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Abstract: In this paper, composite trapezoidal quadrature for numerical evaluation of hypersingular
integrals was first introduced. By Taylor expansion at the singular point y, error functional was
obtained. We know that the divergence rate of O(h−p), p = 1, 2, and there were no roots of the special
function for the first part in the error functional. Meanwhile, for the second part of the error functional,
the divergence rate was O(h−p+1), p = 1, 2, but there were roots of the special function. We proved that
the convergence rate could reach O(h2) at superconvergence points far from the end of the interval. Two
modified trapezoidal quadratures are presented and their convergence rate can reach O(h2) at certain
superconvergence points or any local coordinate point. At last, several examples were presented to test
our theorem.
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1. Introduction

Consider the hypersingular integrals

Ip(u, y) =
∫ b

a
=

u(x)
(x − y)p+1 dx = g(y), y ∈ (a, b), p ∈ N, (1.1)

where N = 1, 2, · · · ,
∫ b

a
= denotes a hypersingular integrals with p+1 is singular order and y is the singular

point.
Hypersingular integrals (1.1) originated in the 1970s and 1980s, and have gradually gained attention

as the boundary element method (BEM) developed. In the boundary element method, hypersingular
integrals often appear when dealing with problems in elasticity, fracture mechanics, fluid mechanics,
electromagnetic fields, heat conduction, and computational biology.
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The definition of hypersingular integral can be found by the derivative of the Cauchy principal
integral, ∫ b

a
=

u(x)
(x − y)p+1 dx =

1
p

d
dy

∫ b

a
=

u(x)
(x − y)p dx = · · · =

1
p!

dp

dyp

∫ b

a
−

u(x)
x − y

dx, (1.2)

subtraction of the singularity∫ b

a
=

u(x)
(x − y)p+1 dx =

∫ b

a
=

1
(x − y)p+1

u(x) −
r∑

j=0

u( j)(y)(x − y) j

j!

 dx

+ +

r∑
j=0

u( j)(y)
j!

∫ b

a
=

dx
(x − y)p− j+1 , (1.3)

where r > p and Hadamard finite-part integrals∫ b

a
=

u(x)
(x − y)p+1 dx = lim

ε→0

{(∫ y−ε

a
+

∫ b

y+ε

)
u(x)

(x − y)p+1 dx +
1
p!

dp

dyp

(
−

2u(y)
ε

)}
+

p−1∑
k=2

(
Π

p−k−1
j=0

1
p − j

)
dp−kS k

dxp−k + S p, (1.4)

where

S l =


−2

l−1∑
k=1,3,··· ,

εk−l

l
u(k)(y)

k!
, l even,

−2
l−1∑

k=0,2,··· ,

εk−l

l
u(k)(y)

k!
, l old,

(1.5)

and so on. These definitions can be proved mathematically equal under certain conditions. For the case
p = 1, 2, the Hadamard finite-part integrals definition is expressed as:∫ b

a
=

u(x)dx
(x − y)p+1 = lim

ε→0

{(∫ y−ε

a
+

∫ b

y+ε

)
u(x)dx

(x − y)p+1 −
2u(p−1)(y)
ε

}
. (1.6)

Because of the hypersingular kernel, classical numerical methods cannot be used directly to
compute the hypersingular integral. Different numerical methods can be obtained by different
definitions. In 1975, original work of Kutt [22] stressed Gaussian quadrature, then more papers [2,
3, 7–9] on the numerical computation hypersingular based on the definition of the derivative of
Cauchy principal integral and subtraction of the singularity. The Newton-Cote methods were presented
by Linz [19], while the density function was approximated by the trapezoidal quadrature and
Simpson quadrature, and the hypersingular kernel is calculated analysis. Then, the superconvergence
phenomenon [14–16] of hypersingular integrals [23, 24, 28] are investigated based on the definition of
Hadamard finite-part integrals [4, 11–13, 27]. There are also the extrapolation methods [6, 10, 17, 20]
and some other methods [21] to numerical evaluation hypersingular integrals, which are also based
on the Hadamard finite-part integral definition. The Gaussian integral formula can attain complete
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accuracy for low-order polynomials. For the integration of nonstandard intervals or nonstandard weight
functions, it is requisite to recalculate the nodes and weights, which might be more complex. The
accuracy of extrapolation algorithms hinges on the regularity of the function and the design of the
algorithm. If the regularity of the function is not high, the extrapolation results might be unreliable.
During multiple extrapolation processes, errors may accumulate, resulting in inaccurate final results.

Now, we recall the Newton-Cote rule first. Let a = x0 < x1 < · · · < xn−1 < xn = b be a uniform
partition of [a, b] with h = (b−a)/n. We also define the piecewise Lagrangian polynomial interpolation
of degree k by

ukn(x) =
k∑

j=0

u(xi j)
ℓki(x)

(x − xi j)ℓ′ki(xi j)
, x ∈ [xi, xi+1], (1.7)

where

ℓki(x) =
k∏

j=0

(x − xi j), (1.8)

and a linear transformation
x = x̂i(ξ) :=

(ξ + 1)h
2

+ xi, ξ ∈ [−1, 1] (1.9)

changes the subinterval [xi, xi+1] into [−1, 1].
Replacing u(x) in (1.1) by ukn(x) gives the composite Newton-Cotes quadrature

Q
p
kn(u; y) :=

∫ b

a
=

ukn(x)
(x − y)p+1 dx =

n−1∑
i=0

k∑
j=0

ω(k)
i j (y)u(xi j) = Ip(u; y) − Ep

kn(u; y), (1.10)

where Qp
kn(u; y) denotes quadrature rule for p + 1 singular order and Ep

kn(u; y) denotes error estimate,
and

ω(k)
i j (y) =

1
ℓ′ki(xi j)

∫ xi+1

xi

=
ℓki(x)

(x − xi j)(x − y)p+1 dx (1.11)

is the Cotes coefficient. Different from the Cotes coefficient of the Riemann integral, for k ≥ 2 it is
not easy to get the Cotes coefficient for hypersingular integral as we have to compute equation (1.11).
There are lots of works that investigate the hypersingular integral with p = 1. The error estimate is
obtained by Linz [19]

|E1
kn(u; y)| ≤ γ−2(ξ)hk, k = 1, 2, (1.12)

and

γ(ξ) = min
0≤i≤n

|s − xi|

h
=

1 − |ξ|
2

(1.13)

is the distance of singular point to the mesh point.
A more precise estimate was given in [25], where

|E1
kn(u; y)| ≤ | ln γ(ξ)|hk+α−1 (1.14)

with u(x) ∈ Ck+α[a, b], α ∈ [0, 1). For the case y = xi, i = 0, 1, · · · , n, Yu [27] has presented the error
estimate with

|E1
kn(u, xi)| ≤ | ln h|hk, k = 1, 2, (1.15)
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while in the recent paper, Wu [23] has given the modify rule and the O(hk), k = 1, 2 convergence rate
is obtained. Superconvergence phenomenon of (1.1) has been investigated by [24, 25] and the error
estimations are presented as

|E1
kn(u; y)| ≤


C[1 + η(y)h1−α]hk+α, 0 < α < 1,

C[η(y) + | ln h|]hk+1, α = 1
(1.16)

for odd k, and

|E1
kn(u; y)| ≤ C[1 + η(y)h1−α]hk+α, 0 < α ≤ 1 (1.17)

for even k, and

η(y) = max
{

1
y − a

,
1

b − y

}
(1.18)

is the distance of singular point s to the boundary of a and b.
In the following, let y = xm+1 +

(ξ+1)h
2 . We present the error expansion of the second order finite-part

integral as below:∫ b

a
=

x
(x − y)2 dx −

n−1∑
i=0

(
hxi

2(xi − y)2 +
hxi+1

2(xi+1 − y)2

)
=

∫ xm+1

xm

=

[
x

(x − y)2 −
xi

2(xi − y)2 −
xi+1

2(xi+1 − y)2

]
dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

[
x

(x − y)2 −
xi

2(xi − y)2 −
xi+1

2(xi+1 − y)2

]
dx

=

∫ xm+1

xm

=
x

(x − y)2 dx +
n−1∑

i=0,i,m

∫ xi+1

xi

x
(x − y)2 dx −

n−1∑
i=0

(
hxi

2(xi − y)2 +
hxi+1

2(xi+1 − y)2

)
= lim
ε→0

{∫ y−ε

xm

x
(x − y)2 dx +

∫ xm+1

y+ε

x
(x − y)2 dx −

2y
ε

}
+

n−1∑
i=0,i,m

∫ xi+1

xi

x
(x − y)2 dx −

n−1∑
i=0

(
hxi

2(xi − y)2 +
hxi+1

2(xi+1 − y)2

)
=

n−1∑
i=0

ln
∣∣∣∣∣ xi+1 − y

y − xi

∣∣∣∣∣ + n−1∑
i=0

h(xi + xi+1)
2(xi − y)(xi+1 − y)

+
hy
2

n−1∑
i=0

(
1

(xi − y)2 +
1

(xi+1 − y)2

)
= ln

n − m − ξ+1
2

m − ξ+1
2

+

n−1∑
i=0

2i + 1

2(m − i − ξ+1
2 )(m − i − ξ+1

2 )

