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1. Introduction

Quantum calculus, which is a form of calculus without the traditional concept of limits, deals with a
set of non-differentiable functions. Quantum operators are widely utilized in various mathematical
fields, including hypergeometric series, complex analysis, orthogonal polynomials, combinatorics,
hypergeometric functions, and the calculus of variations. Quantum calculus also has numerous
applications in areas such as quantum mechanics and particle physics [1–4].
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In 1949, W. Hahn introduced the Hahn difference operator [5]. This operator is a combination of
two well-known operators: the forward difference operator and the Jackson q-difference operator. The
Hahn difference operator is defined by

Dq,ω f (t) =
f (qt + ω) − f (t)

t(q − 1) + ω
, t , ω0,

and Dq,ω f (ω0) = f ′(ω0) where ω0 := ω
1−q . We note that

Dq,ω f (t) = ∆ω f (t) whenever q = 1, Dq,ω f (t) = Dq f (t) whenever ω = 0,

and Dq,ω f (t) = f ′(t) whenever q = 1, ω→ 0.

The Hahn difference operator has been utilized in the study of families of orthogonal polynomials and
in solving certain approximation problems (see [6–8]).

The right inverse of the Hahn difference operator was introduced by Aldwoah in 2009 [9,10]. This
operator is expressed in terms of the Jackson q-integral, which contains the right inverse of Dq [11],
and the Nörlund, which involves the right inverse of ∆ω [11].

In 2010, Malinowska and Torres [12, 13] introduced the Hahn quantum variational calculus.
In 2013, Malinowska and Martins [14] extended this work by presenting generalized transversality
conditions for the Hahn quantum variational calculus. Subsequently, Hamza and Ahmed [15–17]
developed the theory of linear Hahn difference equations and a general quantum difference calculus,
studied the existence and uniqueness of solutions for initial value problems using the method of
successive approximations, and proved Gronwall’s and Bernoulli’s inequalities in the context of the
Hahn difference operator. They also investigated mean value theorems for this calculus. In 2016,
Hamza and Makharesh [18] explored the Leibniz rule and Fubini’s theorem associated with the Hahn
difference operator. That same year, Sitthiwirattham [19] studied nonlocal boundary value problems
(BVPs) for nonlinear Hahn difference equations. In 2021, Mac Quarrie et al. [20] proposed the
Asymptotic Iteration Method for solving Hahn difference equations. In 2023, Hıra [21] focused
on defining and proving fundamental properties of the Hahn Laplace Transform, including linearity,
shifting theorems, and convolution theorems.

In 2010, Čermák and Nechvátal [22] introduced the fractional (q, h)-difference operator and the
fractional (q, h)-integral for q > 1. In 2011, Čermák, Kisela, and Nechvátal [23] presented linear
fractional difference equations with discrete Mittag-Leffler functions for q > 1. Rahmat [24,25] studied
the (q, h)-Laplace transform and some (q, h)-analogues of integral inequalities on discrete time scales
for q > 1. In 2016, Du, Jai, Erbe, and Peterson [26] presented the monotonicity and convexity for
nabla fractional (q, h)-difference for q > 0, q , 1. Since fractional Hahn operators require a fractional
parameter 0 < q < 1, the operators previously mentioned are not considered fractional Hahn operators.
The fractional Hahn operators have been studied by Brikshavana and Sitthiwirattham [27]. There are
research papers that focus on the BVPs for Hahn difference equations, such as [28–32].

Building on the foundation of quantum calculus, the study of fractional Hahn calculus has gained
increasing attention due to its ability to generalize classical difference and integral operators. The
fractional Hahn difference and integral operators provide a powerful framework for capturing memory
effects and non-local behaviors, which are essential in modeling complex systems. In particular, the
exploration of boundary value problems within this framework allows for a deeper understanding of
dynamic systems governed by fractional discrete processes.
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This research focuses on investigating boundary value problems involving fractional Hahn
operators, aiming to extend the applicability of fractional Hahn calculus to broader mathematical and
physical contexts. Such problems not only enrich the theoretical development of fractional discrete
calculus but also pave the way for applications in fields like control theory, population dynamics,
and numerical simulations. Specifically, we focus on a nonlocal Riemann-Liouville fractional Hahn
integrodifference BVP of the form

Dα
q,ωu(t) = λF

[
t, u(t),

(
Ψγq,ωu

)
(t)
]
+ µH

[
t, u(t),

(
Υνq,ωu

)
(t)
]
, t ∈ IT

q,ω,

Iβq,ωg1(η)u(η) = ϕ1(u), η ∈ IT
q,ω − {ω0,T } , (1.1)

Iβq,ωg2 (T ) u (T ) = ϕ2(u),

where [ω0,T ]q,ω := {qkT + ω[k]q : k ∈ N0} ∪ {ω0}; 0 < q < 1, ω > 0; α ∈ (1, 2]; β, γ, ν ∈ (0, 1];
λ, µ ∈ R+; F,H ∈ C

(
[ω0,T ]q,ω × R × R,R

)
and g1, g2 ∈ C

(
[ω0,T ]q,ω,R

+
)

are given functions; ϕ1, ϕ2 :
C
(
[ω0,T ]q,ω,R

)
→ R are given functionals, and for φ, ψ ∈ C

(
[ω0,T ]q,ω × [ω0,T ]q,ω, [0,∞)

)
, we define

operators (
Ψγq,ωu

)
(t) :=

(
Iγq,ωφ u

)
(t) =

1
Γq(γ)

∫ t

ω0

(
t − σq,ω(s)

)γ−1

q,ω
φ(t, s) u(s) dq,ωs,

(
Υνq,ωu

)
(t) :=

(
Dν

q,ωψ u
)
(t) =

1
Γq(−ν)

∫ t

ω0

(
t − σq,ω(s)

)−ν−1

q,ω
ψ(t, s) u(s) dq,ωs. (1.2)

Section 2 lays the groundwork by presenting fundamental definitions, properties, and lemmas. In
Sections 3 and 4, we delve into the existence analysis and stability analysis of problem (1.1). We
employ the powerful Banach fixed-point theorem to prove the existence and uniqueness of solutions,
and we use the Schauder fixed-point theorem to establish the existence of at least one solution. To
concretize our findings, Section 5 offers illustrative examples.

2. Preliminaries

We establish necessary notation, definitions, and lemmas for the subsequent theorems. Let q ∈
(0, 1), ω > 0 and define

[n]q :=
1 − qn

1 − q
= qn−1 + ... + q + 1 and [n]q! :=

n∏
k=1

1 − qk

1 − q
, n ∈ R.

The q-analogue of the power function (a − b)n
q with n ∈ N0 := [0, 1, 2, ...] is defined by

(a − b)0
q := 1, (a − b)n

q :=
n−1∏
k=0

(a − bqk), a, b ∈ R.

