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1. Introduction

In this article, the gauged Schrodinger equations in R? are mainly studied:

h? " h
~Autdu (% * f ?u%s)ds)u = il * D20+ YLy |l (LL1)
Ix]

under the constraint
f lulPdx = ¢ > 0, (1.2)
RZ

where u € H'(R?) = {u € H'(R®) : u(x) = u(|x])}, 4 € R is the Lagrange multiplier, u, y € R,
2+2<g<p<+00,h(s)= %fos u? (1) Idl, and I, is a Riesz potential (see [21]), a € (0, 2).
Consider the following time-dependent Schrodinger system with the Chern—Simons gauge fields:

iDo¢ + (D1Dy + D2D3) ¢ = f(),
0pA; — 01A¢ = —Im (5D2¢),
doAz — 0rA = Im (@D, ),

014, — 0LA| = —%|¢|2,

(1.3)
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where i denotes the imaginary unit, 9y = at’ 0 19x1 , 00 = 7 P ERX R? — C is the complex scalar
field, (f,x) € R x R?, A : i R!*2 — R is the gauge field, D ; = 0j +1A; is the covariant derivative for
Jj=0,1,2, and the function f denotes the nonlinearity. For the physical background, since the 19th
century, the Chen—Simons theory has been applied in various fields of quantum physics, and this system
is important in the study of the high-temperature superconductor and Aharovnov—Bohm scattering, for
more details, we can refer the readers to [9, 15, 16] and the references therein.

The system (1.3) is invariant under the following gauge transformation:

¢ — g, A > A -0,

where ¢ : R'"2 — R is an arbitrary C* function. If we seek the standing wave solutions to (1.3) of the
form

¢ (t,x) = u(lxl) e, Ao (t,x) = k(Ja])

A1) = B, Ay (1x) = 5 (). (4

where A € R and u, k, h are real-valued functions on [0, c0) with 4(0) = 0 and note the form of A; and
A, satisfies the Coulomb gauge condition 9;A; + 9,4, = 0, then we obtain the corresponding elliptic
equation for u

2 +oo
—Au + u+ ( P (lx) f h(s ) 2(S)ds)u = f(u), xeR% (1.5)

|X|2 x|

When 4 € Rin (1.4) is a given and fixed frequency, many researchers have investigated the existence
and multiplicity of nontrivial solutions for (1.5). Byeon et al. [2] have considered the case f(u) =
wlul’u when 1 > 0, w > 0, p € (2,00) and p # 4, they proved the existence of standing wave
solutions. Xiao et al. [27] have considered the existence of the positive energy solutions of (1.5) when
f(u) =a(|x|) [l u + b (|x)) [u|’>u. Chen et al. [7] have proved the existence of a class of ground-state
solutions to (1.5) with V(x) € C (Rz, R) and f e C (Rz, R). When A € R is a given and fixed frequency,
more research results in this area can be found in [1, 3, 8,27, 28] and the references therein. Now, to
obtain the research content of this article, we give the definition of the ground state solution of (1.1).

For given A € R, assuming u, € H'(R?) is a nontrivial solution of (1.1), it is said to be a ground
state solution if it achieves the infimum of the C'-energy functional E (u) : Hr1 (R?) — R given by

u? g
E(u) ;:% VuPdx + 5 f uldx+ 5 f I(l);)( fo W(s)ds) dx
R2

(1.6)
- —f Ly * Jul®)|ul?dx — —f Ly * lul”)|ulPdx
2q R2 2p R2

among all the nontrivial solutions, namely,

E(u,) = 1nf Eﬂ(u) (L.7)
uely(u)
where

L(u) := {u € H(R\ {0} : My(u) = 0}, (1.8)
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2 |x]
M, (u) =B f Vultdx + (B - 1)A f uPdx + (38 - 2) f - (x)( f fuz(s)ds)zdx
R2 R2 R 0 2

2 |)C|2
28q - (2 + 2Bp -2+
—u Bq —( @) f (1, * |u|q)|u|qu_7Mf (1, = [ul?)|ul’dx,
26[ R2 2p R2

where § > 0 and /,(u) are usually called the PohoZaev—Nehari manifold [2].

