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Abstract: The present work is concerned with the efficient numerical schemes for a time-fractional
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applying the Legendre spectral collocation method for the spatial variable. The sum-of-exponential
technique developed in [Jiang et al., Commun. Comput. Phys., 21 (2017), 650–678] is used to
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1. Introduction

Fractional differential equations have attracted extensive attention for their ability to accurately
describe complex physical phenomena in both micro and macro perspectives [1–3]. The differential
equations with fractional derivative in time variable can better describe genetic and memory
characteristics of some physical processes. For different physical situations, different memory function
arise from various fractional derivative operators, such as the power memory kernel, exponential
memory kernel, and Mittag-Leffler memory kernel functions [4].
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In this work, we consider the following initial boundary value problem:
∂α,λ(t)

0,t u(x, t) = ∆u(x, t) + f (x, t), x ∈ Ω, t ∈ (0,T ],
u(x, t) = 0, x ∈ ∂Ω, t ∈ (0,T ],
u(x, 0) = u0(x), x ∈ Ω,

(1.1)

where ∆ = ∂2

∂x2
1
+ ∂2

∂x2
2

denotes the Laplace operator, Ω = [−1, 1]2 denotes the computational domain with

boundary ∂Ω, x = (x1, x2) ∈ Ω stands for the space variables, and ∂α,λ(t)
0,t denotes the generalized Caputo

time-fractional derivative [5]

∂α,λ(t)
0,t u(x, t) =

1
Γ(1 − α)

∫ t

0

λ(t − s)
(t − s)α

∂u
∂s

(x, s)ds, 0 < α < 1. (1.2)

In fractional derivative (1.2), we assume that the kernel function satisfies λ(t) ∈ C2[0,T ], λ(t) > 0 and
λ′(t) ≤ 0 for all t ∈ [0,T ]. Particularly, if kernel takes λ(t) = e−bt(b > 0), fractional derivative (1.2)
gives

∂α,e
−bt

0,t u(x, t) =
1

Γ(1 − α)

∫ t

0

e−b(t−s)

(t − s)α
∂u
∂s

(x, s)ds, (1.3)

provides the tempered fractional derivative and integral

∂α,e
−bt

0,t u(x, t) =
e−bt

Γ(1 − α)

∫ t

0
(t − s)−α

∂

∂s
(u(x, s)ebs)ds −

b
Γ(1 − α)

∫ t

0

e−b(t−s)

(t − s)α
u(x, s)ds. (1.4)

Obviously, from a mathematical perspective, the Caputo-type fractional derivative (1.2) can be
interpreted as a kind of generalized fractional derivative [4, 6, 7]. From Figure 1, we can see the
influence of parameters on the solution. More application (in macroscopic and microscopic scales) of
the model given in problem (1.1) with tempered fractional derivative, see references [3, 8, 9]. There
are many research works on the discretization of fractional derivative (1.2). By splitting into two parts,
Alikhanov first discussed the L1 formula of fractional derivative (1.2) in the work [5], and proposed a
new difference scheme for the time-fractional diffusion equation with the fractional derivatives (1.2).
Recently, in view of relation (1.4), Chen et al. [10] established two different L1 discretizations for
tempered Caputo fractional derivative on the graded meshes, which developed in reference [11].
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Figure 1. The evolution of solution of problem (1.1) with λ(t) = e−bt. Here, we take zero
source term (i.e., f = 0). The left figure illustrates behavior of solution with different α, the
right figure illustrates behavior of solution with different b.
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The nonlocality of the fractional derivative will make storage and computation very expensive if
we adopt a lower-order method. For example, if we use the L1 scheme to calculate (1.1), the required
computational and storage amounts are O(NNT ) and O(NN2

T ), respectively, where N is the number
of spatial grid points and NT stands for the number of grid points in time. When the time step is
small enough, it means that the numerical calculation needs expensive storage costs and computational
costs, so it is particularly important to develop fast or high-order numerical schemes. The sum-of-
exponential (SOE) technique is one of the effective techniques to approximate the fractional derivatives
with the power kernel function [12, 13]. In this topic, Jiang et al. [13] used the SOE method to
approximate the kernel function t−(α+1)(0 < α < 1) and solved fractional diffusion equations on
unbounded domains. Yan et al. [14] combined the L2-1σ scheme with SOE approximation successfully
solved an initial boundary value problem of the time fractional diffusion equation. Combining the SOE
approximation, Xu et al. [15] proposed a fast L2 discretization of Caputo fractional derivatives, and
they get the error estimates by rearranging the coefficients of the fast L2 difference approximation.
With the help of the SOE technique, Gu et al. [16] proposed a fast difference algorithm to solve the
generalized time-space fractional diffusion equation with fractional derivative (1.3). It seems that the
authors of [16] fail to give any convergence analysis of the fast L1 difference scheme.

As a higher-order numerical method, the spectral method has been widely used for solving many
kinds of differential equations [17,18] including fractional differential equations [15]. Lin and Xu [19]
solved the time-fractional diffusion equation based on the finite difference method in the time direction
and the Legendre spectral method in space. Later, Li and Xu [20] improved their previous results
and proposed a time-space spectral method for the time-fractional diffusion equation. Compared with
one-dimensional problems, solving high-dimensional problems is more difficult due to the increase
in storage and computational cost. Zeng et al. [21] proposed the Legendre Galerkin spectral method
for two-dimensional Riesz space fractional nonlinear reaction-diffusion equations and obtained the
optimal spatial error estimation. Guo et al. [22] used the Legendre spectral method to solve two-
dimensional fractional nonlinear reaction-diffusion wave equations. Recently, combining the fast L2
discretization of Caputo fractional derivatives, Xu et al. [15] proposed a fast difference/spectral method
for a time fractional equation in one dimension. In their numerical scheme, the convergence order
in the temporal direction is (3 − α) and the convergence order in the spatial direction is O(N1−m),
where m is the regularity of the exact solution in the spatial direction. This work suggests that the
fast difference approximation with high-order discretization schemes is an effective way to solve the
time fractional differential equations. Following this line, in this paper, we try to develop a fast finite
difference/Legendre spectral collocation method for problem (1.1) with smooth solution and discuss
the error estimates for the present numerical schemes. First, the generalized fractional derivative is
discretized by L1 discretization, and the time direction convergence order is analyzed. Secondly, by
using SOE approximation of exponential kernel function, a fast L1 scheme with exponential memory
kernel function is obtained. Therefore, it can be seen that the calculation and storage costs of the fast
scheme are significantly reduced. With the similar technique given in [15], we will discuss the error
estimates when the fast L1 method is used to solve problem (1.1).

The rest of this paper is organized as follows: In Section 2, we present time discretizations for
problem (1.1) and discuss the stability and convergence of the present semi-discrete scheme. Combing
the Legendre spectral collocation method for spatial variables, in Section 3, we discuss the finite
difference/spectral collocation method for problem (1.1). The error estimates of the fully discrete
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scheme are also established in this section. For the generalized fractional derivative with exponential
kernel, we develop the sum-of-exponentials technique developed in [13] to accelerate the calculation
process. The error estimates of the related numerical schemes are discussed in Section 4. In Section 5,
we present two numerical examples to verify the efficiency of our numerical algorithm and theoretical
results. Finally, some conclusions are provided in Section 6.

2. Time semi-discrete scheme

First, we discretize the fractional derivative with a generalized memory kernel, assuming the
solution u(t) ∈ C2[0,T ]. The computational domain [0,T ] is uniformly divided into NT intervals
with the uniform grids tk = kτ, k = 0, 1, . . . ,NT . For λ(t) ∈ C2[0,T ], the time fractional derivative with
a generalized memory kernel is discretized as [5]

∂α,λ(t)
0,t u(t)|t=tk+1 =

1
Γ(1 − α)

∫ tk+1

0

λ(tk+1 − s)
(tk+1 − s)α

u′(s)ds

=
τ1−α

Γ(2 − α)

k∑
l=0

(λk−l+1/2ak−l + (λk−l − λk−l+1)bk−l)ut,l + Rk
1 + Rk

2,

(2.1)

where

λl = λ(tl), ut,l =
u(tl+1) − u(tl)

τ
, Π1,lu(s) = u(tl+1)

s − tl

τ
+ u(tl)

tl+1 − s
τ

,

al = (l + 1)1−α − l1−α, bl =
1

2 − α

[
(l + 1)2−α − l2−α

]
−

1
2

[
(l + 1)1−α + l1−α

]
, l ≥ 0,

and the error

Rk
1 =

τ1−α

Γ(1 − α)

k∑
l=0

ut,l

∫ 1

0

λk−l+1−z − λk−l+1/2 − (λk−l − λk−l+1)(z − 1/2)
(k − l + 1 − z)α

dz,

Rk
2 =

1
Γ(1 − α)

k∑
l=0

∫ tl+1

tl

λ(tk+1 − s)(u(s) − Π1,lu(s))′

(tk+1 − s)α
ds,

give [5]

|Rk
1| ≤

t1−α
k+1

4Γ(2 − α)
τ2 max

0≤t≤tk+1
|u′(t)| max

0≤t≤tk+1
|λ′′(t)|, |Rk

2| ≤ c̃ max
0≤t≤tk+1

|u′′(t)|λ(0)τ2−α,

where c̃ depends on α.
We rewrite (2.1) as follows:

∂α,λ(t)
0,t u(t)|t=tk+1 = α−1

0

[ k−1∑
j=0

(c j+1 − c j)u(tk− j) + c0u(tk+1) − cku(t0)
]

+ rk+1
τ ,

where α0 = ταΓ(2−α), cl = (λl+1/2al + (λl−λl+1)bl)(l ≥ 0), and the truncation error gives rk+1
τ = Rk

1 +Rk
2.

