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1. Introduction

Dual numbers were introduced by Clifford [1] in order to expand quaternions to bi-quaternions that
represent both rotations and translations. Dual numbers since then have been important and convenient
mathematical tools in dealing with some problems in various fields of science and engineering, such as
kinematic synthesis [2,3], robotics [4], scara kinematics [5] and displacement analysis [6,7]. A matrix
with dual number entries is called a dual matrix. Dual matrices are used today in a variety of fields
like kinematic analysis and synthesis of spatial mechanisms, and also in robotics [8]. There are many
investigations where the kinematic analysis and synthesis problems are addressed through the solution
of overdetermined systems of linear dual equations, and dual generalized inverses of dual matrices
have been shown to be very useful in studying the solutions of systems of linear dual equations [9].
For example, the dual Moore-Penrose generalized inverse (DMPGI, for short) provides minimum-norm
least-squares solution for the system of linear dual equations [10]

Ax =b.
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However, many research results have shown that various dual generalized inverses of dual matrices
may not exist. Based on this fact, in the past few years, numerous articles were dedicated to
characterizing the existence of different kinds of dual generalized inverses, for example,
DMPGI [11, 12], weak dual generalized inverse [13], dual core generalized inverse [14, 15].
Especially, Wang [16] gave some necessary and sufficient conditions for a dual matrix to have the
DMPGI, and a compact formula for the computation of the DMPGI was also given. Zhong and
Zhang [17, 18] presented some necessary and sufficient conditions for a square dual matrix to have the
dual group inverse and the dual Drazin inverse.

Throughout this paper, we use R to denote the set of dual numbers over the real field. A dual number

7 € R has the form
a=a+ eap,
where a and q are real numbers, and € is the dual unity that satisfies the rules
e#0 and € =0.

Hyper-dual numbers are an extension of dual numbers and were first introduced by Fike
et al. [19-21] to derive the kinematics of a multi-body system. They introduced the hyper-dual
numbers to perform second-order numerical differentiation that leads to smaller numerical
(subtractive and cancellation) errors as well as to reduced computational time. A hyper-dual number a
is a number consisting of four real numbers ay—a3 and two dual units €, € with the following rules:

612 = 622 = (6162)2 =0, ¢,6,g6 %0,
and a is of the form
a=ay+ €a; + 6a + €6das. (1.1)
Notice that we can rewrite the hyper-dual number @ in (1.1) as

a= (a() + 61(11) + 62(612 + 61613) 20+ 6260, (12)

i.e., a hyper-dual number is a combination of two dual numbers, where @ is called the primal part and
ay is called the hyper-dual part of @, respectively. In other words, a hyper-dual number can be obtained
by replacing the two real numbers in a dual number by two dual numbers. The physical meaning
of these two dual numbers in the context of kinematics was discussed in [22,23] by introducing the

hyper-dual angle. We denote the set of all hyper-dual numbers over the real field by R. For the sake of
convenience, we replace €, € by €, € in (1.1) and (1.2).

Ford € R, the Taylor series expansion of a dual function of order 2 is given by (see [21])

f@@) = flao) + €ai f'(ao) + € arf"(ao) + €€” [as f'(ap) + arar f"(ap)] -
For example, for a hyper-dual number

a=ay+ea; +€a+e€cas

AIMS Mathematics Volume 9, Issue 12, 35125-35150.



35127

with ay > 0, the square root of a is given by

a

+
V@ -

*

Va = vag+e

a ajay
1.3
6(2 (1.3)

a + 3 )
2@ 2wy
0
According to (1.3), for _
a=ayp+ea; +€a,+eeaz €R

with ay # 0, the absolute value and the Euclidean norm of @ can be respectively defined by

[al = |ag| + € sgn(ag)a;, + € sgn(ag)a, + €€ sgn(ap)as

and
@ = flagl + € D% 1 B2 o o+ 8102 Gy
laoll * Tiaol ol laolP

A matrix with hyper-dual number entries is called a hyper-dual matrix. Analogous to the forms of
hyper-dual numbers, an m X n hyper-dual matrix A is defined as

A=Ag+ €A + €A +e€'As = (Ag + €A)) + € (A + €A3) = A + €Ay,

where Ayp—A3 are m X n real matrices, and € and €" are dual units. The set of all m X n hyper-dual

matrices over the real field is denoted by R™"_ Some studies on hyper-dual matrices can be found
in [24,25].
For a given hyper-dual matrix A € R™*_if there exists a hyper-dual matrix X e Rrxm satisfying

AXA = A, XAX =X, (AX)" = AX, (XA)" = XA, (1.4)

then we call X the hyper-dual Moore-Penrose generalized inverse (HDMPGTI) of A, and denoted by AT

In this paper, we aim to give some theoretical findings of HDMPGI. The rest of this paper is
organized as follows. In Section 2, we give some necessary and sufficient conditions for a hyper-dual
matrix to have the HDMPGI, and present a compact formula for HDMPGI whenever it exists. In
Section 3, analogous to the applications of the dual Moore-Penrose generalized inverse in linear dual
equations, we discuss the least-squares properties of HDMPGI. In Section 4, based on the forms of
dual matrices and hyper-dual matrices, we introduce the definition of dual matrix of order n. We also
study the existence of the Moore-Penrose generalized inverse of such matrices. The theoretical results
are illustrated by some numerical examples.

