y 1

K_/;l ) J1+2h?’

B

K

which means 1s constant.

P
Corollary 3.6. Let the unit speed curve
a:l > E°

be a slant helix with the Bishop frame. If | rotate the Frenet frame around the t, axis, the angle of
rotation is

1
0, =—=|kids
=]k
Proof. According to Bishop formulas,
0, =—[,ds

is known. If the value of 7, is written as expressed in Eq (3.9), the following expression is

obtained
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h!
0, = (| —=ks ++2
j (\/' 1+2th
since « 1is aslant helix h'=0. Therefore
1
0, =—— | klds .
B \/E,[ 2
3.2. t,§;-Bishop adjoint curve

Theorem 3.7. Let o be an s-arc length parameterized regular curve in &° with Bishop apparatus
{a,é;l,gz, “} and g, be a t,; -Bishop adjoint curve of «. The Frenet vector fields,

12

curvature and torsion of g, are given by

1 «
tﬂZZE(ta+§2),
1 a a
nﬁzzm(—hta+§l+h§2),
b =#(—ta—2hg;+gg), (3.11)

o J2van?
1
=——k¥\2+h?,
\/E 2
— k& _ h'
oo f2t 2+4h%
Proof. By differentiating Eq (3.2) and using Frenet formulas, | compute

ﬁz’(s)=%(ta+cz),

tﬁz(s)z%(t”z;g),

differentiating (3.12) with respect to s and using Eq (2.2), | obtain

t, = (kG kg kit ).

T

(3.12)

Then, the curvature and principal normal vector field of the curve f, are, respectively,

K5 =t :%\/(kl ) +2(k )
and
N, = ki, kI LS,
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beside this, | express

1

t, xn, =$(ta+§§)x\/

1
(k) +2()

= (—kst, +kC kS ).

Thus, the binormal vector of curve g, is

(—ky't, = 2k5 G + ks ),

1
b»”z - 2 2
\/Z(kf‘) +4(k;)

in order to find the torsion of f,, differentiating n, and use the relation

1
Tp, =<nﬂz ’bﬁ2>'

Then, | have

(3.13)

T, = L k
B - 2
2 242 o
2+£li

by ordering the expressions and assuming

| arrive at the final result.

Theorem 3.8. Let a be an s-arc length parameterized regular curve in Z® with Bishop apparatus
{ta,(;f,g‘g,kf,k;‘} and B, be a t,;-Bishop adjoint curve of «. The Bishop vector fields and
curvatures of f, are given by

1

&= m[(—\/gcos% +hsing, )ta +(\/Eh cosg, +2sind, )Cf +(\/Ecosaﬁz —hsing, )2;2]

1

¢ = [(—\/Esin 6, —hcosé, )tu +(\/Esin 6, —2c0s0, )gj +(\/Esin 6, +hcosé, )g‘z‘], (3.14)
T : : : : : :
B, l a 2 B, 1 a 2 -
kl =$k2 2+h COSHZ}Z, kz =$k2 2+h Slngﬂz.

Proof. If Eq (3.11) is substituted into Eqs (2.4) and (2.5) the proof is completed.
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Corollary 3.9. Let the unit speed curve
a:l > E?

be a slant helix with respect to the Bishop frame, then t _C7-Bishop adjoint curve of « is a general
helix.
Proof. If 1 compute the quotient of the torsion and curvature of t,;-Bishop adjoint curve of «
which are in Theorem 3.7. | have

1 Ko — h'
T _242 " 2+h°

Ks, ik;\/2+h2

V2
. Tp, .
Which means —=% is constant.
K
B
Corollary 3.10. Let the unit speed curve
a:l > E?

be a slant helix with the Bishop frame. If | rotate the Frenet frame around the t, axis, the angle of
rotation is

1 (e
0, =—ﬁjk1 ds.

