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Abstract: In this paper, we consider the problem of optimal investment-reinsurance for the insurer
and reinsurer under the stochastic volatility model. The surplus process of the insurer is described
by a diffusion model. The insurer can purchase proportional reinsurance from the reinsurer and the
premium charged by the insurer and reinsurer follows the variance principle. Both the insurer and
reinsurer are allowed to invest in risk-free assets and risky assets, and the market price of risk depends
on a Markovian, affine-form, and square-root stochastic factor process. Our goal is to maximize the
joint exponential utility of the terminal wealth of the insurer, and reinsurer over a certain period of time.
By solving the HIB equation, we obtain the optimal investment-reinsurance strategies, and present the
proof of the verification theorem. Finally, we demonstrate a numerical analysis, and the economic
implications of our findings are illustrated.
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1. Introduction

The insurance industry has developed rapidly in recent decades. Reinsurance and investment are
important research issues in the field of actuarial science and have been widely studied. Reinsurance
can protect insurance companies from potentially huge losses, while the investment of premiums
enables insurance companies to achieve certain management goals. For example, [1] proposes two
criteria of maximizing terminal wealth utility and minimizing bankruptcy probability under
continuous time. The author of [2] studied the optimal investment strategy to maximize the expected
exponential utility of terminal wealth under the jump-diffusion model. The author of [3] investigated
optimal reinsurance and investments that take into account transaction costs. The author of [4] studied
the optimal proportional reinsurance and investment strategy under the CEV model. The author of [5]
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studied the problem of optimal portfolio and reinsurance with two different risk assets. Moreover, a
multitude of scholars have directed their focus towards diverse optimization objectives. For
instance, [6—10] explored the optimal reinsurance and investment problem under the mean-variance
criterion. In addition, [11-15] investigated the optimal problem for insurers and aim to minimize ruin
probability.

Although there is a large literatures on optimal reinsurance and investment issues, most of the
articles are conducted under the expected value premium principle. The expected value premium
principle is widely used in the reinsurance premium principle because of its practicality. However,
the variance of the same expected risk is not necessarily the same, so the fluctuation in claims needs
to be taken into account when we set the premium. In recent years, the variance or mean-variance
premium principle has received more and more attention. For example, [16,17] investigated the optimal
reinsurance under the mean—variance premium principle. The author of [18] considered the optimal
proportional reinsurance strategy for dependent risks and the variance premium principle under the
expected utility maximization criterion. The author of [19] used the generalized variance premium
principle to get the optimal investment-reinsurance strategy, which maximizes the expected utility of
terminal wealth and minimizes the ruin probability. By applying the generalized variance premium
principle, the author of [20] obtained the optimal reinsurance and investment strategy for insurance
companies with defaulted bonds.

In addition, most of the above studies are conducted under the assumption that the prices of risky
assets have constant or determined volatility, which contradicts the evidence supporting the existence
of stochastic volatility, such as volatility smiles and volatility clustering. Previously, the author of [21]
made a detailed study of stochastic volatility. In recent years, as an important feature of asset price
models, stochastic volatility has attracted the attention of many scholars. They study the optimal
reinsurance and investment of risk asset prices under a stochastic volatility model, such as the CEV
model ( [7,22-24]) and the Heston model ( [25-27]). We tend to consider a more general stochastic
volatility model, which includes both the CEV model and the Heston model. The author of [28]
studied the asset—liability management problem involving mean—variance with an affine diffusion
factor process and a reinsurance option, providing us with a good idea.

Most of the existing literature considers the optimization of the insurer, but in reality there is
always an interest relationship between the insurer and reinsurer, and the role of the reinsurer cannot
be ignored. And both the insurer and the reinsurer want to maximize their own benefits, so it is
necessary to maintain a good dynamic balance between the insurer and the reinsurer. From [29], we
know that the two companies should negotiate to maximize their mutual profits and that they must
reach a compromise. The author of [30] derived the expectation formula of the common survival
profit of the insurer and reinsurer in a fixed time. Furthermore, the author of [31] studied the joint
survival and profitable probabilities of the insurer and reinsurer. The author of [32] studied the
optimal proportional reinsurance and investment to maximize the utility of the insurer and reinsurer
under the CEV model. The author of [33] considered the interests of both the insurer and reinsurer. In
addition, [34-37] studied the optimal reinsurance and investment problem using the weighted sum
method for the wealth processes of the insurer and reinsurer.

To the best of our knowledge, there is little literature on the maximization of the common terminal
wealth utility of the insurer and reinsurer. In this paper, adopting the idea of [23] and [39], we mainly
study the optimal investment and reinsurance problem of the insurer and reinsurer under the joint
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exponential utility. The surplus process of the insurer is described by a diffusion model. The insurer
can purchase proportional reinsurance from the reinsurer, and the premium charged by the insurer and
reinsurer follows the variance principle. Furthermore, both the insurer and reinsurer are allowed to
invest in risk-free assets and risky assets, and the market price of risk depends on a Markovian,
affine-form, and square-root stochastic factor process, which is a more general stochastic volatility
model including both the CEV model and the Heston one. Then, we obtain the HIB equation under
the optimization criterion of maximizing the terminal joint exponential utility. By solving the HIB
equation, we obtain the optimal investment-reinsurance strategies, and present the proof of the
verification theorem. Finally, we demonstrate a numerical analysis, and the economic implications of
our findings are illustrated.

The innovation of this paper is the use of a more general stochastic volatility model to describe the
price process of risky assets, which is also is the difference of the paper from [23]. Under the criterion
of maximizing the terminal joint exponential utility, we study the optimal investment-reinsurance
strategies of the insurer and reinsurer in the process where the market price of risk depends on a
Markovian, affine-form, and square-root stochastic factor. The model incorporates the situation in
which the insurer and reinsurer can invest in different risk assets. We believe that this model will be
more general than CEV model. Moreover, we present the explicit expression of the value function,
and give the proof of the case m; = m,, which [23] did not consider.

The rest of this article proceeds as follows. Section 2 introduces our mathematical model. Section 3
obtains the HIB equation under the objective of maximizing the joint exponential utility of terminal
wealth and presents the optimal strategy and value function along with a verification theorem. Section 4
provides some special cases. Section 5 illustrates our results through numerical simulation. Section 6
concludes the whole paper. And the appendix contains the proof of some theorems.

2. Model setup

Let (Q, ¥, {F}o<i<r, P) be a filtered, complete probability space satisfying the usual conditions, and
let 7 > 0O be a finite time horizon representing the term of the contract. F; stands for the information
available until time . We assume that all stochastic processes are adapted processes in this filtered
probability space. The insurer’s surplus process is described by the classical compound Poisson risk

model:
N(1)

R(t)=xg+ct—C(t) = xo + ct — Z;, t>0,
i=1

where xo > 0 is the initial surplus of the insurer, ¢ represents the insurer’s premium rate, and {Z;,i > 1}
are independent and identically distributed positive variables representing the successive individual
claim amounts with first moment E(Z;) = uz and second moment E[Ziz] = 0'%, they have common
distribution F(z). Here E(-) denotes the mean value under the probability measure P, and N(7) denotes
the number of claims up to time ¢, and process {N(#);¢ > 0} is an ordinary homogeneous renewal
Poisson process with intensity A. In addition, we assume that N(¢) is independent of the claim sizes
{Z;,i > 1}. In this paper, both the insurance and reinsurance premiums are calculated according to the
variance principle. Thus, the insurance premium ¢ can be obtained by ¢ = Auz + Aa 0, where a; > 0
is a given constant, being called the safety loading of the insurer.

Assume that the insurer is permitted to purchase proportional reinsurance to disperse the underlying
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insurance risk. Let g(#) be the reinsurance proportion at time t. i.e., for a claim Z; occurring, the insurer
pays q(t)Z;, while the reinsurer needs to pay (1 — ¢(#))Z;. Then the corresponding surplus process of
the insurer and reinsurer can be described by

N(1)
R0 = xi + it —q(t) ) Z,
i=1

and
N(@)

Ro() = 3 + et = (1 = q(0) ) Z
i=1

where
1 =Auz + Aoy — [Az(1 = q(1) + Aoy (1 — q(1))*]
=Auzq(t) + /10110'% — /lazoé(l — q(1))%,
2 =4pz(1 = q(0) + Adaro (1 — g(1))?,

and a, denotes the safety loading of the reinsurer, x; is the initial surplus of the reinsurer. Suppose that
a, > ap, otherwise, arbitrage will exist. According to [38], the surplus processes of the insurer and
reinsurer can be respectively approximated by the following diffusion processes:

dRy(1) = [Aay07 — @adoy(1 — q(0)*1dt + q(t) \| Ao Zd W (D),

and
dRy(t) = ardoy(1 — q()*dt + (1 — q(1) \JATZdWo(t),

where Wy(¢) is a standard Brownian motion on the complete probability space (Q, 7, {F}o<i<r» P).