In recent years, many scholars considered that the frequency 4 € R in (1.4) is unknown and used
as a Lagrange multiplier. In this case, the L?-norm of solutions is prescribed, which is usually called
the normalized solution problem. The normalized solutions seem to be more meaningful from the
physical point of view, as it is often adopted to represent the power supply in nonlinear optics or the
total number of atoms in Bose—Einstein condensation. The relevant articles are as follows:

In [32], Zuo et al. considered the following nonlinear Schrodinger equations:

(1.9)

(=A)u + pu + AV(xX)u — ul*u =0, x e RY, (1.10)

where V(x) is a parametric potential term with some assumptions, they obtained the existence
of normalized solution through establishing the minimization of the energy functional associated
with the principal equation imposing basic assumptions on the potential. And there have been
many mathematicians studying the normalized solutions of the Chern—Simons—Schrodinger equations.
Among them, (1.1) and (1.2) can be viewed in the following form

|x? x|

_ R | [+ his) 2 _ 12
Au-lz-/lu+( +f| U (s)ds)u fw), ue H.(R), (111)
foo lulPdx = ¢ > 0.

Li et al. [17] have considered the nonlinearity f(u#) = |u|’~?u for (1.11), they proved that the
existence and multiplicity of constraint critical points: when p = 4, they proved a sufficient
condition for the nonexistence of constraint critical points and obtain infinitely many minimizers of
the corresponding energy functional; when p > 4, for suitable ¢ > 0, they obtained the critical point.
Yuan [30] obtained the diversity of normalized solutions for (1.11) with nonlinearity f(u) = wlul"~%u
using the minimax theorem. Huang et al. [14] have considered that nonlinearity f € C(R,R) enjoys
critical exponential growth for (1.11), they investigated the existence of normalized solutions. When
the frequency A € R is unknown and as a Lagrange multiplier, more research results in this area can be
read from [4, 10, 13,20, 31] and the references therein.

Then, motivated by [2,5, 6, 10, 33], we study the existence of the solutions of (1.1) and (1.2). It is
standard to show that the critical points of the following C'-energy functional defined on H!(R?):

1 1 uz(x) ol s 2 u
E@) =5 | [Vuldx+3 S0 (s)d d—_f L % ul)lulid
@ 2 RNl ul'dx ZLz |x|? (j; 2" (s) S) YTy Rz( # Jul)|ul?dx

- X f (L, * [ul”)ul"dx
2p R2

under the mass constraint

(1.12)

Se:= {ueH}(Rz) :f |u|2dx:c>0}. (1.13)
R2
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Whereupon, we can search for solutions to (1.1) possessing a given L>-norm, that is, finding (u,, 1) €
(H!(R?),R) solving (1.1) together with the normalized condition fR2 lua(x)]*’dx = ¢ > 0. Furthermore,
we show the definition of a normalized ground state solution to (1.1) on S .: u, is a ground state solution
of (1.1) on S if (u,, ) € S. X R is a solution to (1.1) that satisfies:

Els (us) = 0 and E(u,) = inf{Eu) : u € S, Els_(uy) = O}.

We note

u*(x) A 2
Au) = fR Vufdx, B := fR T ( fo S (s)ds) dx.

Cy(u) := f (o * |ul?) ul?dx,  Dy(u) := f |ul"dx,
R2 R2
where § +2 < g < +ooand n € R™. Setting u,(x) := tu(tx) for t > 0, then u, € S, it holds that
Dy(u,) = ' Dy(w), Aw,) = £A@w), B(w,) = £ Bw), Cylur) = £ IC,(w).

Now, we define the fibering map ¢ € (0, +o0) — @, (¢) given by

l’2 2 2g-(2+a) t2p—(2+a)
Q1) = E(u) = EA(M) + EB(M) -

C,(w). (1.14)

Through a similar discussion in [3], we get the Pohozaev—Nehari functional:

2p—(2
p(+a)c

L 0,0 = M = Aw) + By - 21232 o

C —
il 2 () —y

(). (1.15)

Hence, notice that

@) =",

(2g -2 - @)(2q — 3 — )24+
2q
2p-2-a)2p -3 — )P~
p

Q! (t) =A(u) + B(u) — p C,(u)

C,o(u).

