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1. Introduction and Preliminaries

Mathematical modeling of uncertainty in economics, engineering, social sciences, environmental
science, and health is necessary to solve complex problems. Despite their shortcomings, other
theories like fuzzy sets [1] and rough sets could be useful in managing ambiguity and uncertainty.
Digital image processing combines stochastic and cognitive uncertainties. Stochastic uncertainty can
be reduced using statistical models and deep learning algorithms, while cognitive uncertainty is
handled via fuzzy logic and uncertainty propagation techniques. Uncertainty modeling improves the
robustness and accuracy of image processing in complex applications such as medical imaging,
autonomous driving, and remote sensing [2]. Particularly in numerical and computational topological
applications, soft set theory is a more straightforward and comprehensive method than fuzzy or rough


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.20241673

35219

sets. In this framework, soft continuity is a useful idea for handling ambiguous, partial, or incomplete
data. The parameters in a manner that deviates from the strict frameworks of rough or fuzzy set
theory. The requirement for additional parametrization tools is one of the main areas where this
mathematical technique needs to be improved. Molodtsov [3] created the soft set theory in response
to criticisms of previous uncertainty management strategies. Soft sets, or parameterized universe
possibilities, were considered. Uncertainty in set modeling was initially demonstrated in [4] and
enhanced in [5]. This consistent construction also has a wide range of applications. Soft set theory
has been used in finance [6], medicine [7-9], statistics [10, 11], decision-making [12-14], and
forecasting [15] .... These real-world applications have proved the framework’s problem-solving
abilities while also confirming its applicability and efficacy. Several academics have examined and
investigated the key concepts and principles of soft set theory [16—18].

To construct a soft topology for a given set of parameters, Shabir and Naz [19] defined a soft
topology spanning a family of soft sets. More research in this field was prompted by their work,
which clarified the relationships between concepts in soft topology and classical topology. Since the
inception of soft topology, several contributions have been made to the study of topological concepts
in soft contexts, including soft semi-compact spaces [20], soft nodec spaces [21], soft weakly quasi-
continuous functions [22], generalized soft open sets [23-25], soft O-sets [26, 27], soft separation
axioms [28-30], sum of soft topological spaces [31], and generated soft topological spaces [32].

The authors [33] examined soft set mappings and their potential applications in medical
diagnosis. The concept of soft mapping with characterizations was first presented in [34]. Soft
continuity for soft mappings was introduced in [35]. Several modifications, such as soft
a-continuity [36], soft S-continuity [37], soft continuity [38, 39], soft SD-continuity [40], soft
w,-continuity [41], soft w°-continuity [42], soft bi-continuity [43], and soft semi w-continuity [44]
appeared. The smooth transition of a function between its values at adjacent places is characterized by
this mathematical idea, which is explored in depth in these publications.

Numerous studies in soft topology and other branches of mathematics have focused on soft
continuity. Soft continuity has an important role in many fields, such as engineering, science,
business, economics, and soft topological models. Scientists have taken an interest in this subject.
Applying soft set theory in fields like computational topology, where handling imprecision and
uncertainty is a significant difficulty, can result from an understanding of its significance. In image
processing, uncertainty is a natural challenge. Smooth transition patterns can be the framework,
particularly in applications like edge detection and image extraction where blurred areas at white
margins and smooth transitions are highly realistic. Applying models to handle stochastic and
perceptual uncertainty can lead to more resilient systems for dealing with uncertainty. Basic
simulation models enhance the accuracy and reliability of digital imaging and help bridge theoretical
and practical applications, especially in areas such as medical imaging, self-driving cars, and
surveillance. Soft topology provides a flexible way to model data by allowing partial membership in
sets, which helps manage ambiguity in ambiguous or incomplete data. It is particularly useful in fields
such as bioinformatics, machine learning, and image processing, where data is sparse or noisy. This
topology enhances the flexibility of the model by handling ambiguity, making it valuable for
applications such as sensor data analysis, pattern recognition, and clustering, further raising readers’
interest in its benefits in managing uncertainty. This inspired us to write this paper.

This paper looks into soft almost weakly continuous functions, which are a new class of
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generalized soft continuous functions. This class includes both the soft pre-continuous and soft
weakly continuous function classes. We find several characterizations of soft almost weakly
continuous functions. Furthermore, we look at the relationship between soft nearly weakly continuous
functions and their general topology equivalents. We provide sufficient requirements for a soft almost
weakly continuous function to become soft weakly continuous (soft pre-continuous). We also offer
findings from the soft composition, limitation, preservation, product, and soft graph theorems in terms
of soft nearly weakly continuous functions.

Our findings have possible important implications for the development of digital image processing
and computational topological applications, indicating soft topology’s ability to expand beyond its
traditional boundaries. As the subject of soft topology advances, this study sets the door for future
investigation of soft continuous functions and their applications in a variety of disciplines.

Let M and T be two non-empty sets, with M being a set of parameters. A soft set over T relative
to M is a function from M to T’s powerset. SS (7, M) refers to the collection of all soft sets over
T relative to M. Assume that K is in SS (7T, M). K is denoted by Cy if K(a) = U for all a € M.
Cy will be denoted by 0y, and Cr by 1. If K(a) = U and K (d) = 0 for every d € M- {a}, then
ay denotes K. For convenience, ajy shall be denoted as a, and will be referred to as a soft point for
every a € M and x € T. The collection of all soft points over 7" with respect to M is denoted by
SP(T,M). a, € SP(T, M) is considered to belong to K € SS(T, M) (notation: a,€K) if x € K (a).
Let S,R € SS(T, M). Then S is a soft subset of R, denoted by SCR, if S (a) C R(a) for each a € M.
The soft union (resp. intersection, difference) of S and R is denoted by S UR (resp. S AR, S — R) and
defined by (SUR)(a) = S (a) U R(a) (resp. (SOR)(a) = S (@) N R(a). (S —R)(a) = S (a) - R(a))
for each a € M. For any sub-collection R € SS (7, M), the soft union (resp. soft intersection) of
the members of R are denoted by UgerR (resp. NrexR) and defined by (UReRR) (a) = UgerR (a) (resp.

(HREQR) (a) = NgerR (a)) for each a € M. Let SS(T, M) and S S (W, N) be two families of soft sets,
and s : T — W, v : M — N be two functions. Then a soft mapping f;, : SS(T, M) — SS(W,N)
is defined as follows: For each H € SS(T, M) and K € SS(W,N), (f,» (H)) (b) = 0 if v' (b) = 0,
(fow (H)) (D) = Uger1ys (H (@) if v (b) # 0, and ( fi! (K)) (@) = s (K(v(a))). A sub-collection
o C SS(T, M) is called a soft topology on T relative to M, and the triplet (7, o, M) is called a soft
topological space if {Op, Ip} € 0, S AR € o for any {S,R} C o, and UrerR for any R € o. Let
(T, o, M) be a soft topological space and let R € SS(T, M). Then R is called a soft open set in
(T,o, M) if R € o and R is called a soft closed setin (7,0, M)if 1,y — R € 0.

To be clear, throughout this work, we will make reference to concepts and terms from [45, 46].
The acronyms TS and STS stand for topological space and soft topological space, respectively.

Now, let us review some of the main concepts that will be applied in the follow-up.
Definition 1.1. [47] A function p : (G, 3) — (H, X) between TSs is called almost weakly continuous
(a.w.c) if p~' (V) Clnts (Cls (p™' (Cly (V)))) for each V € K.