Proof. According to the Bishop formulas,
0/32 = _,[ T/))z ds

is known. If the value of 7, is written as expressed in Eq (3.13), the following expression is
obtained

1 h'
6, =||— C+ ds.
& j( 2\/§k1 2+h2J
Since « isaslant helix h'=0. Therefore
1
0, =———= | k’ds .
Ba 2\/5_[ 1
3.3. £¢; -Bishop adjoint curve

Theorem 3.11. Let « be an s-arc length parameterized regular curve in E° with Bishop
apparatus {ta,gf,g‘;,kf‘,k;’} and B, be a ;G -Bishop adjoint curve of «. The Frenet vector

fields, curvature and torsion of f, are given by
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nﬂs =_ta’

1 a a
bps _E(C’l _gz)’
1.

Kﬂa :ﬁkz (l+h),
Ty, =0.

Proof. By differentiating Eq (3.3) and using Frenet formulas, | compute

/33'(3)=%(C?+C§),
_ 1

t, (s) ﬁ(cmz),

differentiating (3.16) with respect to s and using Eq (2.2), | obtain

' 1 /0 1a
t, =—$(k1 +k5 )t
Then, the curvature and principal normal vector field of curve p, are, respectively,
I
Kﬂs :Htﬂs :ﬁ(kl +k2 )
and
nﬁ3 :_t“’

beside this, | express
1 a a
tﬂ3 ><nﬂ3 :ﬁ(cl +€2)Xta.

Thus, the binormal vector of curve g, is

1

bﬂ3 \/E(_ €T+€;)a
in order to find the torsion of f,, differentiating N, and use the relation

1
Tp, = <n/f3 by, >

Then, I obtain

by ordering the expressions and assuming

(3.15)

(3.16)

(3.17)
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-t
Ky

| arrive at the final result.

Theorem 3.12. Let be « an s-arc length parameterized regular curve in E° with Bishop
apparatus {ta,g’f,g‘z‘,k“ k“} and g, be a /G, -Bishop adjoint curve of «. The Bishop vector

102

fields and curvatures of S, are given by

1.1
i =—cosf,t, +—=sind, ¢ ——=sind, (7,

2 V2
. 1 . 1 a
gy =—sing,t, —Ecoseﬂsgl +$coseﬂ3§2, (3.18)
1 .. 1 .. -
k/s :Ek2 (1+h)cosd,,  kj° :Ek2 (1+h)sing, .

Proof. If Eq (3.15) is substituted into Eqs (2.4) and (2.5) the proof is completed.
Corollary 3.13. Let « be an s-arc length parameterized regular curve in E* with Bishop frame.

Then, the 5 -Bishop adjoint curve of « is a slant helix.

Proof. Let « be an s-arc length parameterized regular curve in &* with Bishop frame. Using the

Eq (3.18),

B3

1

B cot 0ﬁ3
2

follows. From Bishop formulas and Eq (3.17),

)
Il
o

Ps
is obtained. Thus,

(9/,3 = constant,

Ps

: k= . ara 1o - . :
which means kl—ﬂB is constant, so ;€ -Bishop adjoint curve of « is a slant helix.
2

Corollary 3.14. Let the unit speed curve
a:l > E?
be a slant helix according to Bishop frame. Then, £, -Bishop adjoint curve of o is involute of «.

Proof. From Eq (3.15), | found that

n, =-t,

which means the tangent vector fields of a and G, -Bishop adjoint curve of « are perpendicular.
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Thus, the G, -Bishop adjoint curve is involute of «.
3.4. 1 £/C; -Bishop adjoint curve

Theorem 3.15. Let « be an s-arc length parameterized regular curve in E° with Bishop
apparatus{t,, &, G5,k k| and B, be a t,/C;-Bishop adjoint curve of o. The Frenet vector

fields, curvature and torsion of f, are given by

t (t +§1+§2)

B =

aH

———— (ks (1+h)t, + kg + ks ),

\/_k x/1+h+h2

L (ks (1=h)t, —ks (2+h)&s +ky (1+2h) &5 ), (3.19)

NN \/1+h+h2
K, :?k§\/1+h+h2,

h’ 1

0, =—= (ke L
o3V 2 1+h+h? B

Proof. The proof is similar to other Bishop adjoint curves.

kg (h-1).