Following the idea of Soave [23,24], we introduce a natural constraint Pohozaev—Nehari manifold:
I(c):={uesS,: Mu) =0},
and we denote
I'(c):={uel(c): /(1) >0},
I°(c) :=={uellc): ®'(1) =0},
I (c):={uel(c): /(1) <0}.
Moreover, following the arguments in [23], if I°(c) = 0, I(c) is a smooth submanifold of codimension

2 of H'(R?) and a submanifold of codimension 1 in S ..
Next, the following theorems are our main results.
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Theorem 1.1. Let 5+2 < g < p < 400, u <0,y > 0, there exists a constant c. such that for 0 < ¢ < c,,
(1.2) has a normalized ground state solution (u,, 1) € (H'(R?),R"), that is

E (u,) = inf E(u) > 0. (1.16)
u€l(c)

Moreover, we get fRZ [Vu,|*dx — +o0 as ¢ — 0.

Theorem 1.2. Let A(u) be the Lagrange multiplier corresponding to a minimizer u of 1111(f : E(u), then
uel(c

for given A € {A(u) : u is a minimizer of irll(f) E(u)}, any ground state solution w € H'(R*)\ {0} of (1.1)
uel(c

is a minimizer of inf E(u), namely,
uel(c)

f Wi’ dx = ¢ and E(w) = inf E(w).

R2 uel(c)

And the minimizer of 11}(f : E(u) is unique if and only if the ground state solution of (1.1) is unique.
uel(c

Remark 1.1. For the nonlinearity f(u) = u(I, * [u|9)ul?>u + y(I, * [ul”)|ulP~>u in (1.1), this is derived
from the Choquard equation. For some sources and research on the Choquard equations, we refer
to [6,21,22,25] and the references therein. For now, there are few studies on the properties of the
solution to the Chern—Simons—Schrodinger equations with Choquard-type nonlinearity, which can be
found in [29]. And this article aims to study the relationship between the ground state solution of (1.1)
and the minimizer of (1.1) and (1.2), and through the variational methods, the ground state solution of
(1.1) can be obtained. Therefore, we have provided our hypothesis.

Remark 1.2. (i) For Theorem 1.1: we have considered the existence of normalized solutions for
Chern—Simons—Schrédinger equations with nonlinearity f(u) = p(L*|ul?)ul?>u+y (L, *ulP)|ul’~*u, and
compared to [31], Yao et al. have considered the existence of normalized solutions for Chern—Simons—
Schrodinger systems with exponential critical growth f(u). Our results are different, and my approach
extends the existing [31] results. Furthermore, we also study the limit behavior of the ground state
solutions. To the best of our knowledge, the results we obtained seem to be the first attention paid to
the normalized solution problem of the Chern—Simons—Schrodinger equations with mixed Choquard—
type nonlinearities. And to prove Theorem 1.1, we use the minimax theorem to prove the existence
of a Palais—Smale sequence {u,} C I(c) for E(u). Due to the presence of the Chern—Simons term
(hz(l"') + fl e @uz(s)ds)u, it is difficult to prove that u, on S . at level inf E(u) is a normalized ground

2
x| x| s uel(c)

state solution.

(ii) For Theorem 1.2: in [6], for small values of the parameter, Chen et al. have used the variational
method to obtain the relationship between the number of solutions of Choquard equations and the
profile of one of the continuous functions. Now, we consider the relationship between the ground state
solution of (1.1) and the minimizer of (1.1) and (1.2), which seems to be a new result for the Chern—
Simons—Schrodinger equations with mixed Choquard—type nonlinearities. In order to prove Theorem
1.2, due to the presence of the Chern—Simons term ('ﬁ:fl) + ﬁ;m @uz(s)ds)u, we encounter difficulties
in obtaining that any minimizer u of ulerll(fc‘ ) E(u) is a ground state solution of (1.1).

AIMS Mathematics Volume 9, Issue 12, 35293-35307.