Remark 2.1. In this paper, we require that the risk exposure ¢(#) must meet the net profit condition,

so through Aajos — axdos(l — q(1))* > 0 we get 0 < 1 — \/‘71 < ¢g(t) < 1. Fulfilling the net

@
profit requirement means that the enterprise’s earnings, after all expenses, costs, and taxes have been

subtracted, are not in the red.

In addition to reinsurance, both the insurer and the reinsurer can invest the company’s surplus in a
financial market consisting of one risk-free asset and two risky assets. The price process of the risk-free
asset satisfies the ordinary differential equation

dS()(I) = r()S()(l)dt, S()(O) = S0, (21)

where ry > 0 represents the risk-free interest rate. The risk assets that the insurer and reinsurer can
invest in are represented by S ;(¢) and S,(7), respectively. The price process of the risk asset S;(7) is
described by

dS (1) = Si(Oui(ndt + o(HdWi(1)], §(0) = so; > 0, (2.2)

where p;(t), o;(t) > 0 are the appreciation rate and volatility rate of risk assets at time t, respectively.
Wi(t)(i = 1,2) is a standard Brownian motion and independent of {W;(1)}(j = 0,1,2,j # i),
{NO}ero.ry> (Zi,1 > 1}.We assume that {u;(1)}ej0.r7 and {o(t)}ei0.7) are F,-predictable processes and
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that they are continuously bounded deterministic functions or stochastic processes. The market price

of risk {(1),'([)};6[0’]“] is

() —ro
oi(1)

{wi(H)}rer0.7) 1s related to a stochastic factor process {9(f)}ejo0,r] as

wi(1) ,Vte[0,T]. (2.3)

wi(t) = w; VI(1),Vt € [0, T], w; € Ry := R\{0}, (2.4)

where {,(f)},¢0.r; satisfies the following Markovian, affine-form square-root model

dd,(t) = kil — 901t + (D[ dWi(t) + pdWi(D)], 9:(0) = Fo; > 0, (2.5)

and «;, ¢;, pi1, Pi2 are positive constants. {(Wi0)}(i = 1,2) is another standard Brownian motion that is
independent of {(W,(0)}(j = 1,2,j # ©), {(Wi(H)}(i = 0,1,2) and {N(*)}se(0.9- {Zi, i > 1}. In addition, we
assume that the solution to the square-root model (2.5) is non negative for all ¢ € [0, T'].

Remark 2.2. The model that the insurer and reinsurer are allowed to invest in two different types of
risky assets, respectively, is more common. In reality, the insurer and reinsurer are two
individuals/companies who may choose different risk assets to invest in. If all parameters of both risk
assets are the same, then both the insurer and the reinsurer invest in the same risk asset, which is the
special case of our model.

Remark 2.3. According to [9], let u,(t) = w;, oi(t) = 0:(S ()", where w;, ro,0; > 1 and v; € R such
that u; # ro, then the risk asset price is given by CEV model

dS (1) = Si(O)[pdt + o:(S i())"dW;(1)], S /(0) = s0; > O, (2.6)

where v; is the elasticity parameter of the risky asset. Set

“2v; 1 0-1'2 Hi—To
Bi(1) = ()7, ki = 2vipty, ¢ = (vi + =)—, pit = =2vio,pip = 0 and w; = )
27 p Ti
then applying Ito’s formula to S ;2V"(t), we obtain
=2v; 1 0-12 —2v; -V
d(S (D)7 =2vip; || vi + 3 (S:(@®) 7" dt = 2v,0(S (D) AW (). (2.7)
Mi

It is a special case of the CEV model. If v; = 0 in equation (2.6), the CEV model reduces to the GBM
model.

And if () = ro + w(0),0:(t) = VI, pi1 = Toipi> P = Toi+fl —pl.z, where 1o, 0 > 0,w; €
Ry, pi € (-1, 1), then the risky asset’s price is reduced to the Heston model

dS (1) = S:(0)|(ro + widi(1)dt + NI (OAWi(1)|, S:(0) = 50: > 0, (2.8)

and

d0,(1) = xilds — F(0)1dr + ﬁi(r)[a()ipidwi(r) F ool - p%der)], o)

¥,(0) = 9¢; 2 0,
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where {9()},c0,r7 18 the variance process, ; is the variance rate, ¢; is the long-run level, o7, is the
volatility of risky asset and p; is the correlation coefficient between the risky asset’s price and the
variance. In the Heston model, the market price of risk is w;(f) = w; V(). It is required that the Feller
condition is satisfied, i.e., 2x;¢; > 0(2)1. forall r € [0, T].

Denote m;(¢) and m,(¢) as the money amounts invested in the first risky asset S(¢) and the second
risky asset S,(¢) by the insurer and reninsurer at the time t, respectively. Then X;(¢) — m;(¢) and X,(¢) —
m,(t) are the money amounts invested in the risk-free asset by the insurer and reinsurer, respectively.
An investment-reinsurance strategy is described by u := {(m,(?), m2(), (t))}ie0.7)- Then the insurer’s
wealth process X{'(¢) and the reinsurer’s wealth process X5 (¢) follow the following dynamic:

dX“(t) =[reXU(t) + (u1(t) — ro)mi(t) + da 05 — Adaao5(1 — q(1))*1dt
+ T (O (1) — ro)

w Vi (1)
X1(0) =xo1,

AW, (1) + (1) \J Ao 5d W (D), (2.10)

and
dX5(1) =[roX5(1) + (a(t) — ro)ma(D) + Adaroy(1 — g(1))*1dt

(1) (o (1) — 19) 5
d 1- Ao=dW,
+ 0, N0 W (6) + (1 = q(2)) A/ Ao7,dWy (1), 2.11)

X2(0) =xo2.
3. The optimal strategy for the insurer and reinsurer

In this paper, we consider the expected utility maximization of the terminal wealth for the insurer
and reinsurer. Inspired by [39], we suppose that the insurer and reinsurer have the joint exponential
utility function

Ulx,y) = ———e """ my # my,
mmy
where m, m, > 0 are the risk aversion coefficients of the insurer and reinsurer, respectively.

Definition 3.1. (Admissible strategy). An investment—reinsurance strategy u = {(m(¢), m2(), g(t) }ecj0.1)
is said to be admissible if
(1) Ve € [0.T) g(0) € [1 = [2, 11

@
(2) E{ fOT[(Jrl(t)O'l(t))2 + (ma (D)o (1))? + g(1)?]dt} < oo and u is F;-progres-sively measurable.

(B) Y(t, x1, X2, v1,v2) € [0, T]XxRXRXR"xR*, Egs (2.10) and (2.11) have unique solution {X{(£)}ef0,7]
and {X5()}ier0,r) with X{(2) = x1, X3(¢) = xp,94(¢) = v; and ¥, = v,, respectively.

4) EU[X(T), Y(DIX1(t) = x1, X5(t) = x2,91(t) = vy, (t) = v2} < 00, where u € U, t € [0,T] is the
proportional reinsurance and investment strategy, and U is the set of all admissible strategies u.

Suppose that we are interested in maximizing the joint exponential utility of terminal wealth at a
fixed time T. In order to apply the classical tools of stochastic optimal control, we now introduce the
relevant value function.

V(t, X1, X2, v1, v2) = sup E{U[X(T), Y(D]IX,(2) = x1, X5(1) = X2,
ueld (3.1)
ﬂl(t) = vl’ﬂZ(t) = VZ}’t € [Oa T]9
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with boundary condition V(T x1, x5, vi, v2) = U(xy, x3).

To resolve the problem outlined above, we adopt the dynamic programming method. Let
C!2222(10,T] x R x R x R* x R") is the space of V(t, x|, X», vy, V), which are first-order continuously
differentiable in ¢ € [0,T], second-order  continuously  differentiable  in
x1 € Ry, € Ryvy € R, v, € R*. Denote Vi, Vi, Vi, Vi, Vi, Vi Vigrss Vorvrs Vosvss Vagvys Vigy, and
Vix, as the first and second partial derivatives of V, which are continuous on
C'2222([0,T] x R x R x R* x R*). Then we define a variational operator A": for Y(¢, x|, X, V1, V1) €
[0,T] X Rx R xR* X R*, VV(¢, x1, X2, vy, v2) € C'2222([0, T] x R x R X R* x R"), denote

AV(L, x1, X2, V1, V2)
=V, + [rox1 + (ui(t) — ro)my () + A 0% — daro (1 — ¢)*1V,,
+ [Foxy + (a(t) — ro)ma(t) + Az 5(1 — @)* 1V, + k1[dy — 11V,

vi(pi, +01,) v2(03, + P3,)
+haldy —valVi, + =V, + — Y, (32)
2 2 2 2
ﬂl(/ll(t) —1p) 1 2 9 ﬂz(ﬂz(l) - 1) 1 5 )
PR T AP Vi, + [ 4 S 021 = )1V
t) — 1) —
N 7T1(,U1(3L) o)1 Vo + ﬂz(/lz(zu r0)p21 Ve + 102g(1 = )V,
| 2

Then V satisfies the following Hamilton—Jacobi—Bellman (HJB) equation:

sup A“V(t, x1, X2, v1,v2) = 0. (3.3)
uel

Lemma 3.1. If y(¢, x;,x,v1,v,) is the solution of HJB equation (3.3) with the boundary
(T, x1, X2, v1,v2) = U(x, y), then we have

E[(t, X{ (), X5 (1), 91(1), $2(1)] < o0,
Proof. See the Appendix. O

Theorem 3.2. (Verification theorem). Let y(t,x;,x2,vi,v2) € C">222 and  satisfies HIB
equation (3.3) with boundary conditions (T, xi, x5, Vi, V2) = U(x,y). Let
u () = (@), n5(),q°()) € U such that ACV(t, X1, X,v1,v2) = 0, then the value function
V(t, x1, X2, v1,v2) = Y(t, X1, X, 1, v2) and u™ is the optimal strategy.