Throughout this paper, we use R”", ﬁl@‘, and R” to denote the set of all n-dimensional real column

vectors, dual column vectors, and hyper-dual column vectors, respectively. R"*", @’"X”, and R™<" are,
respectively, the set of all m X n real matrices, dual matrices, and hyper-dual matrices. For a real matrix
A, r(A) is the rank of A, the superscript “T” is the transpose of a matrix, and /, is the identity of order
n. || - || is the Euclidean norm of a vector. We will use

G=...
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to mean that we define G to be something.
The following lemma is well-known as singular value decomposition, which will be a basic tool for
proving Theorem 2.1.

Lemma 1.1. [26] Let A € R™" be such that
r(A) =r.

Then, there exist real orthogonal matrices U € R™" and V € R™" such that

_yl Oy
A—U[O O]V,

where X € R™" is a diagonal positive definite matrix. Then,

-1
N:v[% 8Pﬂ

The following lemma will also be used in the proof of Theorem 2.1, which is a rank equality that
involves a special 2 X 2 block matrix and Moore-Penrose generalized inverse.

Lemma 1.2. [27] Let A € R™" B € R™ and C € R™". Then,

A B
"lc o

]=4m+do+4meﬂmw—cwﬁ

2. Characterizations of HDMPGI of hyper-dual matrices

In this section, we study the existence and computation of the HDMPGI. We first give a necessary
and sufficient condition for a hyper-dual matrix to be the HDMPGI of a given hyper-dual matrix, which
can be obtained directly from the definition of the HDMPGI in (1.4), and we omit the proof.

Lemma 2.1. Let
A=A+ €A)e R™".
Then, a hyper-dual matrix . .
X=X+€X, e R
is the HDMPGI of A if and only if
X=A
and
AXAg + A\X\()A\-l- XQX\X = A\o,
X\A\X\o + X\A\Oyﬁ‘ 5(\0;{5(\ = 5(\0,
(AXo + AgX)" = AX, + AX,
(X\Zo + YoA\)T = fxg\o + Y()A\
Analogous to the DMPGI of dual matrices, the HDMPGI of hyper-dual matrices may not exist. We

present some necessary and sufficient conditions for the existence of the HDMPGI in the following
theorem. A compact formula for the computation of the HDMPGI is also given whenever it exists.
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Theorem 2.1. Let

A=A+ E*XO =Ap+ €A + €A, + e€'As € R™x",

Then, the following statements are equivalent:
(i) The HDMPGI of A exists;

(i1)

R, R,

— =2 0]
R L

Y, Y
T * 1 2
V+E(U[Y3 0

Z, Z
T 1 42 |yt
V+€U[Z3 Z4]V)’

where U and V are real orthogonal matrices of orders m and n, respectively, X is a diagonal positive
definite matrix, and R\—R, Y,-Y3, Z,—Z4 are real matrices of appropriate sizes that satisfy

Zy = R32_1Y2 + Y3Z_1R2;

(i11) AT exists, and
(I, — AADANI, — ATA) = 0;

(iv)
(I, — A)ADALL, = AfAo) = (I, — AsAD A (L, — A Ao)
= (I, — AdAD) (A3 — A AJA, — A\ AL AT, — Al Ao)
= O’
(v)

[Al AO] [Az AO] [A3—A2A3A1—A1A3A2 Ao
r = =r

A 0 |74 0 Ao 0 ]ZZF(AO)'

Furthermore, if the HDMPGI of A exists, then
A = AT+ € [-ATAA" + (ATA) AY(L, — AAT) + (I, - ATA)AGAAN)']. 2.1)
Proof. In order to show the equivalence of the five items, we will prove that (i)&(i1), (i) (iii),
(iii)e(iv), and (iv)e(v).
(i)e(ii): If the HDMPGI of N
A=A+€A

exists, then we may assume that

A% = 3? + 6*20.
It follows from Lemma 2.1 that the DMPGI of A exists and

—_

X=A

Then, by [16], using the singular value decomposition of real matrices in Lemma 1.1, A and X have
the forms

-~_ 2 0|1 Ry Ry | 1
A_U[O O]V +EU[R3 O]V 2.2)
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(2.3)

and
= o] g -3 IRE ZRT | 4
X—V[ 0 O]U +EV[ RTs 0 U,
where U € R™" and V € R™" are real orthogonal matrices, £ € R™ is a diagonal positive definite
matrix,
r = r(Ao),
and R;—R; are real matrices of appropriate sizes.
Let
-~ i oo Zi 4 |1
AO_U[ Y, v, Vi+eU 7 7, Ve,
v _ Xl X2 T Wl Wz T
XO_V[X3 X4]U + €V W W, U.
Then, a direct calculation shows that
~= Y1 ©» T Z + Z_1R§Y3 Zr + Z_1R§Y4 T
AXAy = U[ 0 0 ]V +eU RZY, R:IY, Ve,
——  [EXE 0.4 © IXiR: |1
AXOA_U[ 0 O]V +€U[R3X12 0 ]V,
where
®=XXiR, + 2XoR; + XWX + R X, Z + R X5X.
ekl Y, O T Z + YzR;Z_] Y12_1R2 T
AoXA = U[ Ys 0 ]V Ul Z b RS vsR, |V
Hence,
AXAy + AXh+ XA = u| TR Dy g Ty
Y3 0 I; Iy
where

[ =2Z+X'R}Ys+ LR)Z7 + 0,
[,=2+Z'RYs +ZX|R, + V|2 7'Ry,
[3 =23+ WR)S + RyZ7'Y) + R3X( 2,
[y = RX7Y, + V327 IR,
According to Lemma 2.1, e
AXAp + AXpA + Ao XA = Ay,

i.e.,

Viseu| & ZZ]VT.