35298

The following article is arranged as follows: Section 2 contains some required results, then proves
Theorem 1.1. Section 3 gives the proof of Theorem 1.2. Section 4 gives a summary of this article.
We finish this introduction with some notation. Throughout this paper, the norm of Sobolev space

2
H'R?) is |ju|| = (ﬁ%z(lbtl2 + IVulz)dx)l/ . For s > 1, the norm of Lebesgue space L*(R?) is |||, =

1/s
( fRZ |v|xdx) " The embedding H'(R*) — L° (s > 2) is continuous; the embedding H!(R?) — L*
(s > 2)is compact. “ — 7 and “ — 7 are recorded as strong and weak convergence. Let (X, ||||x) be a
Banach space with dual space (X~!, ||||x-1). The tangent space S . at u € H'(R?) is defined as

T, ={ve H®R>: f uvdx = 0}.
RZ

The norm of the C' restriction function E|'s_at u € H'(R?) is defined by

E s |y = sup E'Go D]
VETu:”V”Hl(RZ):]
Various positive constants are represented by C, Cy, Cy, Cs, - - -, C(q).

2. Caseu<0,y>0

Lemma 2.1. The functional E(u) is bounded from below by a positive constant and coercive on I(c) =
I (c).

Proof. Letu € I(c), we have

2g-2-a)2q—-3 - 2p-2-a)2p-3 -
(1) =AW + Bw) - p 22 “2); 123290 -y “2); P20 )
22p -2 - —
(4 + @ — 2g) (AW + By + y 2L 2p“)(q P e ()

<0.

Then, I(c) = I" (c). And by Gagliardo—Nirenberg inequality of Hartree type [21], there exists a constant
N(a, p) > 0 such that

H2q -2 — @) y(2p—2—a)c

A(u) + B(u) = 2—qu(u) + 2 ()
< YCP =2 ON@D) 2 4y 4 By ™

2p
which implies that

2
2p i

2+a

Y2p-2-a)N(a,p)c=

A(u) + B(u) > ( > 0. 2.1)

Therefore,

I 1
E(u) =5 A(w) + 5 B() - f—ch(u) - %c,,(u)
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_ 2q-4-a Yp—q)
=300 7—a) (A(u) + B(w)) + a2 C,(u)

2g -4 -«
Zm(A(M) + B(u))

the functional E(u) is bounded from below by a positive constant. O
Lemma 2.2. For any u € S, there exists a unique t, > 0 such that u,, € I(c).

Proof. Letu € S, we have

2g — (2 + 2p—(2+
/(1) =tAGu) + tBu) — pL—= 7Y ; a)tzq_(3+“)Cq(u)—y—p 2( “)ﬂp-(““)c,,(u)
q p
1 1 2g — (2 + 2p— (2 +
:tzq_(3+”)(A(u)t2qw t By — e ; D) -y L= EED 2( “)ﬁ(f’-@c,,(u))
q p

=GO (),

Since § +2 < g < p < 400, one has @,(0) = 0, ®;(¢r) > 0 for 7 small, and @, (r) < O for 7 large.
Then there exists #, > 0 such that ®/(#,) = 0 and u,, € I(c). Next, we claim that 7, is unique. For
t > 0, the exponents 2g — 4 — « and 2(p — gq) are positive, then {(¥) is strictly decreasing. Since
{t>0]D/(r) =0} ={r>0[{(r) = 0}, ,, is unique forany u € S . O

Next, we define X : S, — R, X(u) := E(u,,), where t, > 0 is given by Lemma 2.2. By a similar
proof of [24, Proposition 2.9], we obtain the following lemmas.

Lemma 2.3. Foranyu € S. andv € T,, we get
X' V] = E'(,) [vi,] (2.2)

Lemma 2.4. Let F be a homotopy-stable family of compact subsets of S . with closed boundary B,
and let e(c) := }IHE max X(u). Suppose that B is contained in a connected component of I(c) and that
€ ue

max {sup X(B), 0} < e(c) < +co. Then, there exists a Palais—Smale sequence {u,} C I(c) for E restricted
on S . at level inf) Eu).

uel(c

Proof. From [12, Definition 3.1], let {D,} C F be a minimizing sequence satisfying:

1
max X(u) < e(c) + —, VneN, (2.3)

ueD, n

and define the homotopy map & : [0,1] X S, — S. by &t u) := (1 — 1+ tt,)u((1 — t + t£,)x). Since
t, = 1 forany B C I(c), it is clear that &(t, u) = u for (¢,u) € ({0} X S.) U ([0, 1] X B), and it is easy to
verify its continuity. Then, using the definition of e(c), we have