Proof. See the Appendix. O

Remark 3.1. Due to differences in the model, the proof of Lemma 3.1 is significantly different from
that of Lemma 3.2 in [23], and the equation in the proof of Theorem 3.2 also differs from the one
presented in [23].

ll’lAl _
7o at2 - T

Ay = 22 A, = — 2@ Therefore, we can deduce that A, > A, > 0 when m; < m», and
(mp—my) @
27 [ma+my (([G2=1)]

_In A,

Theorem 3.3. (The optimal strategy and value function). Denote t; = T — where

ro
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A, > 0> A whenm; >my,1e.,0<1 <t, <T whenm; <m,,and 0 < t, < T when m; > m,. For

problem (3.1), the optimal investment strategies are given by

F’%z /J%z
22 (e —ep)(T- S22
whvi(er—cze” 2 2T D)5 wviepep(l-e” 2 ¢

~e)T-0)
e oy # 0,

2
(1) = P12,
(0 = (i (D=ro)my(c1—coe” 217200

Zw%vl(K1+w1P11)+w?P11Vl(ef(’(”“’lp“)(T*’)—l)e,rO(T,,)
2(u1(D—ro)mi (k1 +wip11) ’

p12 =0,

and
2 2

22 4 iy P22 4 a7
wivaldi~dre” 2 DT 1 wyvadidy(1-e” 2 DTy

—ro(T—t
“(f) = 2 eI 0y £ 0,
T\ = (2 ()=r0)m (di—dpe™ 3 17T =0y
20 (ko twapa))+wipaiva(e W2te22 T 01y o
e
2(ua(t)=ro)ma (k2 +w2p21) ’

pn =0.

The optimal reinsurance strategies are given by

Case (I), If my > m, and Az > 1, then

. 1— %, 0<1<n,
q = ®

4(1), n<t<T.

qg=1- ‘/ﬂ,OStST.
an

Case (III), If m; < m and A, > A, > 1, when L(1 - \/;Z;) > I(1), then

Case (I), If m; > my and A, < 1, then

1, 0<t<,
q*: 1 - Z—;, H<t<t,
1, L<t<T,
when L(1 - \/;Z;) < L(1), then
1, 0<t<t,
71 1- O <t<T.

1, OSZ‘SH’
=V 12— [u, 4<t<T.

(3.4)

(3.5)
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When g* takes different values, the explicit expression of the value function is as follows:

1

mpms

_ _ _ ro(T—1)
V(t, x1, X, V1, V2) = — elmmxi—mx—d(le +g(t,V1,V2),

where
g(t,vi,v) = I(t) + Ji(Dvy + Jo(Dvy,.

() Wheng* =1- [%,

%)

2
My - ooy ooyl a1\ 5, @ 2

df)y = - ——= 0 11+ —|(= - —m; + —m —m
® o le ] 21y [(2 02) : 2&2( ! 2)

a —ro(T— _
+ —mlmz] X [T _ proT=0]
an

2
12 .
2K1¢1 cre 2 €@=DT-0_ .,
T-1H—-=""1n
kiprel(T —1) 2, P
2
2202 1., di eﬁ% (i=D)T=0_ g,
I =1 +dd (T —1)— 22 1n — s pn#0,
P di—d>
22
/qu]wf 1—e~ K1+ (T-1)
2(K1+a)11011)[2 K1+wip11 (T -1l
K $rw; 1—e~(katw2pp)(T—1) _
2(/<z+w2pzl)[ Ky +w2p21 (T -0nl, P2 = 0,
2
12 .
en (1= ——= (ep=ep)(T-1)
G epz )’ Pi2 * 0’
Ji(t) = 61_62267172(617(-2)@7:)
wy —(k1+ T—t _
m(e (k1 +wrpnX(T-1) _ 1), P = 0,
and
/’%2
didy(1—¢~ 3 =0T, %0
p2 s plz )
Jo(t) = dl_dae_%(d, ~dy)(T~1)
W —(ka+ T—t —
m(e (k2 +wrp (T—1) _ 1), P = 0.

(2) When g* = q(1),
Aoomia,

d(1) = - [e™T™0 — 1],

ro

2
v
2K1¢1 CleT(Cl—Cz)(T—I) -
1(?) :K1¢1C](T—l)— > In

12 L —C
2
P2
2k die 210 _ g
+ K2¢2d1(T —1) - 22¢2 In ! 2
P di — d
2Aa505m% 2a5 + (my — my)
ro(my —my)? |20, + (my — my)ero =0
Aa,02m?
——Z L [enT 0~ 1], pp#0,
ro(m; —my)

(3.6)

(3.7

(3.8)

(3.9

(3.10)

(3.11)

(3.12)
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and

K1 w? 1 — e~ Kitwipt)(T-1)
1) =— 21 ° —(T - )]
2(k1 + w1p11) K1 + w1p11
K2¢2a)2 1 — g~ (etw2pa)(T-1)
> — (T - 1]
2(ky + wrp21) Ky + w21 (3.13)
2020 im? 20 + (my — my) '
ro(my —my)* 20, + (my — my)eo ™=
2.2
ST [t 13,y =0,
ro(my — my)
J1(t) and J,(¢) are given by Eqs (3.9) and (3.10), respectively.
(3) When g* =1,
2 2
d(t) = 70 gt _ gy ALy i) (3.14)
47‘0 ro
1(1), Ji(1), and J,(t) are given by Eqs (3.8)—(3.10), respectively, where
R Dary — mye™ T my e T
o) = —=1- —
2ay + (my — my)eoT=D 2ay + (my — my)eoT=D
_ Kt wipnn t VA; _K1+w1P11—\/A_1
1 = ) » 2= ) >
P2 P12
d_K2+w2,021+\/A_2 d_K2+w2P21—\/A_2
1 — 2 ) 2 — D) )
P2 P
A; = (K + wipp)? + wip > 0,i= 1,2,
L - N ﬂ) = (m; — my)e™ " A 07 + [&(ml —my)?
s 2w,
1
+ (5 — ﬂ)m]2 + . /ﬂmlmz]/lo'éezr‘ﬂ_’),
an an
1
L(l) — E/lo-%ezm(T_t)m%~
Proof. See the Appendix. O

Remark 3.2. Since we employ a more general stochastic volatility model to describe the price
dynamics of risky assets, the analytical solution of the entire model becomes more complex, and the
research findings have broader applications in the financial market.

Theorem 3.4. For the optimal problem with m; = m,, n] and 75 given in Eqs (3.4) and (3.5), they
are also the optimal investment strategies for the insurer and reinsurer, and any measurable function

qg@ : [0,T] — [1- \/z, 1] is an optimal reinsurance strategy. Furthermore, the optimal value

@2

function is |

mpmy

[—m1x1—max—d(D)]e0T D +g(t,v1,2)
b

V(l’xl’xz’ Vlav2) = - e
where d(¢) is given by equation (3.12), and

g(t,vi,v2) = I(t) + J1(O)vy + Jr(D)va,
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where I(¢), Ji(t), and J,(?) are given by Egs (3.8)—(3.10), respectively.

Proof. If my = m,, then equation (6.12) can be rewritten as

1 D ro(T—
[rod(t) — d, — mjda 05 + Emf/laﬁe’“(r Ne™ 0 + g, + ki [p) — vilgy,

vi(p}; +p1,) va(03, + 03,)
+ Kl = ol + G ) T (G + 81) (3.15)
vi(wy +p118y)*  va(wr + p218y,)*
B 2 - 2 )=0.

Equation (3.15) is independent of ¢*(¢) and can be divided into the following two equations:
1
rod(t) — d, — mida,0% + Emlz/loée"ﬂ_t) =0, (3.16)

and Eq (6.20). Thus, we obtain the expressions of g(z,vy,Vv»),I(t), Ji(t), and J,(¢) by Eqgs (6.22)
and (3.8)—(3.10).