+
1

2h

n−1∑
i=0

 m + ξ+1
2

(i − m − ξ+1
2 )2
+

m + ξ+1
2

(i − m − ξ−1
2 )2


= −2

n−1∑
i=0

Q′1(2(m − i) + τ) +
1
h

n−1∑
i=0

Q′′1 (2(m − i) + τ)

=
1
h

π2

sin2(π(ξ+1)
2 )
− π cot

ξπ

2
+

1
h

∞∑
i=m

Q′′1 (2(m − i) + τ) +
1
h

∞∑
i=n−m+1

Q′′1 (2(m − i) + τ)

+2
∞∑

i=m

Q′1(2(m − i) + τ) + 2
∞∑

i=n−m+1

Q′1(2(m − i) + τ),

(1.19)
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then we get ∫ b

a
=

x
(x − y)2 dx −

n−1∑
i=0

(
hxi

2(xi − y)2 +
hxi+1

2(xi+1 − y)2

)
= O(h−1), (1.20)

where Q1(τ) = −1 + τ2 log
∣∣∣1+τ
1−τ

∣∣∣ is the Legendre function of second kind and Q′1(τ),Q′′1 (τ) are the first
and second derivatives of Q1(τ), then we have

lim
n→∞

 ∞∑
i=m

Q′1(2(m − i) + τ) +
∞∑

i=n−m+1

Q′1(2(m − i) + τ)

 = 0, (1.21)

and

lim
n→∞

 ∞∑
i=m

Q′′1 (2(m − i) + τ) +
∞∑

i=n−m+1

Q′′1 (2(m − i) + τ)

 = 0. (1.22)

By similar calculation, we also have

∫ b

a
=

x
(x − y)3 dx −

n−1∑
i=0

(
hxi

2(xi − y)3 +
hxi+1

2(xi+1 − y)3

)
=

∫ xm+1

xm

=

[
x

(x − y)3 −
xi

2(xi − y)3 −
xi+1

2(xi+1 − y)3

]
dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

[
x

(x − y)3 −
xi

2(xi − y)3 −
xi+1

2(xi+1 − y)3

]
dx

=

∫ xm+1

xm

= +

n−1∑
i=0,i,m

∫ xi+1

xi

 x
(x − y)3 dx −

n−1∑
i=0

(
hxi

2(xi − y)3 +
hxi+1

2(xi+1 − y)3

)
=

∫ xm+1

xm

=
x

(x − y)3 dx +
n−1∑

i=0,i,m

∫ xi+1

xi

x
(x − y)3 dx −

n−1∑
i=0

(
hxi

2(xi − y)3 +
hxi+1

2(xi+1 − y)3

)
=

n−1∑
i=0

h
(xi − y)(xi+1 − y)

−
y
2

n−1∑
i=0

(
1

(xi+1 − y)3 −
1

(xi − y)3

)
+

h
2

n−1∑
i=0

(
1

(xi − y)2 +
1

(xi+1 − y)2

)
+

hy
2

n−1∑
i=0

(
1

(xi − y)3 +
1

(xi+1 − y)3

)
= −2

n−1∑
i=0

Q′1(2(m − i) + τ) +
1

2h

n−1∑
i=0

Q′′1 (2(m − i) + τ) −
1

2h2

n−1∑
i=0

Q′′′1 (2(m − i) + τ)

= −
1

2h2

π3 cos(π(ξ+1)
2 )

sin3(π(ξ+1)
2 )

+
1

2h2

 ∞∑
i=m

Q′′′1 (2(m − i) + τ) +
∞∑

i=n−m+1

Q′′′1 (2(m − i) + τ)


+

1
2h

π2

sin2(π(ξ+1)
2 )
+

1
2h

 ∞∑
i=m

Q′′1 (2(m − i) + τ) +
∞∑

i=n−m+1

Q′′1 (2(m − i) + τ)


−π cot

ξπ

2
+ 2

∞∑
i=m

Q′1(2(m − i) + τ) +
∞∑

i=n−m+1

Q′1(2(m − i) + τ)


= O(h−2).

(1.23)
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Because of singularity of hypersingular integral, trapezoidal quadrature has not been used to
compute (1.1). From the error expansion above, we know that the trapezoidal quadrature is divergence
O(h−p), p = 1, 2 in general, which is the reason that the trapezoidal rule cannot be used to compute the
singular or hypersingular integral. In order to get the simple calculation scheme, trapezoidal quadrature
for numerical evaluation of the hypersingular integral is presented. Compared with the numerical
scheme just compute the density function presented by Linz, (see Eq (1.10)) and we compute the
density function and singular kernel at the same time.

In this paper, we pay our attentions to trapezoidal quadrature for the numerical evaluation
hypersingular integral. Furthermore, the relationship of hypersingular integral, supersingular integral,
Cauchy principal value integrals, and Riemann integral is also illustrated. In the following, the error
functional of trapezoidal quadrature is presented with the first part h−1u(y) which is divergence; see
Eq (1.19). From the error expansion, the special function is studied which is related with the function

1
sin2 x

and cot x. Then, we prove that the convergence rate can reach O(h2) when singular point s is
located at the center of interval. Trapezoidal quadrature is presented to approximate the hypersingular
integral and the modified trapezoidal quadrature are also given to illustrate the asymptotic expansion
which can be used to compute the hypersingular integral. With the help of the modified trapezoidal
quadrature, we can compute the hypersingular integral more easy and this rule can be used to solve the
hypersingular integral equation. At last, numerical results show the relationship between the Riemann
integral and the hypersingular integral.

2. Main results

In this part, we present our quadrature, different from u1n(x) in the (1.7) substituted density function
u(x), then we have

u1n(x) =
u(xi)

2(xi − y)p+1 +
u(xi+1)

2(xi − y)p+1 , (2.1)

when x ∈ (xi, xi+1). Replacing u(x) in (1.1) with u1n(x) gives

Qp
1n(u; y) :=

n−1∑
i=0

ω
p
i (y)u(xi) =

∫ b

a
=

u(x)
(x − y)p+1 dx − Ep

1n(u; y), (2.2)

where Ep
1n(u; y) is the error functional for k = 1 as the trapezoidal rule, and

ω1
i (y) =

h
2(xi − y)2 +

h
2(xi+1 − y)2 , (2.3)

ω2
i (y) =

h
2(xi − y)3 +

h
2(xi+1 − y)3 (2.4)

is the Cote coefficients.
Before, we present the error functional of trapezoidal quadrature for hypersingular integrals. We

define the special function

ϕ1(x) =


−

∫ 1

−1
−

[
1
ξ − x

−
1

2(x − 1)
−

1
2(x + 1)

]
dξ, |x| < 1,

−

∫ 1

−1

[
1
ξ − x

−
1

2(x − 1)
−

1
2(x + 1)

]
dξ, |x| > 1,

(2.5)
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which comes from the error functional by linear transformation, and we also define

ϕ′1(x) =
d
dx

(ϕ1(x)), (2.6)

ϕ′′1 (x) =
d
dx

(ϕ′1(x)) =
d2

dx2 (ϕ1(x)), (2.7)

and

S 1(ξ) := ϕ1(ξ) +
∞∑

i=1

[
ϕ1(2i + ξ) + ϕ1(−2i + ξ)

]
, ξ ∈ (−1, 1), (2.8)

S ′1(ξ) =
d
dξ

(S 1(ξ)), (2.9)

S ′′1 (ξ) =
d
dξ

(S ′1(ξ)) =
d2

dξ2 (S 1(ξ)). (2.10)

Theorem 2.1. Assume u(x) ∈ Cp+2[a, b], p = 1, 2. Let Qp
1n(u; y) be computed by (2.2). Assume that

y = xm + (1 + ξ)h/2, s , xm, and S ′′1 (ξ), S ′1(ξ), S 1(ξ) are defined as (2.10), (2.9), and (2.8), and there
hold that

Ep
1n(u; y) =


−

u(y)
2h

S ′1(ξ) +
u′(y)

2
S 1(ξ) + R1

n(u; y), p = 1,

−
u(y)
2h2 S ′′1 (ξ) +

u′(y)
2h

S ′1(ξ) +
u′′(y)

4
S 1(ξ) + R2

n(u; y), p = 2,

(2.11)

where

|Rp
n(y)| ≤

{
C[γ−2(ξ) + η3(y)]h2, p = 1,
C[γ−3(ξ) + η4(y)]h2, p = 2,

(2.12)

γ(ξ) is defined as (1.13) and η(y) is defined as (1.18).

3. Proof of the Theorem 2.1

The asymptotic expansion of the composite trapezoidal quadrature to compute hypersingular
integrals is presented.

3.1. The case of p = 1

In order to prove Theorem 2.1, we give the lemmas as below.