In this paper, we would like mainly to extend the concept of almost weak continuity in classical
topology to include STSs.
Definition 1.2. Let (G,¥,£L)bea STSandlet H € SS (G, £). Then

(a) H is a soft semi-open [48] (resp. soft pre-open [49], soft a-open [44], soft regular-open [50])
setin (G, ¥, £) if HCCly (Inty (H))

(resp. HClInty (Inty (H)), HCInty (Cly (Inty (H))), H = Inty (Cly (H))). The family of all soft
semi-open sets (resp. soft pre-open sets, soft @-open sets, soft regular-open sets) in (G, ¥, £) will be
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denoted by S O (¥) (resp. PO (\¥), a (‘¥), RO (¥)).

(b) H is called a soft pre-closed [49] (resp. soft regular-closed [50]) set in (G,¥, L) if 1, — H €
PO (¥) (resp. 1 — H € RO (V¥)). The family of all soft pre-closed sets (resp. soft regular-closed sets)
in (G, ¥, £) will be denoted by PC () (resp. RC (\P)).
Definition 1.3. [49] Let (G,¥Y,£L)beaSTS andlet H € SS (G, £). Then

(a) pInty (H) represents the soft pre-interior of H in (G, ¥, £) and is defined by

plnty(H) = U{R : R € PO(¥) and RCH.
(b) pCly (H) represents the soft pre-closure of H in (G, ¥, £) and is defined by
pCly(H)=0{D: D € PC(¥) and HCD).

Definition 1.4. [51] Let (G,¥, L)beaSTS andlet H € S S (G, £). The soft -closure of H in (G, ¥, L)
is denoted by Clﬁ, (H), where 6Cl, (K) € §§ (G, £) and defined as follows:

a.€CIS, (H) iff for each K € ¥ such that a,€K, HNCly (K) # 0.
Definition 1.5. A soft function f;, : (G,Y¥, L) — (H, ®, M) is called

(a) soft semi-continuous [52] if f;l (Y) e SO(Y) forevery Y € O.

(b) soft pre-continuous [53] if £;,! (Y) € PO (¥) for every Y € ®.

(c) soft weakly continuous [54] if for every d, € S P (G, £) and every R € ® such that f,, (d,) €R,
there exists T € ¥ such that d.€T and f,, (T) CCly (R).

(d) soft almost a-continuous [55] if for every d, € SP (G, £) and every R € RO (®) such that
fow (dy)ER, we find T € a (V) such that d,€T and f,, (T) CR.
Definition 1.6. A STS (G, V¥, £) is called

(a) [56] soft HausdorfT if for each d,, e, € S P(G, L) such that d, # e,, we find T, R € ¥ such that
d.€T, e,€R, and TNR = 0.

(b) [56] soft regular if for each d, € SP(G, L) and every T € ¥ such that d.€T, we find R €
¥ such that d,€RCCly (R) CT.

(c) [56] soft Urysohn if for each d,, e, € S P (G, £) such that d, # e,, we find T, R € ¥ such that
d.€T, e,€R, and Cly (T) NCly (R) = 0.

(d) [57] soft pre-T5 if for each d,,e, € S P(G, L) such that d, # e, we find T,R € PO (¥) such
that d,€T, e,€R, and TNR = 0.

(e) [58] soft submaximal if {M : Cly (M) = 1,} C V.

For a soft function f;, : S P (G, A) — S P (H, B), the soft set

G{(a, V(@) (x50 - @ € Aand x € G} is represented by Graph (f;,) and is called the soft graph

of fs. So, (d, )., €Graph (fy,) iff fi(dy) = ey iff s(x) = yand v(d) = e.
Definition 1.7. [22] Let f;, : (G,Y¥, L) — (H, D, M) be a soft function. Then Graph (f;,) is said
to be soft strongly closed with respect to (G X H, pr (¥x®), L x M) if for each (d, e),,, €l pup —
Graph (f.,), there exist T € ¥ and R € ® such that d.€T, e,€R, and (T x Cly (R)) N\Graph (f.,) =

OLxM .
2. Soft almost weakly continuous functions

Definition 2.1. A soft function f;, : (G,¥, L) — (H, ®, M) is called soft almost weakly continuous
(soft a.w.c) if £ (¥) Clnty (Cly (f5! (Cly (Y)))) for each ¥ € @.
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Theorem 2.2. Let {(G,¢,) : a € L} and {(H, 0}) : b € M} be two collections of TSs. Consider the
functions s : G — H and v : £ — M, where v is a bijection. Then f;, : (G, ®ucr@u, L) —
(H, ®pemop, M) is soft a.w.ciff s : (G,¢,) — (H,0)is aw.cforalla e L.

Proof. Necessity. Let fs, : (G, ®uerpa, L) — (H, ®pepop, M) be soft a.w.c. Leta € L. Let U € 0.
Then, (/(a))y € Gpems. SO, fi (W(@)y) St g, (Cloye o, (Fi! (Clopenir, (V@)))))). Thus,

(£l (@) @) € (Ints,. g, (Clo,ep, (£5! (Clopeyer, (W(@)y))))) (@) Since v+ L — M is
injective, £ ((@)y) = a1y and so, (f5' (W(@)y)) (@) = (a;w))(@ = s7'(U). By Lemma 4.9
of [59],

(116,06, (Cliye o (£ (Clirrs (W@))))) (@) =

Int,, (Cly, ((£5! (Cloyorer, (W(@)0))) @)
Furthermore, it is not difficult to check that (f;!(Cla,.ye, (W@)y))) (@ = s7(Cly, (V).

Therefore, s~'(U) C Int,, (Cl% (s‘l(Cl(,v(a) (U)))). This shows that s : (G, ¢,) — (H, o) is a.w.c.
Sufficiency. Let s : (G, ¢,) — (H,0yq) be a.w.cforalla € L. Let K € ®pcp0p. Then, K(b) € 0

forallb € M. Foreveryb e M, s : (G, gov_l(b)) — (H, 0}) is a.w.c, and so
sUKD) < Int,, (Cl,_,, (s (Cly, (K(®)))).
Claim. f;,! (K) €Inte,.,4, (Clo,. 10, (f5' (Cloyepe, (K)))) which ends the proof.

N%

Proof of Claim. Let a);éf‘s,‘1 (K). Then fy, (a,) = (v(a))yy €K. So, s(x) € K(v(a)) and thus, x €

s (K@) € Int,, (Cl,, (s7/(Cle,, (K(v(@))))))- Ttis not difficult to check that s (Cl,,,, (K(v(a))) =
(f5! (Clayepo, (K))) (@). Thus, x € Int,, (Cly, ((f5' (Clo,epe, (K))) (@)))). Furthermore, by Lemma 4.9
of [59],
Inty, (Cly, (/3! (Clayorrs () @) =
(16,0, (Cloesg, (£ (Cllyerr, (K))))) (@).

This shows that a,€lnts, .y, (Clo,. o, (£ (Cloyerir, (K))))-
Corollary 2.3. Consider the functions s : (G, J) — (H,N) and v : £ — M, where v is a bijection.
Then s : (G,3) — (H,N) is aw.ciff i, : (G,7(J),L) — (H,7(N), M) is soft a.w.c.
Proof. Foreacha € Land b € M, put ¢, = J and 07, = N. Then 7(8) = Bucrp, and 7 (K) = Bpep(Tp.
Theorem 2.2 ends the proof.
Theorem 2.4. Soft weakly continuous functions are soft a.w.c.
Proof. Let f,, : (G,¥, L) — (H, D, M) be soft weakly continuous. Let Y € ®. Then by Theorem 5.1
of [59],

[ ()

N

Inty (f5! (Clo (Y)))

Inty (Cly (f5! (Clo (Y)))).