For the sake of simplification, we define the fractional differential operator Lα,λ(t)
t u(x, tk+1) by

Lα,λ(t)
t u(x, tk+1) = α−1

0

[ k−1∑
j=0

(c j+1 − c j)u(x, tk− j) + c0u(x, tk+1) − cku(x, t0)
]
. (2.2)
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Using Lα,λ(t)
t u(x, tk+1) to approximate ∂α,λ(t)

0,t u(x, t) in problem (1.1) at tk+1, and denoting uk+1 is
an approximation of u(x, tk+1), f k+1 = f (x, tk+1), we obtain the time semi-discrete scheme of
problem (1.1), i.e.,

c0u1 − α0∆u1 = c0u0 + α0 f 1, (2.3)

for k = 0.
For 1 ≤ k ≤ NT − 1,

k−1∑
j=0

(c j − c j+1)uk− j + cku0 = c0uk+1 − α0∆uk+1 − α0 f k+1. (2.4)

After a simple calculation, the truncation error of the semi-discretized schemes (2.6) and (2.7) give
rk+1 = α0rk+1

τ and satisfies

|rk+1| = α0|rk+1
τ | ≤ c̃ max

0≤t≤t j+1
|∂2

t u(x, t)|λ(0)τ2. (2.5)

Considering the variational formulation of (1.1), we define some functional spaces endowed with
standard norms and inner products that will be used hereafter [17, 18, 26]

Hm(Ω) =
{
u|u ∈ L2(Ω),Dβu ∈ L2(Ω) for 0 ≤ |β| ≤ m

}
,H1

0(Ω) =
{
u|u ∈ H1(Ω), u|∂Ω = 0

}
,

where β = (β1, β2), |β| = β1 +β2,Dβ = ∂|β|

∂xβ1
1 ∂xβ2

2

, L2(Ω) is the space of measurable functions whose square

is Lebesgue integrable in Ω, which equip with the inner products

(u, v) =

∫
Ω

uvdx, (u, v)1 = (u, v) + α0c−1
0 (∇u,∇v),

and the normH1 is defined by

||v||1 = (v, v)1/2
1 , ‖v‖1 =

(
‖v‖2 + α0c−1

0 ‖∇v‖2
)1/2

.

The weak formulation of the (2.3) and (2.4) reads: Find uk+1 ∈ H1
0(Ω), such that

(u1, v) + α0c−1
0 (∇u1,∇v) = (u0, v) + α0c−1

0 ( f 1, v), (2.6)

for k = 0, and

(uk+1, v) + α0c−1
0 (∇uk+1,∇v) = c−1

0

k−1∑
j=0

(c j − c j+1)(uk− j, v) + c−1
0 ck(u0, v) + α0c−1

0 ( f k+1, v), (2.7)

for all v ∈ H1
0(Ω) and 1 ≤ k ≤ NT − 1.

2.1. Stability analysis of the semi-discrete scheme

Lemma 1. [5] If λ(t) > 0,λ′(t) ≤ 0, and λ(t) ∈ C2[0,T ], the weighted coefficients al, bl and cl (l =

0, 1, . . .) are given by (2.1), satisfy
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a0 > a1 > a2 > . . . > al >
1 − α

(l + 1)α
, b0 > b1 > . . . bl > 0,

c0 > c1 > . . . > cl >
α0λ(tl+1/2)

Γ(1 − α)tαl+1

>
α0λ(T )

Γ(1 − α)Tα
.

Theorem 1. For all τ > 0, the semi-discretized schemes (2.6) and (2.7) are unconditionally stable, i.e.,

‖uk+1‖1 ≤ ‖u0‖ + c̃α0c−1
0 max

0≤ j≤k+1
‖ f j‖, k = 0, 1, . . . ,NT − 1. (2.8)

Proof. For k = 0, substituting v = u1 in (2.6) and using ‖u1‖ ≤ ‖u1‖1, we have

‖u1‖21 ≤ ‖u
0‖‖u1‖ + α0c−1

0 ‖ f
1‖‖u1‖ ≤ ‖u0‖‖u1‖1 + α0c−1

0 max
0≤ j≤1

‖ f j‖‖u1‖1. (2.9)

From (2.9), we have ‖u1‖1 ≤ ‖u0‖ + c̃α0c−1
0 max

0≤ j≤1
‖ f j‖. For k > 1, we prove (2.8) by mathematical

induction. Assume that there holds

‖u j‖1 ≤ ‖u0‖ + c̃α0c−1
0 max

0≤l≤ j
‖ f l‖, j = 1, 2, . . . , k. (2.10)

Now prove (2.8) using inequality (2.10). Substituting v = uk+1 into (2.7), we obtain

‖uk+1‖2 + α0c−1
0 ‖∇uk+1‖2 = c−1

0

k−1∑
j=0

(c j − c j+1)(uk− j, uk+1) + α0c−1
0 ( f k+1, uk+1) + ckc−1

0 (u0, uk+1), (2.11)

which implies

‖uk+1‖21 ≤ c−1
0

k−1∑
j=0

(c j − c j+1)‖uk− j‖‖uk+1‖ + α0c−1
0 ‖ f

k+1‖‖uk+1‖ + ckc−1
0 ‖u

0‖‖uk+1‖.

Using Lemma 1 and the inequality ‖uk+1‖ ≤ ‖uk+1‖1, we have

‖uk+1‖1 ≤c−1
0

k−1∑
j=0

(c j − c j+1)(‖u0‖ + c̃α0c−1
0 max

0≤ j≤k− j
‖ f j‖) + ckc−1

0 ‖u
0‖ + α0c−1

0 ‖ f
k+1‖

=c−1
0

[ k−1∑
j=0

(c j − c j+1)(‖u0‖ + c̃α0c−1
0 max

0≤ j≤k− j
‖ f j‖) + ck‖u0‖ + α0‖ f k+1‖

]
.

Note that ‖u0‖ + c̃α0c−1
0 max

0≤ j≤k− j
‖ f j‖ ≤ ‖u0‖ + c̃α0c−1

0 max
0≤ j≤k

‖ f j‖( j = 0, 1, . . . , k − 1). Therefore

‖uk+1‖1 ≤ c−1
0

[( k−1∑
j=0

(c j − c j+1) + ck
)(
‖u0‖ + c̃α0c−1

0 max
0≤ j≤k

‖ f j‖
)]

+ α0c−1
0 ‖ f

k+1‖

≤ ‖u0‖ + c̃α0c−1
0 max

0≤ j≤k+1
‖ f j‖.

Finally, we obtain (2.8). �
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2.2. Convergence analysis of the semi-discrete scheme

Here we provide some lemmas to analyze coefficients cl and al, which will help to study the
convergence analysis of the solution. In the following sections, c̃ is used to represent a constant, which
may be different under different situations. Here, we employ the technique used in reference [19] to do
the error estimates of schemes (2.6) and (2.7).

Theorem 2. Let u(x, tk) be the exact solution of problem (1.1), {uk}
NT
k=0 be the solution of schemes (2.6)

and (2.7), there holds

‖u(x, tk) − uk‖1 ≤


c̃Tα max

t∈(0,T ]
‖∂2

t u(x, t)‖τ2−α, 0 < α < 1,

c̃T max
t∈(0,T ]

‖∂2
t u(x, t)‖τ, α→ 1,

(2.12)

where c̃ is independent of u, τ and T .

Proof. Firstly, we prove that the following inequality

‖u(x, t j) − u j‖1 ≤ c̃c−1
j−1 max

t∈(0,T ]
|∂2

t u(x, t)|λ(0)τ2, j = 1, 2, . . . ,NT . (2.13)

Let e j = u(x, t j) − u j, for j = 1, we obtain

(e1, v) + α0c−1
0 (∇e1,∇v) = (e0, v) + (r1, v). (2.14)

If we assume the initial value is exact (i.e., e0 = 0), let v = e1 in (2.14), using (2.5), we obtain

‖e1‖1 ≤ ‖r1‖ ≤ c̃c−1
0 max

t∈(0,T ]
|∂2

t u(x, t)|λ(0)τ2.