Lemma 3.1. With the same condition of Theorem 2.1 as p = 1, it holds that

2(xi+1 − y)2(xi − y)2u(x) − (xi − y)2(x − y)2u(xi+1) − (xi+1 − y)2(x − y)2u(xi)
= [(xi+1 − y)2(xi − x)(xi + x − 2y) + (xi − y)2(xi+1 − x)(xi+1 + x − 2y)]u(y)
+(x − y)2[(xi+1 − x)(xi − y) + (xi − x)(xi+1 − y)]u′(y)
+R1

u(x) + R2
u(x) + R3

u(x) + R4
u(x) + R5

u(x),

(3.1)
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where
R1

u(x) = −
1
6

u(3)(α1i)(x − y)2(xi+1 − y)2(xi − x)3, (3.2)

R2
u(x) = −

1
6

u(3)(α2i)(x − y)2(xi − y)2(xi+1 − x)3, (3.3)

R3
u(x) =

1
6

u(3)(β1i)[(xi+1 − y)2(xi − x)(xi + x − 2y) + (xi − y)2(xi+1 − x)(xi+1 + x − 2y)](x − y)3, (3.4)

R4
u(x) = −

1
2

u(3)(β2i)(x − y)4[(xi+1 − x)(xi − y)2 + (xi − x)(xi+1 − y)2], (3.5)

and
R5

u(x) = −
1
2

u(3)(β3i)(x − y)3[(xi+1 − x)2(xi − y)2 + (xi − x)2(xi+1 − y)2], (3.6)

where α1i, α2i, β1i, β2i, β3i ∈ (xi, xi+1).
Proof: By Taylor expansion of u1n(x) at x, we get

u(xi) =
2∑

l=0

u(l)(x)
l!
+

1
6

u(3)(α1i)(xi − x)3, α1i ∈ (xi, xi+1), (3.7)

and

u(xi+1) =
2∑

l=0

u(l)(x)
l!
+

1
6

u(3)(α2i)(xi+1 − x)3, α2i ∈ (xi, xi+1). (3.8)

Similarly, we have

u(x) =
2∑

l=0

u(l)(y)
l!
+

1
6

u(3)(β1i)(x − y)3, β1i ∈ (xi, xi+1), (3.9)

and

u′(x) =
1∑

l=0

u(l)(y)
l!
+

1
2

u(3)(β2i)(x − y)2, β2i ∈ (xi, xi+1), (3.10)

and
u′′(x) = u′′(y) + u(3)(β3i)(x − y), β3i ∈ (xi, xi+1). (3.11)

Combining (3.7)–(3.10) together, we get the results.

Lemma 3.2. Let ci = 2(y − xi)/h − 1, 0 ≤ i ≤ n, for y ∈ (xm, xm+1). Then, we have

ϕ′′1 (ci) =


−2

∫ xm+1

xm

=

[
2

(x − y)3 −
1

(xm − y)3 −
1

(xm+1 − y)3

]
dx, i = m,

−2
∫ xi+1

xi

[
2

(x − y)3 −
1

(xi − y)3 −
1

(xi+1 − y)3

]
dx, i , m,

(3.12)

and

ϕ′1(ci) =


−2

∫ xm+1

xm

=

[
2

(x − y)2 −
1

(xm − y)2 −
1

(xm+1 − y)2

]
dx, i = m,

−2
∫ xi+1

xi

[
2

(x − y)2 −
1

(xi − y)2 −
1

(xi+1 − y)2

]
dx, i , m,

(3.13)
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and

ϕ1(ci) =


−2

∫ xm+1

xm

−

[
2

x − y
−

1
xm − y

−
1

xm+1 − y

]
dx, i = m,

−2
∫ xi+1

xi

[
2

x − y
−

1
xi − y

−
1

xi+1 − y

]
dx, i , m.

(3.14)

Proof: By the Eqs (1.6) and (1.9), we have∫ xm+1

xm

=

[
2

(x − y)3 −
1

(xm − y)3 −
1

(xm+1 − y)3

]
dx

= lim
ε→0

{(∫ y−ε

xm

+

∫ xm+1

y+ε

) [
2

(x − y)3 −
1

(xm − y)3 −
1

(xm+1 − y)3

]
dx −

2
ε

}
= −

1
2

∫ 1

−1
=

[
2

(ξ − cm)3 −
1

(cm + 1)3 −
1

(cm − 1)3

]
dξ

= −
1
2
ϕ′′1 (cm),

(3.15)

∫ xm+1

xm

=

[
2

(x − y)2 −
1

(xm − y)2 −
1

(xm+1 − y)2

]
dx

= lim
ε→0

{(∫ y−ε

xm

+

∫ xm+1

y+ε

) [
2

(x − y)2 −
1

(xm − y)2 −
1

(xm+1 − y)2

]
dx −

2
ε

}
= −

1
2

∫ 1

−1
=

[
2

(ξ − cm)2 −
1

(cm + 1)2 −
1

(cm − 1)2

]
dξ

= −
1
2
ϕ′1(cm),

(3.16)

and ∫ xm+1

xm

−

[
2

x − y
−

1
xm − y

−
1

xm+1 − y

]
dx

=

∫ xm+1

xm

−
2(xm − y)(xm+1 − y) − (x − y)(xm+1 − y) − (x − y)(xm − y)

(x − y)(xm − y)(xm+1 − y)
dx

= lim
ε→0

{(∫ y−ε

xm

+

∫ xm+1

y+ε

)
(xm − x)(xm+1 − y) + (xm+1 − x)(xm − y)

(x − y)(xm − y)(xm+1 − y)

}
dx

= −
1
2

∫ 1

−1
−

c2 − 2ξcm − 1
(ξ − cm)(c2

m − 1)
dξ

= −
1
2
ϕ1(cm).

(3.17)

For i , m, we can obtain it similarly.
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Let

E1
m(x) = u(x) −

(x − y)2

2

[
u(xm)

(xm − y)2 −
u(xm+1)

(xm+1 − y)2

]
−u(y)

[
2 −

(x − y)2

(xm − y)2 −
(x − y)2

(xm+1 − y)2

]
−

u′(y)
2

[
2 −

x − y
xm − y

−
x − y

xm+1 − y

]
,

(3.18)

and

E2
m(x) = u(x) −

(x − y)3

2

[
u(xm)

(xm − y)3 −
u(xm+1)

(xm+1 − y)3

]
−u(y)

[
2 −

(x − y)3

(xm − y)3 −
(x − y)3

(xm+1 − y)3

]
−

u′(y)
2

[
2 −

(x − y)2

(xm − y)2 −
(x − y)2

(xm+1 − y)2

]
−

u′′(y)
4

[
2 −

x − y
xm − y

−
x − y

xm+1 − y

]
.

(3.19)

Lemma 3.3. Let u(x) ∈ Cp+2[a, b] and Ep
m(x), p = 1, 2 be defined by (3.18) and (3.19) with y , xm,m =

0, 1, 2, · · · , n, and there holds

∣∣∣∣∣∣
∫ xm+1

xm

=
E1

m(x)
(x − y)2 dx

∣∣∣∣∣∣ ≤ Ch3|γ−1(ξ)|, (3.20)

and ∣∣∣∣∣∣
∫ xm+1

xm

=
E2

m(x)
(x − y)3 dx

∣∣∣∣∣∣ ≤ Ch4|γ−2(ξ)|. (3.21)

Proof: For the case p = 1, as u(x) ∈ C3[a, b], we get E1
m(x) ∈ C3[a, b], and∫ xm+1

xm

=
E1

m(x)
(x − y)2 dx =

∫ xm+1

xm

E1
m(x) − E1

m(y) − E1
m(y)(x − y)

(x − y)2 dx

+E1
m(y)

∫ xm+1

xm

=
1

(x − y)2 dx + (E1
m(y))′ ln

xm+1 − y
y − xm

=

∫ xm+1

xm

E1
m(x) − E1

m(y) − (E1
m(y))′(x − y)

(x − y)2 dx

+E1
m(y)

(
1

xm+1 − y
−

1
y − xm

)
+ (E1

m(y))′ ln
xm+1 − y
y − xm

,

(3.22)

where we have used∫ b

a
=

u(x)
(x − y)2 dx =

∫ b

a

u(x) − u(y) − u′(y)(x − y)
(x − y)2 dx +

∫ b

a
=

u(y)
(x − y)2 dx + u′(y) ln

∣∣∣∣∣b − y
y − a

∣∣∣∣∣ . (3.23)
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Then, we have∣∣∣∣∣∣
∫ xm+1

xm

=
E1

m(x)
(x − y)2 dx

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∫ xm+1

xm

E1
m(x) − E1

m(y) − (E1
m(y))′(x − y)

(x − y)2 dx

∣∣∣∣∣∣
+

∣∣∣∣∣∣E1
m(y)

(
1

xm+1 − y
−

1
y − xm

)∣∣∣∣∣∣ +
∣∣∣∣∣(E1

m(y))′ ln
xm+1 − y
y − xm

∣∣∣∣∣
≤ Ch3|γ−1(ξ)|.

(3.24)

The proof of this lemma is finished.