Zy 7

2Y1+2X12 Y, T Iy I, T Y 1,
Y, O]V +elU L, I, Vi=U Y, Y,
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Equating the real part and the dual part of both sides of the above equality yields
Y4 = 0

and
Iy = R3E_1Y2 + Y3Z_1R2 = 7.

Therefore, A has the form
X:U[ZO

T R, R,
0 O]V +6U[

Ry O

. Y, Y Z, Z
T N 1 I T 1 4 T
V+E(U[Y3 O}V +EU[Z3 Z4]V)'

Conversely, if

A—U[O O]V +EU[R3 0

T | o« Yi, o | 1 VARNY/ 3N
V+E(U[Y3 0 V' +eU 7 Z V],

where U and V are real orthogonal matrices of orders m and n, respectively, X is a diagonal positive
definite matrix, and
Zy = RX7Y, + V527IR,.

Let
-~ 2_1 0 T _Z_IRIZ_I Z—ZR’%‘ T
G—V[ 0 O]U +€V[ R;Z‘z 0 U
e v _Z—lylz—l E_ZY;F UT ey Ml Mz UT (24)
€ YTz 0 My M, :
where
M, = —Z‘2R§Y3Z‘1 - 2‘1Y2R§2‘2 - Z‘2Y3TR3Z‘1 - Z‘IRZY;FZ‘z,
M, = 2‘2Z3T - Z‘ZRTZ‘IY;F - Z‘1R12‘2Y3T - Z‘ZYITZ‘IRg - Z‘lYlZ‘zRg,
M; = ZgZ‘2 - R;Z‘lYITZ‘2 - YZTZ‘ZRIZ‘] - YZTZ‘IRTZ‘2 - RgZ‘zYlZ‘l,
M, = R52‘3Y3T + Y;2‘3R§.
Then,
~— I, 0| o 0 Z“Rg T s 0 E“Y3T T o N1 No| op
AG = U[O O]U +6U[R32_1 0 U +€Uy32—1 0 U +66UN3 N4U’
where
N; = —2‘1R§Y32‘1 - Z‘1Y3TR3Z‘1,
N, = ZJ‘IZ;F - Z‘IRTZ‘IY;F - Z‘]YITZ‘IRE,
N3 = Z32_1 - Y32_1R12_1 - R3Z_1Y12_1,
Ny = Y32_2R;’r + RgZ_ZY;F
~ I. O T 0 Z_IRZ T " 0 Z_1Y2 T — |P1 P> T
GA—V[O ()V+EVR;Z‘1 0 V+€VY2TZ‘1 0 V+eeVP3 P4V’
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where
P, = —271Y2R5271 - 271R2Y5271,
P2 = Z_IZZ - 2_1Y12_1R2 - Z_IR]Z_IYQ,
Py =715 — RTy-1YTs! - yI5-IRTY,
P, = Ygz_sz + R;2_2Y2.

Then, AG and GA are symmetric.

Furthermore,
ZEX:U% 8 Vi+eU 183 g v+ e*U[g 8 VT4 ee*U[Zf;ngf;gf;l 8] v
+eU If)l 1(?)2 VI + ec'U [i;@g: Y3Z(3‘R2 VI + eeU [i:;%? R32(31 Yz] a
+ €U [)(])1 1(/)2 VI + e€'U [%1 %)2] yT
=U [i 8 Vi+eU 2 1;2 Vi+eu [2 162 VI +ee'U [2 2] VT
=A,
GAG =V [Z(; | 8] UT + eV [Rgg_g g] Ut + eV [YzT(;_Z 8] Ut
R Mg o Y g
O vy I PO e e P
+ e’V _ZI;glgflyngzz;: Rgxg vT U' + e€'V [Agl Agz] U’

¥ >R,z X 2RT
:V[ O]UT+€V[ ! 3]UT

0 0 RIz2 0
+ eV —2_1Y12_1 Z_2Y;r UT + e’V M, M, UT
€ YTz 0 “ViM M,

=G.

Hence, Aand G satisfy the four Penrose conditions in (1.4), i.e., G is the HDMPGI of A.
(i) e(ii): If
A=A+¢€A,

where

A=U VI + eU

-~ 20
00

Ri Ry | v+ 1+ _ i o |.or Zy Lo | o1
R O]V, AO—U[Y3 O]V +eU Z 7 Ve,
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then by [16], the DMPGI of A exists and A" has the matrix form in (2.3). Substituting the matrix forms
of A, A", and Ay into (I,, — AAAy(I, — ATA), we obtain

RXI!' 0

Yi, b | r Zy 4o | 1
><(U[Y3 0 ]V +6U[Z3 Z4]V

<o L [reev] e Ty

:EU[ 0 0 ]VT.

-1 pT
<Im—ZfT‘>Zo<1n—A‘fZ>:(U[0 0 ]UT—EU[ 0 % Rs]zﬂ)

0 Z,- R3Z_1Y2 - Y32‘1R2

Therefore, if
Zy = R3E_1Y2 + Y32_1R2,

then
(1, — AADHA(I, — ATA) = 0.

On the other hand, if Al exists, then A and A" have the matrix forms in (2.2) and (2.3), respectively.
By a direct calculation, we have

0 0

0 —>'RTy, Jr
0 Y,

T
VireUl y s 2RV, - Vs R, |V

(U — AAOA(, - ATA) = U[

Hence, if
(I, — AADHA(I, — ATA) = 0,

then Y, = 0 and
Zy = R32_1Y2 + Y32_1R2.