Note that Eq (3.16) is a linear ordinary differential equation with the boundary condition d(7") = 0;
it is not difficult to derive that

2
_mlxlal,uz [e_ro(T_,) 1]+ @ —ro(T—1) _ ero(T—f)] (3.17)

d(t) - ro 4}’0

2
mi[e

b

then we can get the explicit expression of the value function V(t, x, x», v{, V). Similar to Theorem 3.3,
we can easily derive the optimal investment strategies for the insurer and reinsurer. The procedure is
similar to that of m; # m,, so we omit it here. O

4. Special cases

This section is devoted to seeking optimal reinsurance and investment strategies for some of the
relevant models and corresponding value functions.

4.1. Optimal strategy for the insurer and reinsurer under the CEV model

In this case, we discuss the optimization problem under the CEV model in Remark 2.3. Then the
wealth process (2.10) and (2.11) are rewritten as

dX“(t) =[reX1(t) + (u1(t) — ro)mi(t) + da 05 — Ao (1 — q(1))*1dt
+m (0o 1(S1(2))" AW, (1) + q(1) A/ AoZd W (1), (4.1)
X1(0) =xo1,

and
dX5(1) =[ro()X5(1) + (U2 — ro)ma(t) + Adaro,(1 — g(1))*1dt

+ 70(D02(S 2(10) 2 AW (1) + (1 = (1)) 7| Ao 5 d W (1), (4.2)
X2(0) =xo2.
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Proposition 4.1. For optimization problem (3.1), if the price process of risky asset S;(1)(i = 1,2) is

governed by the CEV model, the optimal investment strategies are given by

2(uy — ro) — (U — ro)* (e 2o — l)e—ro(T—t)

mi(t) = (4.3)
] 2romy o (s)?
and 2 ,—~2rva(T—1)
2(uy — ro) — - o=
r(n) = 22 =10~ e — (e ) (4.4)
2romy05(52)*”
The optimal reinsurance strategies are given by
Case (I), If m; > m, and Az > 1, then
" 1- \/Z, 0<t< t,
q — @
q(), h<t<T.
Case (I), If m; > m, and A, < 1, then
g=1- [Zo<r<T
(0%
Case (III), If m; < my and A, > A, > 1, when L(1 - \/g:;) > L(1), then
1, 0<t<mt,
g =3 1-4/a hstsn,
1, nh<t<T,
when L(1 - \/gi;) < L(1), then
1, 0<t< t,
7V 1- \/% th<t<T.
Case (IV), If m; < m, and Az <1< Al, then
1, 0<t< t,
7V 1- \/% t<t<T.
Case (V), If m; < m, and Az < Al < 1, then
qg=10<r<T.
Case (VI), If m; = my, then any measurable function ¢*(¢) : [0,T] — [1 — Z—;, 1] is an optimal

reinsurance strategy.
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When g* takes different values, the explicit expression of the value function is as follows:

1

mpmy

e[—mlxl —myxp—d(1)1e"0T D1 g(t,vy,7)
b

V(t’ X1, X2, V1, VZ) = -

where

(1) When ¢* = 1 — \/;2

d(r) = -

g(t,vi,vo) = I(t) + Ji(@)vy + Jr(t)va.

I’I’lz/la’l/lz —ro(T—1) 0-(2) 1 al 2 al 2
e L | | e TR (T
ro 21y o’ @

a —ro(T— _
+ /—m1m2] X [e70T =D _ gro(T=07]
an

Q21 + D = r)* 1 =720 (T - )]
4ry 2v1ry
L @+ D= 1= e
4ry 2vorg

1(r) =

—(T -1l

Bty = =IO (it _
4r0v10'1

b

and

Jo(f) = u( 2w _ 1y,

4rov,072

(2) When g* = 4(v),

Aoimia,

d(1) = [e T — 1],

ro
2 + 1 _ 2 —2V]V()(T 1)
10 _@vi+ D@ —ro) [ (T -1
4ry 2viro
(2V2 + 1) — ro)* 1 — gm0
41’() 21/21‘0

2da50m; 25 + (my — my)

—(T -1)]

ro(m; — my)? 2a5 + (my — my)eo T
M ero(T—t) —1].

ro(m; — my)
Ji(r) and J,(¢) are given by Eqs (4.7) and (4.8), respectively.

(3) Wheng* =1,
2.2
d(t) = myo B0 pmror=n _ pror-ny 4
4ry o

1(1), Ji(t) and J,(t) are given by Eqs (4.6)—(4.8), respectively.

miAQfly [1 = 0T

4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)

4.11)

Specifically, when m; = mj,, d(t), J,(t), Jo(t), and I(¢) are given by Eqs (3.18) and (4.6)—(4.8),

respectively.
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Remark 4.1. The CEV model is a mathematical model used to describe the volatility of financial
asset returns. By introducing an elasticity parameter, it provides a more flexible and realistic
framework to describe and analyze the volatility of financial asset prices, enabling investors and risk
managers to make more precise decisions in derivatives pricing, risk management, and the
formulation of quantitative investment strategies.

4.2. Optimal strategy for the insurer and reinsurer under the Heston model

In this case, we discuss the optimization problem under the Heston model in Remark 2.4. Then the
wealth process (2.10) and (2.11) are rewritten as

dX“(t) =[ro(O)X!(t) + w9 (O)mi(t) + da 05 — Ao 5(1 — q(£))*1dt
+ 711(1) VO (AW, (1) + (1) A/ Ao 2dW, (), 4.12)
X1(0) =xo1,

and
dX5(1) =[ro()X5(1) + wySh (Dma(t) + Adaroy(1 — q(1))*1dt

+ 112(1) Vi (£)dWa (1) + (1 — g(1)) A Ao ZdW (1), (4.13)

X5(0) =xp.

Proposition 4.2. For optimization problem (3.1), if the price process of risky asset S;(1)(i = 1,2) is
governed by the Heston model, the optimal investment strategies are given by

)
wi(c) — cre™ T Crme)T-)

* _ —ro(T—t)
7T1(t) - (1 (r(z)l(l—p%)(c o t))e
oopicica(l —e 7 T AT
01P1€C1C2 s (4.14)
oopicicy(l — e @m0y T-1)
+ — e oI,
o5 (I-p
Toipicica(l — e Cmed=n)
and
U (4, )
o _w2(d) = dpe” T TRy
7r2(t) = o2 (lfpz) ¢ '
02 2
m d — d e_ 1) (dl _dz)(T_l)
2(dy — d ) (4.15)

T 4T
L v 0p2didy(1 —e™ 2 ) o000
0'2 _p2 :
my(dy — dye 22 d-da)(T-1)
The optimal reinsurance strategies are given by:

Case (I), If m; > my and A, > 1, then
q*_{ 1 - \/g 0<t<t,

4(0), t<t<T.
Case (I), If m; > my and A, < 1, then

g=1- |2 0<t<T.
an
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a]
a2

Case (III), If m; < m, and A; > Ay > 1, when L(l - \/:) > L(1), then

L,
q = 1 - a_;’
L,

when L(1 - \/gi;) < L(1), then

BN
|

1,
=1 1- \/Z
)’

Case (IV), If m; < m, and A, < 1 < A,, then

L,
q = - [o
@’

Case (V), If m; < m, and Az < AI < 1, then

OSISI],
H Z<t<t,

L <t<T,

0<t<t,

nH<t<T.

g =10<r<T.

Case (VI), If m; = my, then any measurable function ¢*(¢) : [0,7] — [1 — \/Zi; 1] is an optimal

reinsurance strategy.

When g* takes different values, the explicit expression of the value function is as follows:

1

mpmy

V(ta X1, X2, V1, VZ) =

where

el —myxp—d(1)1e"0T D tg(t,v,7)
b

g(t,vi,v) = 1(t) + Ji(D)vy + Jo(Dvy.

(1) Wheng* =1 - \/g,

2

myAda T o2 1 = N
() = = =S e — 1 S R(5 ([T S =)’
O 0 2 ’ (4.16)
+ ﬂmlmz] % [e—ro(T—t) _ e’O(T")],
@2
2keh (rOl(lfﬂ%)(Cl_cz)(T_[)
K cie 2 —c
1(t) =k1prci(T — 1) = o (11 1102) In — ¢l —c 2
01(1 — .
1 719 4.17)
2k2¢0 dije— 7 (di=d&)T-0 _ g
+ Ky rd | (T — 1) — ’
202d1(T — 1) ool —p3 di —
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0‘01(1 1

1-— (c1=co)(T-1)
s =aed-e ) (4.18)

ao1(1-p3
Cl — Cze_ 3 I (cr=c2)(T-1)

and

02( P2
did-(1 — (d1—=dr)(T-1)
i = Db ze ). (4.19)

dy — dre Lo IQ)(dl ~do)(T-1)

(2) When ¢* = g(1),
/lo@mlal

d(t) = - [e7T=D _ 1], (4.20)

ro
and

2
T ey —ep)(T—1)

c e — C)

2191 In

I = T-1)-
® =l = 1) ooi(1 = p?) ¢ =6

2rhy ndle 2“ 702(-03) (di=do)(T-1) _ d,
ooa(1 —Pi) di—dp (4.21)
2/10420'Zm1 20y + (M — my)
ro(my —my)* 20, + (my — my)ero ™=
Aaroim?