The q, ω-analogue of the power function (a − b)n
q,ω with n ∈ N0 := [0, 1, 2, ...] is defined by

(a − b)0
q,ω := 1, (a − b)n

q,ω :=
n−1∏
k=0

[
a − (bqk + ω[k]q)

]
, a, b ∈ N.
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In general, for α ∈ R, we define

(a − b)αq = aα
∞∏

n=0

1 −
(

b
a

)
qn

1 −
(

b
a

)
qα+n

, a , 0,

(a − b)αq,ω = (a − ω0)α
∞∏

n=0

1 −
(

b−ω0
a−ω0

)
qn

1 −
(

b−ω0
a−ω0

)
qα+n

=
(
(a − ω0) − (b − ω0)

)α
q
, a , ω0.

We note that, aαq = aα and (a − ω0)αq,ω = (a − ω0)α and use the notation (0)αq = (ω0)αq,ω = 0 for α > 0.
The q-gamma and q-beta functions are defined by

Γq(x) :=
(1 − q)x−1

q

(1 − q)x−1 , x ∈ R \ {0,−1,−2, ...},

Bq(x, s) :=
∫ 1

0
tx−1(1 − qt)s−1

q dqt =
Γq(x)Γq(s)
Γq(x + s)

.

Definition 2.1. For q ∈ (0, 1), ω > 0 and f defined on an interval I ⊆ R that contains ω0 := ω
1−q , the

Hahn difference of f is defined by

Dq,ω f (t) =
f (qt + ω) − f (t)

t(q − 1) + ω
for t , ω0,

and Dq,ω f (ω0) = f ′(ω0). Providing that f is differentiable at ω0, we call Dq,ω f the q, ω-derivative of f
and say that f is q, ω-differentiable on I.

Remark 2.1. We give some properties for the Hahn difference as follows.
(1) Dq,ω[ f (t) + g(t)] = Dq,ω f (t) + Dq,ωg(t),
(2) Dq,ω[α f (t)] = αDq,ω f (t),
(3) Dq,ω[ f (t)g(t)] = f (t)Dq,ωg(t) + g(qt + ω)Dq,ω f (t),

(4) Dq,ω

[
f (t)
g(t)

]
=

g(t)Dq,ω f (t) − f (t)Dq,ωg(t)
g(t)g(qt + ω)

.

Letting a, b ∈ I ⊆ R with a < ω0 < b and [k]q =
1−qk

1−q , k ∈ N0 := N∪{0}, we define the q, ω-interval
by

Ia,b
q,ω = [a, b]q,ω :=

{
qka + ω[k]q : k ∈ N0

}
∪

{
qkb + ω[k]q : k ∈ N0

}
∪
{
ω0
}

= [a, ω0]q,ω ∪ [ω0, b]q,ω

= (a, b)q,ω ∪
{
a, b
}
= [a, b)q,ω ∪

{
b
}
= (a, b]q,ω ∪

{
a
}
,

and IT
q,ω := Iω0,T

q,ω = [ω0,T ]q,ω.

Observe that for each s ∈ [a, b]q,ω, the sequence
{
σk

q,ω(s)
}∞
k=0 =

{
qks+ω[k]q

}∞
k=0 is uniformly convergent

to ω0.
We also define the forward jump operator as σk

q,ω(t) := qkt+ω[k]q and the backward jump operator
as ρk

q,ω(t) := t−ω[k]q

qk for k ∈ N.
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Definition 2.2. Let I be any closed interval of R that contains a, b and ω0. Assuming that f : I → R
is a given function, we define the q, ω-integral of f from a to b by∫ b

a
f (t)dq,ωt :=

∫ b

ω0

f (t)dq,ωt −
∫ a

ω0

f (t)dq,ωt,

where ∫ x

ω0

f (t)dq,ωt :=
[
x(1 − q) − ω

] ∞∑
k=0

qk f
(
xqk + ω[k]q

)
, x ∈ I.

Providing that the series converges at x = a and x = b, we call f is q, ω-integrable on [a, b] and the
sum to the right hand side of above equation will be called the Jackson-Nörlund sum.

We note that, the actual domain of function f defined on [a, b]q,ω ⊂ I.
The following lemma presents the fundamental theorem of Hahn calculus.

Lemma 2.1. [9] Let f : I → R be continuous at ω0. Define

F(x) :=
∫ x

ω0

f (t)dq,ωt, x ∈ I.

Then, F is continuous at ω0. Furthermore, Dq,ωF(x) exists for every x ∈ I and

Dq,ωF(x) = f (x).

Conversely, we have ∫ b

a
Dq,ωF(t)dq,ωt = F(b) − F(a) for all a, b ∈ I.

Lemma 2.2. [19] Let q ∈ (0, 1), ω > 0, and f : I → R be continuous at ω0. Then,∫ t

ω0

∫ r

ω0

f (s) dq,ωs dq,ωr =
∫ t

ω0

∫ t

qs+ω
f (s) dq,ωr dq,ωs.

Lemma 2.3. [19] Let q ∈ (0, 1), and ω > 0. Then,∫ t

ω0

dq,ωs = t − ω0 and
∫ t

ω0

[t − σq,ω(s)] dq,ωs =
(t − ω0)2

1 + q
.

Next, we present the definitions of the fractional Hahn integral and the Riemann-Liouville-type
fractional Hahn difference.

Definition 2.3. For α, ω > 0, q ∈ (0, 1) and f defined on [ω0,T ]q,ω, the fractional Hahn integral is
defined by

Iαq,ω f (t) :=
1
Γq(α)

∫ t

ω0

(
t − σq,ω(s)

)α−1
q,ω f (s)dq,ωs

=
[t (1 − q) − ω]
Γq(α)

∞∑
n=0

qn
(
t − σn+1

q,ω (t)
)α−1

q,ω
f
(
σn

q,ω(t)
)
,

and (I0
q,ω f )(t) = f (t).
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Definition 2.4. For α, ω > 0, q ∈ (0, 1), N − 1 < α < N,N ∈ N, and f defined on [ω0,T ]q,ω, the
fractional Hahn difference of the Riemann-Liouville type of order α is defined by

Dα
q,ω f (t) := (DN

q,ωI
N−α
q,ω f )(t)

=
1

Γq(−α)

∫ t

ω0

(
t − σq,ω(s)

)−α−1

q,ω
f (s)dq,ωs.

The fractional Hahn difference of the Caputo type of order α is defined by

CDα
q,ω f (t) := (IN−α

q,ω DN
q,ω f )(t)

=
1

Γq(N − α)

∫ t

ω0

(
t − σq,ω(s)

)N−α−1

q,ω
DN

q,ω f (s)dq,ωs,

and D0
q,ω f (t) = CD0

q,ω f (t) = f (t).

Lemma 2.4. [27] Let α > 0, q ∈ (0, 1), ω > 0 and f : IT
q,ω → R. Then,

Iαq,ωDα
q,ω f (t) = f (t) +C1(t − ω0)α−1 + ... +CN(t − ω0)α−N ,

for some Ci ∈ R, i = N1,N and N − 1 < α ≤ N,N ∈ N.

Lemma 2.5. [27] Let α > 0, q ∈ (0, 1), ω > 0, and f : IT
q,ω → R. Then,

Iαq,ω
CDα

q,ω f (t) = f (t) +C0 +C1(t − ω0) + ... +CN−1(t − ω0)N−1,

for some Ci ∈ R, i = N0,N−1 and N − 1 < α ≤ N,N ∈ N.