(i) (iv): By [16], if AT exists, then
(I, — A)ADAL(, — AfAg) = 0.

Moreover, if
(1, — AAHAN(I, — ATA) = 0,

then substituting
A=Ag+€A;, Ag=A)+ €A,

and
AT = AL+ €| -AJAA] + (ATA) AT, — AoA)) + (I, - AjADAT(AoA) |
into
(I, — AADAN(I, - ATA) = 0
gives

(Ln = AoAD AL, = AJA0) + €[y = AoAD(As = A2AJAL = AAJAL) (L, — AjAo)

AIMS Mathematics Volume 9, Issue 12, 35125-35150.
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= (In = AcADAL I, — AJADAT(A0AY) Ag — Ao(AGA0) AT, — ApAD AT, — AjAp)]
=0,
which implies
(I, — AgAD AT, — AfAp) = 0
and
(I, — AcAN (A3 — ALA[AL — AJAJ A, — AlAg) = 0.

Conversely, if
(In — AdADA (I, — AlAg) = 0,
then by [16], AT exists. Moreover, if
(I = AoADAs(L, = AjA¢) = 0
and
(In — AcAD(A3 — A AJA| — AJAJA)(T, — AlAo) = 0,
then it is not difficult to see that _ _
(I, — AADANI, — ATA) = 0.
(iv)e(v): It follows directly from Lemma 1.2.

It remains to show that

G=A+€|-AAAT + (ATA) AL, — AAT) + (I, — ATA)A (AAT)'|.

By a direct calculation, we have

-1 -1 -1 -2pT
~ =t o]+ —XIRiZ ZRT | 4
A_V[ 0 O]U + €V ATz o U
—1 -1 -1 -2pT
~~=~ =zt o], ¢ 0, Y E2RT | ¢
where
Q=X 'RV I - V'R + ZZ T + TR + LRIZD).
-2vyT -2vyT -1
/TAT/ST _Nj' _ 0 2 Y3 T _2 Y3R3Z Q2 T
(ATAY' AL, — AAT) = V[ o o ]U +ev[ 0 RIZYT U,
where

Q, =277 —XR{L7'Y; —X7'RZ?Y] -2V X IR].

0 O

— ATAAT(AATY —
(I, —A"A)A)(AA") V[ YIE? 0

] Ut + evl RNEE 0 ] Ut

0; Y,X7R}

(2.5)

(2.6)

2.7)
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where
0;=Z, 22 -Rx'YE? - V)2 R -V, 'RIZ 2

Now, it can be seen from (2.4)—(2.7) that
G=A +e|-ATAAT + (ATAY AL, — AAT) + (I, - ATA)AGAAT'|,

and thus A" has the expression in (2.1). O

Remark that we can know whether the HDMPGI of a hyper-dual matrix exists by checking one of
the four conditions in Theorem 2.1, especially by condition (v). Once the HDMPGI exists, we can
obtain it by the formula given in (2.1). We illustrate this by the following example:

Example 2.1. Let

— 1 1 1 2 .10 0 -1 1], . .
A—[O O]+6[1 1]+6[2 2]+66[ 1 3]—A0+6A1+6A2+66A3.

Since

[Al Ao] [Az Ao] [A3—A2A3A1—A1A3A2 Ao
r =r =r

Ay 0 Ay 0 Ao 0 ]: 2= 2r(do),

then by Theorem 2.1(v), the HDMPGI of A exists.
A direct computation shows that

L -1 1
A\T=(Ao+eA1)T=[i 0 +e|l i]
2 2 2
and
A=A+ e [-ATAAT + (ATA) AY(L,, — AAT) + (I, - ATA)AG(AA")'|
1 1 5 5
1o -1 4 0 1 -3 3
:[% +el | 1 |+€ +ee'| 3 %]
2 0 ~2 3 01 -3 73

3. Least-squares properties of HDMPGI
Qi et al. [28] introduced a total order < over R. Suppose

P = p+e€po, ’c'[:q+eq0€ﬁli.

We have p <qif p < g,or p=gand py < qo; p=9qif p=gqand py = qo. The total order provides an
efficient way to compare the magnitude of two dual numbers. Based on the total order < over R, Wang

0 —
et al. [29] ezstended it to dual vectors and introduced a QLY total order < over R™. We introduce a total
order over R as follows. For two hyper-dual numbers

P=p+€Py, §=qg+€qo€R.

AIMS Mathematics Volume 9, Issue 12, 35125-35150.
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We have p < qif p<q,orp=Tgandpy<qo; p=qif p=qandpy=7qo. If a >0, then we say that a
is a positive hyper-dual number. If @ > 0, then we call @ a nonnegative hyper-dual number.
Recall that for a dual vector
X=x+e€xy€ ﬁ”,

the Euclidean norm of x'is defined as [28]

llx]] + 2€222 . if x # 0,

T
[l xoll€, if x =0.

Il =

For a hyper-dual number , |[@]|” is also a hyper-dual number. We may study least-squares properties
of HDMPGI by the total order. However, I[@ll* is not always nonnegative, for example,

2
llea; + € ar + e€*a3||” = (ea, + € ay + e€’az) (ea, + € ay + €€'az) = 26€*afa2.

For this reason, we introduce the following set:
Ry ={ap+€a; + €a, +e€'as | ap,ar,az,a3 € R",ay # 0 or ap = 0 and alTaz > 0}.

For a hyper-dual vector

a=ay+ea; +€a, +eeaz eR”,

@l =3a%a = llaol® + Zeagal + 26*0(1;612 + 266*(Clga3 + aTaz).