Theorem 3.16. Let o be an s-arc length parameterized regular curve in £° with Bishop
apparatus { 61,85 K, 2‘"} and g, be a t 'C)-adjoint curve of a. The Bishop vector fields

and curvatures of S, are given by

(k;‘ (1+h)cosd, +j§k§ (1-h)sin aﬁ4jta +[k1°‘ cosé, +j§k§ (2+h)sin Hﬁdjg’

+[k§ cosd, —ikg‘ (1+2h)sing, ]g;

b _ V3

' 2k L+ h+ 1’ ’
(—k; (1+h)sing, +j§k§ (1—h)coseﬁ4]ta +(kl°‘ sind,, —\/1§k§ (2+h)cos¢9ﬂ4jgf

) +(k§ sind,, +\/1§k§ (1+2h)cos¢9ﬂ4JC§

T J2ke 1+ h+ 2 |

k/ :?k;dl{— h+ h? cosd, ky :?k;\/]ﬁ h+h?sin 0,

Proof. If Eq (3.19) is substituted into Eqgs (2.4) and (2.5) the proof is completed.
Corollary 3.17. Let the unit speed curve
a:l > E?
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be slant helix with respect to the Bishop frame, the S, curve, which is the t L5 -adjoint curve of
o is a general helix.

Proof. If | compute the quotient of the torsion and curvature of the t {;CJ -Bishop adjoint curve of
o as expressed in Theorem 3.15., | have

T (h-1)

Kp, ~ 2J1+h+h?’

which is constant.
Corollary 3.18. Let the unit speed curve
a:l - E®

be a slant helix with the Bishop frame. If I rotate the Frenet frame around the t, axis, the angle of

rotation is

Proof. According to the Bishop formulas,
0ﬂ4 - _J. Tﬁzxds

is known. If the value of 1, is written as expressed in Eq (3.19), the following expression is
obtained

0.~ J[ 5 Iy (09 s

+
1+h+h2

since « isaslant helix h'=0. Thus
1 e
0, =—ﬁj'k2 (h-1)ds.
Example 3.19. Consider the unit speed curve y in E°
1 .
y(s)zi(cos(s),sm(s),\@s), Ir(s)|=1.

Bishop trihedron of » were found in [37]. Now let’s find t,& t.&, &), t,&C)-Bishop adjoint

curves of 7 - By using the definitions of these curves, I obtained, respectively;
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B =

B, =

-
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The curve y and its t,C] tC) C& tLC-Bishop adjoint curves are shown in the following
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computer generated graphs, where Figurel illustrates the t,&]-Bishop adjoint curve, Figure 2 the

t,C} -Bishop adjoint curve, Figure 3 the &&;-Bishop adjoint curve, Figure 4 the t,&1&}-Bishop
adjoint curves of 7, and Figure 5 combines 7 and its Bishop adjoint curves into a single
visualization for comparison.

TS By

ok 1+ 3 -4
= -2
o0

Figure 1. t {7 -Bishop adjoint curve.

Figure 3. £/}, -Bishop adjoint curve.
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—4 =2

Figure 5. y and its Bishop adjoint curves.

4, Discussion

General helices are often encountered in biology for DNA structures, in engineering for
pipelines, in computer graphics for 3D modeling, and in robotics for motion planning within the
scope of my findings.