Lemma 3.4. For ξ ∈ (−1, 1), and m ≥ 1, we have

∣∣∣∣∣∣∣
∞∑

i=m

ϕ′′1 (2i + ξ) +
∞∑

i=n−m+1

ϕ′′1 (−2i + ξ)

∣∣∣∣∣∣∣ ≤ Ch4η4(y), (3.25)

∣∣∣∣∣∣∣
∞∑

i=m

ϕ′1(2i + ξ) +
∞∑

i=n−m+1

ϕ′1(−2i + ξ)

∣∣∣∣∣∣∣ ≤ Ch3η3(y), (3.26)

and ∣∣∣∣∣∣∣
∞∑

i=m

ϕ1(2i + ξ) +
∞∑

i=n−m+1

ϕ1(−2i + ξ)

∣∣∣∣∣∣∣ ≤ Ch2η2(y). (3.27)

Proof: By (2.5) of ϕ1(ξ), we have

ϕ1(ξ) = −2 ln
∣∣∣∣∣1 + ξ1 − ξ

∣∣∣∣∣ − 1
(1 + ξ)

+
1

(1 − ξ)
= Q0(ξ) + ξQ′0(ξ), (3.28)

then, we have

ϕ′1(ξ) = 2Q′0(ξ) + ξQ′′0 (ξ), (3.29)

and

ϕ′′1 (ξ) = 3Q′′0 (ξ) + ξQ′′′0 (ξ). (3.30)

Noting that y = a + (m + ξ+1
2 )h, we have 2(y−a)

h = ξ + 2m + 1, and∣∣∣∣∣∣∣
∞∑

i=m

ϕ′1(2i + ξ)

∣∣∣∣∣∣∣ ≤ C
∞∑

i=m

∫ 1

−1

dt
|2i + ξ − t|4

= C
∫ ∞

ξ+2m+1

dx
x4

=
C

(ξ + 2m + 1)3 =
Ch3

(s − a)3 .

(3.31)
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Since b = a + nh, we have 2(b−y)
h = 2(n − m) − 1 − ξ, and∣∣∣∣∣∣∣

∞∑
i=n−m+1

ϕ′1(ξ − 2i)

∣∣∣∣∣∣∣ ≤ C
∞∑

i=n−m+1

∫ 1

−1

dt
|2i − ξ + t|4

= C
∫ ∞

2(n−m)−1−ξ

dx
x4

=
C

[2(n − m) − 1 − ξ]3 =
Ch3

(b − y)3 .

(3.32)

Thus, we finished the proof of lemma.

Lemma 3.5. With the same condition of Theorem 2.1, we have

u(x)
(x − y)2 −

(
u(xi)

2(xi − y)2 +
u(xi+1)

2(xi+1 − y)2

)
=

u(y)
2

[
2

(x − y)2 −
1

(xi − y)2 −
1

(xi+1 − y)2

]
+

u′(y)
2

[
2

x − y
−

1
xi − y

−
1

xi+1 − y

]
+ R21(x, y),

(3.33)

and
u(x)

(x − y)3 −

(
u(xi)

2(xi − y)3 +
u(xi+1)

2(xi+1 − y)3

)
=

u(y)
2

[
2

(x − y)3 −
1

(xm − y)3 −
1

(xm+1 − y)3

]
+

u′(y)
2

[
2

(x − y)2 −
1

(xm − y)2 −
1

(xm+1 − y)2

]
+

u′′(y)
4

[
2

x − y
−

1
xm − y

−
1

xm+1 − y

]
+ R31(x, y),

(3.34)

where

R21(x, y) =
u(3)(α1i)(xi − x)3

6(xi − y)2 +
u(3)(α2i)(xi+1 − x)3

6(xi+1 − y)2

−
u(3)(β1i)(xi − x)(xi + x − 2y)(x − y)

6(xi − y)2

−
u(3)(β1i)(xi+1 − x)(xi+1 + x − 2y)(x − y)

6(xi+1 − y)2

+
u(3)(β2i)(x − y)2[(xi+1 − x)(xi+1 − y)2 + (xi − x)(xi − y)2]

2(xi − y)2(xi+1 − y)2

−
u(3)(β3i)(x − y)[(xi+1 − x)2(xi+1 − y)2 + (xi − x)2(xi − y)2]

2(xi − y)2(xi+1 − y)2 ,

(3.35)
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and

R31(x, y) =
u(4)(α1i)(xi − x)4

24(xi − y)3 +
u(4)(α2i)(xi+1 − x)4

24(xi+1 − y)3

−
u(4)(β1i)(xi+1 − x)[(xi+1 − y)2 + (xi+1 − y)(x − y) + (x − y)2](x − y)

24(xi − y)3

−
u(4)(β1i)(xi − x)[(xi − y)2 + (xi − y)(x − y) + (x − y)2](x − y)

24(xi+1 − y)3

+
u(4)(β2i)(x − y)2[(xi+1 − x)(xi+1 − y)3 + (xi − x)(xi − y)3]

12(xi − y)3(xi+1 − y)3

−
u(4)(β3i)(x − y)[(xi+1 − x)2(xi+1 − y)2 + (xi − x)2(xi − y)2]

12(xi − y)3(xi+1 − y)3

−
u(4)(β4i)[(xi+1 − x)3(xi+1 − y)2 + (xi − x)3(xi − y)2]

12(xi − y)3(xi+1 − y)3 .

(3.36)

Proof: By Taylor expansion of u(x), u(xi), u(xi+1) at the point y, we have

u(x) = u(y) + u′(y)(x − y) + u′′(y)
(x − y)2

2
+ u3(α)

(x − y)3

3
, α ∈ (x, y),

and

u(x)
(x − y)2 −

(
u(xi)

2(xi − y)2 +
u(xi+1)

2(xi+1 − y)2

)
=

2(xi+1 − y)2(xi − y)2u(x) − (xi − y)2(x − y)2u(xi+1) − (xi+1 − y)2(x − y)2u(xi)
(x − y)2(xi − y)2(xi+1 − y)2

=
u(y)

2

[
2

(x − y)2 −
1

(xi − y)2 −
1

(xi+1 − y)2

]
+

u′(y)
2

[
2

x − y
−

1
xi − y

−
1

xi+1 − y

]
+ R21(x, y),

(3.37)

which completed the the proof of (3.33). The proof (3.34) can be similarly obtained.
Proof of Theorem 2.1: By Lemma 3.1, we get
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∫ b

a
=

u(x)
(x − y)2 dx −

n−1∑
i=0

(
u(xi)h

2(xi − y)2 +
u(xi+1)h

2(xi+1 − y)2

)

=

n−1∑
i=0

∫ xi+1

xi

=

[
u(x)

(x − y)2 −

(
u(xi)

2(xi − y)2 +
u(xi+1)

2(xi+1 − y)2

)]
dx

=

n−1∑
i=0,i,m

u(y)
2

∫ xi+1

xi

[
2

(x − y)2 −
1

(xi − y)2 −
1

(xi+1 − y)2

]
dx

+
u(y)

2

∫ xm+1

xm

=

[
2

(x − y)2 −
1

(xm − y)2 −
1

(xm+1 − y)2

]
dx

+
u′(y)

2

n−1∑
i=0,i,m

∫ xi+1

xi

[
2

x − y
−

1
xi − y

−
1

xi+1 − y

]
dx

+
u′(y)

2

∫ xm+1

xm

−

[
2

x − y
−

1
xm − y

−
1

xm+1 − y

]
dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

R21(x, y) dx +
∫ xm+1

xm

=
E1

m(x)
(x − y)2 dx

= −
u(y)

2
S ′1(ξ) +

u′(y)
2

S 1(ξ) + R1
n(u; y),

(3.38)

where we have used the (3.18) of E1
m(x)∫ xm+1

xm

=

[
u(x)

(x − y)2 −

(
u(xi)

2(xi − y)2 +
u(xi+1)

2(xi+1 − y)2

)]
dx

=

∫ xm+1

xm

=
E1

m(x)
(x − y)2 dx +

u(y)
2

∫ xm+1

xm

=

[
2

(x − y)2 −
1

(xm − y)2 −
1

(xm+1 − y)2

]
dx

+
u′(y)

2

∫ xm+1

xm

=

[
2

x − y
−

1
xm − y

−
1

xm+1 − y

]
dx,

(3.39)

and
R1

n(u; y) = R1
1(u; y) + R1

2(u; y) + R1
3(u; y),

and
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R1
1(u; y) =

n−1∑
i=0,i,m

∫ xi+1

xi

R21(x, y) dx

=

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(α1i)(xi − x)3

6(xi − y)2 dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(α2i)(xi+1 − x)3

6(xi+1 − y)2 dx

−

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(β1i)(xi − x)(xi + x − 2y)(x − y)
6(xi − y)2 dx

−

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(β1i)(xi+1 − x)(xi+1 + x − 2y)(x − y)
6(xi+1 − y)2 dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(β2i)(x − y)2[(xi+1 − x)(xi+1 − y)2 + (xi − x)(xi − y)2]
2(xi − y)2(xi+1 − y)2 dx

−

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(β3i)(x − y)[(xi+1 − x)2(xi+1 − y)2 + (xi − x)2(xi − y)2]
2(xi − y)2(xi+1 − y)2 dx.