Hence, if a € @6”, then |[@||* > 0.
For'a € Rf, we define the Euclidean norm of @ as follows:

T T T T T T
agai x doa2 % a0a3+ala2 apaiayaz .
llaol| + € ool T € Taop + €€ ( ol el ), if ag # 0,
e,/a?az + € ,/afaz + e€’|las||, if ap = 0,a; # 0,a, # 0 and afa2 >0,
T
*(ll as . _ _
Ilall = { €llaill + 2ee Tl if ag=a,=0,a, #0, (3.1)

ala; .
€|laz|| + zéé*ﬁ, if ag=a; =0,a, #0,

ee'llas|l, if ap=a, =a, =0,
0, if agp=a; =a, =a3z =0.

Upon expansion into its primal and hyper-dual parts, the system of linear hyper-dual equations

reveals four systems of real linear equations,

Aoxo = by,

Aox; = by — A x,

Aoxy = by — Az,

A0x3 = b3 - A3X() — Ale - Al)Cz.

(3.2)

AIMS Mathematics Volume 9, Issue 12, 35125-35150.
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We will consider the least-squares solutions of the system of linear hyper-dual equations

Ax=b
under some constraints. We suppose that the real linear equation
Aopxo = by

in (3.2) is inconsistent, and thus

Ax=b

is also inconsistent. Remark that the symbol AU s the set of hyper-dual matrices X that satisfies the
two equations

AXA=A
and . .
AX)T = AX

in (1.4), which is important for studying least-squares solutions of systems of linear hyper-dual
equations.

Theorem 3.1. Let A € R™" be such that A" exists, be @”, and
(AA"D —1,)b € RI".

Denote _ .
Xo =AYb — (I, - A"V AW e R,

where W € R" is an arbitrary hyper-dual vector. Then,
1A% — Il < [IAX - Bl|
for any hyper-dual vector X that satisfies

AR - A"ID) e R

Proof. Adding and subtracting AAU3b, we get

e=Ax-b=AG-A"b) + (AAYYp —b) 2T +7. (3.3)

Since L N o
Vu=b"(AA"Y - [,)AG - A"b) = 0
in (3.3), then %"V is also zero and
lel” =l + 97 = @+ G +v) = [l + 1P + 2"V = |[l” + [Pl (3.4)
Let

U=uy+ €eu; + €uy + €€ us.

AIMS Mathematics Volume 9, Issue 12, 35125-35150.
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Then,

@l =7 = |luol + ZEugul + ZE*uguz + 266*(ugu3 + ufuz)

Ifuce TR%", then it can be observed from (3.5) that

@ > 0,

and thus
el > M

by (3.4), and equality holds if and only if
@* = 0.

Let
e=ey+ee +€e,+e€fe;, V=vy+ev, + €V, +e€V;
Then,

Iell* = lleoll® + 2eege; + 26 e ey + 2e€’(ege; + €] er),
PP = Ivoll> + 26vgv1 + 2E*V(T)V2 + 266*(V(T)V3 + v?vz).

Since the system of real linear equations

Aoxo = by
is inconsistent, then ey # 0, and thus
el > .
In this case, it follows from (3.1) that
6361 . 6362 . 6363 + 6?62 63616362
llell = lleoll + € — + € + €€ - 3
lleoll lleoll lleoll lleol]
By the assumption, v € @”’, and then
WP > 0.

We consider the following two cases:

(3.5)

(3.6)
(3.7)

(3.8)

Case 1. |[V]]* > 0. In this case, either vy # 0 or vy = 0 and viv, > 0. If vy = 0 and v{v, > 0, then
by (3.1),

IVl = efviva + € {Jvva + €€|vsll.
Hence, by (3.8), |[e]| > [[V]|.
If vo # 0, then

T T T T T T

Vo V1 VoV VaV3 + ViV Vo V1V, V2
W= lIvoll + € 2 + € 2 + ee" (ot s - L0
[voll [lvoll [[voll ol

Subcase 1. |[e]]* > |VI[*.
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In this case, by (3.6) and (3.7),

lleoll > [Ivoll or leoll = [Ivoll,
eger > vgvy or |leoll = [voll,
T T T T
eye1 = VyVi,eper > vyva or |legll = |[voll,

egel = vgvl, egez = vgvz, ege3 + elTez > vgv3 + vlTvz.

Then, it can be observed from (3.8) and (3.9) that |[e]| > |[V]|.
Subcase 2. |[e]* = [VII*.

In this case,
T T T T
lleoll = IIvoll, eler = vivi, efes = vivy

and
6363 + elTez = VgV3 + VFIFV2.

Hence, it can be easily seen from (3.8) and (3.9) that |[e]| = |[V]|.
Case 2. |le]l* > [I* = 0.
By the assumption, v € ﬁgﬁ If |[V]]* = 0, then by (3.7), vo = 0 and

VTVZ =0.

We need only to consider the following five subcases:
() vo =0, v #0, v, #0, v]v, = 0. In this subcase, by (3.1),

IVl = e€’|vsll.

(1) vo = vy = 0, v, # 0. In this subcase, by (3.1),

T
_ % *V2V3
IVl = €"l[vall + 2€€” —.

[Ivall
(iii) vo = v, = 0, vy # 0. In this subcase, by (3.1),
Vivs
VIl = €llvill + 2e€” —.
(vl

(iv) vo = v; = v, = 0. In this subcase, by (3.1),
IVl = e€"lvs].

(V) vo = vi = v, = v3 = 0. In this subcase, by (3.1), ||| = 0.
For all these five subcases, by the total order defined above,

lfell > [VII.