It follows that f, is soft a.w.c.
Theorem 2.5. Soft pre-continuous functions are soft a.w.c.
Proof. Let f, : (G,¥Y,L) — (H,DO, M) be soft pre-continuous. Let ¥ € @. Then,
fal (V) Snty (Cly (f51(V))) Slnty (Cly (£ (Clo (Y))))- It follows that f,, is soft a.w.c.

The following two examples show that the implications in Theorems 2.4 and 2.5 are not reversible
in general:

Example 2.6. Let J and N be the indiscrete and discrete topologies on R. Consider the identity
functions s : (R, J) — (R,NX)and v : N — N. Then f;, : (R,7(J),N) — (R, 7 (NX),N) is soft a.w.c

c
c
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but not soft weakly continuous.
Example 2.7. Let G = {1,2,3,4}, 3 = {0,G, {2}, {3},{2,3},{1,2},{1,2,3},{2,3,4}}, and £ = (0, 1).
Define s : (G,3) — (G, 3)andv: L — Lby s(1) =3,52)=4,53)=2,54) =1,and v(a) = a
foralla € L. Then f;, : R, 7(9), L) — (R, 7(N), L) is soft a.w.c but not soft pre-continuous.
Theorem 2.8. A soft function f;, : (G, ¥, A) — (H, ®, B) is soft a.w.c iff f;, (Cly (K)) EleD (fsr (K))
for every K € Y.
Proof. Necessity. Suppose that f, is soft a.w.c. Let K € ¥ and suppose to the contrary that there exists
b, fyy (Cly (K)) = CI, (f., (K)). Since b,gCL (f., (K)), then there exists T € ® such that b,€T and
Cle (T)Nf,, (K) = 0g. This implies that f;' (Cle (T)) NK = 0.4 and consequently,
Inty (Cly (f5! (Clo (T)))ACly (K) = 0.
Since f, is soft a.w.c, then f;! (T) Cnty (Cly (f5! (Clo (T)))). Thus, f;! (T) NCly (K) = 04 and
hence, TN fs (Cly (K)) = Og. This implies that bygfw (Cly (K)), which is a contradiction.
Sufficiency. Suppose that f;, (Cly (K))ECZ?D (fs (K)) forevery K € VY. Let K € Y. Then
fo (L = Inty (Cly (5! (Clo (K)))))
for (Cly (12 = Cly (£ (Clo (K))))
fou (Cli (Inte (14— £5' (Clo (K))))
for (Cly (Inty (£ (15 = Clo (K)))).
Since Inty (fs‘vl (Ig —Cly (K))) € @, then by assumption,
fo (Cly (Inty (£5" (15 = Clo (K))))) S CLy (fow (Intw (£5! (15 = Clo (K))))
Cll, (fo ((f! (15 = Clo (KD))))
Clé (1g - Cly (K)).
Since 15— Clg (K) € @, then Clf (15 — Cly (K)) = Clg (15 — Clg (K)). Since 15—Cly (K) Clg—K
and 1g — K € ®¢, then Clg (1g — Clg (K)) Clg — K. Therefore,
foo (L= Inty (Cly (15! (Clo (KD))) = fiu (Cly (Inte (£5' (15 ~ Clo (K)))))
CI (1g — Cly (K))

NN Nt '

NN 1

1g — K,
and thus, ?
La = Inty (Cly (5! (Clo (K)))) € £ (£ (1 = Inty (Cly (£ (Clo (K))))))
c £l (g - K)
= La = £ (K).

This implies that £;;' (K) CInty (Cly (f5! (Clo (K)))). Hence, f, is soft a.w.c.
Theorem 2.9. If f;, : (G,¥Y,A) — (H,D,B) is soft a.w.c and (H, ®, B) is soft regular, then f;, is
soft pre-continuous.
Proof. Let f;, : (G,¥Y,L) — (H,D, M) be soft aw.c. Let K € ¥. Then, by Theorem 2.8,
fo (Cly (K)) ECZ‘; (fo (K)). Since (H, ®, B) is soft regular, then leb (fo (K)) = Clg (fy, (K)). Thus,
fow (Cly (K)) CClg (fy, (K)). Therefore, by Theorem 18 (d) of [61], f;, is soft pre-continuous.
Theorem 2.10. For a soft function f;, : (G, ¥, A) — (H, ®, B), the next are equivalent:

(a) fy 1s soft a.w.c.

(b) Cly (Inty (£ (K)))Cfi! (Clo (K)) for every K € .

(c) For each a, € SP(G,A) and each K € ® such that f;, (a,) €K, Cly ( 1 (Cly (K))) is a soft
neighborhood of a,.
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Proof. (a) — (b): Let K € ®@. Then 1g — Cly (K) € @, and by (a),
La— f5,' (Clo (K)) f! (13 = Clg (K))
Inty (Cly (f5' (Cly (15 = Cly (K)))))
Inty ((Clq; (fa! (1s = Inte (Clo (K)))g))
)

Ny n

Inty (Cly (14 — f5! (Inte (Clo (K)))
= Inty(1a — Inty (f5' Unto (Clo (K))))
= 1a— Cly (Inty (f;! (Unto (Cly (K)))))
c La = Cly (Inty (f5 (K)))).
It follows that Cly (Inty (f5'(K)))Sf,! (Clo (K)).
(b) — (c): Leta, € SP(G,A) and let K € ® such that f,, (a,) €K. Since 1g — Clg (K) € @, then
by (b),
Cly (Inty (f7' (15 = Clo (K))) € f3! (Clo (15 = Clo (K))) .
Thus,
Lo = Inty (Cly (£5! (Clo (K)))

Cly (14 = Cly (5" (Clo (K))))
Cly (Inty (17— £ (Clo (K))))
Cly (Inty (£ (15 = Clo (K))))
fi! (Cly (13 = Clg (K)))
fa! (g = Intg (Clg (K)))
[ (g = K)
la— /5 (K).

Therefore, we obtain a,Efy,! (K) Cinty (Cly (f5! (Clo (K)))). and hence Cly (f;! (Clo (K))) is a
soft neighborhood of a,.

(c) — (a): Let K € ®. To show that f,' (K) Clnty (Cly (f;! (Clo (K)))). let a,Ef;; (K). Then
fw(ax) €K and by (c), Cly ( fs‘v1 (Clp (K ))) is a soft neighborhood of a,. Therefore,
a&lnty (Cly (f,! (Cly (K)))).

Definition 2.11. A soft function f,, : (G,¥Y,£) — (H,®, M) is called soft pre-open if
fyw (K) CInty (Clg (fyy (K))) for each K € 7.

Theorem 2.12. Every soft open function is soft pre-open.

Proof. Let f;, : (G,¥Y,A) — (H,D,B) be soft open. Let K € Y. Then f;,(K) € ® and so,
fo (K) Clnte (Clg ( fw (K))). It follows that f;, is soft pre-open.

Soft pre-open functions are not soft open in general.

Example 2.13. Let G = R, J = {0, G, Q}, and N be the usual topology on R. Let L ={a, b}. Consider
the identity functions s : (G,3) — (G,N) and v : L — L. Then f;, : (G,7(J), L) — (G, 7(N), L)
is soft pre-open but not soft open.

Theorem 2.14. A soft function f;, : (G,¥,A) — (H,D,B) is soft pre-open iff
£l (Clo (T))SCly (£ (T)) for every T € .

