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1. Introduction and results

We first assume that the reader is familiar with the basic results and notations of the Nevanlinna
theory and difference Nevanlinna theory with one complex variable, which can be found in [3,7,10,22].
In the past thirty years, there were lots of research focusing on the solutions of Fermat-type differential-
difference equations; readers can refer to [1,4-6,9,11,12,15-21].

A. Wiles [13] in 1995 pointed out: The Fermat equation x” + y" = 1 does not admit nontrivial
solutions in rational numbers as m > 3, and this equation possesses nontrivial rational solutions as
m = 2. About sixty years ago, Gross [2] investigated the existence of solutions for the Fermat-type
functional equation ™ + g” = 1 and obtained: For m = 2, the entire solutions are f = cos a(z),
g = sina(z), where a(z) is an entire function; for m > 2, there are no nonconstant entire solutions.
In 2009, Liu [7] proved that the Fermat-type equation f(z)*> + [ f(z+¢)— f(z)]> = a® has no nonconstant
entire solutions of finite order, where a is a nonzero constant. In 2012, Liu [8] studied that the Fermat-
type equation f(z)*> + [f(z + ¢) — f(z)]* = 1 has the transcendental entire solutions with finite order.
In 2018, Zhang [23] generalized Liu’s [7, 8] theorem, and obtained

Theorem 1.1. Let f be a transcendental meromorphic function with finitely many poles and o(f) < oo.
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Then f can not be a solution of the difference equation

f@*+[fz+0) - fQF = R@),

where R(z) is a nonzero rational function and c is a nonzero constant.

Theorem 1.2. Let f be a transcendental meromorphic function with finitely many poles and o(f) < oo.
If f is a solution of the differential-difference equation

F@+fz+0) ~ fQF = R,

where R(z) is a nonzero rational function and c is a nonzero constant, then R(z) is a nonzero constant,
and f is of the form

-2iz

f@) = c1€¥ + cre ¥ + b, c =k + 11/2,

where c1, ¢, are two nonzero constants such that 16c,c, = R(z), b is a constant, and k is an integer.
In 2020, Wang et al. [14] promoted Zhang’s [23] form and obtained

Theorem 1.3. Let a(# 0), B € C, k be an integer. Let f be a transcendental meromorphic solution of
difference-differential equation of Fermat type

'@+ [afz+ o) - Bf@) = R(),

where R(z) is a nonzero rational function and c is a nonzero constant. If f is of finite order and has
Jfinitely many poles, then iac = =1, and R(z) is a nonconstant polynomial with deg_R < 2, or R(z) is a
nonzero constant. Furthermore

(1) If R(z) is a nonconstant polynomial and deg, R < 2, then f is of the form

1 (Z)eaz+b + Sz(Z)e_(aZ+b>

fz) = 5 ,
where R(z) = (as|(z) + my)(—as,(z) + my), a # 0, b € C, and a, b, c,a, B satisfy a # £, a = —i(a + ),
c= @l} iac=—-lora=ila—-p), c= 2’;—”1', iac = 1, where s; =mjz+nj, mj, nj € C(j = 1,2);

(11) If R(z) is a nonzero constant, then f is of the form

nleaz+b + nze—(az+b)
2

f@) = +d,
R(z) = —a’nny, a # 0, b € C, and a, b, c, a, B satisfy the following cases:
(11,) if @ = B, then a = —2ai, ¢ = (y‘%iandd e C,
(1) if @ = =, then a = 2ai, ¢ = zaﬁi andd = 0;
(IL;) if @ # +B, thend = 0 and a = —i(a@ + ), c = X or a = i(a - f),c = 2=,

a

Theorem 1.4. Let a(# 0), B € C, k be an integer. Let f be a transcendental meromorphic solution of
difference-differential equation of Fermat type

@+ laf(z +c) - Bf@]* = R(z), (1.1)
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where R(z) is a nonzero rational function and c is a nonzero constant.
(1) If @ = £B, then Eq (1.1) has no finite-order transcendental meromorphic solution with finitely many
poles;
(11) If @ # £B, and Eq (1.1) has a finite-order transcendental meromorphic solution f with finitely
many poles, then R(z) must be a nonzero polynomial with deg. R < 1. Furthermore,

(11,) if R(z) is a nonzero polynomial of degree one, then f(2) is of the form

1 (Z)eaz+b + nze—(az+b)
2 b

f@) =

a2+iB .
4 _ 2 2 _logT+2km ac _ 2a _ 3
where a* = a~ -7, b € C, ¢ = , e = 2 = +1 and R(2) = a’nylas (z) + 2my],

iac

51(z) = myz + ny, or f(2) is of the form

nleaz+b + Sz(z)e—(az+b)
2 b
—d+i .
log =< 4 (2k + 1)ni

where a* = a*> = B>, beC, c = , e = % + +1 and R(z) = a’ny[as»(2) — 2m,],
a

f@) =

$2(2) = maz + no;
(11,) if R(z) is a nonzero constant, then f(z) is of the form

Cleaz+b + cze—(az+b)
2 9

f@) =

2,
log = 4 2kni

where a, b, c,a,f,c1, a2, R(2) satisfy a* = a*> - B>, b€ C, ¢ = and R(z) = a*cc».

