AIMS Mathematics, 9(12): 34863-34885.
DOI: 10.3934/math.20241660
AIMS Mathematics Received: 18 October 2024

Revised: 01 December 2024

Accepted: 03 December 2024
https://www.aimspress.com/journal/Math Published: 13 December 2024

Research article

Global well-posedness and optimal decay rates for the n-D incompressible
Boussinesq equations with fractional dissipation and thermal diffusion

Xinli Wang'-*, Haiyang Yu'* and Tianfeng Wu’

! School of Mathematical Sciences, Chengdu University of Technology, Chengdu 610059, China
2 School of Mathematics, Sichuan University, Chengdu 610065, China

* Correspondence: Email: wxlddur@163.com (X. Wang), 575986965 @qq.com (H. Yu).

Abstract: In this paper, n-dimensional incompressible Boussinesq equations with fractional
dissipation and thermal diffusion are investigated. Firstly, by applying frequency decomposition, we
find that ||(«, O)l|;2 — 0, as t — oco. Secondly, by using energy methods, we can show that if the
initial data is sufficiently small in H*(R") with s=1+7—2a (0 < @ < 1), the global solutions are derived.
Furthermore, under the assumption that the initial data (uy, 6y) belongs to LP(where 1 < p < 2),
using a more advanced frequency decomposition method, we establish optimal decay estimates for the
solutions and their higher-order derivatives. Meanwhile, the uniqueness of the system can be obtained.
In the case @ = 0, we obtained the regularity and decay estimate of the damped Boussinesq equation in
Besov space.
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1. Introduction

In this paper, we consider the generalized incompressible Boussinesq equations in R":

8,U + U -VU + v(=A)?U + VP = @e,,

8,0 + U - VO + k(~AYPO = 0, 0
V-U=0, '
U(x,0) = Up(x), O(x, 0) = Op(x),

and « > 0 is the thermal diffusion. The unknowns are the fluid velocity field U = U(x, ) with (x,?) €
R"XR", the temperature ® = O(x, r) can be understood in a physical context as a thermal variable when

where o and § are nonnegative real parameters, v > 0 is the fluid kinematic viscosity coefficient,


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20241660

34864

the k« > 0, or as a density variable when « = 0, and the fluid pressure P(x, ). We denote the vector

e, = (0,0,---,1). The term @e¢, in the momentum equation represents the influence of buoyancy on
the motion of the fluid.

The fractional Laplacian operator A® = (—=A)? is characterized by the Fourier transform,
specifically,

(=N f = R2f(£) = EPUF ().

As follows is the definition of the Fourier transform:

716 =0 = [ o

For the higher dimensional case n > 3, Ye [42] showed that Eq (1.1) admits a unique global classical
solution as long as @ > % + 1, B > 0. Moreover, reader’s can also find many other results related to the
higher dimensional cases in [18, 35] and references cited therein.

In the following, we focus on the 2D case. According to the value range of @ and g, it can be
classified into three distinct categories space (see [14]): The supercritical case when @ + 8 < 1, the
critical case when « + 8 = 1, and the subcritical case when a + 8 > 1.

The Boussinesq system is usually referred to as (1.1) for @ = f = 1. The Boussinesq system
is widely used in the fields of atmospheric science and oceanic turbulence, where rotation and
stratification are crucial factors (see, e.g., [24]).The work of Tao and Wu [29] was able to establish
the stability and the enhanced dissipation phenomenon for the linearized 2D Boussinesq equations
with only vertical dissipation, Shang and Xu in [26] examined the stability and the decay of the
corresponding linearized systems of 3D Boussinesq equations with horizontal viscosity and horizontal
thermal diffusion. The stabilizing effect of the temperature on the buoyancy-driven fluids and the
stability of the hydrostatic equilibrium were discovered for several partially dissipated 2D Boussinesq
systems in [20, 25]. Important progress has been made on the stability and large-time behavior
in [6,19,28,31]. Therefore, the Boussinesq system has been extensively studied in the past few years;
see [2,3,5,7,8,22,43] and references therein.

In the subcritical case, Xu in [34] investigated the subcritical cases where @ + § > 2 with @ > 1,
and established the existence, uniqueness, and regularity of 2D fractional Boussinesq equations. Miao
and Xue in [23] proved global well-posedness results for rough initial data when 6_7‘6 < a < 1,

l-a<p <min{7+zsﬂ, %, 2 — Za/}. Constantin and Vicol in [4] established the global regularity,
when § > ﬁ Yang, Jiu and Wu in [36] verified the global well-posedness when 8 > 1 — 2, 8 > ZJ'T",
B > ig:ig. Ye and Xu in [37], Ye and Xu in [38], Ye, Xu, and Xue in [39], Ye in [40], Wu, Xu,
and Ye in [32], Zhou, Li, Shang, Wu, and Yuan in [44], and other literatures have made significant
advancements.