Proof. Necessity. Let f;, be soft pre-open. Let T € ®. Let a,€f;,! (Clp (T)) and let K € ¥ such that
a,cK.  Since f,, is soft pre-open, then f,, (K)Clnte (Cly (fy, (K))).  Since a,€K, then
fov (@) €fsy (K) Clnte, (Clo (fy, (K))) and so, fi, (a,) €lnty (Clo (fi (K))) € ®. Since aEf;,' (Clo (T)),
then f,, (a,)€Cly (T). Thus, TNInte (Clo(fy(K)) # Og and hence, TNClo (fi (K)) # Og.
Consequently, TNf;, (K) # 0g. Choose b,€K such that f,, (by)ET. Then, b,eKNf;' (T). Hence,

Nyt N
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a&Cly (f51())-
Sufficiency. Suppose that f-! (Clg (T)) CCly ( 1l (T)) for every T € ®@. Let K € V. Suppose to
the contrary that there exists a,€K such that f;, (a,) ¢Inty (Clg ( fo (K))). Let T = 1g — Clg (f, (K)).
Then, T € ® and by assumption, ;! (Cly (T)) CCly (fs_v1 (T)). Since
fo' (Cly (T)) [ (Clp (13 = Cly (fy (K))))
= f' (1 = Inte (Cly (f,, (K))))
= la—f;' Unte (Cly (fy (K)))),
and a,€14 — f5;! (Inte (Clo (f,y (K)))), then a,&f;! (Clo (T)) SCly (f5! (T)) and so,
a,€ Cly (51 (1)) =
Cly (f5' (15 = Clo (f (K)))
Cly (1 = £5' (Clo (fu (K)))).
Since a,€K € ¥, then KN (1 = fi;! (Clo (fu (K)))) # Oan.
Since KCf5' (fi (T) Cf3! (Clo (fyy (K))), then 154 — £ (Clg (fyy (K))) Cla — K.
Thus, KN (14 — K) # 0. This is a contradiction.
Theorem 2.15. Soft a.w.c soft pre-open functions are soft pre-continuous.
Proof. Let f, : (G,¥Y,A) — (H, D, B) be soft a.w.c and soft pre-open. Let T € ®. Since f;, is soft
a.w.c, then fs‘v1 (T) Clnty (Cl\y (f;vl (Cly (T)))). Since f;, is soft pre-open, then by Theorem 2.14,
fal (Clo (T)) SCly (£51(T)). Therefore, we have
fl(T) Elnty (Cly (£ (Clo (T)))) Slnty (Cly (f5! (T))). This shows that £,y is soft pre-continuous.
Corollary 2.16. Soft weakly continuous soft pre-open functions are soft pre-continuous.
Theorem 2.17. Soft a.w.c soft semi-continuous functions are soft weakly continuous.
Proof. Let f,, : (G,¥Y,A) — (H,D,B) be soft a.w.c and soft semi-continuous. Let T € ®. Since
fo 18 soft semi-continuous, then fs‘vl (ry € SOWM). So, by Lemma 1 of [22],
Cly (51 (D)) = Cly (Inty ((£51(D))))- Furthermore, by  Theorem  2.10,
Cly (Inty (£31(T))Cf5! (Clo (T)). Hence, Cly (f5! () Sf5! (Cly (T)). It follows from Theorem 5.1
of [59] that f;, is soft weakly continuous.
Lemma 2.18. Let (G,¥Y,A)beaSTSandlet D € S S (G, A). Then
(a) If K € ¥, then KNCly (D) CCly (KND).
(b) If S € W<, then Inty (DUS ) SInty (D) US.
Proof. (a) Let a,€eKNCly (D) and let H € ¥ such that a,€H. Then, we have a,eKNH € ¥. Since
a,€Cly (D), then (KND)NH = (KNH) D # 0. Thus, a,ECly (KHD).
(b) Since § € ¢, then 14 — S € ¥ and by (a),
(la=S)NCly(1a=D) € Cly((a—S)N(17-D)).
Since Cly gﬂ — D) = 14— Inty (D), theE
(la-8S)NCly(1a—=D) = (la—-S)N(La— Inty (D))
= la—(SUlnty (D).

Furthermore,
Cly ((La = S)N (12~ D))

Cly (12 - (SUD))
1a - (Inty (SUD)).
Therefore, 14 — (S Ulnty (D)) Clg-— (I nty (S UD)) and hence, Inty (DGS ) Clnty (D) US.

AIMS Mathematics Volume 9, Issue 12, 35218-35237.



35226

Theorem 2.19. Let (G, ¥, A) be aSTS and let D € §S (G, A). Then pCly(D) = DUCly (Inty (D)).
Proof. Since Cly (Inty (D)) € ¢, then by Lemma 2.18 (b),
Inty (DUCly (Inty (D)) € Inty (D) UCly (Inty (D)) .
So,
Cly (Inty (DUCly (Inty (D)) € Cly (Inty (D) UCly (Inty (D)))
c Cly (Inty (D))
c DUCly (Inty (D).

Hence, DUCly (Inty (D)) € PC (¥) and thus, pCly(D)CDUCly (Inty (D)). Furthermore, since
pCly(D) € PC(¥), then Cly(Inty(D))CCly (Inty (pCly(D))) CpCly(D) and hence,
DUCly (Inty (D)) CpCly(D).

Theorem 2.20. For a soft function f, : (G,¥, A) — (H, ®, B), the following are equivalent:

(a) fy 1s soft a.w.c.

(b) pCly (f5'(T))Cf! (Clo (T)) for every T € .

(©) £ (T)Cplnty (£ (Clo (T))) for every T € ®.

(d) For each a, € SP (G, A) and each T € ® such that f;, (a,) €T, there exists K € PO (¥) such
that a,€K and f,,(K)CCly (T).

Proof. (a) — (b): Let T € ®. Then by Theorem 2.10, Cly (Inty (f5'(T)))Sf5! (Cly (T)). So,
FNTCy (Inty (£31(1))) € f31(TM)Tf5 (Cloy (7))
= [ (Cly (T)).

Furthermore, by Lemma 2.19, pCly(f;(T)) = f3'(T)UCly (Inty (f3(T))). Tt follows that
pCly (f51(T)E 5! (Clo (T)).

(b) — (c): Let T € ®@. Then 1g — Cly, (T) € @ and by (b),

pCly (f5' (15 = Clo (1)) € fa! (Cly (15 — Cloy (T))).

Now,

La = plnty (5" (Clo (7))

pCly (17— 3} (Clo (T)))
pCly (£ (15 = Cly (1))

Furthermore, we have
fil (g = Int (Clo (1)) = 1a— f5' (Inte (Cly (T)))
C la— f1(T).

Therefore, 1.4 — plnty (f5' (Clo (T)))Cla - f3' (T). Hence, f5(T)Cplnty (f5' (Cly (T))).

() — (d): Leta, € SP(G,A) and let T € ® such that f;, (a,)€T. Then by (c),
a&f (TCpinty (f;! (Clo (T))). Let K = pInty (f;! (Clo (T))). Then a,€K € PO (¥) and

fulK) = fu(pInty (f3! (Clo (T))))
fo (£ (Clo (7))

Clo (T).

(d) — (a): Let T € ®. To show that f;;! (T) Clnty (Cly (f;! (Clo (T)))), let a,€f;/(T). Then
fo(a,)€ET € ®. So, by (d), there exists K € PO (¥) such that a,€K and fsv(K)EClq) (T). Thus,
KCf;! (Cly (T)), and so, Inty (Cly (K)) Clnty (Cly (! (Cly (T)))). Furthermore, since K € PO (¥),
then KCInty (Cly (K)). It follows that a,Elnty (Cly (f! (Cly (T))))-

Lemma 2.21. Let (G, ¥, A) be a STS and let T € PO (V). Then Clg (T) = Clg (Inte (Clg (T))).