+ k¢2d (T — 1) —

— =2 1 10T _q].
ro(m; —my)

J1(t) and J,(¢) are given by Eqs (4.18) and (4.19), respectively.
(3) When g* = 1, where
2 2

mi;0
d(t) 170 [ —ro(T—t) _ r()(T—l‘)] +
4}’() ro

w[l — T, 4.22)

I(1), Ji(t) and J,(t) are given by Eqs (4.17)—(4.19), respectively, where

o= Kt wigapr + VA o = kit @001 — VA
1 — s 2 —

oo (1 —P%) oor(1 —P%)
_ K+ wopp + VA g, = Kt w00 — VA,
- s 2 = s
Tl = p3) ool = p3)

(k; + cu,-a'o,-p,-)2 + w,-ZO'O,-(l —p,-z) >0,i=1,2.

b

's
I

Specially, when m; = my, d(¢), J,(t), Jo(t) and I(¢) and are given by Eqs (3.18) and (4.17)—(4.19),
respectively.

Remark 4.2. The Heston model is a stochastic volatility model used for pricing financial derivatives.
By introducing stochastic volatility and the mean-reverting characteristic of volatility, it provides a
framework for derivative pricing that is closer to the actual behavior of financial markets. This model
allows investors and risk managers to make more precise decisions in derivative pricing, risk
management, and the formulation of quantitative investment strategies.
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Remark 4.3. The CEV model and the Heston model are two distinct models within the field of
financial mathematics, each playing a unique role and offering advantages in the areas of option
pricing and financial derivatives analysis. Depending on the specific risk market environment,
different models are chosen, and there is no inclusion relationship between these two models.

5. Numerical experiment and analysis

In this section, we provide some numerical examples to show the effects of some model parameters
on the optimal reinsurance and investment strategy. We assume that the claim size Z; follows an
exponential distribution with parameter Az, i.e., the density function of Z; is given by f(z) = Aze™"%,z >
0. Throughout this section, unless otherwise stated, the basic parameters are given by Tables 1-3.

Specifically, we have set the risk-free interest rate ry = 0.1.

5.1. Effects of model parameters on the optimal reinsurance strategy

Table 1. Model general parameters.

Time parameters Insurer parameters
T t g my
5 0 0.8 1.8
Reinsurer parameters Insurance claim parameters
as ny Az A
1.2 1.3 1 1
In Figure 1, we let A, > 1 with @, = 1.1,1.2,my = 1.8,m, = 1.3, and A, < 1 with
a = 1.1,1.2,m; = 2,my = 1.9. From Theorem 3.2, the optimal reinsurance strategy is a fixed
constant 1 — Z—; when A, < 1. When A, > 1, we find that the initial retention level g increases with

the increase of @,, and the larger a, is, the earlier the optimal strategy changes. This result can be
explained by the fact that the larger a,, the higher the reinsurance price and the less reinsurance the
insurer buys.

Let m, = 1.2, then we get A, > 1 with m; = 1.9 ~ 2.1, and we obtain ¢g* = g when t € (1,,T).
Figure 2 shows that the optimal reinsurance strategy g* is a decreasing function of the insurer’s risk
aversion coefficient m;. We find that when the risk aversion coefficient of the reinsurer is constant, the
insurer with a higher risk aversion coefficient is willing to buy more reinsurance.

Figure 3 displays that the optimal reinsurance strategy g* is a decreasing function of the reinsurer’s
risk aversion coefficient m,. Let m; = 2, then we can calculate A, > 1 with m, = 1.2 ~ 1.4, and we
obtain g* = g when ¢ € (,, T). We find that when the risk aversion coeflicient of the insurer is constant,
the reinsurer with higher risk aversion coefficient is willing to accept more claim risk. One possible
reason for this is that the reinsurer with a higher risk aversion invest less in risky assets and have more
cash to hedge against claims.

Figure 4 shows that ¢* increases with time 7 and the security load of reinsurer ;. It can be explained
that the greater the safety load of the reinsurer, the more premium the insurer will pay, and then the
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insurer will appropriately reduce the reinsurance ratio and increase the retention level.

0.4
Ay>1,0,=1.1
A>1,0,51.2
L Ca 1
083 A,<ta,=1.1 ]
e Aye1,0,=1.2 //
03+ - /// 1
//r
i
‘o025 //// g
i //////// ]
015 F i
0.1 -
0 1 2 3 4 5

Figure 1. The optimal reinsurance retention level g* varies over time when m; > m,.

0.45 ! : : : :
I m1=2
m1=2.1
04 m1=2.2 4
0.35 = 4
’U’
03" - 1
0.25 st 4
02 ; ‘ y .
2 25 3 35 4 45 5

t

Figure 2. The effect of m; on the optimal reinsurance retention level g*.

045
S W5
m,=1.3
04 m,=1.4 4
035 -7 E
o
03r = 1
0251 e 1
02
2 25 3 3.5 4 4.5 5

t

Figure 3. The effect of m, on the optimal reinsurance retention level g*.
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045

T
a,71.2
04+ a,71.3

035

03r

025

02 L = L L L L
2 25 3 3.5 4 45 5
t

Figure 4. The effect of @, on the optimal reinsurance retention level g*.

5.2. Effects of model parameters on the optimal investment strategy under the CEV model

Table 2. CEV model parameters.

Financial market parameters under the CEV model

S1 52 HMi M2 V1 V2 01 (o)
1 2 0.2 0.3 -0.8 -0.7 1 2

Figure 5 shows that the optimal investment strategy decreases with the increase of the risk aversion
coefficient. The reason is that when the risk aversion coefficient becomes larger, the insurer will
increase the reinsurance proportion and reduce the investment amount of risky assets.

0.65

m1:2
06 | _m-=18

m,=1.6

055

05

" 0451

04 r

035

03r

025
0 1 2 3 4 5

t

Figure 5. The effect of m; on the optimal investment strategy 7} under the CEV model.

From Figure 6, we find that near the initial time, the greater the risk aversion coeflicient of the
reinsurer, the greater the amount of investment in risky assets. This is because the greater the risk
aversion coeflicient, the more reinsurance premiums reinsurance companies charge, and they can invest
more money in risky assets. In addition, we also find that the amount of investment in risky assets by
reinsurers increases more gently with the increase of the risk aversion coeflicient.
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1.1
————-my=14
1k e m2=1.3
m,=1.2
09r
Most
07r
06 o
05"
0 1 2 3 4 5

t

Figure 6. The effect of m, on the optimal investment strategy 7; under the CEV model.

Figures 7 and 8 present that when the risk-free intersets rate is fixed and the instantaneous rate of
return of risky assets increases, both the insurer and the reinsurer will increase their investment in risky
assets. This is consistent with our intuition.

0.7

065

06

0.55 -

051

E

045 -
04r
035

03r

0.25

0

r,=0.1,1,=0.18
rp=0.1,1,=0.2
rp=0.1,11,=0.22
1 2 3 4 5

t

Figure 7. The effect of u; on the optimal investment strategy 7} under the CEV model.

1.2
15=0.1,11,=0.32
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0.8F

0.7

06F

05 i : ) )
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Figure 8. The effect of u, on the optimal investment strategy 75 under the CEV model.
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5.3. Effects of model parameters on the optimal investment strategy under the Heston model

In Figure 9, we know that the insurer’s investment strategy 7} decreases with m;, which means that
when m; becomes larger, the insurer will reduce its investment in risky assets. Figure 10 also displays
the negative correlation between the reinsurer’s optimal investment strategy 5 and its risk aversion
coefficient m,.

Table 3. Heston model parameters.

Financial market parameters under the Heston model

w1 w3 Ki K3 001 002 P1 P2
2 1.2 3 1 1 1 0.3 0.3
072
m1=1.7
07r m,=18|
0.68 F m1=1.9 4
066 - /A
,’/
0.64 - / /A
& 0621 s :
o —————
058
056 - o
054 -
052 ‘ ‘ ‘ ‘
0 1 2 3 4 5

Figure 9. The effect of m; on the optimal investment strategy 7} under the Heston model.

17

m,=1.2
1651 2

m,=1.3

m. =1.4 /
16 1 /A

1.55 -
st
1451
141

135

13 . . . .
0 1 2 3 4 5
t

Figure 10. The effect of m, on the optimal investment strategy n; under the Heston model.

Figure 11 demonstrates that the optimal investment strategy 7} increases with respect to w;. A
larger w,; leads to a higher appreciation rate of the risky asset. Thus, the insurer will invest more in
the risky asset when w; becomes larger. Figure 12 also exhibits the positive correlation between the
reinsurer’s optimal investment strategy x5 and w,.
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Figure 12. The effect of w, on the optimal investment strategy 7; under the Heston model.