Inspired by [14], can f” and f” in Theorems 1.3 and 1.4 be replaced by f®? In this paper, we
consider this question. Our results are listed as follows.

Theorem 1.5. Let a(# 0), 8 € C, k € Z*, and k be an odd number. Let f be a transcendental

meromorphic solution of difference-differential equation of Fermat type

FP@7 + [afz+c) - Bf@] = R(@), (1.2)

where R(z) is a nonzero rational function and c is a nonzero constant.

If f is of finite order and has finitely many poles, then iac = +1, and R(z) is a polynomial with
deg. R = 1, or R(z) is a nonzero constant. Let sj(z) = mjz +nj, mj, n; € C(j = 1,2).
Case I: If R(2) is a polynomial with deg_ R = 1, then f is of the form

1 (Z)eaz+b + Sz(Z)e_(aZ+b)

f@) =

2 b
where R(z) = —nya®* as;(2) + kmy], my #0, my, =0,a # 0, b € C, and a, b, c, a, B satisfy a # £,
a=—-i(a+p), c= %%i, l€Z, iac=—ka* ' =—-1ord =i(a-p), c= zaﬂi, l€?Z, iac = kd* ' = 1;
or R(z) = ma* '[—asy(2) + kmy], m; =0, my # 0, a # 0, b € C, and a,b,c,a,pB satisfy a # +0,
a = —i(a+p), c= @i, l€Z iac=ka""' =-1ord =i(@-p), c=2ileZ iac=—-kd " =1.
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Case I1: If R(z) is a nonzero constant, then m; = 0(j = 1,2), f is of the form

nleaz+b + nze—(az+b)

f@) = > + ¢o,

where R(z) = —a? nlnz,a #0,b€C, and a, b, c, a,B satisfy the following cases:
(I1) if @ = B, then a* = —2ai, ¢ = (2121)”1 and cy € C, l € Z;
(IL,) if « = —, then a* = 2ai, ¢ = %Tiand co=01€Z
(II3) if @ # +B, then cy = 0 and a* = —i(a + ), ¢ = QH%Z', leZord =i(a-pB), c= ZI”l leZ.

Remark 1. When k = 1, Theorem 1.5 becomes Theorem 1.3.

Remark 2. In [14], we find that Case (I) of Theorem 1.3 is not accurate, including the corresponding
examples. On page 695, line 11 of [14], substituting (5.10) into the first equation in (5.3), we have
Ry(z) = —asy(z) + my. Meanwhile, substituting (5.10) into the second equation in (5.3), we have
R>(2) = —as,(2) — my. From this, we have m, = 0, which is a contradiction. Therefore, if f'(z)> +
[af(z + ¢) = Bf(2)]* = R(z) has a solution, then deg, R < 1.

Next, we will provide some examples to explain the existence of solutions to Eq (1.2) in the above
situation.

Example 1.1. For Case I, the transcendental entire function

(Z+ 1)e§z+b + e—(gab)

f@) = 5
satisfies
\/§ 1 V3 V3
(3) A 2 _ _ Y Y2
f (z)+[\/_f(z+0) (9 \/§,T)f()] 9[9(z D+ 1],
where k = 3, 51(z) = 2+ 1, 52(2) = 1, ¢ = V3ni, a = %g’b €Ca-= ﬁ’ﬁ: gi—ﬁand
R@) =-B[8e+1)+1]
The transcendental entire function
V3 V3.
eTlZ-{-b + (Z + 1)6_(le+b)
f@) = 5
satisfies
3) ()2 L - ﬁ_ 2 \/§ ﬁ D=1
@) +[\/§ﬂf(Z+C) (9 \/_ﬂ)f( 9" = 9 — i 9 iz+1)—1],
wherek =3, 51() = 1, @) =2+ L c= VBra=YibeCa=-p=F-L ad

R@) = —2i[Liz+ 1) - 1]
Example 1.2. For Case 11, the transcendental entire function

ez+b + 26—(z+b)

f(Z):f‘i'Co
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satisfies . _
O+ [%f(z +o)— %f(z)]z = -2,

wherek:3,n1:1,n2:2,a:l,b,COEC,c:ﬂi,a:%,ﬂ:%andR(z):—Z.