Therefore, if e
AA"Yb — b e Ry,
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then
A%, — bl| = |A[A"b — (I, — A" A)w] - b|| = |AA"b - b|| < ||A% - b]|

for any x that satisfies -
Ax - A"Ib) e RY.
This completes the proof. O

Theorem 3.1 gives an analogous result to those of the least-squares problem of linear real equations
and linear dual equations. It should be noted that the condition

Il >0

is necessary for studying least-squares problem of linear hyper-dual equations, and this is the reason

why we introduce the vector set ﬁg and the total order over R.

Example 3.1. Consider the inconsistent hyper-dual equation
AX ~ E,
where A is the hyper-dual matrix in Example 2.1, and
7= [ 2.8 ]+e[ 1.6 ]+e*[ 21.6 ]+ee*[ 31.2 ]
7.3 5.3 18.5 35.2

Then, a direct calculation shows that

— - - 0 73 14.6 106 ] ~
(1,3)_ — o — * * 2
(AA 1)b = (AAT — I,)b [_7'3 +e _2'5]+e[_129]+ee[ e ]GRO.
Let
~ e, [1e3], [83], .| 62
M43 |7 28 [T 76 || 226 |
Then,
A — ATD) = Ax, - AAUYb = Ax, - AATD
_[3], [204], [-203], [ 132
Lo |7 31 |7 62 €1 174
e R
and

= g [ 3], (277, ] 5T, ] 238
M=P=L 73 17¢ 06 | 7€ —67 |7 | 334 |

Therefore, by (3.1),

IAA"YD — bl = |AATD —b|| = 7.3 + €25+ €129 — e€*1.4
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and
1A%, — bl| = 7.93 + €10.3 + €4 — e€*47.

Now, by the total order, - N _
IAAYDp — b| < ||AX, — D).

We choose another hyper-dual vector x, as follows:

~ e, [-25, [ne], [ 246
27192 [T 28 | 7€ | —68 | T | =322 |

Then,
3G, - A09) = A%, - A4
— A%, — AA'D
_ [ 102, [-314], [ -518
“€ o 1 o €1 518
e R?
and
=z | 0 . [2o, 1es ], [ 412
RTOFL 73 | T 25 |7 —120 | T | 358 |

It follows from (3.1) that
IAT, — bll = 7.3 + €2.5 + €'12.9 + e€"42.5.
Hence, o . _
IAA"b — b|| < ||A%; - bll.
Corollary 3.1. Let A € R™" be such that A’ exists, b € R™. Denote
% = A"b — (1, - AUV AW,
where w € R™ is an arbitrary dual vector. Then,
1A% — Bl < I|A% - b

forall € R".

For a hyper-dual number
a=uay+ea; +€a+e€as,

if ap # 0, then we say that a is appreciable. Appreciable hyper-dual vectors and appreciable hyper-dual
matrices can be defined similarly. We now consider minimum-norm least-squares solution of

Ax="b
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under some certain restrictions.
Theorem 3.2. Let A € R™" be such that A" exists, be E’", and A'b € Eﬁ If AATD is appreciable, then
IA"DI| < |A"D + (1, - ATA)h|
for any hyper-dual vector h that satisfies
(I, - ATA)h € R,
Proof. Since - o
[(I, - ATAh]"A™d = h™ (1, - ATA)ATb = 0,
then
—_— —_———2 —_~—2 —_———2
IA™D + (I, - AR = |ATBI" + |1, — ATA)h]l". (3.10)

If a hyper-dual vector / satisfies o
(I, - ATA)h € RZ,
then I
(2, — ATA)h||” > 0.
Hence, it can be observed from (3.10) that
—— ———1 —~—2
AT + (I, — ATA)h||” > ||ATD|".
On the other hand, let
A=Ap+ €A + €A, + €€ As, A + I, - XTX)Z = X0+ €x] + € xp + €€ x3.
Then,
AATD = A|ATD + (1, - ATA)h
[ ( )A] 3.11)
= A()X() + E(A()Xl + AIXO)E*(A()XZ + AzXo) + 66*(AOX3 + A3X0 + A1X2 + A2X1).

If AAD is appreciable, it follows from (3.11) that Agx, # 0. Hence, xp # 0 and A'b + (I, — ATA)h is
appreciable. In this case,
IATD + (I, — AT > 0.
Moreover, A'b € @g implies
IATBI > 0.
Therefore, by an analogous discussion as the proof of Theorem 3.1, we conclude that
IATDI < 1ATD + (1, — AT A)hl|.
This completes the proof. O
Corollary 3.2. Let A € R™" be such that A exists, b € R™. If AATD is appreciable, then
IATDI < 147D + (1, — ATA)h|
for all heR"
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4. Moore-Penrose generalized inverses of dual matrices of order n

Dual matrices and hyper-dual matrices may be referred to as dual matrices of orders 1 and 2,
respectively. Specifically, real matrices are of order 0. Then, a dual matrix in R™" is constituted of
two dual matrices of order 0, and a hyper-dual matrix in R™" js constituted of two dual matrices of
order 1. From this perspective, we define a dual matrix of order n as follows:

AV = B 4 ¢ g0
where B®1 and C are two dual matrices of order n — 1, and e, is a dual unit. Hence, a dual matrix

of order n can be obtained by two dual matrices of order n — 1. For example, a dual matrix of order 3
is of the form

1’4\(3) = E(Z) + 636\(2) = AO + 61A1 + 62A2 + 6162143 + 63(A4 + 61A5 + 62A6 + 61€2A7).