N IN1
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Proof. Since T € PO (¥), then T<lIntg (Cly (T)) and so Clg (T) Clnty (Clg (T)). Furthermore, since
Intg (Clg (T)) CCly (T), then Clg (Inte (Clg (T))) CCly (Cly (T)) = Cly (T).
Theorem 2.22. For a soft function f, : (G,¥, A) — (H, D, B), the following are equivalent:

(a) fy 1s soft a.w.c.

(b) £y (pCly (D)) ECZ(HD (fs» (D)) forevery D € §S (G, A).

(©) pCly (£, (M))C £ (CL, (M) for every M € S (H, B).

(d) pCly(f! (Into (CLy (MD))Cf5! (CLy (M) for every M € SS (H, B).

(e) pCly(f! (Inty (Cly (T))Cf5! (Cle (T)) for every T € @.

() pCle(f3! (Inte (Cly (T))Cf:! (Cly (T)) for every T € PO (D).

(2) pCly(f3! (Inte (R))CS:! (R) for every R € RC (D).
Proof. (a) — (b): Let D € §S (G, A). To see that f;, (pCly (D)) ECZ% (fs (D)), let a,€pCly (D) and
let T € ® such that f, (a,)€T. Since f,, is soft a.w.c, then by Theorem 2.20 (d), there exists
K € PO(¥) such that a,€K and f,,(K)CCle (T). Since a.epCly (D) and a,€K € PO (¥P), then
KND # 04 and hence, Og # f,, (KHD) Cfow (K)Nfy, (D)CCly (T) N fyy (D). Therefore, we obtain
fiv () ECL (foy (D).

(b) — (c): Let M € SS (H, B). Then by (b),

fo(pCle (£51 M) €l (i (15 (1))

c Cl5 (M)

N1

And so,
pCly (' M)) € £ (£ (PCle (£5)(M)))
c far(cr, ().
(c) — (d): Let M € §S (H, B). Then by (c),
pCly(fy! (Into (CIG (D)) € £ (CLy (Into (CI, (M)))).

Since Into (CIy (M)) € ®, then CI(Into (CI4(M))) = Clo(Into (CI, (M))).  Since
Clo (Into (CI4, (M))) ECLy (CL5, (M) and CILy (M) € @, then Clo (CIf (M)) = CI4, (M). Therefore,
we have

pCly(f5! (Into (CIG (D)) € f31(CI4 (Into (CI, (M)
fal (Clo (Into (CI4, (M))))
£l (Clo (€15, (M)
fal(CE, ().

(d) — (e): Let T € ®. Then, by (d), pCly(f;,! (Il’lt(p (lep (T))))Efs‘vl (Clg (T)). Furthermore,

since T € @, then Clf (T) = Clg (T). Therefore,
pCly(f (ntey (Clo (T)))) € f3' (Clo (T)).

e) — (@): Let T € PO(D). Then [Inty (Clp(T)) € @ and by (e),
pCly(f;} (Intg (Clg (Intg (Clg (T))))))Eﬂ;l (Cly (Intg, (Clg (T)))). Furthermore, since T € PO (D),
then by Lemma 2.21, pCly(f5' (Inte (Clo (T))C 5! (Clo (T)).

(f) — (g): Let R € RC(®). Then R = Clo, (Inte, (R)), and so, Inie (R) = Inte (Clo (Inte (R))).
Since Intg (R) € PO (®), then by (f),

pCly(f,,! (Inte (R))) pCly(f;;! (Inty (Cly (Int (R))))
[} (Cly (Inte, (R)))
LR,

Ny noN

Ny
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(g) — (a): We will apply Theorem 2.20 (b). Let T € ®. Then Cly, (T) € RC (D) and by (g),
pCly(f:! (Inty (Cly (T))Cf5! (Cly(T)).  Since T € ®, then TClnty (Cly(T)), and so,
pClLy(f," (T)CpCly(f,, (Unte (Clo (TH)SSy,' (Clo (T)).

Theorem 2.23. Let (H, ®, B) be a soft regular STS. The following are equivalent for a soft function
fo 1 (G,Y,A) — (H,O,B):

(a) fiy is soft pre-continuous.

(b) f5! (CI5, (M)) € PC (W) for every M € S S (H, B).

(©) £,1(S) € PC(¥) for every S € (Dy)°.

(d) f,1(T) € PO(¥) for every T € ®,.

(e) fy is soft a.w.c.

Proof. (a) — (b): Let M € SS (H, B). Since Cly (M) € ¥¢, then by (a), f;! (Cly (M)) € PC (¥).
Furthermore, since (H,®,8B) is soft regular, then C lfb (M) = Clgp(M). Hence,
f1(Cly (D) = 51 (Clo (M) € PC (¥).

(b) — (c): Let S € (dy)". Then S € ®° and so Cly (S) = S. Since (H, D, B) is soft regular, then
S =Clp(S) = Clg) (S). Therefore, by (b), £, (lep S )) = f1(S) € PC ().

(c) — (d): Let T € ®y. Then 15 — T € (®y)° and by (¢), f;,! (1g = T) = 14— £} (T) € PC (¥).
It follows that f.,! (T) € PO (¥).

(d) — (e): Since (H, @, B) is soft regular, then ®y = ®. Thus, f;, is soft pre-continuous, and by
Theorem 2.5, it is soft a.w.c.

(e) — (a): Follows from Theorem 2.9.

Theorem 2.24. If f;, : (G,¥Y,A) — (H,D,B) is a soft a.w.c function and X C G such that Cy €
¥ — {04}, then (fy,)c, @ (X, ¥x, A) — (H, D, B) is soft a.w.c.
Proof Let T € @. Since f, is soft aw.c, then f;'(T)Clnty(Cly(f;' (Clo(T))). Since

(o) (D) = CAfT), then ((fude,)  (T)ECkAInty (Cli (f5! (Clo (T))).  Since
Cy € V¥, then
CxNinty (Cly (5! (Clo (T)))) Inty, (CxNCly (£ (Clo (T))))

Inty, (CxNCly (CxD 5! (Cly (T))))
tnta (Chay (e, ) (D).

Therefore, ((Fuder ) (T)Elnty, (CLFX ((( fded) (T))). Hence,
[y + X, WPy, A) — (H, @, B) is soft a.w.c.

In Theorem 2.24, the condition 'Cx € ¥ — {04}’ cannot be dropped:
Example 2.25. Let J be the usual topology R. Consider the functions s : (R,J) — (R, J) and
v : {a} — {a}, where s(x) = 1ifx € Q, s(x) = -1ifx €e R-Q, and v(a) = a. Let X =
([0,0) NQ) U ((—0,0) N (R —Q)) Then f;, : R,7(I),{a}) — R,7(I),{a}) is soft a.w.c while
(foey : X, 7(3),{a}) — R,7(J),{a}) is not soft a.w.c.
Theorem 2.26. If f;,,, : (G,¥Y,A) — (H, D, B)issofta.w.cand f,,, : (H,D,B) — (M,I1, L) is soft
continuous, then f(s,o5)wov)) : (G, @, A) — (M, 11, L) is soft a.w.c.
Proof. Let f;,,, be soft a.w.c and f,,, be soft continuous. Let T € II. Since f;,,, is soft continuous,
then f2! (T) € @ and Clg (fszi2 (T))C i (Cly (T)). Since  f;,,, is soft aw.c, then

2V2

fiohy (fab (D) Sty (Cly (£, (Clo (£, (1)) Thus,

Ny N
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f(;zlosl)(wovl) (T) fs_l‘l’1 (fsz‘l’2 (T))

Inty (Cly (£33, (Clo (£51, (D))
Inty (Cly (£, (f2l, (Clu (T)))))
Ity (Chy (£ Jesposonny (Clin (7).