(3.40)

R1
2(u; y) =

∫ xm+1

xm

=
E1

m(x)
(x − y)2 dx. (3.41)

R1
3(u; y) =

u′(y)
2

 ∞∑
i=m

ϕ1(2i + ξ) +
∞∑

i=n−m+1

ϕ1(−2i + ξ)

 ,
+

u(y)
2

 ∞∑
i=m

ϕ′1(2i + ξ) +
∞∑

i=n−m+1

ϕ′1(−2i + ξ)

 . (3.42)

Now, we estimate R1
n(u; y). By using (x−y)2 = (x− x̂i+ x̂i−y)2 = (x− x̂i)2+2(x− x̂i)(x̂i−y)2+(x̂i−y)2

and x − y = x − x̂i + x̂i − y, we have

R1
1(u; y) =

n−1∑
i=0,i,m

∫ xi+1

xi

[
u(3)(α1i)

6
+

u(3)(β1i)
6

+
u(3)(β2i)

2
+

u(3)(β3i)
2

]
(xi − x)3

(xi − y)2 dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

[
u(3)(α2i)

6
+

u(3)(β1i)
6

+
u(3)(β2i)

2
+

u(3)(β3i)
2

]
(xi+1 − x)3

(xi+1 − y)2 dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(β1i) + 2u(3)(β2i) + u(3)(β3i)
2

(xi − x)2

xi − y
dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(β1i) + 2u(3)(β2i) + u(3)(β3i)
2

(xi+1 − x)2

xi+1 − y
dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

[u(3)(β2i) + u(3)(β3i)](xi + xi+1 − 2x) dx.

(3.43)
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For the first part of R1
1(u; y), we have∣∣∣∣∣∣∣

n−1∑
i=0,i,m

∫ xi+1

xi

[
u(3)(α1i)

6
+

u(3)(β1i)
6

+
u(3)(β2i)

2
+

u(3)(β3i)
2

]
(xi − x)3

(xi − y)2 dx

∣∣∣∣∣∣∣
≤ Ch3

n−1∑
i=0,i,m

∫ xi+1

xi

1
|xi − s|2

dx

≤ Cγ−2(ξ)h2.

(3.44)

For the second part of R1
1(u; y), we similarly have∣∣∣∣∣∣∣

n−1∑
i=0,i,m

∫ xi+1

xi

[
u(3)(α2i)

6
+

u(3)(β1i)
6

+
u(3)(β2i)

2
+

u(3)(β3i)
2

]
(xi+1 − x)3

(xi+1 − y)2 dx

∣∣∣∣∣∣∣
≤ Cγ−2(ξ)h2.

(3.45)

For the third part of R1
1(u; y),∣∣∣∣∣∣∣

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(β1i) + 2u(3)(β2i) + u(3)(β3i)
2

(xi − x)2

xi − y
dx

∣∣∣∣∣∣∣
≤ Ch2

n−1∑
i=0,i,m

∫ xi+1

xi

1
|xi − s|

dx

≤ Cγ−1(ξ)h2.

(3.46)

For the fourth part of R1
1(u; y),∣∣∣∣∣∣∣

n−1∑
i=0,i,m

∫ xi+1

xi

u(3)(β1i) + 2u(3)(β2i) + u(3)(β3i)
2

(xi+1 − x)2

xi+1 − y
dx

∣∣∣∣∣∣∣
≤ Cγ−1(ξ)h2.

(3.47)

For the last part of R1
1(u; y), we have∣∣∣∣∣∣∣

n−1∑
i=0,i,m

∫ xi+1

xi

[u(3)(β2i) + u(3)(β3i)](xi + xi+1 − 2x) dx

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
n−1∑

i=0,i,m

[u(3)(ξ2i) + u(3)(ξ3i)]
∫ xi+1

xi

(xi − x)dx +
h
2

n−1∑
i=0,i,m

[u(3)(β2i) + u(3)(β3i)]
∫ xi+1

xi

dx

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣12
n−1∑

i=0,i,m

[u(3)(ξ2i) + u(3)(ξ3i)]
∫ xi+1

xi

(xi +
h
2
− x)dx

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣h2

2

n−1∑
i=0,i,m

[u(3)(ξ2i) + u(3)(ξ3i) − u(3)(β2i) − u(3)(β3i)]

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣h2

2

n−1∑
i=0,i,m

[u(3)(ξ2i) + u(3)(ξ3i) − u(3)(β2i) − u(3)(β3i)]

∣∣∣∣∣∣∣
≤ Ch2,

(3.48)
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where ξ2i, ξ3i, β2i, β3i ∈ (xi, xi+1).
For R1

2(u; y) and R1
3(u; y), by Lemmas 3.3 and 3.4, then, we get

|R1
n(u; y)| ≤ |R1

1(u; y)| + |R1
2(u; y)| + |R1

3(u; y)| ≤ C(γ−1(ξ) + η−2(y))h2, (3.49)

and we finished the proof of Theorem 2.1.

3.2. The case of p = 2

By Lemma 3.1, we have∫ b

a
=

u(x)
(x − y)3 dx −

n−1∑
i=0

(
u(xi)h

2(xi − y)3 +
u(xi+1)h

2(xi+1 − y)3

)

=

n−1∑
i=0,i,m

u(y)
2

∫ xi+1

xi

[
2

(x − y)3 −
1

(xi − y)3 −
1

(xi+1 − y)3

]
dx

+
u(y)

2

∫ xm+1

xm

=

[
2

(x − y)3 −
1

(xm − y)3 −
1

(xm+1 − y)3

]
dx

+

n−1∑
i=0,i,m

u′(y)
2

∫ xi+1

xi

[
2

(x − y)2 −
1

(xi − y)2 −
1

(xi+1 − y)2

]
dx

+
u′(y)

2

∫ xm+1

xm

=

[
2

(x − y)2 −
1

(xm − y)2 −
1

(xm+1 − y)2

]
dx

+
u′′(y)

4

n−1∑
i=0,i,m

∫ xi+1

xi

[
2

x − y
−

1
xi − y

−
1

xi+1 − y

]
dx

+
u′′(y)

4

∫ xm+1

xm

−

[
2

x − y
−

1
xm − y

−
1

xm+1 − y

]
dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

R31(x, y) dx +
∫ xm+1

xm

=
E2

m(x)
(x − y)3 dx

= −
u(y)
2h2 S ′′1 (ξ) +

u′(y)
2h

S ′1(ξ) +
u′′(y)

4
S 1(ξ) + R2

n(u; y),

(3.50)

where we have used the identity of (3.19),∫ xm+1

xm

=

[
u(x)

(x − y)3 −

(
u(xi)

2(xi − y)3 +
u(xi+1)

2(xi+1 − y)3

)]
dx

=

∫ xm+1

xm

=
E2

m(x)
(x − y)3 dx +

u(y)
2

∫ xm+1

xm

=

[
2

(x − y)3 −
1

(xm − y)3 −
1

(xm+1 − y)3

]
dx

+
u′(y)

2

∫ xm+1

xm

=

[
2

(x − y)2 −
1

(xm − y)2 −
1

(xm+1 − y)2

]
dx

+
u′′(y)

4

∫ xm+1

xm

=

[
2

x − y
−

1
xm − y

−
1

xm+1 − y

]
dx,

(3.51)
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and
R2

n(u; y) = R2
1(u; y) + R2

2(u; y) + R2
3(u; y).

R2
1(u; y)

=

n−1∑
i=0,i,m

∫ xi+1

xi

R31(x, y) dx

=

n−1∑
i=0,i,m

∫ xi+1

xi

u(4)(α1i)(xi − x)4

24(xi − y)3 dx +
n−1∑

i=0,i,m

∫ xi+1

xi

u(4)(α2i)(xi+1 − x)4

24(xi+1 − y)3 dx

−

n−1∑
i=0,i,m

∫ xi+1

xi

u(4)(β1i)(xi+1 − x)[(xi+1 − y)2 + (xi+1 − y)(x − y) + (x − y)2](x − y)
24(xi − y)3 dx

−

n−1∑
i=0,i,m

∫ xi+1

xi

u(4)(β1i)(xi − x)[(xi − y)2 + (xi − y)(x − y) + (x − y)2](x − y)
24(xi+1 − y)3 dx

+

n−1∑
i=0,i,m

∫ xi+1

xi

u(4)(β2i)(x − y)2[(xi+1 − x)(xi+1 − y)3 + (xi − x)(xi − y)3]
12(xi − y)3(xi+1 − y)3 dx

−

n−1∑
i=0,i,m

∫ xi+1

xi

u(4)(β3i)(x − y)[(xi+1 − x)2(xi+1 − y)2 + (xi − x)2(xi − y)2]
12(xi − y)3(xi+1 − y)3 dx

−

n−1∑
i=0,i,m

∫ xi+1

xi

u(4)(β4i)[(xi+1 − x)3(xi+1 − y)2 + (xi − x)3(xi − y)2]
12(xi − y)3(xi+1 − y)3 dx.

(3.52)

R2
2(u; y) =

∫ xm+1

xm

=
E2

m(x)
(x − y)3 dx. (3.53)

R2
3(u; y) =

u′′(y)
4

 ∞∑
i=m

ϕ1(2i + ξ) +
∞∑

i=n−m+1

ϕ1(−2i + ξ)

 ,
+

u′(y)
2

 ∞∑
i=m

ϕ′1(2i + ξ) +
∞∑

i=n−m+1

ϕ′1(−2i + ξ)

 ,
+

u(y)
2

 ∞∑
i=m

ϕ′′1 (2i + ξ) +
∞∑

i=n−m+1

ϕ′′1 (−2i + ξ)

 .
(3.54)

For R2
2(u; y) and R3

2(u; y), by Lemmas 3.3 and 3.4, we get

|R2
n(u; y)| ≤ |R2

1(u; y)| + |R2
2(u; y)| + |R2

3(u; y)| ≤ C[γ(−3)(ξ) + η3(y)]h2, (3.55)

and the proof Theorem 2.1 is completed.