6. Conclusions

In this paper, the problem of optimal investment and proportional reinsurance with a joint
exponential effect between the insurer and reinsurer is studied under the stochastic volatility model.
Our aim is to maximize the expectation of the joint exponential utility of the terminal wealth of the
insurer and reinsurer over a certain period of time. The surplus process of the insurer is described by a
diffusion model. The insurer can purchase proportional reinsurance from the reinsurer, and the
premium charged by the insurer and reinsurer follows the variance principle. Both the insurer and
reinsurer are allowed to invest in risk-free assets and risky assets. The price process of risky assets is
described by a Markov, affine-form, square-root stochastic factor process, which is a general
stochastic volatility model, including the CEV model and Heston model. By solving the extended
HJB equation, the optimal proportional reinsurance and investment strategy and its corresponding
value function are explicitly derived. It is found that the optimal reinsurance strategy can be divided
into several cases, which are related to the risk aversion coefficient of the insurer and reinsurer, and
are not related to the price of risk assets. There are still some issues to be discussed in the future. For
example, other reinsurance may be considered, such as overage or stop-loss reinsurance. Dependent
risk model, such as common-shock dependence or thinning dependence, can also be taken into
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account. Or consider a financial market consisting of one risk-free asset and n risky assets, where the
risk premium is dependent on the affine diffusion factor process.
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Appendix

Proof of Lemma 3.1
Plugging u* into Eqs (2.10) and (2.11), respectively, we have

* ’ L e EE(s) = ro)
X4 () :x()lerot + f ero(t—s)A (s)ds + f ero(t—s) 1
| 0 l 0 wy Vi (s)

dWi(s)

!
+ f(; e g (s) Ao ZdW(s),

and
. ! , ! LT () (Ua(s) = 1p)
XY (1) =xppe’ + f €A, (5)ds + f /0= 2 dW,(s)
2 0 0 ? 0 Wy Vh(s) ?

f
+Le’°(t_s)q*(s) ATZdWo(s),

where A (s) = (ui(s) — ro)mj(s) + /lalo'% — /10420'%(1 —q(s)")? and As(s) = (ua(s) — ro)ms(s) + /1&’20'%(1 -
g(s)*)%. Then

* * 1 u* u* ro(T—1)

2 —2mi X —2my X" -2d 241,01 (1),9

XY (0. X5 (0,010, 8(0))" = —gl 20X 2 U020/ 0.0,
1M

Furthermore, due to d(r), g(t,91(t), 92(), x01€™, xp2™, [| *"VA,(s)ds and [ eVAy(s)ds are

deterministic and bounded, so we can get the following estimate with a apprppriate positive

constant M
U, XY (1), X5 (1), 91(£), 92(1))* <MD, (t)Da(1)D3(H)Da(t),

where
_ o T (9)-rg)
) ro(T=1) (1 ro(t-3)"1 AW (s
Dyty=e R T e,
_ ro(T—1) 1 ro(t=s) ,* 2
Dz(t) —e 2mie fo 15 q(s) \//IO'ZdWO(s)’
_ _ o T () (p()-rg)
2mpeoT-0 [! groti=9 22 IO dWa(s)
Dy(t)=e h 2 VPO :

D4(t) — e—zng"O(Tft) fot ero(t—s)q*(s) uo’%dWo(S)
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It is evident that D,(f), D,(t), D5(t) and D4(¢) are all martingales. Hence

ELy(t, XY (1), X5 (1), 91(2), 2(0))* < o0.

Proof of Theorem 3.2

Since  is a function in C!'?222([0, T] X R x R x R* x R*), for all 7 € [0, T], u € U and any stopping
time 7 € [0, o), applying Ito’s formula to ¢ between ¢ and T A 7, we obtain that

YT AT X{(T AT, X5(T A1), (T A1), 0(T AT))
TAT

= Y(t, X1, X2, V1, v2) + AY(s,, X(5), X5(s), T1(s), Da(s))ds

t

T AT
+ f [, 4(8) + oy (1 = g(s)] Ao 5d W ()

T ﬂl(S)(lll(S) - ro)
" f o PRSI o BV

e ma(8)(u2(s) — ro)
+ f, [V, NI + ¥,021 VI (5)1dWa(s)

T AT T AT

+ Y012 VO1($)AW () + Wy, 020 VO ($)dAW,(s).

t

Since the last five terms are square-integrable martingales with zero expectation, taking conditional
expectation given (¢, x1, X, 1, ;) on both sides of the above formula and taking Eq (3.3) into account
result that

E12 2 (T A 1, XUT A7), X5T A7), (T A7), 92(T A1)
TAT

= W(L X1, X2, V1, VZ) + El‘,X],Xz,Vl,Vz[ ﬂulﬁ(sa ) le(S), Xg(s)9 19‘1(.5‘), ﬁz(S))dS]

t
S l//(t9 X1, X2, V1, VZ)'

By virtue of Lemma 3.1, y(7; AT, X{(7; AT), X5(7; AT), 01(7; AT), 91(7; AT)), i = 1,2, ...are uniformly
integrable. Thus we have

V(t, x1, X2, v1, v2) = sup EM 2R UX(T), YU(T)]

uel
= }g{l’o EP e (i AT, XY (1 AT), X5(1; AT), 04(t; AT), 94(1; AT))]
S w(ta X15 X2, V1, VZ)'

Assuming that " is a measurable function valued in the set U, such that

oy oy .
_E(I’ X1, X2, Vi, v2) — sup LY(t, x1, X2, vi,V2) = _E(Z’ X1, X2, vi,v2) — LY Y(t, x1, X2, v1,v2) = 0.
uel

Thus, it’s easy for the aforementioned inequality to become an equality when u = U. Theorem 3.2 is
proved.
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Proof of Theorem 3.3
Substituting Eq (3.2) into (3.3), we have the following HIB equation

sup {Vt [rox; + (ui(t) — ro)my(2) + /la/lo'z /10120'2(1 - q) 1V,
uelU

+ [rox2 + (2 (1) — ro)ma(t) + Aao (1 — g)*1V,, + ki1 — vi1Vi,

Vl(p%l +p%2) v2(p§l +,0§2)
+ Kk2[a — 2]V, + 5 Vwn + fv\)zvz 6.1)
) 2 2 2
(/Jl(t) - I"()) 1 ) ﬂz(ﬂZ(I) - rO) 1
—+—/10' Ve, + [————— + zAo;(1 - ox
+[ 2o, 7024’ [ 200, > 031 = @1V,
1) — 1) —
L M) — rpn Ve + (o (2) — ro)pas Ve, + A02g(1 - q)vmz} 0.
w1 wy
Inspried by [23], we try a solution to equation (6.1) by
1 ro(T—t
V(t, X1, X, V1, V3) = — plmxi—myx=d(n)]eol ’+g(t,V1,V2), (6.2)
mymy

with the boundary condition g(7,vi,v,) = 0 and d(T)) = 0. Let g, 8,,, &> &v,vi» &vov, DE the first and
second partial derivatives of g with respect to ¢, vy, v,, which are given by

V, = {—roe”’(T")[—mlx —myy —dt)] — die®" " + g}V,

V= —me® TV, V, = —mye TV,
> Vo
Vi, =g, ViVi, = 8,V Vi, = mie* TV V= mae? Ty, (6.3)
V1V1 (gV1V1 + gvl)V VV2V2 (gvz\/z + g\;z)‘/’
Vx1V| = _mlerO(T t)g\q V7 V)sz = —mzem(T_l)ngV, Vx1x2 = mlmZeer(T_t)V-

Substituting Eq (6.3) into (6.1), we have

Ztrel(t; {—roe’O(T_t)[—mlxl —myx, —d(t)] - d,e™" " + g,

—m T rox; + (i (1) = ro)my + /lozlo% — /lozzoé(l - 9%

— mye T rox; + (a(t) — ro)my + Az (1 — @)*1 + ki [d1 — vilgy,

vi(ot, +p) v2(03; + 03)
+ K2[¢2 - VZ]gvz 112 L2 ( gvivy + g%l) + %(ngz + gfz)
il 73 (i (1) — ro)? 1/1 2 Pl D ©4)
2w? V1 2 9z
T H-ry)* 1 f) —
o 2(ua(t) = 19) + 1021 = gmzetn T 7y (2) ”O)anlezro(T—z)ng
2w2vz 2 w1
t —
_ (D) rO)pZImzleo(T—z)gvz + A0 2mmag(1 — @) Ty = 0

[¢%)

Differentiating Eq (6.4) with respect to m; and m,, we obtain the following first-order optimality
conditions )
WiV + P11W1V18y,

(u1(2) = ro)my

m(t) = e oI, (6.5)
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2
WyVy + P21W2V28y, o-roT=0)

(u2(2) — ro)my

m5(1) = (6.6)