The critical case is generally more challenging than the subcritical case. Hmidi, Keraani, and
Rousset in [10, 11] studied two specific critical cases where @ + § = 1 witha = Oand 8 = 1, or
with @ = 1 and 8 = 0, and they established the global regularity for the 2D Boussinesq equations with
fractional diffusion in both cases. Jiu, Miao, Wu, and Zhang in [14]; verified the global regularity for
the general case with @ + 8 = 1 and 0.9132 ~ @y < @ < 1. Stefanov and Wu in [27] advanced the
previous work of [14]; they proved the global existence and smoothness of the classical solution. The

conditions are as follows: -2 = 0.798103. < @ < 1,8 > 0 and @ + 8 = 1. The range of & to
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0.7692 ~ % < a < 1 is further extended in [33] by Wu, Xu, Xue, and Ye. Some other developments
are in [9,12,13,41].

For the supercritical case, Jiu, Wu, and Yang in [15] consider the 2D incompressible Boussinesq
equations with fractional dissipation; they verified the eventual regularity for « + 8 < 1 and 0.9132 =
%ﬁ < a < 1. Wu, Xu, Xue, and Ye in [33] proved the final regularity of the Leray-Hopf-type weak
solution of the Boussinesq equation with supercritical dissipative and 0.7692 ~ % < a < 1. Some
global regularity conclusions for supercritical equations can be obtained in [21].

We assume 1
u® = (0.0.0), 8 = x,, p¥ = oy, (1.2)

Then the perturbation (u, 8, p) with

u=U-u?,0=0-609 p=pP-p?. (1.3)
Then, (u, 8, p) satisfies
ou+u-Vu+v(—A)u+ Vp = Oe,,
0,0 +u-Vo+ k(-APO = —u,,
V-u=0,
u(x, 0) = up(x), 6(x, 0) = o(x).
Our first result can be stated as follows.

Theorem 1.1. Consider (1.4) with v > 0 and k > 0. Assume the initial data (uy, 6y) € L>(R") x L*(R")
with V -uy = 0 and n > 2. Then (1.4) has a global weak solution (u,0) that satisfies the following

property:

(1.4)

hm({lu(®)ll 2y + 16O z2e) = 0. (1.5)

In the paper we focus on the global well-posedness and optimal decay of solutions of (1.4) with
fractional dissipations. For the sake of simplicity, we set v = k = 1 in (1.4). We shall consider the case
with 0 < @ = 8 < 1. In particular, we investigate the following Cauchy problem:

ou+u-Vu+ (—AN)*u+Vp = be,,
00+u-Vo+(-A)*0 = —u,,
V-u=0,

u(x, 0) = up(x), 6(x, 0) = Go(x),

(1.6)

where 0 < @ < 1. When a = 0, (1.6) is reduced into the n-dimensional incompressible Boussinesq
system with damping
ou+u-Vu+u+Vp = e,
0.0+u-Vo+60=-u,,
V-u=0,
u(x,0) = up(x), 0(x,0) = Gy(x).

The following is our second result.

(1.7)

Theorem 1.2. Let 0 < a < l and s > 1 + § — 2a. Assume that the initial data (up,6p) € H'(R"),
V -uy =0andn > 2. Then there exists a constant € > 0 such that, if

lletol|zzs ey + 10l ery < &, (1.8)
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then (1.6) has a global solution
(u, ) € L™([0, 00); H*(R")) N L2([0, 00); H***(R™)).

In addition, for any t > 0,

1
2 2 2 2 2
”u(t)”Hs(Rn) + ||9(t)||Hs(Rn) + f ”Aau(T)”Hs(Rn) + ”AQQ(T)”HS(Rn)dT <C¢g.
0

Moreover, for any 0 < m < s,
tlifg(l + t)%(”/\mu(t)”Lz(R”) + IA"0()|| 2@ny)) = 0.
Furthermore, suppose that (ug, 6y) € LP(R") with 1 < p < 2. Then
A" (O] g, + IA" OO gy < C(L+ 1757567
L2(RM) 2Rn) = .

When s > 1 + g — a, the solution derived above is unique.

(1.9

(1.10)

(1.11)

(1.12)

Our third result is focused on the regularity properties of the damped Boussinesq equations (1.7)

witha =0.