Ay =€ x D) ={u, cueD,}€F, VYneN. (2.4)

It follows from Lemma 2.1 that A, is a subset of I7(c) for every n € N, and there is u € D,, such
that v = u,, € A,. Moreover, from Lemma 2.2, we have X(v) = X(u,,) = E(u,) = X(u), it holds
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that max X(#) = max X(u). By the Minimax theorem [12, Theorem 3.2]; there exists a Palais—Smale

ueD, UueA
sequence {v,} at level e(c) in S, with dist(v,,A,) — 0 asn — +oo. If {v,} C I(c), this concludes
the proof. If not, we put #, := ¢, for every n € N due to Lemma 2.2 and consider the sequence

{u, :=t, va(t,, x)} C I(c). It is enough to prove that {u,} is a Palais—Smale sequence at level e(c) in §..
It follows that A(u,,) is bounded from below and above. Then, there exists a constant C > 0 such that

C~! <12 < C. Indeed, it holds that > = 22’:; Consequently, we have

e = sup E'(u,)[y]
HA® |\w||=1,5em

= sup  E'((a) W), ]
IWl=14eT,

= sup X' ()Yl
Ipll=1.4€T,

<C  sup [IX"(u)llg-1g2) ¥l
pil=1.4eT,

<CIIX" W)llg-1g2)-

| EVs, ()|

It follows that {u,} is a Palais—Smale sequence at level e(c) in S .. Then, we obtain

e(c) = }}éjfv max X(u) = i?sfc X(w) = uler}<fc> E(u), (2.5)
that is, there exists a Palais—Smale sequence {u,} C I(c) restricted on S . at level 11}(f : E(u). O
uel(c

Lemma 2.5. Let u € I(c) be a nontrivial solution to (1.1), then there exists a c., such that for) < ¢ < c,,
A>0.

Proof. Testing (1.1) by u, we obtain that

A(u) + 3B(u) + ADy(u) = uC,(u) + yC,(u). (2.6)
From [3], there holds
1
mmsﬁpmmmmx (2.7)

then, for u € I(c) and by Gagliardo—Nirenberg inequality of Hartree type [21], we have

Ac = uCy(u) +yCp(u) — A(u) — 3B(u)

2 4p—6-3 e
— LA(M)— uB(u)+’u(p 2 +Cy)C,,(u)
2p-2-«a 2p-2-«a q2p -2 -a)
2+a 4p-6-3a , up—-—q92+a) 2a i
>—" —  A(u) - A N(a, A
> a (u) (2p—2—a)167r2€ (u) + 2p-2-a) (@, p)c? Aw)™ 2
2 +a)167* — (4p — 6 — 3a)c? ulp—q)2+a) 240 220
= A N(a, A .
p - a)i6s (u) + "2 —2—a) (@, p)c? Au) 2
ForO<c<c = ((f;fél_ifj)f, let
f(t) = Cyt — Cot 77, (2.8)
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where

_ 2+a)l6n* - (4p - 6 - 3a)c? C. - _Hp -2 +a)

_ L Cy= N(a, p)e’™. 2.9
1 2p-2-a)l6n? 2 q2p-2-a) (@, pe 2 (2.9)

When 1 € (0,(8)7), £(r) > 0, and

Cl 2
(C_)zp—4—a — 4+o00asc — 0. (2.10)
2

There exists a bounded sequence {u,} C I(c) and a positive constant C3 such that

A(u) < liminf A(u,) < Cs. 2.11)

Then, there exists a positive constant ¢, such that for 0 < ¢ < ¢, (%)ZP*H > (5. Hence, when
0 < c¢ < ¢, :=min{cy, ¢y}, we get 4 > 0. O

Lemma 2.6. Let {u,} C I(c) be a bounded Palais—Smale sequence for E restricted on S . at level
irll(f) E(u), up to a subsequence, u, — u, in H'(R*)\ {0}. In particular, u, € S is a radial normalized
uel(c

solution to (1.1) for some A > 0.