Suppose (2.13) holds for all j = 1, 2, . . . , k, we need to prove it also holds for j = k + 1. In view of

(ek+1, v) + α0c−1
0 (∇ek+1,∇v) = c−1

0

k−1∑
j=0

(c j − c j+1)(ek− j, v) + c−1
0 ck(e0, v) + (rk+1, v). (2.15)

Let v = ek+1 in (2.15), we have

‖ek+1‖2 + α0c−1
0 ‖∇ek+1‖2 = c−1

0

k−1∑
j=0

(c j − c j+1)(ek− j, ek+1) + c−1
0 ck(e0, ek+1) + (rk+1, ek+1). (2.16)

We rewrite (2.16) as follows:

‖ek+1‖21 ≤ c−1
0

[ k−1∑
j=0

(c j − c j+1)c̃c−1
k− j max

t∈(0,T ]
|∂2

t u(x, t)|λ(0)τ2 + c̃ max
t∈(0,T ]

|∂2
t u(x, t)|λ(0)τ2

]
‖ek+1‖.

Using Lemma 1, we have c−1
k− j < c−1

k , it follows that

‖ek+1‖1 ≤ c−1
0

[ k−1∑
j=0

(c j − c j+1)c̃c−1
k max

t∈(0,T ]
|∂2

t u(x, t)|λ(0)τ2 + c̃ max
t∈(0,T ]

|∂2
t u(x, t)|λ(0)τ2

]
≤ c̃c−1

k max
t∈(0,T ]

|∂2
t u(x, t)|λ(0)τ2,
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which implies (2.13). Lemma 1 suggests that

k−αc−1
k−1λ(tk+1/2) ≤ k−α

Γ(1 − α)tαk
α0λ(tk−1/2)

λ(tk+1/2) ≤
Γ(1 − α)τα

α0

λ(tk+1/2)
λ(tk−1/2)

≤
Γ(1 − α)τα

Γ(2 − α)τα
=

1
1 − α

.

Hence, we have

‖u(x, tk) − uk‖1 ≤ c̃c−1
k−1 max

t∈(0,T ]
|∂2

t u(x, t)|λ(0)τ2

= c̃k−αλ(tk+1/2)c−1
k−1

1
λ(tk+1/2)

kα max
t∈(0,T ]

|∂2
t u(x, t)|λ(0)τ2

≤ c̃
1

1 − α
1

λ(tk+1/2)
(kτ)α max

t∈(0,T ]
|∂2

t u(x, t)|λ(0)τ2−α

≤ c̃Tα max
t∈(0,T ]

|∂2
t u(x, t)|τ2−α.

Next we consider the case α→ 1, we firstly prove that∥∥∥u(t j) − u j
∥∥∥

1
≤ c̃ j max

t∈(0,T ]
|∂2

t u(x, t)|τ2, j = 1, 2, . . . ,NT . (2.17)

Inequality (2.17) obviously holds for j = 1. Suppose (2.17) holds for j = 1, 2, . . . , k. Now we will
prove that (2.17) still holds when j = k + 1. In fact, with the similar method given in Theorem 1,
we have

‖u(tk+1) − uk+1‖1

≤ c−1
0 (c0 − c1)‖ek‖ + c−1

0

k−1∑
j=1

(c j − c j+1)‖ek− j‖ + c−1
0 ck‖e0‖ + ‖rk+1‖

≤ c−1
0 [(c0 − c1)c̃k max

t∈(0,T ]
|∂2

t u(x, t)|τ2 +

k−1∑
j=1

(c j − c j+1)(k − j)c̃ max
t∈(0,T ]

|∂2
t u(x, t)|τ2] + c̃ max

t∈(0,T ]
|∂2

t u(x, t)|τ2

= c−1
0

[
(c0 − c1)

k
k + 1

+

k−1∑
j=1

(c j − c j+1)
k − j
k + 1

+
c0

k + 1

]
(k + 1)c̃ max

t∈(0,T ]
|∂2

t u(x, t)|τ2.

(2.18)
Simple calculations, we can check that

(c0 − c1)
k

k + 1
+

k−1∑
j=1

(c j − c j+1)
k − j
k + 1

+
c0

k + 1
= (c0 − c1) +

k−1∑
j=1

(c j − c j+1) − (c0 − c1)
1

k + 1

−

k−1∑
j=1

(c j − c j+1)
j + 1
k + 1

+
c0

k + 1
.

(2.19)

With the help of (2.18), Eq (2.19) provides that

‖ek+1‖1 ≤ c−1
0

[
(c0 − c1) +

k−1∑
j=1

(c j − c j+1) − (c0 − c1)
1

k + 1
−

k−1∑
j=1

(c j − c j+1)
j + 1
k + 1

+
c0

k + 1

]
c̃(k + 1) max

t∈(0,T ]
|∂2

t u(x, t)|τ2.

(2.20)
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Since

(c0 − c1)
1

k + 1
+

k−1∑
j=1

(c j − c j+1)
j + 1
k + 1

+ ck ≥
1

k + 1

[
(c0 − c1) +

k−1∑
j=1

(c j − c j+1) + ck

]
=

c0

k + 1
,

we have

−(c0 − c1)
1

k + 1
−

k−1∑
j=1

(c j − c j+1)
j + 1
k + 1

+
c0

k + 1
≤ ck. (2.21)

Substituting (2.21) into (2.20), we obtain

‖ek+1‖1 ≤ c−1
0

[
(c0 − c1) +

k−1∑
j=1

(c j − c j+1) + ck

]
(k + 1)c̃ max

t∈(0,T ]
|∂2

t u(x, t)|τ2

≤ c̃T max
t∈(0,T ]

|∂2
t u(x, t)|τ.

We finally obtain our conclusion. �

3. The fully discrete scheme

Let PN(Ix) and PN(Iy) be the spaces of all polynomials of degree less than or equal to N defined
on domains Ix = (−1, 1) and Iy = (−1, 1), respectively. Let VN(Ω) = PN(Ix)

⊗
PN(Iy), {ξ j}

N
j=0,{ξi}

N
i=0

are Legendre-Gauss-Labatoo (LGL) points, and {ω j}
N
j=0 and {ωi}

N
i=0 are the weights, which satisfy the

following quadrature formula [25, 26]∫ 1

−1

∫ 1

−1
ϕ(x1, x2)dx1x2 =

N∑
j1=0

N∑
j2=0

ϕ(ξ j1 , ξ j2)ω j1ω j2 ,∀ϕ ∈ V2N−1(Ω).

Define the inner product and norm as follows [18, 25, 26]

(φ, ψ)N =

N∑
i=0

N∑
j=0

φ(ξi, ξ j)ψ(ξi, ξ j)ωiω j, ‖ψ‖0,N = (φ, φ)1/2
N .

We will use the H1
0-orthogonal projection operator πN such that [24]

(∇(u − πNu),∇v) = 0,∀v ∈ V0
N(Ω), (3.1)

for all u ∈ H1
0(Ω). Here V0

N(Ω) is defined as

V0
N(Ω) =

(
PN(Ix) ⊗ PN(Iy)

)
∩ H1

0(Ω).

For this projection, there have estimates [25, 26]

‖u − πNu‖l ≤ c̃N l−m‖u‖m, u ∈ Hm(Ω) ∩ H1
0(Ω),m ≥ 1, l = 0, 1. (3.2)

Lemma 2. [25] For all ϕ ∈ Hm(Ω)( m ≥ 1), vN ∈ PN(Ω), there holds

(ϕ, vN) − (ϕ, vN)N ≤ c̃N−m‖ϕ‖m‖vN‖0,N . (3.3)
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Finite difference/Legendre collocation approximation of problem (1.1) gives: Find uk
N ∈ V0

N(Ω),

(uk+1
N , vN)N + α0c−1

0 (∇uk+1
N ,∇vN)N = c−1

0

k−1∑
j=0

(c j − c j+1)(uk− j
N , vN)N + ckc−1

0 (u0
N , vN)N + ( f k+1, vN)N , (3.4)

for all vN ∈ V0
N(Ω). The discrete H1-norm is defined by

‖ψN‖1,N =
(
(ψN , ψN)N + α0c−1

0 (∇ψN ,∇ψN)N

)1/2
,∀ψN ∈ VN(Ω).

To do the error estimate, we split the error as u(tk)−uk
N = (u(tk)−πNu(tk))−(uk

N−πNu(tk)) := εk
N−ek

N .
Without loss of generality, we only consider the homogeneous case of problem (1.1), i.e., f = 0.