Theorem 1.3. Suppose the initial data (uy, 6y) € B;’](R"), s2 5+ 1withn>2andV -uy = 0. Then

there exists a constant € > 0 such that, if
lluollsy, + 116olls;, < €,
then (1.7) has a unique global solution
(u,6) € L*([0, 00); B},,) N L*([0, 00); B, ).

In addition, for any t > 0,

t
(o), + 6, + f (D), + 16COIE, dT < Cé
| 7t , |

Furthermore, for any 0 < m < s,

—S+mt

A" u(Oll2@ey + IN"OO)]| 2y < Cese™ .

2. Preliminary

2.1. Littlewood-Paley decomposition and Besov spaces

(1.13)

(1.14)

(1.15)

(1.16)

The purpose of this section is to introduce some basic knowledge of the Littlewood-Paley
decomposition, the nonhomogeneous Besov spaces, and some useful properties (for more details,

please see [1]).
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Let B and C represent the ball {§ eR": | < ‘3—‘} and the annulus {§ eR": % <[é < %}, respectively.
There exist radial functions y and ¢, both of which take values in the interval [0, 1], and which belong
to C5’(B) and C’(C), respectively, such that

VECR'\ (0}, ) (270 = 1,

JEZ
VEER" X&)+ ) @27 = 1.
j20

Let u € S'(R) with &’ being the set of tempered distributions. The nonhomogeneous dyadic blocks A
are characterized by the following definition:

Au=0, if j<-2,and A_ju=y(Du = f h(y)u(x — y)dy,
R)‘l

Aju= o2/ Dyu = 27 f h(2/y)u(x — y)dy, if j>0
Rn

where h = F o and h = F~! . Now we will define the low-frequency cut-off operator S;

Sju = Z Aju.

J<j-1

Lemma 2.1. (Bernstein inequality) Let B denote a ball and C denote an annulus. There exists a
constant C such that, for any nonnegative integer k, any couple (p,q) € [1, 0] with p < q, and any
function f € LP(R"), we have

- def o n(L_1
Supp f € AB = ||ID* fllzs = sup 18 fllzs < C' A7) fllp,
la|=k

Supp f € AC = C* A\ fllur < supllo® fllur < A flur.
lal=k
Next we recall the definitions of the nonhomogeneous Besov spaces.

Definition 1. Assume s € R and 1 < p,r < oo, the nonhomogeneous Besov space B,,, consists of all
tempered distributions f such that

I£ss, = || 71 fllr) ez

When p = r = 2, we have BZ,Z(R") = H'(R"), where

oy <
Al g5y 2 ( 1+ |§|2)S|f(§>|2d§) :
.

Lemma 2.2. Assume s € Rand 1 < p,r < oo, f € §'. Consequently, the following properties are valid:
(1) Embedding: For1 < p,p < ocoand 1 < r, 7 < oo, there holds

s—n(1-1
B, (R") < B, V&,
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B, ,(R") = L™(R"),
L'(R") = B) (R").

(2) Interpolation: For any s, < s, and 0 < 0 < 1, one has
0 1-6
Wl < 1F 1 11,

C 1 1 0 1-6
51 +(1-0)s < - I s 5 .
Wil <+ + 7= WA

Lemma 2.3. Letoc € R, 1 <r< oo, and 1 < p < py < oo. Let v be a vector field over R. Assume that

1 1 1 1
0'>—nmin{—,—} or 0'>—1—nmin{—,—} if V.-v=0.

prp prp

Define R; = [v - V,A;1f. There exists a constant C, depending continuously on p, p,, o and d, such
that

. ) n
ICPIR )l < CUVIL s Il if o <14 <=

Further,if0'>0(0r0'>—1,ifV-v:O)andpiz: , then

1_1
p P1
IR ) ller < € 19Vl 111y, + IV Al I9Vl;1)
where
v-V,AIf =v-V(A;f) = Aj(v-Vf).
2.2. Interpolation and embedding in Sobolev spaces

Lemma 2.4. ([1]) Let s € R and H*(R") be the homogeneous Sobolev space with the definition
lull7 @) f EP )P dé < oo.
Rﬂ

Ifk € [0, 2), then the space H*(R") is continuously embedded in L%(R”), namely
llll, 24 < CllA ull2.
Lemma 2.5. ([16,17]). Let s >0, 1 < p < oo, f € WP N W¥P2 g € LP> N\ WSP! | then
IA*(f8) — FA'gllr < C (9 fll 1A gllon + gl lIA gluen).
IA (SO < C ANl IAgllzar + Nlgllra 1Al o)

forl=L+i=l+i
P P q1 P @
Lemma 2.6. Let sy < s < s;. Then H* N H*' is included in H*, and
1A ullz < A%l A ull)5

where 0 € [0, 1] and s, sy, s1 satisfy
s =0sy+ (1 —0)s;.