Corollary 3.1. Under same assumption of Theorem 2.1, we have

|Ep
1n(u; y)| ≤ C[γ(−p−1)(ξ) + ηp+2(y)]h2, (3.56)
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and η(y) is defined as (1.18).
From Theorem 2.1, modify trapezoidal quadrature I is presented

Q̃1
1n(u; y) = Q1

1n(u; y) −
u(y)

2
S ′1(ξ), (3.57)

Q̃2
1n(u; y) = Q2

1n(u; y) −
u(y)

2
S ′′1 (ξ), (3.58)

as well as modify trapezoidal quadrature II

˜̃Q1
1n(u; y) = Q̃1

1n(u; y) −
u′(y)

2
S 1(ξ), (3.59)

˜̃Q2
1n(u; y) = Q̃2

1n(u; y) −
u′(y)

2
S ′1(ξ), (3.60)

and error functional

Ẽ1
1n(u; y) =

∫ b

a
=

u(x)
(x − y)2 dx − Q̃1

1n(u; y), (3.61)

Ẽ2
1n(u; y) =

∫ b

a
=

u(x)
(x − y)3 dx − Q̃2

1n(u; y), (3.62)

˜̃E1
1n(u; y) =

∫ b

a
=

u(x)
(x − y)2 dx − ˜̃Q1

1n(u; y), (3.63)

˜̃E2
1n(u; y) =

∫ b

a
=

u(x)
(x − y)3 dx − ˜̃Q2

1n(u; y). (3.64)

Then, we have the following.

Corollary 3.2. Under the same assumption of Theorem 2.1, for the modify trapezoidal quadrature I,
we have ∣∣∣Ẽp

1n(u; y)
∣∣∣ ≤ [γ(−p−1)(ξ) + ηp+2(y)]h2, (3.65)

where γ(ξ) is defined as (1.13).
In the year of 2013, we have presented the results [18]

Q0
0n(u; y) :=

∫ b

a
−

u1n(x)
xi − y

dx =
n−1∑
i=0

ω0
i (y)u(xi) =

∫ b

a
−

u(x)
x − y

dx − E0
1n(u; y), (3.66)

where E0
1n( f ; y) =

∫ b

a
−

u(x)
x−y dx −

∫ b

a
−

u1n(x)
xi−y dx, and

ω0
i (y) =

h
2(xi − y)

+
h

2(xi+1 − y)
(3.67)

are the Cote coefficients.
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Theorem 3.1. Assume u(x) ∈ C2[a, b]. For the trapezoidal quadrature Q0
0n(u; y) defined as (3.66),

assume that y = x[m] + (1 + ξ)h/2, and there holds

E0
1n(u; y) = −u(y) tan

ξπ

2
+ O(h2), (3.68)

Now, we present the following theorem:

Theorem 3.2. Assume u(x) ∈ Cp+2[a, b]. Let Qp
1n(u; y) be computed by (2.2), assume that y = xm+ (1+

ξ)h/2, y , x̂m, and there holds

Ep
1n(u; y) =

u(y)
hp S (p)

1 (ξ) + · · · +
u(p−1)(y)
(p − 1)!h

S (1)
1 (ξ) +

u(p)

p!
(y)S (0)

1 (ξ) + Rp
n(u; y), (3.69)

where
|Rp

n(u; y)| ≤ C[γ−(p+1)(ξ) + ηp+2(y)]h2, (3.70)

and γ(ξ) is defined as (1.13).
This theorem can be proved similarly as Theorem 1, and here we omit it.

4. The calculation of S 1(ξ), S ′1(ξ), S ′′1 (ξ)

Let
Q0(x) =

1
2

ln
∣∣∣∣∣ x + 1
x − 1

∣∣∣∣∣ , Q1(x) = xQ0(x) − 1 (4.1)

be the Legendre function of the second kind and Qn(x) associated with the Pn(x), defined by (cf. [1]).
We also define

W(u, ξ) := u(ξ) +
∞∑

i=0

u(2i + ξ) +
∞∑

i=0

u(−2i + ξ), ξ ∈ (−1, 1). (4.2)

Then, by (4.2) of W,

W(Q0)(ξ) =
1
2

ln
1 + ξ
1 − ξ

+
1
2

∞∑
i=1

(
ln

2i + 1 + ξ
2i − 1 + ξ

+ ln
2i − 1 − ξ
2i + 1 − ξ

)

=
1
2

lim
i→∞

ln
2i + 1 + ξ
2i + 1 − ξ

= 0,

W(xQ′0)(ξ) =
ξ

1 − ξ2 −

∞∑
i=1

(
2i + ξ

(2i + ξ)2 − 1
+

−2i + ξ
(−2i + ξ)2 − 1

)

=
1
2

lim
n→∞

k=n∑
k=−n

1

k + 1
2 +

ξ

2

= −
π

2
tan
π(1 + ξ)

2
,

and it follows that
S 1(ϕ1, ξ) = W(Q0 + xQ′0, ξ) = −π tan

π(ξ + 1)
2
. (4.3)
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Then, we have

S ′1(ϕ′1, ξ) =
d
dξ

(S 1(ϕ1, ξ)) = W(2Q′0 + xQ′′0 , ξ) =
π2

sin2(π(ξ+1)
2 )
, (4.4)

S ′′1 (ϕ′′1 , ξ) =
d
dξ

(S ′1(ϕ1, ξ)) = W(3Q′′0 + xQ(3)
0 , ξ) =

π3 cos(π(ξ+1)
2 )

sin3(π(ξ+1)
2 )

, (4.5)

where we have used the identify
π3 cos(πx)
sin3(πx)

=

∞∑
n=−∞

1
(x + n)3 , (4.6)

π2

sin2(πx)
=

∞∑
n=−∞

1
(x + n)2 , (4.7)

π cos(πx)
sin(πx)

=

∞∑
n=−∞

1
x + n

. (4.8)

5. Numerical examples

In this part, some examples are reported to illustrate our theorem.

Example 5.1. Consider the hypersingular integral with u(x) = x4 + 1 and with a = 0, b = 1, and∫ b

a
=

x4 + 1
(x − y)2 dx =

12y4 − 6y3 − 2y2 − y + 3
3y2 − 3y

+ 4y3 log
1 − y

y
, y ∈ (0, 1). (5.1)

In Tables 1 and 2, error and a posterior estimation of the trapezoidal rule are are presented, and the
extrapolation method can be found in reference [12].

Table 1. Errors of the trapezoidal rule s = 0.25.
0 h2−extra h3−extra

40 -1.8838e-01
80 -9.6722e-02 -5.0630e-03
160 -4.9011e-02 -1.3000e-03 -4.5696e-05
320 -2.4670e-02 -3.2954e-04 -6.0458e-06
640 -1.2377e-02 -8.2968e-05 -7.7751e-07

Table 2. A posteriori error of the trapezoidal rule s = 0.25.
a posteriori error a posteriori error a posteriori error

40 -9.1659e-02
80 -4.7711e-02 -1.2543e-03
160 -2.4341e-02 -3.2349e-04 -5.6643e-06
320 -1.2294e-02 -8.2191e-05 -7.5262e-07
640 -6.1779e-03 -2.0717e-05 -9.6989e-08
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The uniform meshes are chosen to test convergence rate of the trapezoidal quadrature Q1
1n(u; y),

modified I trapezoidal quadrature Q̃1
1n(u; y), and modified II trapezoidal quadrature ˜̃Q1

1n(u; y) with the
dynamic point with y = x[n/4] + (1 + ξ)h/2.

Table 3 shows that when the local coordinate of singular point is ξ, the modified II trapezoidal
quadrature ˜̃Q1

1n(u; y) reaches O(h2). From the Table 4, the modified I trapezoidal quadrature Q̃1
1n(u; y)

can reach O(h2) at ξ = 0; as for ξ , 0, there are no convergence rates. From the Table 5, for the
trapezoidal quadrature Q1

1n(u; y), there are no convergence rates.