Theorem 3. Let u(x, t) be the exact solution of problem (1.1), and uk
N be the solution of fully discrete

scheme (3.4) with the initial condition u0
N = πNu0. Suppose ∂2

t u ∈ L∞((0,T ]; Hm(Ω))(m ≥ 1), then

||u(x, tk) − uk
N ||1,N ≤



c̃Tα

1−α
1

λ(T )

(
N−m||∂α,λ(t)

t u||L∞(Hm) + τ2−αλ(0)
(
N−m||∂2

t u||L∞(Hm) + ‖∂2
t u‖L∞(L2)

))
+c̃N1−m||u||L∞(Hm), 0 < α < 1,

c̃ T
λ(T )

(
N−m‖∂α,λ(t)

t u‖L∞(Hm) + τλ(0)
(
N−m‖∂2

t u‖L∞(Hm) + ‖∂2
t u‖L∞(L2)

))
+c̃N1−m‖u‖L∞(Hm), α→ 1,

(3.5)

where ‖∂α,λ(t)
t u‖L∞(Hm) = supt∈(0,T )‖∂

α,λ(t)
t u(x, t)‖m, ‖u‖L∞(Hm) = supt∈(0,T )‖u(x, t)‖m, ‖∂2

t u‖L∞(Hm) =

supt∈(0,T )‖∂
2
t u(x, t)‖m, and ‖∂2

t u‖L∞(L2) = supt∈(0,T )‖∂
2
t u(x, t)‖.

Proof. Subtracting ek
N = uk

N − πNu(tk) on both sides of Eq (3.4), we obtain(
ek+1

N , vN

)
N

+ α0c−1
0

(
∇ek+1

N ,∇vN

)
N

= c−1
0

k−1∑
j=0

(c j − c j+1)(uk− j
N , vN)N + ckc−1

0 (u0
N , vN)N − (πNu(tk+1), vN)N − α0c−1

0 (∇πNu(tk+1),∇vN)N .

Rewriting the above formula, we obtain(
ek+1

N , vN

)
N

+ α0c−1
0

(
∇ek+1

N ,∇vN

)
N

= c−1
0

k−1∑
j=0

(c j − c j+1)
(
ek− j

N , vN

)
N

+ ckc−1
0

(
e0

N , vN

)
N

+
(
εk+1

1 , vN

)
N

+
(
εk+1

2 , vN

)
N
,

where

εk+1
1 = (u(tk+1) − πNu(tk+1)) − c−1

0

k−1∑
j=0

(c j − c j+1)(u(tk− j) − πNu(tk− j))

− ckc−1
0 (u(t0) − πNu(t0)),

and

εk+1
2 = −(u(tk+1) − πNu(tk+1)) + c−1

0

k−1∑
j=0

(c j − c j+1)u(tk− j) + ckc−1
0 u(t0)

− πNu(tk+1) + α0c−1
0 ∆πNu(tk+1).
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For term
(
εk+1

1 , vN

)
N

, we have

(
εk+1

1 , vN

)
N

= (Id − πN)
(
u(tk+1) − c−1

0

k−1∑
j=0

(c j − c j+1)u(tk− j) − ckc−1
0 u(t0), vN

)
N

= α0c−1
0

(
(Id − πN)(∂α,λ(t)

t u(tk+1) − rk+1
τ ), vN

)
N
,

where Id is the identity operator. Using (3.3), we have∣∣∣∣(εk+1
1 , vN

)
N

∣∣∣∣
≤ α0c−1

0

[(
(Id − πN)(∂α,λ(t)

t u(tk+1) − rk+1
τ ), vN

)
+ c̃N−1‖(Id − πN)(∂αt u(tk+1) − rk+1

τ )‖1‖vN‖0,N

]
≤ α0c−1

0

[
‖(Id − πN)(∂α,λ(t)

t u(tk+1) − rk+1
τ )‖0,N + c̃N−1‖(Id − πN)(∂α,λ(t)

t u(tk+1) − rk+1
τ )‖1

]
‖vN‖0,N .

By using of (3.2), we obtain∣∣∣∣(εk
1, vN

)
N

∣∣∣∣ ≤ c̃α0c−1
0

(
N−m‖∂α,λ(t)

t u‖L∞(Hm) + τ2−αλ(0)N−m‖∂2
t u‖L∞(Hm)

)
‖vN‖0,N .

Note that(
εk+1

2 , vN

)
N

= −
(
u(tk+1) − c−1

0

k−1∑
j=0

(c j − c j+1)u(tk− j) − ckc−1
0 u(t0), vN

)
N
− α0c−1

0

(
∇πNu(tk+1),∇vN

)
N
,

the facts (∇πNu(tk),∇vN)N = (∇πNu(tk),∇vN) and
(
∂α,λ(t)

t u(tk), vN

)
= − (∇u(tk),∇vN), we obtain∣∣∣∣(εk+1

2 , vN

)
N

∣∣∣∣ ≤ α0c−1
0

(
Lα,λ(t)

t u(tk+1), vN

)
− α0c−1

0

(
Lα,λ(t)

t u(tk+1), vN

)
N

+ α0c−1
0

(
∂α,λ(t)

t u(tk+1) − Lα,λ(t)
t u(tk+1), vN

)
.

Furthermore, we obtain∣∣∣∣(εk+1
2 , vN

)
N

∣∣∣∣ ≤ c̃α0c−1
0

[
N−m‖∂α,λ(t)

t u‖L∞(Hm) + λ(0)τ2−α
(
‖∂2

t u‖L∞(L2) + N−m||∂2
t u||L∞(Hm)

)]
‖vN‖0,N .

Combining the estimates of
(
εk

1, vN

)
N

and
(
εk

2, vN

)
N

, we have

‖ek+1
N ‖1,N ≤ c−1

0

k−1∑
j=0

(c j − c j+1)‖ek− j
N ‖0,N + ckc−1

0 ‖e
0
N‖0,N

+ c̃α0c−1
0

[
N−m‖∂α,λ(t)

t u‖L∞(Hm) + λ(0)τ2−α
(
‖∂2

t u‖L∞(L2) + N−m||∂2
t u||L∞(Hm)

)]
.

(3.6)

Moreover, with the same technique used in Theorem 2, using inequality (3.6), we can prove that

‖ek
N‖1,N ≤ c−1

k−1c̃α0c−1
0

[
N−m‖∂α,λ(t)

t u‖L∞(Hm) + λ(0)τ2−α
(
‖∂2

t u‖L∞(L2) + N−m||∂2
t u||L∞(Hm)

)]
≤ c̃c−1

k−1k−αλ(tk+1/2)
Γ(2 − α)
λ(tk+1/2)

kατα
(
N−m||∂α,λ(t)

t u||L∞(Hm) + τ2−αλ(0)‖∂2
t u‖L∞(L2)

+ τ2−αλ(0)N−m‖∂2
t u‖L∞(Hm)

)
≤

c̃Tα

(1 − α)(λ(T ))

[
N−m‖∂α,λ(t)

t u‖L∞(Hm) + λ(0)τ2−α
(
‖∂2

t u‖L∞(L2) + N−m||∂2
t u||L∞(Hm)

)]
.
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Hence, applying triangle inequality, we obtain

‖u(tk) − uk
N‖1,N ≤ ‖u(tk) − πNu(tk)‖1,N + ‖uk

N − πNu(tk)‖1,N

≤ c̃N1−m‖u‖L∞(Hm) +
c̃Tα

(1 − α)λ(T )
×[

N−m‖∂α,λ(t)
t u‖L∞(Hm) + λ(0)τ2−α

(
‖∂2

t u‖L∞(L2) + N−m||∂2
t u||L∞(Hm)

)]
.

For α→ 1, similar to the case discussed in Theorem 2, we obtain

‖ek
N‖1,N ≤ c̃

T
λ(T )

(
N−m||∂α,λ(t)

t u||L∞(Hm) + τλ(0)‖∂2
t u‖L∞(L2) + τλ(0)N−m‖∂2

t u‖L∞(Hm)

)
.

Applying triangle inequality once again, we have

‖u(tk) − uk
N‖1,N ≤ ‖u(tk) − πNu(tk)‖1,N + ‖uk

N − πNu(tk)‖1,N ,

≤ c̃N1−m‖u‖L∞(Hm) + c̃
T
λ(T )

(
N−m||∂α,λ(t)

t u||L∞(Hm) + τλ(0)‖∂2
t u‖L∞(L2)

+ τλ(0)N−m‖∂2
t u‖L∞(Hm)

)
,

which implies the desired result. �

4. Fast time discretization

4.1. Construction of the fast difference operators

Applying the same technique given in reference [13], we use the sum-of-exponentials (SOE)
approximation to approximate the power function t−α(0 < α < 1) in fractional derivative (2.1). And
for the approach error, we have the following results:

Lemma 3. [13] For a given absolute error ε, the kernel functions 1
tα (α ∈ (0, 1)), there exist positive

real numbers {ηαi }
Nexp

i=1 and {wα
i }

Nexp

i=1 such that∣∣∣∣∣∣∣t−α −
Nexp∑
i=1

wα
i e−η

α
i t

∣∣∣∣∣∣∣ ≤ ε, t ∈ [τ,T ], (4.1)

where Nexp = O
(
log 1

ε

(
log log 1

ε
+ log T

τ

)
+ log 1

τ

(
log log 1

ε
+ log 1

τ

))
.