For computational efficiency, we offer these auxiliary results.

Lemma 2.6. [27] Let α, β > 0, p, q ∈ (0, 1), and ω > 0. Then,∫ t

ω0

(
t − σq,ω(s)

)α−1

q,ω
(s − ω0)

β

q,ω dq,ωs = (t − ω0)α+βBq(β + 1, α),∫ t

ω0

∫ x

ω0

(
t − σp,ω(x)

)α−1

p,ω

(
x − σq,ω(s)

)β−1

q,ω
dq,ωs dp,ωx =

(t − ω0)α+β

[β]q
Bp(β + 1, α).

To establish a foundation for the analysis of problem (1.1), we present a lemma addressing its linear
variant and providing a corresponding solution representation.

Lemma 2.7. Let Ω , 0, α ∈ (1, 2], β ∈ (0, 1], ω > 0, p, q ∈ (0, 1), p = qm, m ∈ N, θ = ω
(

1−p
1−q

)
, and

h ∈ C
(
[ω0,T ]q,ω,R

)
be given function. Then the problem

Dα
q,ωu(t) = h(t),
Iβq,ωg1(η)u(η) = ϕ1(u), η ∈ [ω0,T ]q,ω − {ω0,T } , (2.1)
Iβq,ωg2 (T ) u (T ) = ϕ2(u),

has the unique solution

u(t) =
1
Γq(α)

∫ t

ω0

[
t − σq,ω(s)

]α−1

q,ω
h(s)dq,ωs +

(t − ω0)α−1

Λ

[
BηOT − BTOη

]
(2.2)

AIMS Mathematics Volume 9, Issue 12, 35016–35037.
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+
(t − ω0)α−2

Λ

[
ATOη −AηOT

]
,

where the functionals and the constants are defined by

Λ := ATBη −AηBT , (2.3)

Aη :=
1
Γq(β)

∫ η

ω0

g1(s)
(
η − σq,ω(s)

)β−1
q,ω (s − ω0)α−1dq,ωs, (2.4)

Bη :=
1
Γq(β)

∫ η

ω0

g1(s)
(
η − σq,ω(s)

)β−1
q,ω (s − ω0)α−2dq,ωs, (2.5)

AT :=
1
Γq(β)

∫ T

ω0

g2(s)
(
T − σq,ω(s)

)β−1
q,ω (s − ω0)α−1dq,ωs, (2.6)

BT :=
1
Γq(β)

∫ T

ω0

g2(s)
(
T − σq,ω(s)

)β−1
q,ω (s − ω0)α−2dq,ωs, (2.7)

Oη[ϕ1, h] := ϕ1
(
u(η)
)
−

1
Γq(β)

1
Γq(α)

∫ η

ω0

∫ x

ω0

g1(x)
(
η − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω ×

h(s)dq,ωsdq,ωx, (2.8)

OT [ϕ2, h] := ϕ2
(
u(T )
)
−

1
Γq(β)

1
Γq(α)

∫ T

ω0

∫ x

ω0

g2(x)
(
T − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω ×

h(s)dq,ωsdq,ωx. (2.9)

Proof. Taking the fractional Hahn integral of order α for (2.1), we obtain

u(t) = Iαq,ωh(t) +C1(t − ω0)α−1 +C2(t − ω0)α−2 (2.10)

=
1
Γq(α)

∫ t

ω0

(
t − σq,ω(s)

)α−1

q,ω
h(s) dq,ωs +C1(t − ω0)α−1 +C2(t − ω0)α−2.

Multiplying (2.10) by g1(t) and taking the fractional Hahn difference of order β, we obtain

Iβq,ωg1(t)u(t) =
1

Γq(β)Γq(α)

∫ t

ω0

∫ x

ω0

g1(x)
(
t − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω h(s)dq,ωsdq,ωx

+
1
Γq(β)

∫ t

ω0

g1(s)
(
t − σq,ω(s)

)β−1
q,ω
[
C1(s − ω0)α−1 +C2(s − ω0)α−2]dq,ωs. (2.11)

Multiplying (2.10) by g2(t) and taking fractional Hahn difference of order β, we obtain

Iβq,ωg2(t)u(t) =
1

Γq(β)Γq(α)

∫ t

ω0

∫ x

ω0

g2(x)
(
t − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω h(s)dq,ωsdq,ωx

+
1
Γq(β)

∫ t

ω0

g2(s)
(
t − σq,ω(s)

)β−1
q,ω
[
C1(s − ω0)α−1 +C2(s − ω0)α−2]dq,ωs. (2.12)

Substituting t = η into (2.11) and using the first condition of (2.1), we have[ 1
Γq(β)

∫ η

ω0

g1(s)
(
η − σq,ω(s)

)β−1
q,ω (s − ω0)α−1dq,ωs

]
C1

AIMS Mathematics Volume 9, Issue 12, 35016–35037.
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+
[ 1
Γq(β)

∫ η

ω0

g1(s)
(
η − σq,ω(s)

)β−1
q,ω (s − ω0)α−2dq,ωs

]
C2 (2.13)

= AηC1 + BηC2 = Oη[ϕ1, h].

Substituting t = T into (2.12) and using the second condition of (2.1), we have[ 1
Γq(β)

∫ T

ω0

g2(s)
(
T − σq,ω(s)

)β−1
qω (s − ω0)α−1dq,ωs

]
C1

+
[ 1
Γq(β)

∫ T

ω0

g2(s)
(
T − σq,ω(s)

)β−1
qω (s − ω0)α−2dq,ωs

]
C2

= ATC1 + BTC2 = OT [ϕ2, h].

To find C1 and C2, we solve the system of Eqs (2.10) and (2.12). Then, we obtain

C1 =
BηOT − BTOη

Λ
,

C2 =
ATOη −AηOT

Λ
,

where Λ,Aη,AT ,Bη,BT ,Oη,OT are defined as (2.3) − (2.9), respectively.
Substituting the constants C1,C2 into (2.10), we obtain the solution for 2.1, as shown in Eq (2.2). □

To prove the existence of a solution to Eq (1.1), we will employ the well-known Schauder’s fixed
point theorem.

Lemma 2.8. [33] (Arzelá-Ascoli theorem) A set of functions in C[a, b] with the sup norm, is relatively
compact if and only if it is uniformly bounded and equicontinuous on [a, b].

Lemma 2.9. [33] If a set is closed and relatively compact, then it is compact.

Lemma 2.10. [34] (Schauder’s fixed point theorem) Let (D, d) be a complete metric space, U be a
closed convex subset of D, and T : D → D be the map such that the set Tu : u ∈ U is relatively
compact in D. Then the operator T has at least one fixed point u∗ ∈ U: Tu∗ = u∗.

3. Existence and uniqueness results

In this section, we prove the existence results for problem (1.1). Let C = C
(
IT
q,ω,R

)
be a Banach

space of all functions u with the norm defined by

∥u∥C = ∥u∥ + ∥Dν
q,ωu∥,

where ∥u∥ = max
t∈IT

q,ω

{|u(t)|} and ∥Dν
q,ωu∥ = max

t∈IT
q,ω

{|Dν
q,ωu(t)|}.