Table 3. Errors of ˜̃Q1
1n(u; y) with y = x[n/4] + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 8.8788e-03 9.6756e-03 8.1724e-03 7.9549e-03 9.9637e-03
64 2.4241e-03 2.5337e-03 2.3211e-03 2.2881e-03 2.5718e-03
128 6.3377e-04 6.4814e-04 6.1985e-04 6.1530e-04 6.5303e-04
256 1.6206e-04 1.6390e-04 1.6025e-04 1.5965e-04 1.6452e-04
512 4.0976e-05 4.1209e-05 4.0745e-05 4.0666e-05 4.1284e-05
1024 1.0302e-05 1.0331e-05 1.0273e-05 1.0272e-05 1.0350e-05
hα 1.9503 1.9742 1.9271 1.9194 1.9822

Table 4. Errors of Q̃1
1n(u; y) with y = x[n/4] + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 8.8788e-03 2.2501e-01 -2.4874e-01 -4.4986e-01 3.7175e-01
64 2.4241e-03 2.0823e-01 -2.2295e-01 -3.9375e-01 3.5340e-01
128 6.3377e-04 2.0164e-01 -2.0986e-01 -3.6674e-01 3.4608e-01
256 1.6206e-04 1.9882e-01 -2.0317e-01 -3.5339e-01 3.4292e-01
512 4.0976e-05 1.9754e-01 -1.9978e-01 -3.4673e-01 3.4146e-01
1024 1.0302e-05 1.9694e-01 -1.9807e-01 -3.4341e-01 3.4076e-01
hα 1.9503 - - - -

Table 5. Errors of Q1
1n(u; y) with y = x[n/4] + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -3.1739e+02 -6.3422e+02 -6.3543e+02 -1.2711e+03 -1.2683e+03
64 -6.3444e+02 -1.2684e+03 -1.2695e+03 -2.5391e+03 -2.5366e+03
128 -1.2686e+03 -2.5366e+03 -2.5377e+03 -5.0755e+03 -5.0730e+03
256 -2.5368e+03 -5.0731e+03 -5.0741e+03 -1.0148e+04 -1.0146e+04
512 -5.0733e+03 -1.0146e+04 -1.0147e+04 -2.0294e+04 -2.0292e+04
1024 -1.0146e+04 -2.0292e+04 -2.0293e+04 -4.0586e+04 -4.0584e+04
hα - - - - -

Example 5.2. Consider the hypersingular integral u(x) = x3, and

∫ b

a
=

x3

(x − y)p+1 dx =


3
2
+ 3y + 3y2 log

1 − y
y
+

1
y − 1

, p = 1,

1 +
y
2
+

y3 − 6y2 + 6y
2(y − 1)2 + 3y log

1 − y
y
, p = 2.

(5.2)
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The uniform meshes are chosen to test convergence rate of the trapezoidal quadrature Q2
1n(u; y),

modified I trapezoidal quadrature Q̃2
1n(u; y), and modified II trapezoidal quadrature ˜̃Q2

1n(u; y) with y =
x[n/4] + (1 + ξ)h/2 and y = a + (1 + ξ)h/2.

For the case p = 2 with y = x[n/4] + (1 + ξ)h/2, the Table 6 shows that when the local coordinate is
ξ of the singular point, modified II trapezoidal quadrature ˜̃Q2

1n(u; y) reaches O(h2). Table 7 shows that
the modified I trapezoidal quadrature Q̃2

1n(u; y) can reach O(h2) at the ξ = 0; as for ξ , 0, there are no
convergence rates. Table 8 shows the trapezoidal quadrature Q2

1n(u; y), and there are no convergence
rates.

Table 6. Errors ˜̃Q2
1n(u; y) with y = x[n/4] + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 2.2331e-04 2.0783e-04 2.3986e-04 2.4563e-04 2.0289e-04
64 5.1885e-05 5.0039e-05 5.3792e-05 5.4442e-05 4.9437e-05
128 1.2505e-05 1.2280e-05 1.2734e-05 1.2808e-05 1.2208e-05
256 3.0696e-06 3.0418e-06 3.0976e-06 3.1266e-06 3.0139e-06
512 7.6042e-07 7.5711e-07 7.6376e-07 6.0912e-07 9.0778e-07
1024 1.8924e-07 1.8902e-07 1.8891e-07 1.4122e-06 -1.0206e-06
hα 2.0409 2.0205 2.0620 1.4885 1.5270

Table 7. Errors of Q̃2
1n(u; y) with y = x[n/4] + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 2.2331e-04 2.4300e+00 -2.5768e+00 -4.5059e+00 4.1663e+00
64 5.1885e-05 2.3931e+00 -2.4666e+00 -4.2935e+00 4.1236e+00
128 1.2505e-05 2.3746e+00 -2.4114e+00 -4.1873e+00 4.1023e+00
256 3.0696e-06 2.3654e+00 -2.3838e+00 -4.1342e+00 4.0917e+00
512 7.6042e-07 2.3608e+00 -2.3700e+00 -4.1076e+00 4.0864e+00
1024 1.8924e-07 2.3585e+00 -2.3631e+00 -4.0943e+00 4.0837e+00
hα 2.0409 - - - -

Table 8. Errors of Q2
1n(u; y) with y = x[n/4] + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -6.6851e+01 9.6463e+02 -1.4425e+03 -4.9202e+03 3.4137e+03
64 -1.2595e+02 3.9158e+03 -4.8156e+03 -1.6539e+04 1.3703e+04
128 -2.4433e+02 1.5771e+04 -1.7516e+04 -6.0404e+04 5.4904e+04
256 -4.8117e+02 6.3295e+04 -6.6732e+04 -2.3063e+05 2.1980e+05
512 -9.5490e+02 2.5359e+05 -2.6041e+05 -9.0103e+05 8.7954e+05
1024 -1.9024e+03 1.0152e+06 -1.0288e+06 -3.5617e+06 3.5189e+06
hα - - - - -

Table 9 shows y = a + (ξ + 1)h/2, and modified II trapezoidal quadrature ˜̃Q2
1n(u; y) reaches O(h).

Table 10 shows that the modified I trapezoidal quadrature Q̃2
1n(u; y) can reach O(h) at the ξ = 0; as

for ξ , 0, there are no convergence rates which agree with our Theorem 2.1. Table 11 shows the
trapezoidal quadrature Q2

1n(u; y), and there are also convergence rates O(h) because of f (x) = 0 at the
end of intervals.
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Table 9. Errors of ˜̃Q2
1n(u; y) with y = a + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -1.9101e-04 -1.3025e-03 6.1469e-06 2.6040e-05 -2.5193e-03
64 -9.7046e-05 -6.5199e-04 6.7781e-07 1.0325e-05 -1.2602e-03
128 -4.8708e-05 -3.2609e-04 5.5555e-08 4.8457e-06 -6.3014e-04
256 -2.4377e-05 -1.6306e-04 6.6810e-09 2.3845e-06 -3.1508e-04
512 -1.2191e-05 -8.1529e-05 7.5892e-09 1.1875e-06 -1.5754e-04
1024 -6.0960e-06 -4.0765e-05 4.3221e-09 5.9317e-07 -7.8770e-05
hα 9.9393e-01 9.9956e-01 2.0948 1.0912 9.9985e-01

Table 10. Errors of Q̃2
1n(u; y) with y = a + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -1.9101e-04 7.2329e-02 -2.2089e-01 -4.2508e-01 8.2503e-02
64 -9.7046e-05 3.6164e-02 -1.1045e-01 -2.1254e-01 4.1251e-02
128 -4.8708e-05 1.8082e-02 -5.5223e-02 -1.0627e-01 2.0625e-02
256 -2.4377e-05 9.0408e-03 -2.7612e-02 -5.3136e-02 1.0313e-02
512 -1.2191e-05 4.5204e-03 -1.3806e-02 -2.6568e-02 5.1563e-03
1024 -6.0960e-06 2.2602e-03 -6.9029e-03 -1.3284e-02 2.5782e-03
hα 9.9393e-01 1.0000 9.9999e-01 1.0000 1.0000

Table 11. Errors of Q2
1n(u; y) with y = a + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -2.3151e-01 -1.3051e-02 -2.0794e+00 -6.8802e+00 1.0773e-02
64 -1.1576e-01 -6.5264e-03 -1.0397e+00 -3.4401e+00 5.3861e-03
128 -5.7878e-02 -3.2633e-03 -5.1984e-01 -1.7200e+00 2.6930e-03
256 -2.8939e-02 -1.6317e-03 -2.5992e-01 -8.6002e-01 1.3465e-03
512 -1.4470e-02 -8.1583e-04 -1.2996e-01 -4.3001e-01 6.7324e-04
1024 -7.2348e-03 -4.0791e-04 -6.4981e-02 -2.1501e-01 3.3662e-04
hα 9.9999e-01 9.9996e-01 1.0000 1.0000 1.0000

For the case p = 1 with y = x[n/4] + (1 + ξ)h/2, Table 12 shows that when the local coordinate
is ξ of singular point, modified II trapezoidal quadrature ˜̃Q1

1n(u; y) reaches O(h2). Table 13 shows
that modified I trapezoidal quadrature Q̃1

1n(u; y) can reach O(h2) at the ξ = 0; as for ξ , 0, there are
no convergence rates which agree with our Theorem 2.1. Table 14 shows the trapezoidal quadrature
Q1

1n(u; y), and there are no convergence rates.
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Table 12. Errors of ˜̃Q1
1n(u; y) with y = x[n/4] + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -4.1857e-05 -4.5224e-05 -3.8240e-05 -3.6975e-05 -4.6293e-05
64 -1.1283e-05 -1.1681e-05 -1.0870e-05 -1.0729e-05 -1.1810e-05
128 -2.9187e-06 -2.9671e-06 -2.8694e-06 -2.8527e-06 -2.9830e-06
256 -7.4167e-07 -7.4764e-07 -7.3565e-07 -7.3362e-07 -7.4961e-07
512 -1.8690e-07 -1.8764e-07 -1.8616e-07 -1.8594e-07 -1.8792e-07
1024 -4.6911e-08 -4.7003e-08 -4.6819e-08 -4.6655e-08 -4.6906e-08
hα 1.9603 1.9820 1.9348 1.9261 1.9894