For the details of the proof of Lemma 3, see [13]. Following the same idea given in references [13,
16], we split the Caputo fractional derivative (1.3) into a local term L(tk) and a history term H(tk) in
discretized fractional derivative (2.1) with kernel λ(t) = e−bt(b ≥ 0), i.e.,

∂α,λ(t)
0,t u(t)|t=tk =

1
Γ(1 − α)

∫ tk−1

0

eb(tk−s)

(tk − s)α
u′(s)ds +

1
Γ(1 − α)

∫ tk

tk−1

eb(tk−s)

(tk − s)α
u′(s)ds

:= H(tk) + L(tk).
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For the local term, we discrete it as the follows

L(tk) : ≈
u(tk) − u(tk−1)
τΓ(1 − α)

∫ tk

tk−1

e−b(tk−s)

(tk − s)α
ds,

=
u(tk) − u(tk−1)
τΓ(2 − α)

(
e−bττ1−α + b

∫ τ

0
e−bθθ1−αdθ

)
.

(4.2)

The history term, using SOE approximation, we obtain

H(tk) : =
1

Γ(1 − α)

∫ tk−1

0

e−b(tk−s)

(tk − s)α
u′(s)ds

≈
1

Γ(1 − α)

∫ tk−1

0

Nexp∑
i=1

wα
i e−η

α
i (tk−s)e−b(tk−s)u′(s)ds

=
1

Γ(1 − α)

Nexp∑
i=1

∫ tk−1

0
wα

i e−η̃
α
i (tk−s)u′(s)ds,

where η̃αi = ηαi + b. For simplicity, we rewrite H(tk) as

H(tk) ≈
1

Γ(1 − α)

Nexp∑
i=1

wα
i Uα

h,i(tk),

with

Uα
h,i(tk) = e−η̃

α
i τUα

h,i(tk−1) +

∫ tk−1

tk−2

e−η̃
α
i (tk−s)u′(s)ds.

Using linear interpolation operators to approximate u′(s), we have∫ tk−1

tk−2

e−η̃
α
i (tk−s)u′(s)ds =

∫ tk−1

tk−2

e−η̃
α
i (tk−s)(Π1,k−1u(s))′ds = âiu(tk−1) + b̂iu(tk−2) + O(τ2−α),

where âi = 1−e−(ηαi +b)
τ

τ(ηαi +b)e(ηαi +b)τ , b̂i = −âi. Hence, history term has recurrence relation

Uα
h,i(tk) = e−η̃

α
i τUα

h,i(tk−1) + âiu(tk−1) + b̂iu(tk−2).

Collecting the above formulas, we obtain the fast finite difference operator of fractional derivative (1.3)

Fα,λ(t)
t u1 = Lα,λ(t)

t (t1), k = 1,

Fα,λ(t)
t uk =

u(tk) − u(tk−1)
τΓ(2 − α)

(
e−bττ1−α + b

∫ τ

0
e−bθθ1−αdθ

)
+

1
Γ(1 − α)

Nexp∑
i=1

wα
i Uα

h,i(tk), 2 ≤ k ≤ NT ,
(4.3)

where Uα
h,i(t1) = 0.
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4.2. The fast semi-discrete problem

If we use the difference operator (4.3) to approximate fractional derivatives (1.3) at time level tk, we
get the semi-discrete scheme

Fα,λ(t)
t uk − ∆uk = f (tk), 1 ≤ k ≤ NT .

The weak form in L2-inner product gives: Find uk ∈ H1
0(Ω)(1 ≤ k ≤ NT ), such that(

Fα,λ(t)
t uk, v

)
+

(
∇uk,∇v

)
= ( f k, v),∀v ∈ H1

0(Ω). (4.4)

For the sake of simplification, (2.2) can be rewritten as

Lα,λ(t)
t u(tk) =

τ−α

Γ(2 − α)c−1
0

[
u(tk) −

k∑
j=1

ρk,α
k− ju(tk− j)

]
,

where ρk,α
k− j =

c j−1−c j

c0
as 1 ≤ j ≤ k − 1, ρk,α

k− j = ck−1
c0

as j = k. By comparing the two operators Fα,λ(t)
t and

Lα,λ(t)
t , we have

Fα,λ(t)
t u(tk) − Lα,λ(t)

t u(tk)

=
1

Γ(1 − α)

k∑
j=1

∫ t j

t j−1

[
(tk − s)−α −

Nexp∑
i=1

wα
i e−η

α
i (tk−s)

]
e−b(tk−s)(Π1, ju(s)

)′ds

=
1

α0(1 − α)−1

k∑
j=1

[̃ak− ju(t j−1) + b̃k− ju(t j)],

where Π1, ju(s) = u(t j−1) t j−s
τ

+ u(t j)
s−t j−1

τ
, s ∈ [t j−1, t j],

ãk− j = −τα−1
∫ t j

t j−1

[
(tk − s)−α −

Nexp∑
i=1

wα
i e−η

α
i (tk−s)

]
e−b(tk−s)ds,

and

b̃k− j = τα−1
∫ t j

t j−1

[
(tk − s)−α −

Nexp∑
i=1

wα
i e−η

α
i (tk−s)

]
e−b(tk−s)ds.

Simple calculations, we can check that ∣∣∣̃ak− j

∣∣∣ =
∣∣∣̃bk− j

∣∣∣ ≤ ταε.
For the truncation error of the fast difference operator Fα,λ(t)

t gives

Rk,α
τ := ∂α,λ(t)

t u(tk) − Fα,λ(t)
t u(tk), 2 ≤ k ≤ NT .

Lemma 4. Suppose that u(t) ∈ C2[0,T ], for any 0 < α < 1, there holds

|Rk,α
τ | ≤ c̃τ2−α max

0≤t≤tk
|u′′(t)| + c̃ε max

0≤t≤tk
|u(t)|, 2 ≤ k ≤ NT .
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Proof. By the triangle inequality

|Rk,α
τ | = |∂

α,λ(t)
t u(tk) − Fα

t u(tk)| ≤ |∂
α,λ(t)
t u(tk) − Lαt u(tk)| + |Lαt u(tk) − Fα

t u(tk)|

≤ c̃τ2−α max
0≤t≤tk

|u′′(t)| +
1

α0(1 − α)−1

k∑
j=1

[̃ak− ju(t j−1) + b̃k− ju(t j)]

≤ c̃τ2−α max
0≤t≤tk

|u′′(t)| + c̃ε max
0≤t≤tk

|u(t)|.

�

Furthermore, we can rewrite the fast difference operator as

Fα,λ(t)
t uk =

1
α0c−1

0

[
uk −

k∑
j=1

ρk,α
k− ju

k− j
]

+
1

α0(1 − α)−1

k∑
j=1

[̃
ak− ju j−1 + b̃k− ju j

]
=

1
α0c−1

0

[
uk −

k∑
j=1

ρk,α
k− ju

k− j
]

+
1

α0(1 − α)−1

k∑
j=0

ζk,α
k− ju

k− j,

where
ζ1,α

0 = ã0, ζ
1,α
1 = b̃0;

ζ2,α
0 = ã1, ζ

2,α
1 = ã0 + b̃1, ζ

2,α
2 = b̃0;

ζ3,α
0 = ã2, ζ

3,α
1 = ã1 + b̃2, ζ

3,α
2 = ã0 + b̃1, ζ

3,α
3 = b̃0;

ζk,α
0 = ãk−1, ζ

3,α
k− j = ã j−1 + b̃ j, ζ

k,α
k−1 = b̃0, k ≥ 4, j = 2, 3, . . . , k − 1.

The coefficients ρk,α
k− j have the following properties.

Lemma 5. For k ≥ 1, the coefficients ρk,α
k− j and c−1

0 satisfy

(1) ρk,α
k− j > 0, j = 1, 2 . . . , k − 1; (2)

k∑
j=1
ρk,α

k− j = 1, j = 1, 2 . . . , k − 1;

(3) ρk,α
0 >

2(1−α)λk−1/2

3kα ; (4) 0 < ρk,α
k−1 < 1; (5) 1 < c−1

0 < e
bτ
2 .

Proof. See the Appendix A. �

To do the error estimates of the fast difference scheme, we follow the technique used in
reference [24]. Introducing a parameter σ, then uk −

∑k
j=1 ρ

k,α
k− ju

k− j can be rewritten as following

uk −

k∑
j=1

ρk,α
k− ju

k− j =(uk − σuk−1) − (ρk,α
k−1 − σ)(uk−1 − σuk−2) − · · ·

− (ρk,α
2 + σρk,α

3 + · · · + σk−3ρk,α
k−1 − σ

k−2)(u2 − σu1)

− (ρk,α
1 + σρk,α

2 + · · · + σk−2ρk,α
k−1 − σ

k−1)(u1 − σu0)

− (ρk,α
0 + σρk,α

1 + · · · + σk−1ρk,α
k−1 − σ

k)u0

= ūk −

k∑
j=1

ρ̄k,α
k− jū

k− j,
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where σ = 1
2ρ

k,α
k−1, σ j means power of σ, and

ū0 = u0, ū j = u j − σu j−1, ρ̄k,α
k− j =

j∑
l=1

σ j−lρk,α
k−l − σ

j, j = 1, 2, . . . , k.