Lemma 3.1. (C, ∥ · ∥C) is Banach space.

Proof. Let {un}
∞
n=1 be any Cauchy sequence in the space (C, ∥ · ∥C). Then ∀ε > 0, there exists N > 0

such that
∥un − um∥C = ∥un − um∥ + ∥D

ν
q,ωun −D

ν
q,ωum∥ < ε,
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for n,m > N. Therefore, for any fixed t0 ∈ IT
q,ω, the sequence {un(t0)}∞n=1 is a Cauchy sequence in R. In

this way, the unique u(t) can be associated for each t ∈ IT
q,ω. This defines (pointwise) a function u on

IT
q,ω. And can be shown u ∈ C and um → u with ∥un − um∥ + ∥D

ν
q,ωun − D

ν
q,ωum∥ < ∞. Letting n → ∞,

for every t ∈ IT
q,ω, the following inequality holds.

|u(t) − um(t)| ≤ ε for all m > N.

This means that um(t) converges to u(t) uniformly on IT
q,ω. Since the um are continuous on IT

q,ω and the
convergence is uniform, the limit function u is continuous on IT

q,ω. Hence u ∈ C and um → u. Next, that
∥un − um∥ + ∥D

ν
q,ωun −D

ν
q,ωum∥ < ε will be proven. Consider for t ∈ IT

q,ω

|u| + |Dν
q,ωu| = |u(t) − um(t) + um(t)| + |Dν

q,ωu −Dν
q,ωum +D

ν
q,ωum|

≤ |u(t) − um(t)| + |um(t)| + |Dν
q,ωu −Dν

q,ωum| + |D
ν
q,ωum|

< ε + ε.

This implies
∥u∥ + ∥Dν

q,ωu∥ < ∞.

Hence, (C, ∥ · ∥C) is a Banach space. □
By Lemma 2.7, replacing h(t) by λF

[
t, u(t),

(
Ψ
γ
q,ωu
)

(t)
]
+ µH

[
t, u(t),

(
Υνq,ωu

)
(t)
]
, we define an

operatorA : C → C by

(Au)(t) :=
1
Γq(α)

∫ t

ω0

[
t − σq,ω(s)

]α−1

qω

{
λF
[
s, u(s),

(
Ψγq,ωu

)
(s)
]
+ µH

[
s, u(s),

(
Υνq,ωu

)
(s)
] }

dq,ωs

−
(t − ω0)α−1

Λ

{
BTO

∗
η(ϕ1, Fu + Hu) − BηO∗T (ϕ2, Fu + Hu)

}
+

(t − ω0)α−2

Λ

{
ATO

∗
η(ϕ1, Fu + Hu) −AηO

∗
T (ϕ2, Fu + Hu)

}
, (3.1)

where Λ,Aη,Bη,AT , and BT are defined in (2.3)–(2.7), respectively, and the functionals O∗η[ϕ1, Fu +

Hu], O∗T [ϕ2, Fu + Hu] are defined by

O∗η[ϕ1, Fu + Hu] := ϕ1(u(η)) −
1

Γq(β)Γq(α)

∫ η

ω0

∫ x

ω0

g1(x)
(
η − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω ×{

λF
[
s, u(s),

(
Ψγq,ωu

)
(s)
]
+ µH

[
s, u(s),

(
Υνq,ωu

)
(s)
] }

dq,ωsdq,ωx, (3.2)

O∗T [ϕ2, Fu + Hu] := ϕ2(u(T )) −
1

Γq(β)Γq(α)

∫ T

ω0

∫ x

ω0

g2(x)
(
T − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω ×{

λF
[
s, u(s),

(
Ψγq,ωu

)
(s)
]
+ µH

[
s, u(s),

(
Υνq,ωu

)
(s)
] }

dq,ωsdq,ωx. (3.3)

Obviously, problem (1.1) has solutions if and only if the operatorA has fixed points.

Theorem 3.1. Assume that F,H : IT
q,ω × R × R → R is continuous, φ, ψ : IT

q,ω × IT
q,ω → [0,∞) is

continuous with φ0 = max
{
φ(t, s) : (t, s) ∈ IT

q,ω × IT
q,ω

}
and ψ0 = max

{
ψ(t, s) : (t, s) ∈ IT

q,ω × IT
q,ω

}
. In

addition, suppose that the following conditions hold:
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(H1) There exist constants Mi > 0 such that for each t ∈ IT
q,ω and ui, vi ∈ R, i = 1, 2,∣∣∣F [t, u1, u2] − F [t, v1, v2]

∣∣∣ ≤ M1

∣∣∣u1 − v1

∣∣∣ + M2

∣∣∣u2 − v2

∣∣∣.
(H2) There exist constants Ni > 0 such that for each t ∈ IT

q,ω and ui, vi ∈ R, i = 1, 2,∣∣∣H [t, u1, u2] − H [t, v1, v2]
∣∣∣ ≤ N1

∣∣∣u1 − v1

∣∣∣ + N2

∣∣∣u2 − v2

∣∣∣.
(H3) There exist constants ω1, ω2 > 0 such that for each u, v ∈ C,∣∣∣ϕ1(u) − ϕ1(v)

∣∣∣ ≤ ω1

∥∥∥u − v
∥∥∥
C

and
∣∣∣ϕ2(u) − ϕ2(v)

∣∣∣ ≤ ω2

∥∥∥u − v
∥∥∥
C
.

(H4) For each t ∈ IT
q,ω , ĝ1 ≤ g1(t) ≤ G1 and ĝ2 ≤ g2(t) ≤ G2.

(H5) X = L
[
Φ +

G1(η−ω0)α+βΘ∗T+G2(T−ω0)α+βΘ∗η
Γq(α+β+1)

]
+ Θ∗Tω1 + Θ

∗
ηω2 ≤ 1,

where

L := λ
[
M1 + M2

φ0(T − ω0)γ

Γq(γ + 1)

]
+ µ
[
N1 + N2

ψ0(T − ω0)−γ

Γq(−γ + 1)

]
, (3.4)

Φ :=
(T − ω0)α

Γq(α + 1)
+

(T − ω0)α−ν

Γq(α − ν + 1)
, (3.5)

Θ∗η := Θη + Θ̄η, (3.6)

Θ∗T := ΘT + Θ̄T , (3.7)

Θη :=
1

min |Λ|

[
max |Bη|(T − ω0)α−1 +max |Aη|(T − ω0)α−2

]
, (3.8)

ΘT :=
1

min |Λ|

[
max |BT |(T − ω0)α−1 +max |AT |(T − ω0)α−2

]
, (3.9)

Θ̄η :=
1

min |Λ|

[
max |Bη|(T − ω0)−ν+α−1 Γq(α)

Γq(α − ν)
+max |Aη|(T − ω0)−ν+α−2 Γq(α − 1)

Γq(α − 1 − ν)

]
, (3.10)

Θ̄T :=
1

min |Λ|

[
max |BT |(T − ω0)−ν+α−1 Γq(α)

Γq(α − ν)
+max |AT |(T − ω0)−ν+α−2 Γq(α − 1)

Γq(α − 1 − ν)

]
. (3.11)

Then, problem (1.1) has a unique solution.