First, the adjoint curve g, of the Smarandache curve t (7, which is generated from the

Bishop vectors t and {, of a unit-speed curve a in 3D Euclidean space, was determined. Upon

analyzing the generated curve together with the main curve, it was found that when the curve « is a
slant helix, the curve g, is a general helix. In the second case, similarly, the adjoint curve g, of

the Smarandache curve t CJ, generated from the Bishop vectors t and {, of the curve a was

determined. Upon analyzing the generated curve together with the main curve, it was found that
when the curve o is a slant helix, the curve g, is a general helix. In the third case, the adjoint curve

B, of the Smarandache curve ¢,C,, generated from the Bishop vectors §;, and {, vectors of the
curve a was determined. | found that the curve g, is a slant helix and, at the same time, the involute
of the curve a. In the fourth case, the adjoint curve g, of the Smarandache curve t £7C;, generated
from the Bishop vectors t, {, and {, of the curve a was determined. Upon analyzing the
generated curve together with the main curve, it was found that when the curve « is a slant helix, the
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curve g, is a general helix. In the final part of the study, adjoint curves of the Smarandache curves,
generated from the Bishop vectors of the helix curve y, were determined, and the shapes of these

curves were plotted.

My findings indicate that the adjoint of Smarandache curves, generated using the vectors of the
Bishop frame, belongs to the class of general helices. Furthermore, the transition from special curves,
such as slant helices, to general helices facilitates the analysis of various geometric structures of curves.
Additionally, the relationship between the main curve and the new curves derived from it deepens our
understanding of transformations of curves according to different frame systems.

In this study, new curves were generated using the adjoint curves of Smarandache curves based
on the vectors of the Bishop frame. These generated curves could contribute to surface theory by
introducing new surfaces. With the proposed method, new curves and surfaces can be produced in
different frames, enriching curve and surface theories with novel geometric structures.

5. Conclusions

In this study, I construct new adjoint curves by combining special Smarandache curves and
integral curves in Bishop frame. | call these new curves t,{-Bishop adjoint curve, tC;-Bishop

adjoint curve, &'C; -Bishop adjoint curve, and t {/C; -Bishop adjoint curve. T establish some

relations between a unit speed curve and its Bishop adjoint curves, and based on these relations, I
provide an important characterization for a unit speed curve with respect to the Bishop frame.

Use of Generative-Al tools declaration

The author declares she has not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments

The author would like to thank the referees for their valuable comments and suggestions, which
contributed to the improvement of this article.

Conflict of interest
The author declares no conflict of interest in this paper.
References

1. L. R. Bishop, There is more than one way to frame a curve, Amer. Math. Month., 82 (1975),
246-251. https://doi.org/10.1080/00029890.1975.11993807

2. N. Yiiksel, A. T. Vanli, E. Damar, A new approach for geometric properties of DNA structure in
3, Life Sci. J., 12 (2015), 71-79.

3.  R.S. Millman, G. D. Parker, Elements of differential geometry, Prentice Hall, 1977.

4. H.A. Hayden, On a general helix in Riemannian n-space, Proc. London Math. Soc., 32 (1931),
37-45. https://doi.org/10.1112/plms/s2-32.1.337

AIMS Mathematics Volume 9, Issue 12, 35355-35376.


https://doi.org/10.1080/00029890.1975.11993807
https://doi.org/10.1112/plms/s2-32.1.337

35375

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

M. Barros, General helices and a theorem of Lancret, Proc. Amer. Math. Soc., 125 (1997), 1503—
1509.

S. Izumiya, N. Takeuchi, Special curves and ruled surfaces, Beitrage Algebra Geom., 44 (2003),
203-212.

S. Izumiya, N. Takeuchi, New special curves and developable surfaces, Turk J. Math., 28 (2004),
153-163.

B. Biikcii, M. K. Karacan, The slant helices according to Bishop frame, Int. J. Comput. Math.
Sci., 3 (2009), 67-70. https://doi.org/10.5281/zenodo.1058229

J. H. Choi, Y. H. Kim, Associated curves of a Frenet curve and their applications, Appl. Math.
Comput., 218 (2012), 9116-9124. https://doi.org/10.1016/j.amc.2012.02.064

J. H. Choi, Y. H. Kim, A. T. Ali, Some associated curves of Frenet non-lightlike curves in Z?, J.

Math. Anal. Appl., 394 (2012), 712-723. https://doi.org/10.1016/j.jmaa.2012.04.063