It follows that fs,os,)v,0v,) 15 SOft a.w.c.

It is not necessary for the soft composition of two soft a.w.c. functions to be soft a.w.c:
Example 2.27. Let G = {ab}, H = M = {ab,c}, A={1,2}, I = {0,G,{b}},
N = {0,H{a,c},{b,c},{c}}, and 9 = {0,M, {a},{b},{a,b}}. Let sy : (G,3) — (H,N),
52 1 (H,X) — (M, p) be the inclusion functions and vy, v, : A — A be the identity functions. Then
s 2 (G, T(0),A) — (H,7(N),A) and fi,,, : (H,7(R),A) — (M, 7(p),A) are soft a.w.c, while
Siszospmony) : (G, T(T), A) — (M, 7 (p),A) is not soft a.w.c.

The composition fis,os)m,0v) Of @ soft continuous function f;,,, : (G,¥,A) — (H,P,B) and a

soft pre-continuous function fi,,, : (H, ®,8) — (M, 11, £) is not necessarily soft a.w.c:
Example 2.28. Let J, X, and ¢ be the usual, indiscrete, and discrete topologies on R, respectively.
Let A ={a,b}. Let 51 : (R,J) — (R,N), 55 : (R,NX) — (R, p) and vy, v, : A —> A be the identity
functions. Then f;,, : [R7(J),A) — RN, A 1is soft continuous and
Soov : R, 7(R), A — R, 7(p),A) is soft pre-continuous, while
fissosnmor : (R, T(I), A) — R, 7(p),A) is not soft a.w.c.

Let G and H be two non-empty sets. The projection functions 4 : GXH — Gand g : GxH — H

defined by & (x,y) = xand g (x,y) = y for all (x,y) € G X H will be denoted by 7 and my, respectively.
Theorem 2.29. Let (G,W,A), H,D,B), and M, I1,L) be three STSs. If
fov : (G, ¥, A — (HXM,pr(®xII),Bx L) is soft aw.c, then
Jayosyngon) : (G, ¥, A) — (H, D, B) and f(ﬂMos)(Mov) (G, A) — (M, 11, L) are soft a.w.c.
Proof. Let f;, be soft a.w.c. Since fir, )y @ (HXM,pr(®xII),Bx L) — (H,D,B) and
f(,rM)(M) : HXM,pr(®xID),Bx L) — (M,I1,L) are always soft continuous, then by
Theorem 2.26, fir 050500 : (G, ¥, A) — (H,D,B) and f(”MOS)(MOV) (G,Y,A) — (M,11, L) are
soft a.w.c.

For every function p : G — H, the function 4 : G — G X H defined by h(x) = (x, p (x)) is
represented by p*.

Theorem 2.30. Let f;, : (G,¥Y, A) — (H,D,B) be a soft function. Then fu+ : (G,V,A) —
(GXH,pr(¥ x®),Ax B)is soft a.w.c iff f;, is soft a.w.c.

Proof. Necessity. Let fu#+ be soft a.w.c. Then, by Theorem 2.29, f;, = f(,rHos#)(,rBov#) :(G,Y,A) —
(H, D, B) is soft a.w.c.

Sufficiency. Let f, be soft a.w.c. We will apply Theorem 2.10 (¢). Leta, € SP(G, A) and let R €
pr (¥ x @) such that fi#,# (a,) €R. Choose U € ¥ and W € @ such that fus (a,) = (a,v(@))( s €U X
WCR. Since fi 18 soft a.w.c and f;, (a,) €W € @, then by Theorem 2.10 (c), Cly ( fs‘v1 (Cly (W))) 1S
a soft neighborhood of a, and by Lemma 1.18 (a), UNCly (f5! (Clo (W))) ECly (UNS;5! (Cly (W))):
Furthermore, we have

UNS! (Clo (W) € £l (U X Cly (W)

c fal (Clpr(‘PX(D) (R))-

Therefore, Cly ( fs;i# (Clp,(qfw) (R))) is a soft neighborhood of a,. Hence, by Theorem 2.10 (c),

f## 18 soft a.w.c.

Ny 1N 1
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Theorem 2.31. Let f,,, : (G,¥,A) — (H,D,B) be a soft open continuous surjection and f;,,, :
(H,®,8B) — (M,I1, L) be a soft function. If fis,05,)w0n) : (G, ¥, A) — (M,I1, L) is soft a.w.c, then
fsov, 18 soft a.w.c.
Proof. Let T € I1. Since f(5,05,)(vy0v,) 18 SOft a.w.c, then
fo (fs_z}zz (T)) Fssosnwony (1)
Inty (Cly (£315, 0nomy (CIn (T))))
= Inty (Cly (f;], (f5), (Cln(T))))).

Since fi,,, is soft continuous, then Chy (£} (fil, (Cln(T)))SfiL (Cle ((£5L, (CIn (T))))).
Therefore, we have

fal (fah, (D) Sty (£51, (Cly (£, (Cln (T)))))). and so

Foon (Faly (Fabs ) o (Inte (Cle (£5), (£, (Cla(T))))).

Since f,,,, is surjective, then f,,,, (£}, (L, (D)) = £, (D).

S1V1

N1

Since f;,,, 1s soft open, then

Fun (Inte (Cly (£33, (21, €l (D)) € Into (S, (Clo (£, (£l (Cla (1))
Since f;,,, 1s soft continuous, then
Fon (Cla (£3), (£l €I (@) € Clo (fo, (£, (fihy (Clr (7))
c Clo (f;L, (Cln (T))).
Therefore, we have f,} (T) Clntq (C lo ( for, (Cly (T)))) and hence, f;,,, is soft a.w.c.
Theorem 2.32. Let f;,,, : (G,¥,A) — (H,®,8B) and f,,, : (M, I, L) — (N,IL,F) be two soft
functions. Let s* : GXM — H XN and v : AX L — B X F be the functions defined by
§*(x,2) = (s1(x), 52(2)) and vi(a,l) = vi(a), va(D)). Then
fov 1 (GX M, pr(PxI), Ax L) — (H XN, pr(®xIl),B x F) is soft a.w.c iff f;,,, and f,,, are
soft a.w.c.
Proof. Necessity. Let T € ® —{Og}and R € ¥ — {O¢}. Then T X R € pr (®xII) and so,
finMX fo), (R) = £L(T xR)
C Intpcoxr) (C Lprewxr) (fs?i* (C Lpraxm (T R))))
= Int,coxr) (C Lorowxr) (fs_i (Cly (T) X Cly (R))))
= IntpwaryClorewsr (£, (Clo (T)) X f1, (Clii (R)))
= Intyear) (Cly (£51,(Clo (T) X Clr (£}, (Cln (R))))

Inty (Cly (f;,}, (Clo (T)))) X Inty (Clr (£, (Cln (R)))).
This implies that £, (T)Clnty (Cly (£, (Clo (T)))) and

S|V

fiol, R Sintr (Clr (51, (Cln (R)))). Tt follows that f,,,, and f,,,, are soft a.w.c.