Proof. Since {u,} C I(c) is a bounded Palais—Smale sequence, there exists a u, € H}(Rz) such that,
up to a subsequence, u, — u, in H'(R?), u, — u, in L'(R*)(t > 2), and a.e. in R%. Next, we
claim that u, # 0. Otherwise, according to the Hardy-Littlewood—Sobolev inequality [18] and Lions’
concentration compactness principle [19, Lemma I.1], it is clear that, for any g € (% + 2, +00),

0 < Cy(u,) < C(@)D* (u) — 0 asn — +oo. (2.12)

2+a

For {u,} c I(c),

2g -4+ 2p— 4+
lim E,) = lim (243D ) 422G D0 ),
n—oo n—oo 4q 4p
it is impossible. Then u, # 0. And by the Lagrange multipliers theory, there exists 4, € R such that for
any ¢ € H'(R?), we have

h2 —+00 hn
fVuanodx+ /lnf updx + a)f ( "(pzcl)ungp + ( (S)u,zl(s)ds)ungp)dx
R2 R2 R2 |X| x| s

(2.13)
—#f Ly * [t Dty pdx — )’f Ly * luaMunlP~ pdx = o(1).
R2 R2

Therefore, we obtain
Apc = uCy(uy) + yCph(u,) — A(u,) — 3B(u,,) + o(1), (2.14)

which implies that {4,} is bounded as well, and then there exists 4 € R such that 1, — A asn — +co.
Moreover, by [10,11] and {u,} C I(c), we obtain
2+

2p“ C, () — 4B(u,)

2+a
Anc = ﬂ2—ch(un) +y
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2+a 2+
- :uz—ch(ua) +y 7

C,(uy) —4B(u,) =: Ac as n — +oo,
and by weak convergence, for some A € R,

E'(uy) [¢] + A[RZ u,pdx =0 (2.15)
for any ¢ € H!(R?). Therefore, we obtain that

h2 +00
—Aug + duy + (—5- A () f As) W2(5)d st = (L * gl Dlital 1ty

x? WS (2.16)
+ YU * )"t *uy in R,
Choosing ¢ = u, in (2.13) and (2.15), by Lemma 2.5 and [10, 11], we holds
Au,) + AD>(u,) — A(u,) + AD»(u,) as n — +oo, 2.17)
which implies that u, — u, in H'(R?)\ {0}. m]

Proof of Theorem 1.1. It follows from Lemma 2.1 that the Palais—Smale sequence obtained in Lemma

2.4 is bounded. So, in view of Lemmas 2.4-2.6, there exists a u, € I(c) and 0 < ¢ < ¢, such that

E (u,) = irll(f) E(u) > 0, E|'s (u,) = 0 and A > 0. Moreover, from (2.1), we have fRZ |Vu,|?dx — +o0 as
uel(c

¢ — 0. So, we get Theorem 1.1.
3. Relationship between minimizer and ground state solution

For any u € H'(R»)\ {0}, let «’(x) := Pu(tx) by some positive B. Define the fibering map ¢ €
(0, +00) > Df(1) given by

DB(r) : = E\(ul)

128 A1/82 08-4 2Ba—(2+a) (2Bp—(2+a) (3.1
=7A(u) + Dy (u) + TB(M) —H Cy(u) —y Cp(u).

Lemma 3.1. For any u € H'(R*)\ {0}, there exists a unique t: > 0 such that uf e L,(u).
Proof. Let u € H'(R?)\ {0} be fixed; by (3.1), we obtain

D' (1) = 0 ©BrPA®W) + (B — NP DAD,(u) + (38 — 2)1%*B(u)

_ uR2Bg — 2 + a)) 2Ba-Q2+a) o (1) — yY(2Bp - 2 + @)) 2=+ o () =0
2q ! 2p '

SM) =0
(:mf € L(u).