Lemma 2.7. If f € L'(R"), 1 < p <2, and L + L = 1, then f € L’(R") and it satisfies
Il < Cllfllr-
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3. Proof of the main results
Firstly, dotting (1.4) with (u, 8), we have
d
E(Ilu(t)lliz +10@)I17,) + 2VIA“ull7, + 2clIAP17, = 0,

integrating it in time yields
2 2 2
()72 + 16172 < lluoll7, + 16o]I7..
L L

Furthermore, by applying the Fourier transformation to (1.4), we conclude that
OH(E, 1) + VIEPWE, 1) = O, e, — VP&, 1) — (- Vu(é, 1) £ Ly(£, 1),
O£, 1) + KEPPOE, 1) = Ty, 1) — (- VIO, 1) 2 Ly(£, 1.

By calculating the above equations, we obtain

!
WE 1) = ip(&)e " + f e DL (& nd,

0

!
B 1) = Bo()e e 4 f DL &

0

Due to the simple fact that V - u = 0, we have
- VYué, Dl = IV - w@u)& 0l < Elllu @ ully < Elllull,.

Similarly,
(- V)OE, Ol < [&llluall2]16]] 2.

Applying the divergence operator to the velocity equation in (1.4), we obtained

Vp = (=A)'VV - (be, — u- Vu)
= (-A)'VV - (Be,) — (-A)'VV -V - (u®u).

By (3.7), we obtain
IVp(&, 0l < 161 + lllu ® ull < [6] + 1€l ..

Invoking these estimates, it leads to

W, D)) < limp(©)le e + f ¢E L (& ldr,

0

< [a5(&)] + f eI (1w, + 06, 7)) d
0

!
< lia(&)l + Cle] f e (Jlu(@)I, + 16OIE,) dr + f e DGldr
0

t
0

t !
< | @l + CIEIluoll7, + ||90||iz)f P Cf |0ldr
0 0

(3.1

(3.2)

(3.3)
(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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!
< lug(®)| + Crlél + C f lbld. (3.11)
0
The other term can be similarly bounded,
. . t
0(£, DI < 1605 + Clé] + Cf uld. (3.12)
0
By employing the Plancherel theorem in conjunction with the Fourier splitting technique, we obtain
IA“ully, = | P, nldé
er
> f P &, ) dé
€121

> " (&, HlPd¢

|€]=r1
:r%“(nuniz— f Fbilzdf) (3.13)
[él<r
and
||A“e||izzr§’3(ueuiz— f @de). (3.14)
[é]<r)

By using Fubini’s theorem, the integral terms on the right-hand side of (3.13) and (3.14) can be
dominated

. 2
@Pde < f| | (|u7><§>|+0r|§|+c fo @dr) dé
£1<r

" 2
< f liwg(€)1*dé + Cri™*(1 +1)* + C f ( f CE ldT) dé
1< [él<r 0
t
< f lio(€)[*dé + Cri**(1 + 1)* + Ct f f 01 drdé
|€1<r [¢1<r JO

!
< f liwg(€)1*dé + Cri**(1 + t)* + Ct f f 0] dédr
|€1<ry 0 Ji=n

!
< f lio(€)[*dé + Cri**(1 + 1)* + Ct f f 0)Pdédt
[él<r 0 JR"

|€1<ry

!
< f liw(€)I*dé + Cri**(1 + 1)* + Ct f 16117, d. (3.15)
|€1<ry 0

Similarly,

!
f 0]°de < f 00(&)*dé + Cry(1 + 1)* + Ct f lull?.d. (3.16)
[l<rs 1<y 0
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Substituting (3.13)—(3.16) into (3.9), it yields
d 2 2 2ayp, 2 2810112
E(IIM(I)IILZ +10DI72) + 2vr|lull;, + 2«57 1161l

< 2vr12“( W(f)|2d§) + 2Kr§'8 ([I @(5)|2d§)
£<r)

€]1<r
< 2Vl’%af |%(§)|2d§; + 2Kr§ﬂf |é\0(é_«)|2d§ + C(r%oz+n+2 + r§a+n+2) (1 + [)2
[¢1<r |€1<r2

! !
+ Ctr® f 1612,d7 + Ctryf f \lull%,dT
0 0

< 2w f liio(&)Pdé + 2ur f 00(&)Pdé + C (rf‘”"+2 + r§“+"+2) (1 + 1)
[1<ry

El<ra

+ C(rf" + riﬁ) (1 +1)?