Sufficiency. Let f;,, and f,, be soft aw.c. We will apply Theorem 2.10 (c). Let
(a.b) .y € SP(G x M, Ax L) and let Z € pr(®XIT) such that f,.,- (@, b)) €Z. Choose U € ¥ and

W € @ such that fi - ((a,b)(x’y)) = (v (@), (b))(sl(x),sz(y))EU x WCZ. Then (v, (a))sl(x)EU and
(v2 () s, 0) €W. Since f;,,, and f;,,, are soft a.w.c, then Cly ( fl (Cly (U))) is a soft neighborhood of

S1v1

(vi (@), and Clyr (fsj2 (Clg (W))) is a soft neighborhood of (v; (D)), Then we have
Cly (f51, (Clo (U))) X Clr (£}, (Cl (W))) is a soft neighborhood of (v (@) , v2 (5))(y,(x,,0)- But
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Cly (f;:1, (Clo (U)X Clr (£, (Cln (W) = Clyasry (£33, (Clo (U)) X £, (Cliy (W)
Clyrwr (f23- (Clo (U) X Cly (W)))
Clyrowxr) (f Sl (Clpr(<D><H) (U x W)))
Cl,rewxr) (f S:i* (C Lproxn (Z))) .
is a soft neighborhood of (vi (@), Vv (D)), x).5()-

~ N |

This shows that Cl,aur) (fL (Clyraxm (2)
Hence, f;,+ is soft a.w.c.

3. Soft Hausdorff spaces and soft almost weakly continuous functions

Theorem 3.1. If f;, : (G,¥, A) — (H, D, B) is a soft a.w.c function and (H, ®, B) is soft Hausdorff,
then Graph (f;,) € PC (pr (Yx®)).
Proof. We will show that 14.xg — Graph (f;,) Claxs — PClyxo (Graph(fy,)). Let (d,e).,, €laxg —
Graph (fs,). Then f;, (d,) # e,. Since (H, ®,B) is soft Hausdorff, then there are T, R € @ such that
fov (d,)€ET, e,€R, and TNR = Og; hence Cly (T) NR = 0g. Since f,, is soft a.w.c, by Theorem 2.20 (d),
there exists K € PO (¥) such that a,€K and fSV(K)EClq) (T). Thus, fSV(K)ﬁR = 0g. Therefore,
we have (d, e)(x’y)ﬁeyK X R € PO (pr(¥x®d)) and (K X R) ﬁGraph (fsv) = Oaxg. This implies that
(d, €)(xy) €l axg — pClyye (Graph (fy)).
Corollary 3.2. If f;, : (G,¥Y,A) — (H, D, B) is a soft weakly continuous function and (H, ®, B) is
soft Hausdorft, then Graph (f;,) € PC (pr (YxD)).
Proof. Theorems 2.4 and 3.1 provide the proof.
Corollary 3.3. If f;, : (G,¥Y,A) — (H, D, B) is a soft pre-continuous function and (H, ®, B) is soft
Hausdorff, then Graph (f;,) € PC (pr (YX®)).
Proof. Theorems 2.5 and 3.1 provide the proof.
Lemma 3.4. Let (G, ¥, A) be a STS. If X € a (¥) and Y € PO (¥), then XNY € PO (P).
Proof. Let X € a(¥) and Y € PO(¥). Then XCInty (Cly (Inty (X))) and Y<Inty (Cly (Y)). By
Lemma~2.18 La), N

xny Inty (Cly (Inty (X)) NInty (Cly (Y))
Inty (Cly (Inty (X)) Dlnty (Cly (Y)))
Inty (Cly (Inty (X) Alnty (Cly (Y))))

Inty (Cly (Inty (X) N (Cly (Y))))
Inty (Cly (Cly (Inty (X)NY)))
Inty (Cly (Inty (X)AY))
Inty (Clly (XﬁY)) .
Therefore, XNY € PO (P).

Theorem 3.5. Let f,,, fou : (G,¥, A) — (H, ®, B) be soft functions, and (H, O, B) be soft Hausdorf.
If f, is soft almost a-continuous, f,, is soft a.w.c, and Z = G{ax €SP(G,A) : fo(ay) = fou (ax)},
then Z € PC (¥).
Proof. We will show that 14 — 7ZCl 4 — pCly (Z). Let a€l 4 — Z. Then fy, (a,) # fpu(ay). Since
(H,®, B) is soft Hausdorfl, then there are U,V € ® such that f, (a,) €U, f,, (a) €V, and UNV =
0g: hence Inty (Cly (U)) NClg (V) = Og. Since fs 1s soft almost a-continuous, and Intg, (Clg (U)) €
RO (@), then there exists Y € a (V) such that a,€Y and f;, (Y) Clntg (Clg (U)). Since Spu 18 soft a.w.c,

NN INL 1IN

N 1
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then by Theorem 2.20 (d), there exists K € PO (¥) such that a,€K and fpu(K)ECl(D (V). We have
fu () Dfpu(K) = 05 and thus, (KAY)AZ = 0. Furthermore, by Lemma 3.4, KNY € PO (¥). This
shows that a,€1 4 — pCly (Z).

Corollary 3.6. Let f,,, f,, : (G,¥, A) — (H, ®, B) be soft functions, and (H, @, B) is soft Hausdorff.
If f, is soft almost a-continuous, f,, is soft weakly continuous, and
Z=Ula, € SP(G,A): fuy (@) = fou(ay)}, then Z € PC (‘¥).

Proof. Theorems 2.4 and 3.5 provide the proof.

Corollary 3.7. Let f,,, fpu : (G,¥, A) — (H, ®, B) be soft functions, and (H, @, B) is soft Hausdorff.
It  f is soft almost a-continuous, Sou is soft pre-continuous, and
Z=Ula, € SP(G.A): fu(ay) = fou(a)}, then Z € PC (¥).

Proof. Theorems 2.5 and 3.5 provide the proof.

Theorem 3.8. Let (G, ¥, A) be soft Hausdorff, and let Y be a non-empty subset of G. If there is a
soft a.w.c function f;, : (G,¥,A) — (¥, ¥y, A) such that f;, (a,) = a, for all a, € SP (G, A), then
Cy € PC (V).

Proof. Suppose, on the contrary, there exists a,€EpCly (Cy) — Cy. Then f;, (a,) # a,. Since (G, ¥, A) is
soft HausdorfT, there exist U, V € ¥ such that a,€U, f,, (a,) €V, and UNV = 04; hence UNCly (V) =
04. Since VNCy € ¥y and [ 1s soft a.w.c, then by Theorem 2.20 (d), there exists K € PO (V)
such that a,€K and f.,(K)CCly, (VACy) CCly (V). Since a,€UNK € PO (¥) and a,€pCly (Cy), then
(UNK)ACy # 04. Choose by (UNK)ACy. Since b,ECy, then f,, (by) = b,. Since b,EK, then
fu (by) = byEfss (K)ECly (V). Since UNCly (V) = 0z, then by¢U. This is a contradiction.

Corollary 3.9. Let (G, V¥, A) be soft Hausdorff, and let Y be a non-empty subset of G. If there is a soft
weakly continuous function f;, : (G,¥, A) — (¥, ¥y, A) such that f;, (a,) = a, forall a, € SP (G, A),
then Cy € PC (V).

Proof. Theorems 2.4 and 3.8 provide the proof.

Corollary 3.10. Let (G, ¥, A) be soft Hausdorff, and let Y be a non-empty subset of G. If there is a soft
pre-continuous function fy, : (G,¥, A) — (¥, ¥y, A) such that f;, (a,) = a, for all a, € SP (G, A),
then Cy € PC (V).