Let
L(g,t) =m " da,0%(1 — ¢)* — mype™ P dar05(1 - g)*

1 (6.7)
+ /loém]mzq(l — g)e?0 T 4 E/laéezr‘ﬂ_’) [qu2 + m%(l - 9%

In order to find the value of ¢*(¢) that minimizes L(q,?), we need to take the first and the second

2
derivatives of L(g, t) w.r.t g. Then aL(q D and T2 are given by

e
6L(;((]], 1) = (m1 — m) A2 TD2as(q — 1) + g(my — m2)e™ T + myeo T, (6.8)
and 9 L(q,1) 2
o = m = m)A0ge ™ 2ay + (i = mo)e™ 7). ©9)
Let 8%3’” = 0, we have
oy = 200 = mae T mye"" ™ 6.10)

=1- .
2a;y + (my — my)eoT=D 2ay + (my — my)eoT=D

We first classify the optimal reinsurance strategy when ¢ takes three different values and give the
corresponding optimal investment n}; and 75 values, and finally we get the explicit expression of the
corresponding value function. Plugging Eqs (6.5), (6.6) and the optimal reinsurance strategy ¢*
into (6.4), we have

r()(T—t)[

- rpe —mix; — myxy —d(t)] — d,e™ T + g, — mye™ T [rox,

> -
+ Adajo;] - e roxy + ki [d1 — vilgy, + kaldy — v2lg,

Vl(p +p12) 0 V2(p%1 +P§2)

— @ t &)+ (8w, + giz)

2 2
72 (uy (1) — 19)?
— T (1) = royr; + I IO i 6.11)
2wiv
@ —ropen oo ro(T— .
. - mie™" g, —mye™ " (ux(t) — ro)ms
1
2 *
(I’LZ(I) - rO) %eer(T_t) _ 7T2(I’L2(t) - rO)le mZerO(T—l)gvz + L(q*, t) —
20)2\/'2 (00))
Simplify Eq (6.11), we get
[rod(t) = dy = my A, 571e™ ™" + g, + ki [1 = vi1gy, + Kala — malgy,
vi(p%, +p%,) v2(03, + p3,)
F e R T &) (B, + 81) (6.12)

_ vi(wr +p1gn)* B va(ws + P2181,)°

5 5 +L(g", 1) = 0.
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In order to find the optimal value of g for the minimizes L(g,) given by Eq (6.7), we need to
discuss the concavity of L(q, t) and the relationship between the sizes of g(¢), 1 — "—' and 1. We can

easily observe that A1 > Az > 0 when m; < m,, and A2 >0 > A1 when m; > mo.
On the hand, z L(” 2 > 0 if and only if one of the following conditions holds

(1) my >my,
) m <myA >1,0<1<1, (6.13)
3) m <myuA <1,0<1<T,

and Z L(" Y < 0 if only and if

m <my, A >1,6<t<T. (6.14)

On the other hand, note that g(¢) < 1 — \/% if and only if one of the following conditions holds

D my>m,A>1,0<1< 1,

) my >myA<1,0<1<T

N A (6.15)
B) my<m, Al >A>1,1 <t<,
(4) m1<m2,A1>1>A2,t1§t§T,
1- \/Z:; < ¢(t) < 1 if and only if one of the following conditions holds
1 m>m,A >1,b<t<T,
(H m 2 Az ' 2 6.16)
2 m<mA>MAM>1,6<t<T,
and g(7) > 1 if and only if one of the following conditions holds
1 m<m,A >1,0<t<1t,
H m 2, A1 1 6.17)

(2) my <my,A<1,0<t<T.

Based on the above analysis, we draw the following conclusions.
(1) Combining Eqgs (6.13) and (6.15), we get that when m; > mz,ﬁz >1,0<t< torm >
mz,Az > 1,0 <t < T is satisfied, there are & L(q’) >0and g(r) <1 - Z—;, then ¢* = 1.

(2) Combining Eqs (6.13) and (6.16), we ﬁnd that when m; > my, Ay > 1,1, < 1 < T is satisfied,

there are & g%’ D> 0and 1 - ,/:—; < q(t) < 1, then g* = g(1).

(3) Combining Eqgs (6.13) and (6.17), we obtain that when m; < my, Ay > 1,0 <t <1t orm <
mg,Al < 1,0 <t < T is satisfied, there are > L(q D > (0 and q(t) > 1, then g*(¢r) = 1.
(4) Combining Eqgs (6.14) and (6.15), we get that when m; < ma,A; > Ay > 1,4 <t < 1, or

~ ~ - . 2 A
my < my, Ay > 1 > Ay,t; <t < T is satisfied, there are 6;;‘2“) < 0Oand g(r) <1 - ,/Z—;, then

g =1- -
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(5) Combining Egs (6.14) and (6.16), we find that when m; < may, Ay > Ay > 1,6, <t < Tis
satisfied, there are Pl Oand 1 — \/Z:; < q(t) < 1, then g* = g(1).

g2

(6) Combining Eqs (6.14) and (6.17), we find that the intersection of the two is empty. Thus, If
i L;q D < 0and §(r) > 1, then ¢*(¢) = 1 does not exist.

Combining above (1)—(6), we get the optimal reinsurance strategy. Next we prove the optimal

investment strategy and the value function when g*(¢) is different.
(1) When g*(1) = 1 - \/Z substituting it into Eq (6.12) yields

1
[rod(t) — dy — my A 021" T + [(= = [ —ymy® + —(my — m,)?
2 an 2&’2

[&1 2 2r(T-
+ a—mlmz]/lo'ze o= 4 & t kil —vilgy, + kol —2lg,,
2

; ) ) , (6.18)
vi(p%, +p>,) v2(03, +03,)
+ %(ngl + g%l) + %(ngz + 832)
@i tpngn)’ v +pagn)’
2 2 ’
which can be split into following two equations
[rod(?) — d; — mz/lale]erO(T 4+ [( w/ )ml + _(ml my)’
(6.19)
+ ‘lalmlmz]/lO'2 2ro(T=1 — ),
@3
and ) )
vi(py; +P1)
g+ ki[p1 = vilgy, + kol — v2lg., + %(gm1 +g0)
2 2 ) ) (6.20)
v2(3; + P3) oy vilwr +p118y)"  valwa + 0218v,)
+ #(gVZVZ + gVQ) - 2 - 2 = 0'

Note that Eq (6.19) is a linear ordinary differential equation with the boundary condition d(T) = 0, it is
not difficult to derive that

A Ao /1
d(p) = — 2202 Ty 4G - Vit + 2C¥_1(m1 — my)?
r r a a

0 0 2 2 6.21)

+ ﬂI’I’lll’l’lZ:I X [e_"’(T_’) — €r0(T_t)].

\V @
Trying to solve Eq (6.20), we put

g(t,vi,v2) = 1(1) + J1(D)vy + Jo (v, (6.22)

with the boundary condition given by I(T) = J,(T) = J>(T) = 0. Then, we obtain the partial derivatives
of g as

g =L+ Jivi+Jova, 8, = Ji(t), 8, = J2(1), 8vv, =0, 81,0, = 0. (6.23)

AIMS Mathematics Volume 9, Issue 12, 35181-35217.



35212

Substituting Eq (6.23) into Eq (6.20), we have

2
V1P,

L+ Jivi + Lova + ki[d1 = vilJ1(2) + koo — va]Ja(2) +

2 2
1p Viw Vo
222-]20)—\/1601[)11-]1(1) 3 1 22 =0.
We can split Eq (6.24) into three equations:
02 2
D, = (i + @) i) + =200 = = =0,

2
(1)
uﬁwmmmwﬁﬁﬂm——:a

and
I + ki1 Ji (1) + k202 J5(2) = 0

Ji ()

(6.24)

(6.25)

(6.26)

(6.27)

Since Eqgs (6.25) and (6.26) is linear ordinary differential equations with the boundary condition

Ji(T)=J(T)=0
Thus, when p;; # 0, due to

= (K,+wlp,1) +a)p12 >0,i=1,2.