For £ +2 < g < p < +c0, one has @ (0) = 0, ¥ () > 0 for 7 > 0 small, and @ (1) < 0 for > 0 large.
Then, there exists #;, > 0 such that (Dﬁ,(t;j) =0 and uf € I,(u). Next, we claim that 7, is unique for any
u € H'(R*)\ {0}. For F+2<g<p<+too,

O (1) =BAW)*P" + (B — DAD, ()73 + (38 — 2) B(u)*™>
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28 -2+ a) 26p -2+ )

— ﬂ— —_—
2q 2p

:ﬂﬁq—@W)(ﬁA(u)tm + (B — DAD W)t + (38 — 2)B(u)t T

B 2/3q—(2+a)c _2p-Q2+a)
#—2q () 7—2p

::t2ﬁq—(3+a)§ﬁ(t).

t2ﬁq—(3+a/) Cq(u) —y t2,3p—(3+a/) Cp(u)

t2(17—q)/3 Cp(u))

For some 8 > 1 and ¢ > 0, the exponents 28g - (3 +a),2B(g—-1)-2—-a,26(g—-1)—a,2B(g-3)+2 -«
and 2(p—q)p are positive, then Z(¢) is strictly decreasing. Since {t > 0|0 (1) = 0} = {t > 0| (1) = 0},
t* is unique for any u € H!(R*)\ {0}. |

Corollary 3.1. For u € I,(u),
Ey(u) = (1) = max D{(7). (3.2)

4 MEI(C) 2

Especially, the equality holds if and only if u is a minimizer of 1111(f ) E(u), and u is a ground state
uel(c

solution of (1.1). Moreover, any minimizer u of 1r11(f : E(u) is a ground state solution of (1.1).
Proof. For u € 1,(u) and Corollary 3.1, we get
E (1) > E\(i). 34

and E, (u) = E/l(u’f) if and only if 7 = 1. Then, by (1.16), one has

1 1
Ei(u) > E(u)) = EGf)) + SAc > inf E(u)+ e, (3.5)

where 7, = ( DC( ))Zﬁ%z. On the one hand, if the equality holds, then by (3.5), one has E(Lff ) = 1111(f ) E(u)
2(u ¢ uel(c

and E,(u) = E/l(ui). By Corollary 3.1, it implies that ¢, = 1, i.e., D,(u) = c, leading to E(u) =

ir}(f) E(u). Hence, u is a minimizer of 1r11(f ) E(u). Otherwise, by (3.3), there exists v € I,(u) such that
uel(c uel(c

1 1
E,(v) > irll(f) E(u) + E/lc = E(u) + E/lc = E(u), 3.6)

this contradiction shows that u is a ground state solution of (1.1). On the other hand, if « is a minimizer

of inf E(u), then we obtain
uel(c)

1 1
E ,(u) = E(u) + =ADy(u) = inf E(u) + = Ac, 3.7
2 uel(c) 2
which implies that the equality holds. O
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Proof of Theorem 1.2. By Lemmas 3.1 and 3.2, let w € Hrl (R)\ {0} be any ground state solution of
(1.1), for given A € {A(u) : u is a minimizer of inf E(u)}, we have

uel(c)
. 1
E,(w) < inf E(u) + =Ac. (3.8)
uel(c) 2

Then, combing (3.3) and (3.8) such that E,(w) = iIIl(f) E(u)+ %/lc. By Lemma 3.2, we obtain that u is a

minimizer of 1r11(f ) E(u). Let the minimizer u of 1r11(f ) E(u) be unique. Then, u is a ground state solution
uel(c uel(c

of (1.1) with given A. Otherwise, there exists v € E,(u) such that v is another ground state solution of
(1.1). Then, by Lemma 3.2, we have

1
E,(u) = E;(v) = inf E(u)+ =Ac, 3.9
uel(c) 2

which shows v is a minimizer of 1r]1(f ) E(u). This is a contradiction. Similarly, we can prove that the
uel(c

minimizer of ir}(f) E(u) is unique if the ground state solution of (1.1) with the given A is unique. This
uel(c

concludes the proof of Theorem 1.2.
4. Conclusions

In this article, we obtain the existence of ground state solutions for Chern—Simons—Schrodinger
equations with mixed Choquard-type nonlinearities under L?>-norm constraints. By controlling the size
of ¢ and the parameters u < 0 and y > 0, make it possible to find these solutions on Pohozaev—Nehari
manifold and consider the limit behavior of these solutions. Furthermore, by assuming the existence
of the ground state solutions of the equations, we have found the relationship between the minimizer
and the ground state solution under the PohoZaev—Nehari manifold of the Chern—Simons—Schrodinger
equations, which greatly enriches the research content on solutions in the Chern—Simons—Schrédinger
equations. We hope that the research results of this article can provide new ideas and directions for
further research in this field.
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