Proof. For each t ∈ IT
q,ω and u, v ∈ C, we find that

∣∣∣∣(Ψγq,ωu
)
(t) −

(
Ψγq,ωv

)
(t)
∣∣∣∣ ≤ φ0

Γq(γ)

∫ T

ω0

(
T − σq,ω(s)

)γ−1
q,ω

∣∣∣u(s) − v(s)
∣∣∣dq,ωs

≤
φ0∥u − v∥
Γq(γ)

∫ T

ω0

(
T − σq,ω(s)

)γ−1
q,ω dq,ωs

=
φ0∥u − v∥(T − ω0)γ

Γq(γ + 1)
.

Similarly, we have
∣∣∣(Υνq,ωu)(t) − (Υνq,ωv)(t)

∣∣∣ ≤ ψ0(T−ω0)−ν∥u−v∥
Γq(−ν+1) .
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We set

F |u − v|(t) :=
∣∣∣∣F[t, u(t), (Ψγq,ωu)(t)] − F[t, v(t), (Ψγq,ωv)(t)]

∣∣∣∣
H|u − v|(t) :=

∣∣∣∣H[t, u(t), (Υνq,ωu)(t)] − H[t, v(t), (Υνq,ωv)(t)]
∣∣∣∣.

Then, we obtain∣∣∣∣O∗η[ϕ1, Fu + Hu, ] − O∗η[ϕ1, Fv + Hv]
∣∣∣∣

≤

∣∣∣∣ϕ1(u(η)) − ϕ1(v(η))
∣∣∣∣ + 1
Γq(β)Γq(α)

∫ η

ω0

∫ x

ω0

g1(x)
(
η − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω

× {λF |u − v|(s) + µH|u − v|(s)}dq,ωsdq,ωx

≤ ω1∥u − v∥C +
G1(η − ω0)α+β

Γq(α + β + 1)

(
λ[M1 + M2

φ0(T − ω0)γ

Γq(γ + 1)
] + µ[N1 + N2

ψ0(T − ω0)−ν

Γq(−ν + 1)
]
)
∥u − c∥C

= ω1∥u − v∥C +
LG1(η − ω0)α+β

Γq(α + β + 1)
∥u − c∥C

=
[
ω1 +

LG1(η − ω0)α+β

Γq(α + β + 1)

]
∥u − v∥C.

Similarly, we obtain

∣∣∣O∗T [ϕ2, Fu + Hu] − O∗T [ϕ2, Fv + Hv]
∣∣∣ ≤ (ω2 +

LG2(T − ω0)α+β

Γq(α + β + 1)

)
∥u − v∥C.

Next, we find that∣∣∣A(u)(t) −A(v)(t)
∣∣∣

≤
1
Γq(α)

∫ T

ω0

(
T − σq,ω(s)

)α−1
q,ω
{
λF |u − v|(s) + µH|u − v|(s)

}
dq,ωs

+
(T − ω0)α−1

|Λ|

[∣∣∣BT

∣∣∣∣∣∣O∗η[ϕ1, Fu + Hu] − O∗η[ϕ1, Fv + Hv]
∣∣∣ + ∣∣∣Bη∣∣∣∣∣∣O∗T [ϕ2, Fu + Hu] − O∗T [ϕ2, Fv + Hv]

∣∣∣]
+

(T − ω0)α−2

|Λ|

[∣∣∣AT

∣∣∣∣∣∣O∗η[ϕ1, Fu + Hu] − O∗η[ϕ1, Fv + Hv]
∣∣∣ + ∣∣∣Aη

∣∣∣∣∣∣O∗T [ϕ2, Fu + Hu − O
∗
T [ϕ2, Fv + Hv]

∣∣∣]
≤
[
L
( (T − ω0)α

Γq(α + 1)
+

G1(η − ω0)α+βΘT +G2(T − ω0)α+βΘη
Γq(α + β + 1)

)
+ ΘTω1 + Θηω2

]
∥u − v∥C. (3.12)

Considering
(
Dν

qAu
)
, we have

(
Dν

q,ωAu
)
=

1
Γq(−ν)Γq(α)

∫ t

ω0

∫ x

ω0

(
t − σq,ω(x)

)−ν−1(x − σq,ω(s)
)α−1

q,ω
{
λF
(
s, u(s), (Ψγq,ωu)(s)

)
+ µH

(
s, u(s), (Υνq,ωu)(s)

)}
dq,ωsdq,ωx −

{
BTO

∗
η[ϕ1, Fu + Hu] − BηO∗T [ϕ2, Fu + Hu]

}
×

1
Γq(−ν)

∫ t

ω0

(
t − σq,ω(s)

)−ν−1
q,ω

(s − ω0)α−1

Λ
dq,ωs +

{
ATO

∗
η[ϕ1, Fu + Hu]
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− BηO
∗
T [ϕ2, Fu + Hu]

} 1
Γq(−ν)

∫ t

ω0

(
t − σq,ω(s)

)−ν−1
q,ω

(s − ω0)α−2

Λ
dq,ωs. (3.13)

Hence,∣∣∣∣(Dν
q,ωAu

)
(t) −

(
Dν

q,ωAv
)
(t)
∣∣∣∣ ≤ [L( (T − ω0)α−ν

Γq(α − ν + 1)
+

G1(η − ω0)α+βΘ̄T +G2(T − ω0)α+βΘ̄η
Γq(α + β + 1)

)
+ ω1Θ̄T + ω2Θ̄η

]
∥u − v∥C. (3.14)

From (3.12) and (3.14), we find that

∥A(u) −A(v)∥C ≤ χ∥u − v∥C.

Thus, the operatorA is a contraction. Then, by the Banach contraction mapping principle,A has a
fixed point, which is the unique solution for (1.1).

We next show the existence of a solution to (1.1) by the following Schauder’s fixed point theorem.

Theorem 3.2. Let us assume that F,H : IT
q,ω × R × R → R are continuous functions and ϕ1, ϕ2 :

C
(
IT
q,ω,R

)
→ R are given functionals. Let us suppose that the following conditions hold:

(H6) There exist positive constants F̂ , Ĥ such that for each t ∈ IT
q,ω and ui ∈ R, i = 1, 2,∣∣∣F [t, u1, u2]

∣∣∣ ≤ F̂ and
∣∣∣Ĥ [t, u1, u2]

∣∣∣ ≤ Ĥ .
(H7) There exist positive constants O1,O2 such that for each u ∈ C,∣∣∣ϕ1(u)

∣∣∣ ≤ O1 and
∣∣∣ϕ2(u)

∣∣∣ ≤ O2.

Then, problem (1.1) has at least one solution on IT
q,ω.

Proof. We organize the proof into three steps.