S. Deshmukh, B. Y. Chen, A. Algehanemi, Natural mates of Frenet curves in Euclidean 3-space,
Turk. J. Math., 42 (2018), 2826-2840. https://doi.org/10.3906/mat-1712-34

S. K. Nurkan, I. A. Giiven, M. K. Karacan, Characterizations of adjoint curves in Euclidean
3-space, Proc. Natl. Acad. Sci., 89 (2019), 155—-161. https://doi.org/10.1007/s40010-017-0425-y
D. Canli, S. Senyurt, F. E. Kaya, L. Grilli, The pedal curves generated by alternative frame
vectors and  their =~ Smarandache  curves,  Symmetry, 16  (2024) 1012.
https://doi.org/10.3390/sym16081012

S. Senyurt, F. E. Kaya, D. Canli, Pedal curves obtained from Frenet vector of a space curve and
Smarandache curves belonging to these curves, AIMS Math., 9 (2024), 20136-20162.
https://doi.org/10.3934/math.2024981

T. Mendonca, J. Alan, R. Teixeira, Smarandache curves of natural curves pair according to
Frenet frame, Adv. Res., 25 (2024), 1-13. https://doi.org/10.9734/air/2024/v25151131

Y. Li, M. Mak, Framed natural mates of framed curves in Euclidean 3-space, Mathematics, 11
(2023), 3571. https://doi.org/10.3390/math11163571

P. P. Kumar, S. Balakrishnan, S. Magesh, P. Tamizharasi, S. I. Abdelsalam, Numerical treatment
of entropy generation and Bejan number into an electroosmotically-driven flow of Sutterby
nanofluid in an asymmetric microchannel, Numer. Heat Transfer Part B, 85 (2024), 1-20.
https://doi.org/10.1080/10407790.2024.2329773

T. Korpinar, A. Sazak, Optical quantum recursive vortex filament flows and energy with the
bishop frame, Opt. Quantum Electron., 55 (2023), 1085.
https://doi.org/10.1007/s11082-023-05357-9

N. Yiiksel, B. Saltik, E. Damar, Parallel curves in Minkowski 3-space, Giimiishane Univ. J. Sci.
Technol., 12 (2020), 480—486. https://doi.org/10.17714/gumusfenbil.85526519

M. Turgut, S. Yilmaz, Smarandache curves in Minkowski space time, Int. J. Math. Comb., 3
(2008), 51-55.

D. Rabouski, F. Smarandache, L. Borisova, Neutrosophic methods in general relativity, APS
March Meeting Abstracts, 2018.

A. T. Ali, Special Smarandache curves in the Euclidean space, Int. J. Math. Comb., 2 (2010),
30-36. https://doi.org/10.5281/ZENODQ.9392

M. Cetin, Y. Tuncer, M. K. Karacan, Smarandache curves according to Bishop frame in
Euclidean 3-space, Gen. Math. Notes, 20 (2014), 50-66.

S. K. Nurkan, I. Giiven, A new approach for Smarandache curves, Turk. J. Math. Comput. Sci.,
14 (2022), 155-165. https://doi.org/10.47000/tjmcs.1004423

AIMS Mathematics Volume 9, Issue 12, 35355-35376.


https://doi.org/10.5281/zenodo.1058229
https://doi.org/10.1016/j.amc.2012.02.064
https://doi.org/10.1016/j.jmaa.2012.04.063
https://doi.org/10.3906/mat-1712-34
https://doi.org/10.1007/s40010-017-0425-y
https://doi.org/10.3390/sym16081012
https://doi.org/10.3934/math.2024981
https://doi.org/10.9734/air/2024/v25i51131
https://doi.org/10.3390/math11163571
https://doi.org/10.1080/10407790.2024.2329773
https://doi.org/10.1007/s11082-023-05357-9
https://doi.org/10.17714/gumusfenbil.85526519
https://doi.org/10.5281/ZENODO.9392
https://doi.org/10.47000/tjmcs.1004423