< 2wl f liio(&)Pdé + 2ur f Bo(©)Pde + C (P + 132 (1 + 1), (3.17)
[€1<ry [€1<r2
Let 1
k 2a k 28
= , = 3.18
" (2v(1 + Hin(l + t)) "2 (2K(1 + ln(l + r)) (.18)
n+2 .
forsome k > 1 + min{;a/,Z,B}' Then, we obtain

d
E(Ilu(t)lliz +10@)I17,) +
k o
T g O+ PO

k 1+% k 1+"zi2 2
C((Zv(l om+n T ST omi<n) ﬁ)(l T (3.19)

Kk 0 )
(1 +0In(1 +1) (”””LZ + ||9||L2)

Multiplying (3.19) by In“(1 + 1), we have

d
— (" (1 + Olu(o)I: + 16O)I2))
KIn'(1 + 1) T2
<UD ( fg WO ) df)
+Clnf(1 + ) |( k Y 4 ( k )5 | (1 + 1)
2v(1 + HIn(1 + 1) 2«(1 + HIn(l + 1)
= Ji(t) + 1,(¢) + J5(¢). (3.20)

Integrating (3.20) in [0, ¢], we obtain
!
eI + 10N> < (1 + 1) (o2, + 160ll2.) + In™*(1 + ) f 5i(n)dr
0
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+In7*(1 + 1) f J(D)dr + In7*(1 + 1) f Ji(1)dr.
0 0

Naturally,
lim In™(1 + 1) ([luoll7: + 160l132) = 0.

For the second term on the right-hand side of (3.21), we have

fo der:( f| . }|»To<§>|2+|67o<§>|2d§)<1n"<1+r>—1>.
£|l<max{r|,ry

(3.21)

(3.22)

(3.23)

When t — oo, it is easy to show that r; and r, will converge towards zero. By using Theorem 1.1, we

have

lim (1z©)F + Bo(€))dé = 0.

—00
|é|<max{ry,ra}

This indicates that

!

limn™*1+7 | Ihdr=0

—00 0

For the third term on the right-hand side of (3.21),

f f . k 1+55
= In*(1 1 2
L L (t)dt C‘fo n(l+7)(1+71) (2v(1 T+ dr
scf 1n(1+r)’<—%3—1dT
0

(1 + T) n+2 ~1
n+2

k=5 —1
SCf In(1 + 7) it
0 1+71

= C(n(1 + T} 5% — 1),

then

lim In"*(1 + 1) f I (t)dt =
Similar to J,, one gets

lim In™*(1 + t)f I(n)dt =
Inserting (3.22), (3.25), (3.27), and (3.28) into (3.21), we finally obtain

}Lrglollu(t)lliz +16)II7. = 0.

As aresult, Theorem 1.1 is proved.

AIMS Mathematics Volume 9, Issue 12,

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

34863-34885.



34873

3.1. Proof of Theorem 1.2

Step 1. A prior estimation and existence. By using the basic energy estimate of (1.6),

t !
(I + 1617, + 2f IA“u(OId7 + 2f IA®6(D)II7.dT = lluoll7, + 16oll?..
0 0

(3.30)

Applying A* to both sides of (1.6) and then dotting the results with (A*u, A*6), respectively, we obtain

%%(IIAsulliz +IA%6IZ) + (AT ull7, + IA™6l7) = I + I,
where we have used the following facts:
: (u-VA’u) - Nudx = 0, ‘[R (u-VA’9) - A°0dx =0,
fASHen - ANudx — fASun -A°0dx =0,

and
I = _f [A°(u - Vu) —u-VANul - Nudx,
Rll

L=— | [A°(u-V0) —u-VA*H] - A*dx.

Rn
Using Holder’s inequality, Lemmas 2.4 and 2.5, we obtain
I <IN (u - Vu) —u- VA ul|2|| A ul| 2
S AUl 2y 190l 2wl + VA ull oy IVl 1A ull2
S A ul 2 1A ull 2

2
S A wllys loel s

with s =1+ 3 - 2a.
Similarly,

L < (IAullzs + 1A BIZ)160 s

Inserting (3.35) and (3.36) in (3.32) leads to

1 d ' \) S+ A\ al04
Ezt(nA‘*uuiz + A% + (A ul, + |A*6]12,)
< (leellzs + 101 AA Ul + IAT6]7).