Similarly, the sum-of-exponentials part can be rewritten as

1
α0(1 − α)−1

k∑
j=0

ζk,α
k− ju

k− j =
1

α0(1 − α)−1

k∑
j=0

ζ̄k,α
k− jū

k− j,

where ζ̄k,α
k− j =

∑ j
l=0 σ

j−lζk,α
k−l, j = 0, 1, . . . , k. The above statements show that the fast difference operator

can be rewritten as

F̄α,λ(t)
t ūk = Fα,λ(t)

t uk =
1

α0c−1
0

[ūk −

k∑
j=1

ρ̄k,α
k− jū

k− j] +
1

α0(1 − α)−1

k∑
j=1

ζ̄k,α
k− jū

k− j.

Thus, the semi-discrete scheme (4.4) can be rewritten as(
F̄α,λ(t)

t ūk, v
)

+
(
∇uk,∇v

)
= ( f k, v),∀v ∈ H1

0(Ω). (4.5)

For the weighted coefficients ρ̄k,α
k− j and ζ̄k,α

k− j, there holds

Lemma 6. For k ≥ 2, the coefficients ρ̄k,α
k− j and ζ̄k,α

k− j satisfy
(1) ρ̄k,α

k− j > 0, j = 1, 2 . . . , k; (2) 1
ρ̄k,α

0
< 1

ρk,α
0
< 3kα

2(1−α)λk−1/2
;

(3)
k∑

j=1
ρ̄k,α

k− j ≤ 1 − 2σ(1−α)λk−1/2

3(1−σ)kα ; (4) |ζ̄k,α
k− j| ≤ 4ετα, j = 1, 2 . . . , k; (5) 0 < σ < 1

2 .

Proof. See the Appendix B. �

Theorem 4. Assume that the permissible error ε satisfies ε ≤ min
{

1
4

√
Γ(1−α)σλ(T )

3ĉ(1−σ)TαNT ebτ/2 ,
Γ(1−α)

4ĉ

}
, then the

semi-discrete scheme (4.4) is stable, and its solution satisfies

‖uk‖1 ≤ (c−1
0 + c̃(α0c0)−1/2)(‖u0‖ + max

0≤ j≤k
‖ f j‖), 1 ≤ k ≤ NT . (4.6)

Proof. For k = 1, taking v = u1 in (4.4), there holds

(u1, u1) + α0(∇u1,∇u1) = (u0, u1) + ( f 1, u1).

Using Schwarz inequality, we arrive at ‖u1‖21 ≤ ‖u
1‖‖u0‖+‖ f 1‖‖u1‖,which produces ‖u1‖1 ≤ ‖u0‖+‖ f 1‖.

Using (5) of Lemma 5, we have

‖u1‖1 ≤ c−1
0 (‖u0‖ + ‖ f 1‖) ≤ c−1

0 (1 + c̃(α0c0)−1/2)(‖u0‖ + max
0≤ j≤1

‖ f j‖).

For k ≥ 2, using mathematical induction on the index k, we will prove the following result:

α0c−1
0 ‖∇uk‖2 ≤ c−2

0 (‖u0‖2 + max
0≤ j≤k

‖ f j‖), 2 ≤ k ≤ NT . (4.7)
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Firstly, substituting v = 2ūk into semi-discrete scheme (4.5), it yields

2(ūk, ūk) + 2α0c−1
0 (∇uk,∇ūk) + 2c−1

0 (1 − α)
k∑

j=0

ζ̄k,α
k− j(ū

k− j, ūk) = 2
k∑

j=1

ρ̄k,α
k− j(ū

k− j, ūk) + 2( f k, ūk).

Using the identity 2(∇uk,∇ūk) = ‖∇uk‖2 + ‖∇ūk‖2 − σ2‖∇uk−1‖2 and (3) of Lemma 6, we have

‖ūk‖2 + α0c−1
0 ‖∇uk‖2 + α0c−1

0 ‖∇ūk‖2

≤ σ‖ūk−1‖2 + α0c−1
0 σ‖∇uk−1‖2 +

k∑
j=2

ρ̄k,α
k− j‖u

k− j‖2

− 2c−1
0 (1 − α)

k∑
j=0

ζ̄k,α
k− j(ū

k− j, ūk) + ‖ f k‖2 + ‖ūk‖2.

(4.8)

Furthermore, using Poincaré inequality [26]

‖ūk‖ ≤ ĉ‖∇ūk‖, (4.9)

and (5) of Lemma 5, if ε ≤ Γ(1−α)
4ĉ , we obtain

∣∣∣ − 2c−1
0 (1 − α)ζ̄k,α

k (ūk, ūk)
∣∣∣ ≤ 2ταεc−1

0 (1 − α)‖ūk‖2 ≤
α0c−1

0

2
‖∇ūk‖2,

where we used the relation ζ̄k,α
k = ζk,α

k = b̃0 ≤ ταε in above derivation. Setting θk = 1 −
k∑

j=1
ρ̄k,α

k− j and

using Young inequality, we obtain

∣∣∣∣ − 2c−1
0 (1 − α)

k∑
j=1

ζ̄k,α
k− j(ū

k− j, ūk)
∣∣∣∣ ≤ θk

k

k∑
j=1

‖ūk− j‖2 +
kc−2

0 (1 − α)2

θk

k∑
j=1

(ζ̄k,α
k− j)

2‖ūk‖2.

According to (3) and (4) of Lemma 6, we obtain θk = 1 −
k∑

j=1
ρ̄k,α

k− j ≥
2σ(1−α)λk−1/2

3(1−σ)kα . Moreover, with the

help of Poincaré inequality, we obtain

∣∣∣∣ − 2c−1
0 (1 − α)

k∑
j=1

ζ̄k,α
k− j(ū

k− j, ūk)
∣∣∣∣ ≤ θk

k

k∑
j=1

‖ūk− j‖2 +
3ĉc−2

0 (1 − α)2(1 − σ)kα+1

2σ(1 − α)λ(T )
(4ταε)2‖∇ūk‖2.

If ε ≤ 1
4

√
Γ(1−α)σλ(T )

3ĉ(1−σ)TαNT ebτ/2 , there holds

∣∣∣∣ − 2c−1
0 (1 − α)

k∑
j=1

ζ̄k,α
k− j(ū

k− j, ūk)
∣∣∣∣ ≤ θk

k

k∑
j=1

‖ūk− j‖2 +
3ĉc−2

0 (1 − α)2(1 − σ)kα+1

2σ(1 − α)λ(T )
(4ταε)2‖∇ūk‖2

≤
θk

k

k∑
j=1

‖ūk− j‖2 +
α0c−1

0

2
‖∇ūk‖2.
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Rewriting (4.8) as follows:

α0c−1
0 ‖∇uk‖2 ≤ (σ +

θk

k
)‖uk−1‖2 + α0c−1

0 σ‖∇uk−1‖2 +

k∑
j=2

(ρ̄k,α
k− j +

θk

k
)‖ūk− j‖2 + ‖ f k‖2.

In view of relation σ + θ2 + ρ̄2,α
0 = 1, we obtain (4.7) for k = 2. Assuming that (4.7) is already correct

for all k = 2, 3, . . . , n − 1, we can check that

α0c−1
0 ‖∇un‖2 ≤ c−2

0 (σ +
θn

n
+

k∑
j=2

ρ̄k,α
k− j +

θn

n
(n − 1))‖u0‖2 + ‖ f n‖2

= c−2
0 (‖u0‖2 + ‖ f n‖2)

≤ c−2
0 (‖u0‖ + max

0≤ j≤n
‖ f j‖)2,∀ n = 2, . . . ,NT ,

which implies √
α0c−1

0 ‖∇un‖ ≤ c−1
0 (‖u0‖ + max

0≤ j≤n
‖ f j‖). (4.10)

Furthermore, using (4.10) and Poincaré inequality (4.9), we obtain

‖un‖2 ≤ ĉ‖∇un‖2 ≤ c̃(α0c0)−1/2(‖u0‖ + max
0≤ j≤n

‖ f j‖). (4.11)

Combining (4.10) and (4.11), we obtain the desired results. �

For the convergence of time semi-discrete scheme (4.4), we have

Theorem 5. Let u(x, t) be the exact solution of problem (1.1), and {uk}
NT
k=1 be the semi-discrete solution

of scheme (4.4) with the initial u0 = u(0). Under the assumption given in Theorem 4 and ∂2
t u(x, t) ∈

L∞((0,T ]; L2(Ω)), there holds∥∥∥u(tk) − uk
∥∥∥

1
≤ c̃α,T

(
τ2−α‖∂2

t u‖L∞(L2) + ε‖u‖L∞(L2)

)
, 2 ≤ k ≤ NT , (4.12)

where c̃α,T depends only on α and T .

Proof. Let ek = u(tk) − uk. Subtracting (4.4) from problem (1.1) at time level tk, it follows that(
Fα,λ(t)

t ek, v
)

+
(
∇ek,∇v

)
=

(
Rk,α
τ , v

)
,∀v ∈ H1

0(Ω).