(i) For each t ∈ IT
q,ω and u ∈ BR, we obtain

∣∣∣∣O∗η[ϕ1, Fu + Hu]
∣∣∣∣ ≤ O1 +

(λF̂ + µĤ)G1

Γq(β)Γq(α)

∫ η

ω0

∫ x

ω0

(
η − σq,ω(x)

)β−1
q,ω [x − σq,ω(s)]α−1

q,ω dq,ωsdq,ωx

≤ O1 +
G1(η − ω0)α+β

(
λF̂ + µĤ

)
Γq(α + β + 1)

. (3.15)

Similarly, we have ∣∣∣∣O∗T [ϕ2, Fu + Hu]
∣∣∣∣ ≤ O2 +

G2
(
λF̂ + µĤ

)
(T − ω0)α+β

Γq(α + β + 1)
. (3.16)

From (3.15) and (3.16) and for each t ∈ IT
q,ω, we find that

∣∣∣(Au)(t)
∣∣∣ ≤ 1
Γq(α)

∫ T

ω0

(
T − σq,ω(s)

)α−1
q,ω

∣∣∣λF[s, u(s), (ψγq,ωu)(s)] + µH[s, u(s), (Υνq,ωu)(s)]
∣∣∣dq,ωs
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+
(T − ω0)α−1

|Λ|

[
|BT ||O

∗
η[ϕ1, Fu + Hu]| + |Bη||O∗T [ϕ2, Fu + Hu]|

]
+

(T − ω0)α−2

|Λ|

[
|AT ||O

∗
η[ϕ1, Fu + Hu]| + |Aη||O

∗
T [ϕ2, Fu + Hu]|

]
≤
(
λF̂ + µĤ

)[ (T − ω0)α

Γq(α + 1)
+

G1(η − ω0)α+βΘT +G2(T − ω0)α+βΘη
Γq(α + β + 1)

]
+ O1ΘT + O2Θη.

(3.17)

In addition, we obtain

∣∣∣(Dν
q,ωAu)(t)

∣∣∣ ≤ (λF̂ + µĤ)[ (T − ω0)α−ν

Γq(α − ν + 1)
+

G1(η − ω0)α+βΘ̄T +G2(T − ω0)α+βΘ̄η
Γq(α + β + 1)

]
+ O1Θ̄T + O2Θ̄η. (3.18)

From (3.17) and (3.18) we obtain

∥∥∥(Au)
∥∥∥
C
≤
(
λF̂ + µĤ

)[
Φ +

G1(η − ω0)α+βΘ∗T +G2(T − ω0)α+βΘ∗η
Γq(α + β + 1)

]
+ O1Θ

∗
T + O2Θ

∗
η

< ∞,

which implies thatA(BR) is uniformly bounded.

(ii) We show thatA(BR) is equicontinuous. for any t1, t2 ∈ IT
q,ω with t1 < t2, we have∣∣∣(Au)(t2) − (Au)(t1)

∣∣∣
≤

(λF̂ + λĤ)
Γq(α + 1)

∣∣∣(t2 − ω0)α − (t1 − ω0)α
∣∣∣

+

∣∣∣(t2 − ω0)α−1 − (t1 − ω0)α−1
∣∣∣

|Λ|

{
|BT ||O

∗
η[ϕ1, Fu + Hu]| + |Bη||O∗T [ϕ2, Fu + Hu]|

}
+

∣∣∣(t2 − ω0)α−2 − (t1 − ω0)α−2
∣∣∣

|Λ|

{
|AT ||O

∗
η[ϕ1, Fu + Hu]| + |Aη||O

∗
T [ϕ2, Fu + Hu]|

}
(3.19)

and ∣∣∣(Dν
q,ωAu)(t2) − (Dν

q,ωAu)(t1)
∣∣∣

≤
(λF̂ + λĤ)
Γq(α − ν + 1)

∣∣∣(t2 − ω0)α−ν − (t1 − ω0)α−ν
∣∣∣

+
Γq(α)

∣∣∣(t2 − ω0)α−ν−1 − (t1 − ω0)α−ν−1
∣∣∣

|Λ|Γq(α − ν)
{
|BT ||O

∗
η[ϕ1, Fu + Hu]| + |Bη||O∗T [ϕ2, Fu + Hu]|

}
+
Γq(α − 1)

∣∣∣(t2 − ω0)α−ν−2 − (t1 − ω0)α−ν−2
∣∣∣

|Λ|Γq(α − ν − 1)
{
|AT ||O

∗
η[ϕ1, Fu + Hu]| + |Aη||O

∗
T [ϕ2, Fu + Hu]|

}
.

(3.20)
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The right-hand side of (3.19) and (3.20) tends to zero as t1 → t2, independently of u, which implies
thatA(BR) is an equicontinuous set. By using the Arzela–Ascoli theorem, the setA(BR) is compact.

(iii) Finally, we show thatW = {u ∈ C : u = ζAu, 0 < ζ < 1} is a bounded set. Let u ∈ W. Since
|u| = ζ∥Au∥ ≤ ζ∥Au∥C , and from (i) ∥Au∥C is bounded, henceW is bounded. Then, as in (i), we have∣∣∣u(t)

∣∣∣ ≤ ζ∥Au∥C

≤
(
λF̂ + µĤ

)[
Φ +

G1(η − ω0)α+βΘ∗T +G2(T − ω0)α+βΘ∗η
Γq(α + β + 1)

]
+ O1Θ

∗
T + O2Θ

∗
η.

Therefore,W is bounded.

4. Hyers-Ulam stability analysis result

In this section, we study the Hyers-Ulam stability of system (1.1). Let ε > 0 and δ : IT
q,ω → R be a

continuous function. Consider∣∣∣∣∣Dα
q,ωu(t) − λF

[
t, u(t),

(
Ψγq,ωu

)
(t)
]
− µH

[
t, u(t),

(
Υνq,ωu

)
(t)
] ∣∣∣∣∣ ≤ εδ(t), t ∈ IT

q,ω,

Iβq,ωg1(η)u(η) = ϕ1(u), η ∈ IT
q,ω − {ω0,T } , (4.1)

Iβq,ωg2 (T ) u (T ) = ϕ2(u).

Now, we give out the definition of Hyers-Ulam stability of system (1.1).

Definition 4.1. System (1.1) is Hyers-Ulam stable with respect to system (4.1), if there exists AF,H > 0
such that

|ū − ũ| ≤ εAF,H

for all t ∈ IT
q,ω , where ū is the solution of (4.1) and ũ is the solution for system (1.1).

Theorem 4.1. Assume that (H1) − (H5) hold, and max
t∈IT

q,ω

δ(t) ≤ 1. Then the system (1.1) is Hyers–Ulam

stable with respect to system (4.1).

Proof. Let Dα
q,ωū(t) = λF

[
t, ū(t),

(
Ψ
γ
q,ωū
)

(t)
]
+ µH

[
t, ū(t),

(
Υνq,ωū

)
(t)
]
+ k(t). Consider

Dα
q,ωū(t) = λF

[
t, ū(t),

(
Ψγq,ωū

)
(t)
]
+ µH

[
t, ū(t),

(
Υνq,ωū

)
(t)
]
+ k(t), t ∈ IT

q,ω,

Iβq,ωg1(η)u(η) = ϕ1(u), η ∈ IT
q,ω − {ω0,T } , (4.2)

Iβq,ωg2 (T ) u (T ) = ϕ2(u).