Integrating (3.37) over [0, ] and combining it with (3.30), we have
!
(D)l + 10N + 2 f (A ullfys + IA6I[F)dT
0

!
< (lluoll7s + 116ollz) +2 f (leallzzs + 160z )AUA ullzys + 1Al )d.
0

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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We set .
Et) = sup (Ilu(llf + 101 + f (A"l + IA6IF,)dr). (3.39)
0

0<r<t

Consequently, .
E(t) < CoE(0) + CE2(1). (3.40)

By using the bootstrapping argument ([30]), if
E(0) = lluollzs + 16l < & (3.41)
for sufficiently small £ > 0, we have
t
Ol ey + OOy + f (A Ul gy + IA6IE )T < CE2. (3.42)
0

Step 2. We demonstrate (1.10) in this step. Comparable to the derivation of (3.37), for 0 < m < s,
we obtain

1d
EE(IIAmulliz +IA"6I7,) + (IA™ull7, + A™*6][7,)
< (tllzs + 160l )AA™ ullF, + 1A 6[7.). (3.43)
Then from (3.43)
i(IIA’" 172 + IA"6II7,) + (IA™ “ull, + [IA™6]17,) < 0 (3.44)
dt Ul 12 Uil ) =y .
By Lemma 2.6, we have
IA™ullz < Cllull5 IA™ ull 5. (3.45)
Similarly,
IA™6l2 < ClIOIE 1A 617 (3.46)

Substituting these two bounds into (3.47), we derive

2ma) 2mta)
d IA™ull,," IIA76l,,"
T(UA™ I + IA™6I) + C[ L+ —L <o, (3.47)
lull lell
which implies
d C 20m+a) 20m+a)
T Al + A7) + — (||A'"u||L;" N )
max {2 01 |
<0. (3.48)
Using the Cauchy inequality
(f+ef <25'(ff + 65, k>1,£,8>0, (3.49)

AIMS Mathematics Volume 9, Issue 12, 34863-34885.



34875

therefore,

m+ta

(IA™ull2, + A" 12.) "

d 2 2
AP, + IA"0IE) + S
max {1l 61

<0.

Integrating (3.50) over [0, ¢], we obtain

!
1
IA"ull?, + A6, < C |1+ f dr
0 max{

2a 2a
Il oo |

Multiplying (3.51) by (1 + #)= , we obtain

RIZ

e m 1+t
(1 + OF A2, + A", < C : 1
1+ f = = dr
0 max (ol O
We found that using the L’Hopital rule, yields
. 1+1¢ . 20 2
lim : = tim max {2, 10O
t—oo 1 t—c0
1+ f = = dr
0 max { ol el

Finally, we have
lim(1 + 0% (||A"ull2 + |A"6)|;2) = 0.
t—o00

Step 3. We demonstrate (1.11) in this step. Similar to (3.13) and (3.14), we obtain
||Am+a/u||i2 — |§|2a/+2mm(é:)|2d§
Rn
> [ e merag
él=r
S (A
lél<r

and

||/\m+(19||i2 > rZ(l (”Am@”iz _ f |§|2m@(§)|2d§:) ]
€1<r

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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Inserting these two bounds into (3.44), it yields
d
E(IIA’"MIIEZ + IA"017,) + (A" ull7, + IA™61[7.)
<r ( f EP" )P dE + f |§|2'”|5(§)|2d§)- (3.57)
lgl<r lgl<r

Utilizing V - u = 0, due to the property of the Fourier transform, which constitutes a bounded linear
operator from L' into L™, one can derive the following result:

A" (- VY, 1)) = |V - A(u ® u)(&, 1))
< JEINA™ (1 ® w)|

< JEllleell 2 | A™ 2. (3.58)
Similarly,
IA"(u - VYO, O] < [ENlull A6l 2 + EN6I 2N ull 2, (3.59)
IAPVPE, D) < |Ellull 2 [N ull 2 + |A7OE, 1), (3.60)
Hence,

!
A&, )] < | A ()] + f e g Ly (&, )l dT
0

< |K"ug(€)] + fo Ol Al e
+ fo t e D Amp (£, 1)\ dT

< |KMug(€)] + CIE| fo Al + 10ENUA™ Ml + A6 e
+ fo AR Dlde

< |KMug(€)] + CIE| fo ollz + 6ol ) IO, + A6 )
- fo Ao Dlde

< |A™uy(¢)| + CIE] fo A" u(D)ll 2 + IO 2)dT

+C f IAMOE, DldT
0
(3.61)

and
IA6(E, 1)] < |A"By(€)] + CIE] fo (A" u(@ll2 + IA"O|| 2 )dT
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!
+ Cf IA™u(é, t)|dT.
0
The right-hand side of (3.57) can be bounded in the following manner:
[ (errmor + g ae
El<r