With the similar technique in Theorem 4, we obtain

‖ek‖2 + α0c−1
0 ‖∇ek‖2 ≤ c̃α,T max

2≤i≤NT
‖Rk,α

τ ‖
2, k ≥ 2.

Applying Lemma 4, we obtain (4.12). �
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4.3. Fast difference/Legendre spectral collocation

We consider the spectral collocation method in space as follows: Find uk
N ∈ V0

N(Ω), such that(
Fα,λ(t)

t uk
N , vN

)
N

+
(
∇uk

N ,∇vN

)
N

= 0,∀vN ∈ V0
N(Ω). (4.13)

Theorem 6. Let u(x, t) be the exact solution of (1.1), and uk
N be the solution of scheme (4.13) with

the initial condition u0
N = πNu0. Suppose ∂2

t u(x, t) ∈ L∞((0,T ]; Hm(Ω))(m ≥ 1), for k = 2, . . . ,NT ,
there holds

‖u(tk) − uk
N‖1 ≤ c̃α,T

(
τ2−α‖∂2

t u‖L∞(L2) + N−mτ2−α‖∂2
t u‖L∞(Hm)

+ N−m‖∂α,λ(t)
t u‖L∞(Hm) + N1−m‖u‖L∞(Hm)

+ ε‖u‖L∞(L2) + εN−m‖u‖L∞(Hm)

)
.

(4.14)

Proof. Let ek
N = uk

N − πNu(tk), using (4.13), we have(
Fα,λ(t)

t ek
N , vN

)
N +

(
∇ek

N ,∇vN
)

N

= (Fα,λ(t)
t uk

N , vN)N + (∇uk
N ,∇vN)N − (Fα,λ(t)

t πNu(tk), vN)N − (∇πNu(tk),∇vN)N

= (Fα,λ(t)
t uk

N − Fα,λ(t)
t πNu(tk), vN)N − (Fα,λ(t)

t u(tk), vN)N − (∇πNu(tk),∇vN)N

:= εk
1(vN) + εk

2(vN),∀vN ∈ V0
N(Ω),

(4.15)

where
εk

1(vN) = (Fα,λ(t)
t uk

N − Fα,λ(t)
t πNu(tk), vN)N ,

εk
2(vN) = −(Fα,λ(t)

t u(tk), vN)N − (∇πNu(tk),∇vN)N .
(4.16)

Using equality F̄α,λ(t)
t ūk = Fα,λ(t)

t uk, scheme (4.15) can be rewritten as

(F̄α,λ(t)
t ēk

N , vN)N + (∇ek
N ,∇vN)N = εk

1(vN) + εk
2(vN),∀vN ∈ V0

N(Ω),

where ēk
N = ek

N − σek−1
N . Moreover, using Lemma 2, we have

εk
1(vN) = (Fα,λ(t)

t uk
N − Fα,λ(t)

t πNu(tk), vN)N

= ((Id − πN)(∂α,λ(t)
t u(tk) − Rk,α

τ ), vN)N

≤ |((Id − πN)(∂α,λ(t)
t u(tk) − Rk,α

τ ), vN)| + c̃N−1‖(Id − πN)(∂α,λ(t)
t u(tk) − Rk,α

τ )‖1‖vN‖0,N

≤
[
‖(Id − πN)(∂α,λ(t)

t u(tk) − Rk,α
τ )‖0,N + c̃N−1‖(Id − πN)(∂α,λ(t)

t u(tk) − Rk,α
τ )‖1

]
‖vN‖0,N .

(4.17)

According to Lemma 4, for l = 0, 1, we have

‖(Id − πN)Rk,α
τ ‖l ≤ c̃α,T max

0≤t≤tk
‖(Id − πN)∂2

t u(t)‖lτ2−α + c̃α,Tε max
0≤t≤tk

‖(Id − πN)∂2
t u(t)‖l.

Combing (3.2), Eq (4.17) produces

|εk
1(vN)| ≤ c̃

(
N−m‖∂α,λ(t)

t u‖L∞(Hm) + N−mτ2−α‖∂2
t u‖L∞(Hm) + εN−m‖u‖L∞(Hm)

)
‖vN‖0,N .

According to the definition of the ‖ · ‖0,N and projection operator πN , we have

(∇πNu(tk),∇vN)N = (∇πNu(tk),∇vN) = (∇u(tk),∇vN),∀vN ∈ V0
N(Ω). (4.18)
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Applying (1.1), (4.16), and (4.18), we obtain

εk
2(vN) = −(Fα,λ(t)

t u(tk), vN)N − (∇πNu(tk),∇vN)N

= (Fα,λ(t)
t u(tk), vN) − (Fα,λ(t)

t u(tk), vN)N + (Rk,α
τ , vN).

Furthermore, using Lemmas 2 and 4, we obtain

|εk
2(vN)| ≤

(
c̃N−m‖∂α,λ(t)

t u(tk) − Rk,α
τ ‖m + ‖Rk,α

τ ‖0,N
)
‖vN‖0,N

≤ c̃α,T
(
N−m‖∂α,λ(t)

t u‖L∞(Hm) + N−mτ2−α‖∂2
t u‖L∞(Hm) + εN−m‖u‖L∞(Hm)

+ τ2−α‖∂2
t u‖L∞(L2) + ε‖u‖L∞(L2)

)
‖vN‖0,N .

Combining the estimates of |εk
1(vN)|, |εk

2(vN)| and the Poincaré inequality, we have

|εk
1(vN)| + |εk

2(vN)| ≤ c̃α,T
(
N−m‖∂α,λ(t)

t u‖L∞(Hm) + N−mτ2−α‖∂2
t u‖L∞(Hm) + εN−m‖u‖L∞(Hm)

+ τ2−α‖∂2
t u‖L∞(L2) + ε‖u‖L∞(L2)

)
‖∇vN‖0,N .

With the similar argument given in Theorem 4, we obtain

‖ek
N‖ +

√
α0c−1

0 ‖∇ek
N‖ ≤ c̃α,T

(
N−m‖∂α,λ(t)

t u‖L∞(Hm) + N−mτ2−α‖∂2
t u‖L∞(Hm) + εN−m‖u‖L∞(Hm)

+ τ2−α‖∂2
t u‖L∞(L2) + ε‖u‖L∞(L2)

)
.

By the triangle inequality ‖u(tk) − uk
N‖1,N ≤ ‖u(tk) − πNu(tk)‖1,N + ‖uk

N − πNu(tk)‖1,N , we finally obtain
our conclusion. �

5. Numerical experiments

In this section, we will test our theory results given in previous sections. The error in time direction
at terminal time T = 1 is measured by the point-wise maximum norm. In the following numerical
experiments, we used two examples with the exponential kernel function λ(t) = e−t, which modify
the numerical examples given in reference [5]. In our numerical experiments, all the algorithms are
implemented by MATLAB R2022b, which were run on a 2.90 GHz PC with 32 GB of RAM and the
Windows 11 operating system.

Example 1. First, we consider problem (1.1) with exact solution u(x, y, t) = (1 + (6 − (6 + 6t + 3t2 +

t3)e−t) sin(πx) sin(πy). The source term and initial values are given by the exact solution.

In Table 1, we list the errors and convergence orders of the present numerical scheme (3.4). Here,
we fix the degree of polynomial Nx = Ny = 20. It can be observed that the time direction convergence
order is O(τ2−α), which is consistent with our theoretical analysis. To test the convergence order in
spatial direction, we set τ = 1/1000 for α = 0.3, 0.5, and 0.9. The relationship between the errors and
polynomial degree N is shown in the semi-log graph in Figure 2. We find that the numerical solution
has the exponential accuracy.
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Table 1. Maximum errors and convergence orders at T = 1 with Nx = Ny = 20.

α=0.3 α=0.5 α=0.9

τ Error Order τ Error Order τ Error Order

1/10 9.3238e-05 * 1/10 2.3796e-04 * 1/10 1.1903e-03 *
1/20 2.9882e-05 1.6416 1/20 8.6493e-05 1.4601 1/20 5.6183e-04 1.0831
1/40 9.4754e-06 1.6570 1/40 3.1118e-05 1.4748 1/40 2.6352e-04 1.0922
1/80 2.9837e-06 1.6671 1/80 1.1129e-05 1.4834 1/80 1.2326e-04 1.0962
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10-10
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100
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=0.5
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Figure 2. The numerical errors of the smooth solution with the polynomial degree Nx =

Ny = 20.

Example 2. To test the effectiveness of the fast difference/spectral collocation scheme (4.13), we
consider problem (1.1) with exact solution u(x, y, t) = (3 − (2 + 2t + t2)e−t) sin(πx) sin(2πy), and the
source term and initial values are calculated by the exact solution.