Similarly to the system in Theorem 3.1, system (4.2) is equivalent to the following equation in
Lemma 2.7.

ū(t) :=
1
Γq(α)

∫ t

ω0

[
t − σq,ω(s)

]α−1

qω

{
λF
[
s, ū(s),

(
Ψγq,ωū

)
(s)
]
+ µH

[
s, ū(s),

(
Υνq,ωū

)
(s)
]
+ k(s)

}
dq,ωs

−
(t − ω0)α−1

Λ

{
BT Ō

∗
η(ϕ1, Fū + Hū + k) − BηŌ∗T (ϕ2, Fū + Hū + k)

}
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+
(t − ω0)α−2

Λ

{
AT Ō

∗
η(ϕ1, Fū + Hū + k) −AηŌ

∗
T (ϕ2, Fū + Hū + k)

}
, (4.3)

where Λ,Aη,Bη,AT , and BT are defined in (2.3)–(2.7), respectively, and the functionals Ō∗η[ϕ1, Fū +

Hū + k], Ō∗T [ϕ2, Fū + Hū + k] are defined by

Ō∗η[ϕ1, Fū + Hū + k] := ϕ1(u(η)) −
1

Γq(β)Γq(α)

∫ η

ω0

∫ x

ω0

g1(x)
(
η − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω

×
{
λF
[
s, ū(s),

(
Ψγq,ωū

)
(s)
]
+ µH

[
s, ū(s),

(
Υνq,ωū

)
(s)
]
+ k(s)

}
dq,ωsdq,ωx,

(4.4)

Ō∗T [ϕ2, Fū + Hū + k] := ϕ2(u(T )) −
1

Γq(β)Γq(α)

∫ T

ω0

∫ x

ω0

g2(x)
(
T − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω

×
{
λF
[
s, ū(s),

(
Ψγq,ωū

)
(s)
]
+ µH

[
s, ū(s),

(
Υνq,ωū

)
(s)
]
+ k(s)

}
dq,ωsdq,ωx.

(4.5)

Now, we define the operator as

(Ãu)(t) = (Au)(t) +K(t), (4.6)

where

K(t) =
1
Γq(α)

∫ t

ω0

[
t − σq,ω(s)

]α−1

q,ω
k(s)dq,ωs +

(t − ω0)α−1

Λ

[
BηOT [k] − BTOη[k]

]
(4.7)

+
(t − ω0)α−2

Λ

[
ATOη[k] −AηOT [k]

]
,

where the functionals are defined by

Oη[k] := k(η) −
1
Γq(β)

1
Γq(α)

∫ η

ω0

∫ x

ω0

g1(x)
(
η − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω k(s)dq,ωsdq,ωx, (4.8)

OT [k] := k(T ) −
1
Γq(β)

1
Γq(α)

∫ T

ω0

∫ x

ω0

g2(x)
(
T − σq,ω(x)

)β−1
q,ω
[
x − σq,ω(s)

]α−1
q,ω k(s)dq,ωsdq,ω. (4.9)

Note that

∥Ãu − Ãv∥ = ∥Au −Av∥. (4.10)

Then the existence of a solution of (1.1) implies the existence of a solution to (4.2). It follows from
Theorem 3.1 that Ã is a contraction. Thus there is a unique fixed point ū of Ã , and ũ ofA.

Since t ∈ IT
q,ω and max

t∈IT
q,ω

δ(t) ≤ 1, we obtain

∥K∥ = max
t∈IT

q,ω

|K(t)| ≤ εχ̂, (4.11)

where

χ̂ =
[φ0(T − ω0)γ

Γq(γ + 1)
+
ψ0(T − ω0)−γ

Γq(−γ + 1)

][
Φ +

G1(η − ω0)α+βΘ∗T +G2(T − ω0)α+βΘ∗η
Γq(α + β + 1)

]
+ Θ∗T + Θ

∗
η, (4.12)
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Φ,Θ∗T and Θ∗η are defined by (3.5)–(3.7), respectively.
Hence, we obtain

∥ū − ũ∥ = ∥Ãū −Aũ∥ = ∥Aū −Aũ +K(t)∥ = ∥Aū −Aũ∥ + ∥K(t)∥ = χ∥ū − ũ∥ + εχ̂. (4.13)

By condition (H5), we obtain

∥ū − ũ∥ ≤
εχ̂

1 − χ
. (4.14)

Let AF,H =
χ̂

1−χ , then

∥ū − ũ∥ ≤ εAF,H. (4.15)

This completes the proof. □

5. Some examples

To elucidate our results, we present several illustrative examples.

Example 5.1. Consider the following fractional Hahn BVP

D
3
2
1
2 ,

1
3
u(t) =

[ e−[sin2(2πt)+π]

100 + ecos2(2πt)

] |u(t)| + e−(5t+π)
∣∣∣Ψ 1

4
1
2 ,

1
3
u(t)
∣∣∣

1 + |u(t)|

+
[e−[cos2(2πt)+5]

(t + 10)2

] |u(t)| + e−(20t+ π3 )
∣∣∣Υ 2

3
1
2 ,

1
3
u(t)
∣∣∣

1 + |u(t)|
, t ∈ [

2
3
, 10] 1

2 ,
1
3

(5.1)

subject to fractional Hahn integral boundary condition

I
1
2
1
2 ,

1
3

(
2e + sin

(23
24
))2

u
(23
24
)
=

∞∑
i=0

Ci|u(ti)|
1 + |u(ti)|

, ti ∈ σ
i
1
2 ,

1
3

(23
24
)
,

I
1
2
1
2 ,

1
3

(
2π + cos(10)

)2u(10) =
∞∑

i=0

Di|u(ti)|
1 + |u(ti)|

, ti ∈ σ
i
1
2 ,

1
3
(10), (5.2)

where φ(t, s) = e−|t−s|

(t+2π)5 , ψ(t, s) = e−|t−s|

(t+2e)4 and Ci,Di are given constants, with
1

2000
≤

∞∑
i=0

Ci ≤
π

2000
and

1
1000

≤

∞∑
i=0

Di ≤
e

1000
.

Here α = 3
2 , β =

1
2 , γ =

1
4 , q = 1

2 , ω = 1
3 , ν =

2
3 , ω0 =

ω
1−q =

2
3 , T = 10, η = σ5

1
2 ,

1
3
(10) = 23

24 ,

λ = e−π, µ = e−5 , ϕ1 =

∞∑
i=0

Ci|u(ti)|
1 + |u(ti)|

, ϕ2 =

∞∑
i=0

Di|u(ti)|
1 + |u(ti)|

, g1(t) =
(
2e+sin t

)2 and g2(t) =
(
2π+cos t

)2.