< f| IR + AT e
E|<r

t 2
+Cf|| & (fO(IIA’"ulle + IIA'”GIILz)dT) d¢
£|<r

+th|‘| £(|§|2mﬁt\(§,7)l2+|§|2m|§(§’7)|2)d7'd§
EI<r

< f| | Ao + NGy dé
l<r

! . ’ % ,
+Cf'$l£r et [(fo dT)z(fo (A" ull 2 + IIAmelle)zdr) ] dé

!
+Ct f (EP e, 7)1 + 1EPm0E, oP)dédr
0 |él<r
!
< f |AM U + |AmBy(&)PdE + Cr2e f (A" ull> + |A"6]|2)*dT
[él<r 0
!
+Ct f (IA™ull2, + |A"6I%, ).
0

By the following inequality

2p-2 2-p

f ILTo(f)IZdSS( f Wf)v’ildf)" ( f dé)z
lel<r |€l<r lel<r

2_
< Cr"v llugllz,,

and

2p-2 2-p

f |5o<§>|2d§s( f |eT><§>|»”ld§)” ( f d§)2
lEl<r lEl<r ll<r

2_
< CroV)16ol12,.

Thus,
d m_ .12 mp2 2a m_ 112 mp2
E(IIA ully> + IA"ONL) + r A ully, + [IA™6l;)

< P ( f |Amug(&)P + W@(&)Pdé)
[l<r

(3.62)

(3.63)

(3.64)

(3.65)
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!
+ Crat?tny f (IA™ull2 + [|A™0)|;2)*dT
0

!
+Crit f (IA™ull?, + |A™012,)dT
0
2m+2 21 2 2
< 220G D (g2, + 1166l12,)

!
+ Cre™(1 + 1) f (A" ull2, + IA"6I12,)d. (3.66)
0
Now we set r = ( )2a with k > "(1 - %) + 2, and insert it into (3.63), we obtain
d k m, 112 mp2
E(l + O (A ull, + IA"0ll2)
k-mo1-n(l_ly k-t ' m 2 mp|(2
SCA+t)y "« e 22+ C(A+ 1) (A" ull7, + IA™6]l})dT. (3.67)
0

Then integrating (3.67) from O to 7, one has

(A" w7, + IA"6(D)I72)

k-2-1-1 1_1

< C(1+ 07 (1A uo|I7, + IA"60|I7,) + C(1 + 1) f(l +7) 7t

+C(1+1) f (1+7) % f (||A’"u||L2+||A”’9||L2)dzdr

t
+C(1+0)"F f (A", + IA™612,)d. (3.68)
0

By the following basic inequality

! a1 {(1+t)ln(l+t) rl-D+z=,

1+t @ (Y p 2) 1+T _;_E(;_i)d‘r
(eor 0( ) C(1+1) Z(;—z)+§¢1,

we have

(1+ 05 02 A ()2 + IA"OOIE)
myncl_1y g m m s+l ,)+1_2ﬂ
<SCA+pne" = 27H(|A uoll +[IA 90||L2) +C+C(+1p)ae b3

!
f C(1+ 157G gz sup (1 + D5 G DA (@R, + IA"0D)I)
0

O<r<t

< C+C(1 +H)* % max {1,In(1 + 1)}
x sup ((1+ 05 5 DA U@E, + IA"6@IE)). (3.69)

0<r<t

Since0<a <1< 2*" , we obtain,
(A" w2, + IA™0@)II7,) < C(1 + HEEGTY, (3.70)
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Step 4. Uniqueness. Assume that

(U,0), (u,0) € L=([0,T1; H*) N L*([0, T]; H*®).

are two solutions of (1.6). Consider the difference (u, 5) with

u=u-U 60=60-0.

Then it follows that
O +u-Vi+u-VU + (=A% + Vp = be,,
8,0+u-VO+u-VO + (-A)0 = —iz,,
V-u=0,
U(x,0) = 0,60(x,0) =0,

where p = p — P. Dotting (3.73) with (u, 6), we obtain

1d — —
EE(IﬁﬂliZ +16117.) + (A7, + IA6][7.)

:—fﬁ-VU-ﬁdx——fﬁ-V@)-b'dx
n R}'I

=K + K,.

By Young’s inequality and Lemma 2.4,

K| = f - VUudx| < [l el 2 VU,
< @l AT, 2 IAF U2
< ZIATIE, + CIRIATUIE,.
Similarly,
K| = fR - VOOdx| < in/\“ﬁng + Cllall% A1,

Invoking the estimates in (3.75) and (3.76), it infers that

d — —
E(Iﬁt]liz +16117.) + (AT, + IA6II7,)
< Clially, (IA° U7, + IA*OII7,)
< (Il + 61U U, + IAOI,).