The numerical results of schemes (3.4) and (4.13) are listed in Tables 2 and 3. In these tables, we
compared the errors, convergence orders, and CPU times of the two schemes in Tables 2 and 3 for
α = 0.5 and α = 0.7, respectively. In the implementation of fast difference/spectral collocation, we
take ε = 1e − 9, and it can be seen that the time convergence order of fast solver is O(τ2−α), which
is consistent with our theoretical results. In this example, the CPU(s) are measured, and the total
times of numerical errors for the time steps τ vary in [1/40, 1/80, 1/160, 1/320, 1/640, 1/1280]. We
also observe that the fast L1 scheme/spectral collocation has lower complexity and achieves the same
accuracy as the L1 scheme ones.
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Table 2. The comparison of maximum errors and convergence orders at T = 1 for the fast
scheme and the direct scheme with Nx = Ny = 20, α=0.5.

Direct scheme (3.4) Fast scheme (4.13)

τ Error Order τ Error Order

1/40 6.7179e-06 * 1/40 6.5977e-06 *
1/80 2.3550e-06 1.5123 1/80 2.3258e-06 1.5042
1/160 8.2788e-07 1.5082 1/160 8.2074e-07 1.5027
1/320 2.9156e-07 1.5056 1/320 2.8981e-07 1.5018
1/640 1.0281e-07 1.5038 1/640 1.0237e-07 1.5013
1/1280 3.6276e-08 1.5029 1/1280 3.6269e-08 1.5010
CPU(s) 657.5 CPU(s) 42.6

Table 3. The comparison of maximum errors and convergence orders at T = 1 for the fast
scheme and the direct scheme with Nx = Ny = 20, α=0.7.

Direct scheme (3.4) Fast scheme (4.13)

τ Error Order1 τ Error Order1

1/40 1.9589e-05 * 1/40 1.9405e-05 *
1/80 7.8911e-06 1.3117 1/80 7.8473e-06 1.3061
1/160 3.1894e-06 1.3069 1/160 3.1789e-06 1.3036
1/320 1.2916e-06 1.3041 1/320 1.2891e-06 1.3021
1/640 5.2369e-07 1.3023 1/640 5.2313e-07 1.3011
1/1280 2.1246e-07 1.3015 1/1280 2.1237e-07 1.3005
CPU(s) 659.0 CPU(s) 61.7

6. Conclusions

In this paper, the two-dimensional fractional diffusion equation with generalized memory kernel is
analyzed and approximated in time and space. We used the spectral collocation method in the spatial
direction, and the L1 formula and the fast L1 formula are used in time to approximate the fractional
derivative. Finally, we obtained estimates of the temporal and spatial errors of the present schemes,
the time and space error estimates are O(τ2−α + O(N1−m). By comparing the L1 scheme with the fast
L1 scheme, we found that the fast L1 scheme can significantly reduce storage costs and computational
costs. There were also many improvements in this article, such as the use of graded grids instead
of uniform grids (e.g., Stynes et al. [11]) for time grids when the initial singularity of solution is
considered. Our future work will focus on this issue with the help of the existing techniques developed
in references [10, 27, 28].
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Appendix A: Proof of Lemma 5

(1) According to the definitions of ρk,α
k− j and c0, we obtain

ρk,α
k− j = (c j−1 − c j)c−1

0 , ρ
k,α
0 = ck−1c−1

0 ,

c−1
0 =

1
λ1/2a0 + (λ0 − λ1)b0

=
1

e−bτ/2 + (1 − e−bτ)( 1
2−α −

1
2 )
> 0.

By simple calculation, and using Lemma 1, we have

c j−1 − c j = λ j−1/2a j−1 − λ j+1/2a j + (λ j−1 − λ j)b j−1 − (λ j − λ j+1)b j > 0.

(2) After calculating term by term, we obtain

k∑
j=1

ρk,α
k− j = ρk,α

0 + ρk,α
1 + ρk,α

2 + . . . + ρk,α
k−1

= c−1
0

[
(c0 − c1) + (c1 − c2) + (c2 − c3) + . . . + ck−1

]
= c−1

0 c0 = 1.

(3) Using Lemma 1 once again, we have

ρk,α
0 = ck−1c−1

0

=
λk−1/2ak−1 + (λk−1 − λk)bk−1

λ1/2a0 + (λ0 − λ1)b0

>
ταΓ(2 − α)λk−1/2

Γ(1 − α)tαk
·

1
λ1/2a0 + (λ0 − λ1)b0

>
λk−1/2(1 − α)

kα
·

1
λ1/2a0 + (λ0 − λ1)b0

>
2(1 − α)λk−1/2

3kα
.
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(4) Since (1) provides that ρk,α
k−1 > 0, then ρk,α

k−1 = (c0 − c1)c−1
0 = 1 − c1

c0
< 1.

(5) Note that

c0 = λ1/2a0 + (λ0 − λ1)b0

= e−
1
2 bτ

[
1 − e−

1
2 bτ(

1
2 − α

−
1
2

)
]

+

(
1

2 − α
−

1
2

)
= e−

1
2 bτ

[
1 − e−

1
2 bτZ

]
+ Z,

where Z = 1
2−α −

1
2 , 0 ≤ Z ≤ 1

2 . We may rewrite c0 as follows

c0 = e−
1
2 bτ

[
1 − e−

1
2 bτZ

]
+ Z := g(τ,Z).

By checking the partial derivatives of g with respect to variable Z, we obtain ∂g(τ,Z)
∂Z = 1 − e−bτ ≥ 0,

which means g(τ,Z) is monotone increasing function with respect to variable Z, thus we get c0 ≤

e−
1
2 bτ

[
1 − 1

2e−
1
2 bτ

]
+ 1

2 , and c0 ≥ e−
1
2 bτ. Furthermore, we define g̃(τ) = e−

1
2 bτ

[
1 − 1

2e−
1
2 bτ

]
+ 1

2 and take
the derivative of g̃(τ), we obtain

∂g̃(τ)
∂τ

= −
1
2

be−
1
2 bτ

[
1 −

1
2

e−
1
2 bτ

]
+

1
4

be−bτ

=
1
4

be−bτ −
1
2

be−
1
2 bτ +

1
4

be−bτ

= be−
1
2 bτ

[
1
2

e−
1
2 bτ −

1
2

]
≤ 0.

Hence, g̃(τ) ≤ 1, 0 < c0 = g(τ,Z) ≤ g̃(τ) ≤ 1, it provides that c−1
0 = 1

g(τ,Z) ≥
1

g̃(τ) ≥ 1. Finally we get

1 ≤ c−1
0 ≤ e

1
2 bτ.

Appendix B: Proof of Lemma 6

(1) From Lemma 5, for j = 1, 2, ..., k, we have ρk,α
k− j > 0, thus σ = 1

2ρ
k,α
k−1 > 0. By using ρ̄k,α

k− j =∑ j
l=1 σ

j−lρ̄k,α
k−l − σ

j, we further have

ρ̄k,α
k− j =

j∑
l=1

σ j−lρ̄k,α
k−l − σ

j

= (2σ j + σ j−2ρ̄k,α
k−2 + σ j−3ρ̄k,α

k−3 + ... + σρ̄k,α
k− j+l + ρ̄k,α

k− j) − σ
j

= σ j + σ j−2ρ̄k,α
k−2 + σ j−3ρ̄k,α

k−3 + ... + σρ̄k,α
k− j+l + ρ̄k,α

k− j > 0.

(2) According to Lemma 5, we have 1
ρk,α

0
< 3kα

2(1−α)λk−1/2
. Moreover, note that ρk,α

0 < ρ̄k,α
0 , we have

1
ρ̄k,α

0
< 1

ρk,α
0
< 3kα

2(1−α)λk−1/2
.
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(3) Note that 1
ρ̄k,α

0
< 3kα

2(1−α)λk−1/2
, we may check that

k∑
j=1

ρ̄k,α
k− j =ρk,α

k−1(1 + σ + σ2 + σ3 . . . + σk−1) + ρk,α
k−2(1 + σ + σ2 + σ3 . . . + σk−2)

+ . . . + ρk,α
2 (1 + σ + σ2) + ρk,α

1 (1 + σ) + ρk,α
0 − (σ + σ2 + σ3 . . . + σk)

=
1

1 − σ
[(ρk,α

k−1 + ρk,α
k−2 + ρk,α

k−3 + . . . + ρk,α
1 + ρk,α

0 ) − σ(1 − σk)

− σ(ρk,α
k−1σ

k−1 + ρk,α
k−2σ

k−2 + . . . + ρk,α
1 σ + ρk,α

0 )]

= 1 −
σ

1 − σ
ρ̄k,α

0 ≤ 1 −
2σ(1 − α)λk−1/2

3(1 − σ)kα
.

(4) In view of |ζk,α
k− j| ≤ 2ταε, we obtain |ζ̄k,α

k− j| = |
∑ j

l=0 σ
j−lζk,α

k− j| ≤ 2ταε
∑ j

l=0 σ
l ≤ 4ταε.

(5) From Lemma 5, we have σ = 1
2ρ

k,α
k−1 <

1
2 .
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