F
[
t, u(t),

(
Ψγq,ω
)
(t)
]
=
[ e−[sin2(2πt)]

100 + ecos2(2πt)

] |u(t)| + e−(5t+π)
∣∣∣Ψ 1

4
1
2 ,

1
3
u(t)
∣∣∣

1 + |u(t)|
,
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and

H
[
t, u(t),

(
Υνq,ω
)
(t)
]
=
[e−[cos2(2πt)]

(t + 10)2

] |u(t)| + e−(20t+ π3 )
∣∣∣Υ 2

3
1
2 ,

1
3
u(t)
∣∣∣

1 + |u(t)|
.

For all t ∈ I10
1
2 ,

1
3

and u, v ∈ R, we have

∣∣∣F[t, u,Ψγq,ωu
]
− F
[
t, v,Ψγq,ωv

]∣∣∣ ≤ 1
101
|u − v| +

1
101eπ

∣∣∣Ψγu − Ψγv ∣∣∣,∣∣∣H[t, u,Υνq,ωu
]
− H
[
t, v,Υνq,ωv

]∣∣∣ ≤ 1
100
|u − v| +

1
100e

π
3

∣∣∣Υγu − Υγv ∣∣∣.
Thus (H1) and (H2) hold with M1 = 0.0099,M2 = 0.000428,N1 = 0.01 and N2 = 0.00351.

For all u, v ∈ C, ∣∣∣ϕ1(u) − ϕ1(v)
∣∣∣ ≤ π

2000
∥u − v∥C,∣∣∣ϕ2(u) − ϕ2(v)

∣∣∣ ≤ e
1000

∥u − v∥C.

So (H3) hold with ω1 =
π

2000 = 0.00157 and ω2 =
e

1000 = 0.00272.
Moreover (H4) hold with ĝ1 = 19.683,G1 = 41.429, ĝ2 = 27.912 and G2 = 53.048.
After calculating, we find that

Aη = 11.1274, AT = 455.939, Bη = 65.1277, BT = 83.3932,

|Λ| = 28766.3089, φ0 = 0.0000617, ψ0 = 0.00072.

We can show that

L = 0.0004952, ΘT = 0.0140446, Θη = 0.00704333, θ̄T = 0.0012905,

Θ̄η = 0.00130252, Θ∗T = 0.01531365, Θ∗η = 0.0083485.

So, (H5) holds with
X ≈ 0.027724 < 1.

Hence, by Theorem 3.1, the BVP (5.1)–(5.2) has a unique solution on I10
1
2 ,

1
3

.
In view of Theorem 4.1, we have χ̂ = 0.049859 and

AF,H ≈ 0.051282.

Therefore, the BVP (5.1)–(5.2) is Hyers-Ulam stable.
For the specific case where ϕ1 = 10, ϕ2 = 20, and g1 = g2 = 30, we examine the numerical solution

to the BVP (5.1)–(5.2) when we let h(t) = λF
[
t, u(t),

(
Ψ
γ
q,ωu
)

(t)
]
+ µH

[
t, u(t),

(
Υνq,ωu

)
(t)
]
= (t − ω0)θ.

From Figure 1, we obtain the numerical solution graph for θ = 0, 0.25, 0.5, 0.75, 1, 1.5, 2. The graph
shows that the solution of the equation converges to zero as t → ω0.
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Figure 1. The numerical solution when θ = 0, 0.25, 0.5, 0.75, 1, 1.5, 2.

□
Example 5.2. Consider the following fractional Hahn BVP

D
5
4
1
4 ,

3
2
u(t) =

1
15
(
t +

2
5
)
e
−(t+5)
[
u(t)+Ψ

1
2
1
4 ,

3
2

u(t)
]
+

1
5
(
t +

1
3
)
e
−(t+π)
[
u(t)+Υ

1
2
1
4 ,

3
2

u(t)
]
, t ∈ I15

1
4 ,

3
2

(5.3)

with fractional Hahn integral boundary condition

I
1
2
1
4 ,

3
2

[
π + sin

(525
256
)]

u
(525
256
)
=

∞∑
i=0

Cie−|u(ti)|,

I
1
2
1
4 ,

3
2

[
e + cos(15)

]
u(15) =

∞∑
i=0

Die−|u(ti)|, ti ∈ σ
i
1
4 ,

3
2
(15), (5.4)

where Ci and Di are given constants with
1

500
≤

∞∑
i=0

Ci ≤
e

500
and

1
1000

≤

∞∑
i=0

Di ≤
π

1000
Here α = 5

4 , β =
1
2 , γ =

1
2 , q = 1

4 , ν =
1
3 , ω = 3

2 , ω0 =
ω

1−q = 2, T = 15, η = σ4
1
4 ,

3
2
= 525

256 , λ = e−5,
µ = e−π.

It is clear that
∣∣∣F[t, u,Ψγq,ωu

]∣∣∣ ≤ 1
30 = F̂ ,

∣∣∣H[t, u,Υνq,ωu
]∣∣∣ ≤ 1

15 = Ĥ for t ∈ I15
1
4 ,

3
2

and
∣∣∣ϕ1(u)

∣∣∣ ≤ e
500 = O1,∣∣∣ϕ2(u)

∣∣∣ ≤ π
1000 = O2

Hence, (H6) and (H7) hold. Therefore, the BVP (5.3)–(5.4) has at least one solution on I15
1
4 ,

3
2

by
theorem 3.2.

For the specific case where ϕ1 =
e

500 , ϕ2 =
π

1000 and g1 = g2 = 1, we examine the numerical solution
to the BVP (5.3)–(5.4) when we let h(t) = λF

[
t, u(t),

(
Ψ
γ
q,ωu
)

(t)
]
+ µH

[
t, u(t),

(
Υνq,ωu

)
(t)
]
= (t − ω0)θ.

From Figure 2, we obtain the numerical solution graph for θ = 0, 0.25, 0.5, 0.75, 1, 1.5, 2. The graph
shows that the solution of the equation converges to zero as t → ω0.
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Figure 2. The numerical solution when θ = 0, 0.25, 0.5, 0.75, 1, 1.5, 2.

□

6. Conclusions

We have successfully demonstrated the uniqueness and stability of solutions for the nonlocal
Riemann-Liouville fractional Hahn integrodifference BVP through the application of the Banach fixed
point theorem. Furthermore, we have established the existence of at least one solution using Schauder’s
fixed point theorem. Our innovative approach features the integration of two fractional Hahn difference
operators and three fractional Hahn integrals.
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(1949), 4–34. https://doi.org/10.1002/mana.19490020103

6. R. S. Costas-Santos, F. Marcellán, Second structure Relation for q-semiclassical
polynomials of the Hahn Tableau, J. Math. Anal. Appl., 329 (2007), 206–228.
https://doi.org/10.1016/j.jmaa.2006.06.036

7. K. H. Kwon, D. W. Lee, S. B. Park, B. H. Yoo, Hahn class orthogonal polynomials, Kyungpook
Math. J., 38 (1998), 259–281.

8. M. Foupouagnigni, Laguerre-Hahn orthogonal polynomials with respect to the Hahn operator:
Fourth-order difference equation for the rth associated and the Laguerre-Freud equations
recurrence coefficients, Bénin: Université Nationale du Bénin, 1998.
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