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

The application of Gronwall’s inequality consequently establishes the required uniqueness. Then this

concludes the proof of Theorem 1.2.
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3.2. Proof of Theorem 1.3
Applying the inhomogeneous blocks A; operator to Eq (1.7) yields

O Aju+Aj(u-Vu) + Aju+VAp = Ajbe,,
B,AJG + AJ(I/[ . V@) + AJH = —Ajun.

Taking the inner product of (3.78) with A u and A ;6 respectively, we have

1d
S (1A ull7, + 1A60117.) + (A ull7, +11A,6117,)

2dr
= —(Aju- Vu), Aju) = (A (- V), A )
= Zl + ZQ,
where
Z = —f | A - Vu) = u- AVu| - Ajudsx,
Rn
7, = —f | A - VO) = u- A6 - Adx.
R)’l
By Lemma 2.2, it yields

VAl < IVAL: < IV Al < VA5,
2,1 ? ’

where s > 7 + 1. By Lemma 2.3 and (3.82),

1Z| <

—f [Aj(u -Vu) — u-AjVu] - Ajudx
Rﬂ

< 1Aullell [u - V., A ull2

—-Jj 2
< Cen2 P ully, Al

|zz|s‘—f | A - VO) = u- AV - Afdx
Rn

< 1Azl [u - V. A el
< Cey 2 lulls, 16, 1812

llejallo = > leal

JEZ

Here ||cjllp = 1, where I' stands for

Using these estimates, it leads to
1d 2 2 2 2
5 Al + 11A,0112) + 1Al + 11A0112)

—J 2 2
< 27 Al + 1Bl + 1161, )

—j 2 AN 2 2
< 27 (IAull7, + 11A,017)7 lully + 11615, )

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)
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< S A + 1A + Cey 27 lully + 1015, )™ (3.86)

| =

According to the Cauchy inequality
V2f+9) 2 V2 + 82 = f+e(f.g 2 0) (3.87)

and Lemma 2.1, we obtain
d 2 2 \1 1
E(IIA,MIILZ +114,017.)> + $(IIAJMIIL2 +11A;0l12)

d 1 1
< d_t(”Aju”iz +IA612)7 + (AUl + 14,6117,)2
< e (il + 1013, ) (3.88)

Integrating (3.88) in time from O to 7 yields
f
V2IAu®llz + 1A,00)]1;2) + ‘/Ef (1A jullr2 + 1A 6l 2)dT
0
t
< 2(||AJM0||L2 + ”AjQOHLZ) + Cf Cj,12_]s(||l/l||%;l + ||9”%g§l)d7— (389)
0 : :

Multiplying it by 2% and subsequently performing the summation with respect to j results in the
following transformation

!
V2(lullgy, +16ll5;,) + V2 f (1A jul;, + 1146155, )
2 el O ’ i

¢
< 2(|luolly, + 16ollss,) + Cf cj,12_”(||u||f;;1 + ||9||§;1)d7- (3.90)
. 3 0 , )
Set t
E(t) = sup (lullg;, +116ll5;,) + f (lulls;, + 116ll5; ). (3.91)
O<r<t ’ ’ 0 ’ ’

Consequently, (3.90) implies that
E(t) < CoE(0) + C,E*(1). (3.92)

According to the bootstrapping argument, if
E0) = llullyy, +10ll3, < &’ (3.93)
for sufficiently small £ > 0, then
1
a3, -+ 013, + f (@I, + 6D, )dr < Ce? (3.94)
: : 0 : :
for any # > 0.
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Multiplying (1.7) with €', it yields that

e'ou+u-Vieu) +eu+e'Vp = ebe,,
€00 +u-V(o) +e'0=—cu,,
V-u=0,

u(x,0) = up(x), 0(x,0) = Gy(x).

Dotting (3.95) with (e'u, €'), it yields that

1d
Ed—t(lle’ulliz +[le'6lI7,) = 0.

Integrating it in [0, 7], we have

2 2 2 2 2 2 2
e (llull> + 1611) = lleully> + lle'6ll;, = lluoll, + 16oll]-

Therefore,
(I, + 1017, < Ce™.

By utilizing the interpolation inequality, we have

IA"u@)lz2 + A" < CIA G, Ol 11, O3
< Cliw, 0)l13,, 1w, O)ll ;-

—s+m t

<Cgie "

Hence, Theorem 1.3 has been proved.

4. Conclusions

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

In summary, our study provides a comprehensive analysis of the n-dimensional incompressible
Boussinesq equations with fractional dissipation and thermal diffusion, including conditions for global
existence, convergence, decay, uniqueness, and regularity of solutions, depending on the size and

nature of the initial data and the presence of fractional dissipation.
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