Proof. Theorems 2.5 and 3.8 provide the proof.

Theorem 3.11. If f;, : (G,¥Y,A) — (H, D, B) is a soft a.w.c injection such that Graph (f;,) is soft
strongly closed with respect to (G X H, pr (YxX®) , A x B), then (G, ¥, A) is soft Hausdorft.

Proof. Let a,,d, € S P (G, A) such that a, # d,. Since f;, is injective, then f;, (a,) # f; (d;). Thus, we
have (a,v(d)). sz €laxg — Graph(f,,). Since Graph(f,,) is soft strongly closed with respect to
(G x H, pr (Px®) , A x B), then there exist U € ¥ and V € ® such that a,€U, f, (d,)€V, and
(U x Cly (V) NGraph(f,,) = Oaxg. Thus, we have UNf;'(Cly(V)) = 04 and hence,
Uninty (Cly (f5! (Clo (V)))) = 0. Since  f, is soft awc, then
dEf,1 (V) Slnty (Cly (f,! (Cly (V). Tt follows that (G, ¥, A) is soft HausdorfF.

Theorem 3.12. If f;, : (G,¥Y,A) — (H,®, B) is a soft a.w.c injection and (H, ®, B) is soft Urysohn,
then (G, ¥, A) is soft pre-T5.

Proof. a,,d, € SP(G,A) such that a, # d,. Since f;, is injective, then f;, (a,) # f;, (d;). Since
(H,®,8) is soft Urysohn, then there exist T,R € ® such that f;, (a,)€T, f, (d.)€R, and
Cly (T)NCly (R) = Og. Since f;, is soft a.w.c, then by Theorem 2.20 (d), there are K, M € PO (V)
such  that a.€K, d.eM,  f,(K)CClp(T), and  f,,(M)CCly (R). Thus,
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fo (K) ﬁfw (M) CCly (T)NCly (R) = 0g and hence, [ (K) ﬁfsv (M) = 0g. Since f;, is injective, then
fu (K)Ofoy (M) = £, (KNM). Hence, KNM = 0. It follows that (G, ¥, A) is soft pre-T».
Theorem 3.13. Let f;,, f,u : (G,¥,A) — (H, D, B) be soft a.w.c, (G, ¥, A) is soft submaximal, and
(H, @, B) is soft Urysohn. Then

Ula, €SP(G.A) : f(ay) = fulay)} € P,

Proof Let N = Ufa, € SP(G.A) : fu (@) = fou (a,)}. We will show that 14 — NCl — Cly (N). Let
a€l4 — N. Then f,, (a,) # fou(ay). Since (H, @, B) is soft Urysohn, then there exist 7, R € ® such
that f,, (@) €T, fu(a)€R, and Cly(T)NCly(R) = O0g. Since fi,fu are soft aw.c, by
Theorem 2.20 (d), we find K, M € PO (¥) such that a,eKNM, f,, (K) CCly (T), and o (M) CCly (R).
Thus, f,, (KAM) A f,, (KAM) CClo (T)NCly (R) = 0. Since (G, P, A) is soft submaximal, then by
Theorem 4.2 of [60], we have K, M € ¥ and so, KNM € V. Since o (KHM) ﬁfpu (KHM) = Og, then
(KAM)AN = 0. Since a,€KNM € ¥ and (KAM) AN = 0, then a,€1 4 — Cly (N).
Theorem 3.14. If £, : (G,¥Y,A) — (H, D, B) is a soft a.w.c and (H, D, B) is soft Urysohn, then the
soft set

E=U{ad),, € SP(GXG,AXA): fi,(a)) = fu(d)} € PC(¥ X ).
Proof. We will show that 1axs — EClaxa — pCluxw (E). Let (a,d) ., €laxa — E. Then f,, (a,) #
fw (d.). Since (H, @, B) is soft Urysohn, then there exist T, R € ® such that f;, (a,) €T, f,, (d.) €R, and
Cly (T)NCly (R) = 0g. Since fsv 18 soft a.w.c, then by Theorem 2.20 (d), there are K, M € PO ('¥) such
that a,€K, d.eM, f,, (K)CCly (T), and f,, (M) CCly (R). Thus, f;, (K) Nf., (M) CCly (T)NCly (R) =
Og and hence, f;, (K) ﬁfw (M) = Og. Thus, we have (a, d), , EKXM e PO (¥ x¥)and (K x M)NE =
Oaxn. This implies that (a, d), ;) €1l axa — pClyxy (E).
Definition 3.15. Let f;, : (G,¥Y,A) — (H, D, B) be a soft function. Then Graph (f;,) is called soft
strongly p-closed with respect to (G x H, pr (¥x®), A x B) if for each (a, d),,.) €laxs — Graph (fs),
there exist U € PO (¥) and V € ® such that a,€U, d,€V, and (U X Clg (V)) NGraph (f;,) = Oaxs.
Theorem 3.16. If f;, : (G,¥Y,A) — (H,D,B) is a soft a.w.c and (H, D, B) is soft Urysohn, then
Graph (fy,) is soft strongly p-closed with respect to (G X H, pr (¥x®), A X B).
Proof. Let (a,d), €laxg — Graph(f,). Then f, (a,) # d.. Since (H,®,B) is soft Urysohn, then
there exist 7, R € ® such that f,, (a,) €T, d.€R, and Cly (T)NCly (R) = 0g. Since f,, is soft a.w.c,
then by Theorem 2.20 (d), there is K € PO (¥) such that a,€K and f,, (K) CCly (T). This implies that
o (K) NCly (R) = 0g; hence (K X Clg (R)) ﬁGraph (fsv) = Oaxg. This shows that Graph (f,) is soft
strongly p-closed with respect to (G X H, pr (¥x®), A x B).
Theorem 3.17. If f;, : (G,¥Y,A) — (H, ®,B) is a soft a.w.c injection with Graph (f;,) soft strongly
p-closed with respect to (G X H, pr (YX®) , A X B), then (G, ¥, A) is soft pre-T5.
Proof. Let a,,b, € SP(G,A) such that a, # b,. Since f;, is injective, then f;, (a,) # f (by), and so
(a,v (b))(x.50) €laxg — Graph(f,). Since Graph(f,,) is soft strongly p-closed with respect to
(G x H, pr (¥x®) , A x B), then there exist U € PO (¥) and V € @ such that a,€U, f,, (by)EV, and
(U % Cly (V)) NGraph(f,) = Oaxg. Thus, we have f,, (U)NCly(V) = 0g and hence,
UNf5' (Cly (V) = 0. It follows that UNpInty (f5' (Clo (V))) = 0. Since f,, is a soft a.w.c, then by
Theorem 2.20 (c), b,ef; (V)Cplnty ( 1 (Cly (V))) € PO(¥Y). This shows that (G,¥,A) is
soft pre-T5.
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4. Conclusions

This paper has successfully introduced and explored the novel concept of soft almost weakly
continuous functions, a generalized family of soft continuous functions encompassing soft
pre-continuous and weakly continuous functions. Through a comprehensive analysis, we have
established various characterizations of soft almost weakly continuous functions and investigated
their connections to their counterparts in general topology. We have also found the conditions that are
needed for a soft almost weakly continuous function to change into a soft weakly continuous or soft
pre-continuous function. This helps us understand how these function classes are related. The results
on soft composition, limitation, preservation, product, and soft graph theorems in the setting of soft
almost weakly continuous functions lay a solid foundation for future study in this field. As the subject
of soft topology advances, this study sets the door for future investigation of soft continuous functions
and their applications in a variety of disciplines.
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