In this section, we study the conditions for the existence of the Moore-Penrose generalized inverse

of dual matrices of order n. Denote the set of all m X n dual matrices of order n by R,

(n)
Theorem 4.1. Let

A = B0 4 G T

Then, A has a Moore-Penrose generalized inverse if and only if (B"D)' exists and

[, — B D@y D (1, - BBV = 0.

Moreover; if the Moore-Penrose generalized inverse of AW exists, then
(A™) = (B" ) + 62",
where
Z0=D = _ (B-Dyt gD Byt 4 [(E(n—l))TE(n_D]T (DT
x [Im _ E(n—l)(E(n—l))T] + [In _ (E(n—l))TE(n—l)] (an—l))T [E(n—l)(E(n—l))T]T ‘
Proof. If A™ has a Moore-Penrose generalized inverse, we may suppose that
X0 = b 4 70D

is a Moore-Penrose generalized inverse of A™. Then, A™ and X satisfy the four Penrose equations,
ie.,

ANTWA —

A XOADR — Y (AT _ Zn (g q0)T _ S 3T,

Substituting .
A = B 4 g, 8

and
Y = y-b | EnZ(n_l)
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into the above four equations yields
E(n—l)?(n—l)ﬁ(n—l) — E(n—l) ?(n—l)E(n—l)?(n—l) — ?(n—l)
(E(n—l)?(n—l))T — E(n—l)’Y\(n—l) (?(n—l)E(n—l))T — ’Y\(n—l)E(n—l).
Hence, the Moore-Penrose generalized inverse of B"~ exists and
?(”—1) - (E(n—l))T_
On the other hand, equating the dual parts of both sides of the equation
AR AT _ AT
gives
C=h = CU=D(Bu-Dyi B . Bo-D(B-Dyt gl | o-hZin-hgin-1)
which is equivalent to

E(n—])/Z\(n—l)E(n—l) — 6\(;1—1) _ an—l)(g(n—l))fg(n—l) _ E(n—l)(E(n—l))Tan—l) A B(n—l).

Then,
B(n—l) — E(n—l)’ZTn—l)E(n—l)
— E(n—1)(E(n—1))T’B?(n—1)’Z‘(n—1)§(n—1)(§(n—1))%§(n—1)

- E(n—1)(§(n—1))T5(n—1)(§(n—1))TE(H—U
— _E(nfl)(E(n*1))T6\(n*1)(§(n*1))T§(n*1).

Now we have

_E(n—l)(’g(n—l))Ta\(n—l)(E(n—l))TE(n—l) — E(ﬂ—l) _ an—l)(E(n—l))TE(n—l) _ E(n—l)(’g(n—l))’fan—l),

that is,
[Im _ E(n—l)(E(n—l))T] =D [In _ (§<n—1>)f§(n—1)] - 0.

Conversely, if (B"D)" exists and
[Im _ E(n—l)(E(n—l))T] 67(”—1) [In _ (E(n—l))TE(n—l)] =0
then we will show that the Moore-Penrose generalized inverse of A™ exists, and the matrix
X — (E(n—l))’r + Gn’ZTn—l)
is a Moore-Penrose generalized inverse of A\("), where

Zin=1) _ _ (E(n—l))Tan—l)(E(n—l))T + [(E(n—l))TE(n_1)]T (6:("_1))T
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« [[m _ E(n—l)(E(n—l))T] 4 [In _ (E(n—l))TE(n—l)] (an—l))T [’1'9‘(n—1)(’B‘<n—1))T]T .
Indeed, by checking the four Penrose equations, we have

TR B+ () [B D + 62 B + 680 )
:§(n—1) +En[§(n—l)(§(n—l))Tan—l) +a\(n—l)(§(n—l))?’B\(n—l)
_ E(n—l)(E(n—l))Tan—l)(E(n—l))TE(”—1)].

Note that the condition
[Im _ §(n—1)(§(n—1))-r] cnh [In _ (E(n—l))-rg(n—n] -0
is equivalent to

an—l) - E(n—l)(g(n—l))’fa(n—l) + an—l)(ﬁ(n—l))TE(n—l) _ E(n—l)(g(n—l))Tan—l)(E(n—l))TE(n—l)’

which means that
AWTOZ = 7,

Moreover,
XWAWY® —(Br-D) 4 ¢ { — (B"Dyi =D Byt
+ (E(n—l))TE(n—l) [(’B?(n—l))T’B?(n—l)]T (E(n—l))T [Im _ E(n—l)(g(n—l))T]
+ [In _ (E(n—l))%’g(n—l)] (an—l))TE(n—l) [(E(n—l))Tr E(n—l)(E(n—l))T}.
Notice that
(BT B [(E(n—l))Tgm—l)]T = (B DY B DBy [(Em—l))Tr
= (BNt [(j;(n—l))T]T

_ [(Ri-DyT -1 ]
[Caia]

and
[j§<n—1)(’B‘<n—1>)T]T B DB Dyt = [(E(n—l))T]T (B~ gD (BU-Dytf
- [(g(n—l))T]T By
_ [’B\(n—l)(E(n—l))T]T.
Therefore,
XWAWXW = (Bt 4 ¢ 7= = X0
Furthermore,

AWK =B DB 4 g, [BUVZ0 D+ T (B )|
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:E(n—l)(/g(n—l))T + Gn{ [Im _ E(ﬂ—l)(’é(n—l))’f] an—l)(ﬁ(n—l))T

+[ D (B-Dyi ] [ _ B D@ 1))T]}

and
S N& :(E(n—l))TE(n—l) + e, [(E(n—l))’fan ) 4 Z-)pgn- 1)]
:(E(n—l))TE(n—l) + En{(’g(n—l))”fé\(n D [Im _ (E(n—l))TE(n—l)]
N [Im 3 (E(n—l))f’B‘(n—l)] [(E(n—l))'}'an—l)]T}
are symmetric, which completes the proof. m|

We remark that the necessary and sufficient condition in Theorem 4.1 is a generalization of condition
(111) in Theorem 2.1. However, so far we can not give any other necessary and sufficient conditions due
to the complex structure of dual matrices of order n.