Table 13. Errors of Q̃1
1n(u; y) with y = x[n/4] + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -4.1857e-05 6.2639e-01 -7.0471e-01 -1.2439e+00 1.0632e+00
64 -1.1283e-05 6.0759e-01 -6.4558e-01 -1.1293e+00 1.0416e+00
128 -2.9187e-06 5.9829e-01 -6.1699e-01 -1.0741e+00 1.0309e+00
256 -7.4167e-07 5.9366e-01 -6.0294e-01 -1.0470e+00 1.0256e+00
512 -1.8690e-07 5.9135e-01 -5.9597e-01 -1.0336e+00 1.0229e+00
1024 -4.6911e-08 5.9020e-01 -5.9251e-01 -1.0269e+00 1.0216e+00
hα 1.9603 - - - -

Table 14. Errors of Q1
1n(u; y) with y = x[n/4] + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -5.9192e+00 -1.0198e+01 -1.3619e+01 -2.7816e+01 -1.9936e+01
64 -1.0824e+01 -2.0071e+01 -2.3293e+01 -4.7103e+01 -3.9683e+01
128 -2.0679e+01 -3.9813e+01 -4.2937e+01 -8.6361e+01 -7.9166e+01
256 -4.0411e+01 -7.9292e+01 -8.2368e+01 -1.6521e+02 -1.5813e+02
512 -7.9886e+01 -1.5825e+02 -1.6130e+02 -3.2307e+02 -3.1604e+02
1024 -1.5884e+02 -3.1616e+02 -3.1920e+02 -6.3887e+02 -6.3187e+02
hα - - - - -

Table 15 shows y = a + (ξ + 1)h/2 and that modified II trapezoidal quadrature ˜̃Q1
1n(u; y) reaches

O(h2). Table 16 shows that modified I trapezoidal quadrature Q̃1
1n(u; y) can reach O(h2) at the ξ = 0;

as for ξ , 0, there is also convergence rate O(h2). Table 17 shows the trapezoidal quadrature Q1
1n(u; y),

and there are also convergence rate O(h2) because of f (x) = 0 at the end of intervals.

Table 15. Errors of ˜̃Q1
1n(u; y) with y = a + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -8.3846e-05 -7.4701e-05 -8.4888e-05 -8.4799e-05 -6.5134e-05
64 -2.0973e-05 -1.8678e-05 -2.1249e-05 -2.1233e-05 -1.6285e-05
128 -5.2440e-06 -4.6697e-06 -5.3139e-06 -5.3104e-06 -4.0713e-06
256 -1.3110e-06 -1.1674e-06 -1.3286e-06 -1.3277e-06 -1.0178e-06
512 -3.2776e-07 -2.9186e-07 -3.3215e-07 -3.3194e-07 -2.5446e-07
1024 -8.1941e-08 -7.2965e-08 -8.3037e-08 -8.2985e-08 -6.3614e-08
hα 1.9998 1.9999 1.9995 1.9994 2.0000
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Table 16. Errors of Q̃1
1n(u; y) with y = a + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -8.3846e-05 5.0054e-04 -5.2621e-03 -1.1155e-02 3.7769e-04
64 -2.0973e-05 1.2513e-04 -1.3155e-03 -2.7889e-03 9.4421e-05
128 -5.2440e-06 3.1283e-05 -3.2889e-04 -6.9722e-04 2.3605e-05
256 -1.3110e-06 7.8207e-06 -8.2222e-05 -1.7431e-04 5.9013e-06
512 -3.2776e-07 1.9552e-06 -2.0556e-05 -4.3576e-05 1.4753e-06
1024 -8.1941e-08 4.8880e-07 -5.1389e-06 -1.0894e-05 3.6883e-07
hα 1.9998 2.0000 2.0000 2.0000 2.0000

Table 17. Errors of Q1
1n(u; y) with y = a + (1 + ξ)h/2.

n ξ = 0 ξ = −0.5 ξ = 0.5 ξ = 2/3 ξ = −2/3
32 -1.2886e-03 1.9935e-04 -1.3394e-02 -3.3466e-02 1.9920e-04
64 -3.2217e-04 4.9834e-05 -3.3486e-03 -8.3666e-03 4.9799e-05
128 -8.0543e-05 1.2458e-05 -8.3716e-04 -2.0916e-03 1.2450e-05
256 -2.0136e-05 3.1145e-06 -2.0929e-04 -5.2291e-04 3.1124e-06
512 -5.0340e-06 7.7863e-07 -5.2322e-05 -1.3073e-04 7.7810e-07
1024 -1.2585e-06 1.9466e-07 -1.3081e-05 -3.2682e-05 1.9453e-07
hα 2.0000 2.0000 2.0000 2.0000 2.0000

6. Concluding remarks

In this paper, hypersingular integrals are studied by the composite trapezoidal quadrature on the
interval. With the linear transformation of subintervals to the identity intervals, the error functional is
obtained related with the special function. The modify trapezoidal rule is presented, with the help of
second term equal zeros which gives the superconvergence phenomenon. In this paper of [18], we have
proved the results that the error functional has related with the special function

−π tan πx =
n=∞∑

n=−∞

1
n + x

for the Cauchy principal integrals. In this paper, we have presented the results that the error functional
has related with the special function

d
dx

(−π tan πx) =
π2

cos2(πx)
=

n=∞∑
n=−∞

1
(x + n)2

for the hypersingular integrals. Based on the above results, we conjecture that there are certain
relationship between the hypersingular integral

∫ b

a
=

u(x)
(x−y)p+1 dx, p = 0, 1, · · · , and the special function

dp

dxp
(−π tan πx) =

dp

dxp

 n=∞∑
n=−∞

1
n + x

 , p = 0, 1, · · · .

We will give further investigation to illustrate the relationship.
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The research prospects regarding the calculation methods of hypersingular integrals that might
center on the following aspects in the future. We construct efficient numerical approaches to handle
two-dimensional and three-dimensional problems in practical applications. For fractional order hyper
singular integrals emerging in fractional order partial differential equations, corresponding numerical
methods are developed for numerical computations and theoretical investigations. We establish cost-
effective program packages suitable for the engineering community to facilitate the application of
super singular integration calculation methods. With the advancement of computing technology and
the introduction of novel algorithms, the calculation method of hypersingular integrals will become
more efficient and precise, thereby exerting a greater impact in various application fields.

Symbol list∫ b

a
=— —- —- hypersingular integrals∫ b

a
−— —- —- Cauchy Principal integral
Ip(u, y) — —- —- denotes a hypersingular integrals with p + 1 singular order
ukn(x) — —- —- Lagrangian polynomial interpolation of degree k
Q

p
kn(u; y) — —- —- k degree composite Newton-Cotes quadrature for Ip(u, y)

Ep
kn(u; y) — —- —- error functional of k degree composite Newton-Cotes quadrature for Ip(u, y)
γ(ξ) — —- —- distance of singular point to the mesh point
η(y) — —- —- distance of singular point s to the boundary point.
ω

p
i (y) — —- —- Cote coefficients of Ip(u, y) with ukn(x)
ϕ1(x) — —- —- special function of Ip(u, y)
S 1(ξ) — —- —- linear operator
S ′1(ξ) — —- —- first order derivative of linear operator
S ′′1 (ξ) — —- —- second order derivative of linear operator
R

p
n(u; y) — —- —- remain part of Ep

kn(u; y)
E1

m(x) — —- —- errors of

E1
m(x) = u(x) −

(x − y)2

2

[
u(xm)

(xm − y)2 −
u(xm+1)

(xm+1 − y)2

]
−u(y)

[
2 −

(x − y)2

(xm − y)2 −
(x − y)2

(xm+1 − y)2

]
−

u′(y)
2

[
2 −

x − y
xm − y

−
x − y

xm+1 − y

]
subinterval [xm, xm+1]

E2
m(x) — —- —- errors of

E2
m(x) = u(x) −

(x − y)3

2

[
u(xm)

(xm − y)3 −
u(xm+1)

(xm+1 − y)3

]
− u(y)

[
2 −

(x − y)3

(xm − y)3 −
(x − y)3

(xm+1 − y)3

]
−

u′(y)
2

[
2 −

(x − y)2

(xm − y)2 −
(x − y)2

(xm+1 − y)2

]
−

u′′(y)
4

[
2 −

x − y
xm − y

−
x − y

xm+1 − y

]
.

subinterval [xm, xm+1]
R1

1(u; y),— —- —- first part of R1
n(u; y)

R1
2(u; y) — —- —- second part of R1

n(u; y)
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R1
3(u; y) — —- —- third part of R1

n(u; y)
R2

1(u; y),— —- —- first part of R2
n(u; y)

R2
2(u; y) — —- —- second part of R2

n(u; y)
R2

3(u; y) — —- —- third part of R2
n(u; y)
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