35376

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

S. Senyurt, A. Caliskan, Smarandache curves of Mannheim curve couple according to Frenet
frame, Math. Sci. Appl. E-Notes, 5 (2017), 122—136. https://doi.org/10.36753/mathenot.421717
S. Senyurt, A. Caliskan, U. Celik, Smarandache curves of Bertrand curves pair according to
Frenet frame, Bol. Soc. Paranaense Mat., 39 (2021), 163-173.
https://doi.org/10.5269/bspm.41546

Y. Altun, C. Cevahir, S. Senyurt, On the Smarandache curves of spatial quaternionic involute
curve, Proc. Natl  Acad. Sci. India  Sect. A, 90  (2020) 827-837.
https://doi.org/10.1007/s40010-019-00640-5

S. Senyurt, Y. Altun, Smarandache curves of the evolute curve according to Sabban frame,
Commun. Adv. Math. Sci., 3 (2020), 1-8. https://doi.org/10.33434/cams.594690

E. M. Solouma, Special equiform Smarandache curves in Minkowski space-time, J. Egypt. Math.
Soc., 25 (2017), 319-325. https://doi.org/10.1016/j.joems.2017.04.003

H. Zhang, Y. Zhao, J. Sun, The geometrical properties of the Smarandache curves on
3-dimension pseudo-spheres generated by null curves, AIMS Math., 9 (2024), 21703-21730.
https://doi.org/10.3934/math.20241056

N. Yiiksel, On dual surfaces in Galilean 3-space, AIMS Math., 8 (2023), 4830-4842.
https://doi.org/10.3934/math.2023240

M. Elzawy, S. Mosa, Smarandache curves in the Galilean 4-space G4, J. Egypt. Math. Soc., 25
(2017), 53-56. https://doi.org/10.1016/j.joems.2016.04.008

H. S. Abdel-Aziz, M. S. Khalifa, Smarandache curves of some special curves in the Galilean
3-space, Honam Math. J., 37 (2015), 253-264. https://doi.org/10.5831/HMJ.2015.37.2.253

S. Senyurt, D. Canli, E. Can, S. G. Mazlum, Some special Smarandache ruled surfaces by Frenet
frame in E3-I1, Honam Math. J., 44 (2022), 594-617.
https://doi.org/10.5831/HMJ.2022.44.4.594

S. Senyurt, D. Canli, E. Can, S. G. Mazlum, Another application of Smarandache based ruled
surfaces with the Darboux vector according to Frenet frame in £°, Commun. Fac. Sci. Univ.
Ankara Ser. AI Math. Stat., 72 (2023), 880-906. https://doi.org/10.31801/cfsuasmas.1151064

S. Senyurt, S. G. Mazlum, D. Canli, E. Can, Some special Smarandache ruled surfaces
according to alternative frame in E3, Maejo Int. J. Sci. Technol., 17 (2023), 138—153.

V. Bulut, Adjoint approach between a spatial curve and a ruled surface based on the Bishop
frame, Eur. J. Sci. Technol., 34 (2022), 181-192. https://doi.org/10.31590/ejosat. 1079225

EE © 2024 the Author(s), licensee AIMS Press. This is an open access

MS ATMS Press article distributed under the terms of the Creative Commons

@ Attribution License (https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 12, 35355-35376.


https://doi.org/10.36753/mathenot.421717
https://doi.org/10.5269/bspm.41546
https://doi.org/10.1007/s40010-019-00640-5
https://doi.org/10.33434/cams.594690
https://doi.org/10.1016/j.joems.2017.04.003
https://doi.org/10.3934/math.20241056
https://doi.org/10.3934/math.2023240
https://doi.org/10.1016/j.joems.2016.04.008
https://doi.org/10.5831/HMJ.2015.37.2.253
https://doi.org/10.5831/HMJ.2022.44.4.594
https://doi.org/10.31801/cfsuasmas.1151064
https://doi.org/10.31590/ejosat.1079225