Next, we show the uniqueness of the Moore-Penrose generalized inverse of A™ whenever it exists.

Theorem 4.2. Let A ¢ ﬁ’("x” If the Moore-Penrose generalized inverse of A exists, then it is
unique.

Proof. According to the proof of Theorem 4.1, if the Moore-Penrose generalized inverse of
A = B 4 ¢ G0

exists, then the Moore-Penrose generalized inverse of BV exists, and the Moore-Penrose generalized

inverse of A® is of the form (B"D)" + ¢,Z~1.

Let
A(ﬂ) (B(n 1))T +6A(n 1)

and
"(n) (B(n 1))T +€"(n D

be two Moore-Penrose generalized inverses of A™_ In order to show the uniqueness of the Moore-
Penrose generalized inverse of 1217”), it suffices to shows that

Zrz—l) — /Z\(zn—]).

Equating the dual part of both sides of the equality
ATn)X\in)ATn) — ATn)’
we get
G = B G0y G 4 FrnZn- VR 4 oD Gy B, @.)
Similarly, equating the dual part of both sides of the equality

ATn) )’(\;n)ﬁn) — ATn)
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gives
(’j‘m—l) — E(n—l)(E(n—l))Tan—l) + E(n—l)Zn—l)E(n—l) + an—l)(g(n—l))?g(n—l).

Subtracting (4.1) from (4.2) gives
Rn-1)Zn-1) _ Zn-D\pn-1) _
B" Yz -Z)B" ) = 0.
On the other hand, equating the dual part of both sides of the equality

T AR — g
XPANX" = X

and the equality

respectively yields

Zn—l) — (E(n—l))TE(n—l)Z"—l) + (E(n—l))Tan—l)(E(n—l))T + Zﬂ—UE(n—l)(E(n—l))T
and

?2”_1) — (E(n—l))TE(n—l)Zn—l) + (E(n—l))Té\(n—l)(E(n—l))T + ?zn—l)E(n—l)(E(n—l))T.

Then, by subtracting (4.4) from (4.5), we have

Zn—l) _ ’Z‘(Zn—l) _ (E(n—l))TE(n—l)(Zn—l) _ ’Z‘(zn—l)) + (Zn—l) _ ’Z‘(Zn—l))g(n—l)(’g(n—l))T_

Furthermore, equating the dual part of the equality

A VNT _ 2n) )
(A X1 )y =A X1

and the equality
APXP)T = AWK,
we have
[g(n—l)zn—l> + an—n(g(n—l))fr _ §(n—1>2‘§n—1) + DBy
and

[E(n—l)’z‘(zn—n " an—l)(E(n—l))’r]T _ E(n_n’z‘(zn—l) + GOy
It follows that
Hn- n— n— Dn- n— n— T n— n— Hn-
B” 1)(2 n_ f; Dy = [B( 1)@% D _ 2‘(2 1))] _ (Z N _ 2(2 DyT(Bn-D)T
= ZD — Zr )T BT [E(n—l)(g(n—l))T]T
= (Z"—U _ ’Z‘én—D)T(E(n—1))T§(n—1)(§(n—1>)f
- n— n— T 1) =1\t
= [B(" 1)@1 n_ 212 1>)] BD(B )
= E(n—l)(/z\i"—l) _ /ZE”‘”)EW—])(E("‘“)T.
Now, it can be seen from (4.3) that

D=1, Fn-1)  Fn-1)y _
B" Yz -z =0.

(4.2)

4.3)

4.4)

4.5)

(4.6)
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We can also obtain
(Zn—l) _ ?2”_1))3(”_1) =0

in a similar way. Substituting
B(n—l)(Zn—l) _ /Z\(Zn—l)) =0

and
(Zn_l) _ /Z\én—l))B(n—l) -0

into (4.6), we have

Zn—l) ’Z\én—l)’
which completes the proof. O

5. Conclusions

In this paper, we studied the existence and properties of hyper-dual Moore-Penrose generalized
inverse of hyper-dual matrices. We gave several sufficient and necessary conditions for the existence
of the HDMPGI of a given hyper-dual matrix. A compact formula for the computation of the
HDMPGI was presented whenever it exists. After introducing a total order of hyper-dual numbers and
Euclidean norm of a hyper-dual vector in a special set, we studied least-squares solutions and
minimum-norm least-squares solutions of systems of linear hyper-dual equations under some certain
restrictions. Furthermore, we considered an extension of dual matrices and hyper-dual matrices, i.e.,
dual matrices of order n. We also gave a sufficient and necessary condition for the existence of the
Moore-Penrose generalized inverse of such matrices. The availability of the conditions and formulas
obtained in this paper allow the simultaneous solutions of overdetermined systems of linear
hyper-dual equations that originate from many kinematic problems. We expect these results will be
useful in the future applications. It is also worth considering constructing fast algorithms to find
HDMPGI whenever it exists. For example, fast algorithms for finding generalized inverses of
complex matrices can be found in [30].
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