Thus Egs (6.25) and (6.26) have two different roots,respectively

Ki + wip1 + VA o = it wipn - VA

cl = 2 — 2 )
:012 P12

g = et wpn + VA, g, = ket wapa - VA,

1 — 2 9 2 — 2 .
P P

Substituting Eq (6.28) into (6.25) and (6.26), we obtain

Jh:—ﬁguﬂn—counn—cﬁ

1 1 1 2
= ( - W, = 212
ci—c Jit)—-c1 Ji()—c2 2

fT 1 1 AT (1) = p?Z . t
- 1 (Jl(t)_cl - J1(t)—cz) 10 = _7(61 — )T -1,

and
h=—@%h® d)(Ja(1) — dy)
1 1 1 _ Py
S a-aho-a ho-&’T T2
1 _ pzz B
= [ G = T a0 = 2 = o

(6.28)

(6.29)

(6.30)
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Slove Egs (6.29) and (6.30), we get

2
=22 (e—en)(T-1)
c1c2(1 — e~ 2 (=)0
Ji(t) = D ,

P
cl —_ Cze_ %(Cl _CZ)(T_I)

and

”%2
did-(1 — e (d1=dr)(T~-1)
L= (1 —e )

d, — dre” 22(dl —o)(T-1)
Combining Egs (6.27), (6.31) and (6.32), we have

T
1(1) =f [k1$1J1(5) + ka2 J2(5)1d's

2
P12 (o1 —en\(T—
1¢1 C1€ 2 (C-e)(T-0 _ C

=kip1c(T — 1) -
Ph -6
2 die 22 (di=d)(T-1) _ g
+ K2¢2d1(T -1 - K§¢2 In ! 2
P di = d

Using Eqgs (6.5), (6.6), (6.23), (6.31) and (6.32), we obtain

2 2
rrm(lfpl)(
e c1-ea)(T-1)
wicr — e 2 ) (-

O

2 2
"01“"’1) o
ooipicica(l —e” (cr-e)(T-1)

o2
01( Rk

L Topicieod - e (Cme)T=n) o-lT=0),

0.2
ooipicica(l —e” S (c1=e2)(T-1))

and

" 2
wz(dl dre” (d1=dr)(T— t)) _rO(T "

my(t) =

mo(dy — dye™ D (4 a7 0)

2
By (163)
LT 02p2d1dr(1 — €™ (h=)T=0) gD,

my(d, — dre™ ”2 U] (d1=d2)(T-1))
when p;; = 0, Egs (6.25) and (6.26) can be rewritten as

2
Wi
Ji, = (k1 + wip11)J1 (1) - 5 = 0,

and
2

w;
— (k2 + wap21)Ja(t) — > = 0.

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

Since Eqgs (6.36) and (6.37) are linear ordinary differential equations with the boundary condition

Ji(T) = Jo,(T) = 0, we derive that

2

w
Ji(0) = 1 (e—(K1+w1p11)(T—t) -1,
1 2(k1 + wipn1)

(6.38)
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and
2

w
7o) = 2 e~ (ketwp)(T=0) _ 1y 6.39
2(7) 2(kp + a)zp21)( . ( :

Combining Egs (6.27), (6.38) and (6.39), we have

T
I(r) Zf [k191J1(5) + KoprJ2(5)]d s

K> 1 — e~ Kitwipi)(T—1)
__ kb e P 610,
2(k1 + wip11) K1 + wiprl
K2¢2a)2 1 — ¢~ (etw2pa)(T-1)
- — (T -]

2(ky + wrp21) Ky + wopal
Using Eqgs (6.5), (6.6), (6.23), (6.38) and (6.39), we get

2wivi(k + wipn) + wipp v (e Crernd=n _ 1)
2(/,[](l) - rO)m](Kl + wlpll)

mi(t) = eI, (6.41)

and
2w3va (Ko + Wapa1) + Wi v (e C2tww2T=0 _ )

2(ua(2) — ro)ma(ky + wopar)

Above all, we obtion the expression of d(?), g(¢, v, v»), I(t), J1(f), and J»(¢) by Egs (6.21), (6.22),
(6.31)—(6.33) and (6.38)—(6.40), then we can get the explicit expression of the value function
V(t, X1, X2, V1, Vz).

(2) When ¢*(t) = g(t), substituting it into Eq (6.12) yields

Tt = e dn, (6.42)

[rod(t) — d, — mda051e" ™ + g, + K1 [¢1 — vilgy, + Kalds — v2lg,

vi(p?, +p%,) va(p3; +p3) 2
1t o) L G + 1) (6.43)

3 vi(w; +P118v1)2 3 va(wr +P218vZ)2
2 2

(ngl + glzzl) +

+ L(g,t) =0,
which can be split into following two equations
[rod(t) — d; — mj dao5]e™ ™" = 0, (6.44)

and ) )
Vl(pu +p12)

g + kil —vilgy, + k2l — V218, + 2 (&viv + gfl)
v2(03, + P3,) 5o vi(wr gy valwr + p218,)* (6.45)
(8 8 - 5 - 5

+ L(g,1) =0.

Note that Eq (6.44) is a linear ordinary differential equation with the boundary condition d(7") = 0, it

is not difficult to derive that
/lO'%mla/l

d(t) = - [e70T=D _1]. (6.46)

ro

AIMS Mathematics Volume 9, Issue 12, 35181-35217.



35215

Since Eq (6.45) is similar with (6.20),we can get the expression of 1(#) which is similar with Egs (6.33)
and (6.40)

T
I(r) = f [k191J1(8) + koo Jo(s5) + L(q, 5)]ds

2
12
2K1¢1 CleT(Cl—Cz)(T—f) -y
=k1¢1ci(T =) — ——1In

P12 ‘1= G

2 (6.47)
2K2¢2 dle%(dl_dz)(T—t) _ d2
+ koodi (T — 1) — In
202d) o, I
T
+ f L(g, s)ds,
t
and
T
1(r) :f [k191J1(5) + ka2 Ja(s) + LAq, 5)1ds
t
Kipw? 1 — e~wirwip)T-0
= ] (T - 1)
2(k1 + wipn1) K1 + wip1
2 (6.48)
Korw; 1 — e (ketwrp)(T=D) T
2(ky + wopa1) Ky + wypo1
T
+ f L(g, s)ds,
t
where
LG, 1) =mie T Aay05(1 = §)* — mye™ T dar05(1 — §)>
1
+ dozmimag(l = e + E/lo%ezr‘ﬂ_’) [mig® + my(1 - §)°]
_/lozzc)'%m%(ml — my)e¥ =0 + 2020 2m3e* 0T
(202 + (my = my)er TP (6.49)
:/lazo'ﬁm%(ml _ m2)63ro(T—t) +(4- 2)/10’%0’%171%62’00_’)
[2a, + (my — my)en 0]
_ l[ /la,zo-%m%leo(T—t) ]/ "o (T=1 [ /klzo.%m%ero(T—t) ],
rol2a; + (my — my)eroT=0 ro L2a, + (my — my)enoT-0]"
Then
fT L(A )d fT 1 [ ﬂdzO'%m%eer(T_s) ],
) q,s)ds = Crol2ay + (my — my)en@=9)
N e’O(T‘S>[ Adayoimie ) ]’ s
_ ro(T—s)
ro L2ar + (m; —my)e (6.50)

_ 2Aa505m3 ‘ 2a, + (my — my)

2&’2 + (ml — mz)e’O(T‘f)

ro(my — my)?
/1(1’20'%17’1% [ero(T—t) _ 1]
ro(m; —my)
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As aresult, Egs (6.47) and (6.48) is converted to
T
10 = [ (061106) + ko o) + LG 5)lds
t

2
v)
2K1¢1 cre’ (c1—e2)(T-1) _ C)
:K1¢1C1(T—l)— > In

12 L =0
2
2 die Zdi-d)T-0 _ g
+ Kapod) (T — 1) — K22¢2 In € 2 ©.51)
P2 di —d,

2Aa30om? ‘ 2, + (my — my)
ro(my —my)?  [2a; + (my — my)eo ™=

A, 02m?
VAR [ero(T—t) _ 1],

ro(m; — my)

and

T
1(r) Zf [k191J1(8) + ko Jo(s5) + L(q, 5)]ds

Kipiw? 1 — e-wroip)T-0
- (T~ 1)
2k + wip) K1+ wiprl
K2(]52(J.)§ 1 — ¢~ etw2p2)(T-1)
—(T -1 6.52
2(ky + wopy1) Ky + waprl (T -1l (6.52)

230%m? ‘ 2y + (my — my)
ro(mi —ma)* |2z + (my — my)ero =0
2,2
Adayoymy oy
—=—|e -1].
ro(m; — my)
Above all, we get the display expression of the value function V(¢, x1, x2, vy, v2).

(3) When g*(¢) = 1, substituting it into Eq (6.12) yields
1
[rod(t) — d; - ml/la’la'% + E/lo‘%m%erO(T_’)]erO(T—l)

+ g+ Kki[d1 —vilgy, + kald2 — V218,

2 2 2 2
4 Vl(pll +p12) VZ(pzl +,022)

2 (gv1v1 + g\z)l) + 2 (gV2V2 + g\zzz) (6'53)
_ i(wy +p118m)° _ a(w, +02180,)°
2 2
=0.
Also Eq (6.53) can be split into (6.20) and
1
rod(t) — d, — myda\un + Em%a'%e’O(T_’) = 0. (6.54)

Note that Eq (6.54) is a linear ordinary differential equation with the boundary condition d(7") = 0, it
is not difficult to derive that
2 2

mi;o,
d(t) — 1 O[e—rU(T—l) _ erU(T—l)] +
47‘0 ro

w[l B e—rO(T—l)]‘ (6.55)
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Thus, we get the expression V(t, x1, x, vy, v,) for the value function when ¢* = 1.
The proof of Theorem 3.3 is completed.
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