Example 1.3. For Case I1,, the transcendental entire function

2e4b . ,—(22+b)
f@ = —5—
satisfies

FO@ + [~4if(z+¢) - 4if QI = -64,
wherek =3, ni=1,n=1,a=2beC c=ni,a =-4i =4iand R(z) = —64.
Example 1.4. For Case 115, the transcendental entire function

2ez+b + e—(z+b)

f@) = >

satisfies
O+ [fz+ ) — (1 + )R] = —64,
Wherek:3,n1:2,}’[2:1,61:1,176@,6':27”"&:l’ﬁzl_i_iandR(Z):_z.

Theorem 1.6. Let a(# 0), 8 € C, k € Z" and k be an even number. Let f be a transcendental
meromorphic solution of Eq (1.2).

If f is of finite order and has finitely many poles, then R(z) is a polynomial with deg_R = 1, or R(z)
is a nonzero constant.
Case I: If a = £, then Eq (1.2) has no-finite order transcendental meromorphic solution with finitely
many poles;
Case II: If « # £B, and Eq (1.2) has a finite-order transcendental meromorphic solution f with
finitely many poles, then R(z) must be a nonzero polynomial with deg_R < 1. Let s; = m;jz + nj, m;,
njeC(j=1,2),

(11,) if R(z) is a polynomial with deg. R = 1, then f(2) is of the form

51 (Z)eaz+b + I’lze_(aZ+b)

f@) = > ,
k. s
log &2 4 2lni )
where a®* = a*-B*,b € C, c = g'a—, leZ, e* = kl‘.’akcl # +1 and R(2) = npa® as,(2)+km,],
a
or f(z) is of the form
n eaz+b + Sz(z)e—(az+b)
@)= ——— :
ks
log &8 4 2ini .
where a®* = o*-*, b€ C, c = g”’— leZ e =35 #xlandR(z) = na® as,(2)—kms].

a
(11,) if R(z) is a nonzero constant, then f(2) is of the form

nleaz+b + nze—(az+b)

fl) = 7 ,
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k .
log % + 2Ini

where a, b, c,a, 3, c1, ¢2,R(2) satisfy a®* = a* -4, be C,l€Z, ¢ = and R(z) = a*n n,.

Remark 3. When k = 2, Theorem 1.6 becomes Theorem 1.4.

Next, we will provide some examples to explain the existence of solutions to Eq (1.2) in the above
situation.

Example 1.5. For Case I1,, let ¢y be a solution of equation e*(2 — c¢) = 2, the transcendental entire

function
Zez+b + e—(z+b)

f@) =

2
satisfies
4 4—c
O + [—fe+0) - —— [ = -64,
1cpeco 1Co
4 4 — 1+
wherek =4, s1x0) =z n=1,a=1,beC a=- , B = — Co,az—ﬁ2: 1, co = log -.Hﬁ,
1cpe? 1Co 1104

4
e’ = — and R(z) = z + 4.
iac

Example 1.6. For Case I1,, the transcendental entire function

ez+b + e—(z+b)

f@) = >

satisfies
fm@f+{%f&+0%—%§ﬁﬁﬂ2zh

wherek =4, n, =1, n, =1, ¢ = \/5—2,61:l,bEC,CL’:%,ﬁ:gl‘,a’z—ﬁZZLC':lOg(\/g—Z)
and R(z) = 1.

In 2024, Long and Qin [9] studied this equation
PR + P} fz+¢) = Q(),
and obtained

Theorem 1.7. There is no transcendental entire solution with finite order of the equation

fP@% + PP fz+ ) = Q) (1.3)
where P(2) is a non-constant polynomial, and Q(z) is a non-zero polynomial.

Motivating from Theorems 1.5 and 1.6, we replace f(z+ c) by the @ f(z+ ¢) —Bf(z) in Theorem 1.7
and obtain

Theorem 1.8. There is no transcendental entire solution with finite order of the equation

Y@ + P@Xaf(z+¢) - Bf(2))* = Q(2), (1.4)

where k € Z*, a(# 0), B € C, P(z) is a non-constant polynomial and Q(z) is a non-zero polynomial.
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2. Some lemmas

We can use these lemmas to prove our theorems.

Lemma 2.1. Let ¢, a, @ be three nonzero constants, k € Z* be an odd number, and ac # +(k — 1). If
Ry, R, are two nonzero rational functions satisfying the following differential-difference equations

S
ia[Ri(z+¢) - Ri(9)] = ¥, CiR{™d,
o 2.1
ia[Ry(z+¢) - Ro(@)] = ¥ (-1 CIRY"d.
i=0

Then iac = ka*~' and R; are nonzero polynomials with deg, R; < 1 (i = 1,2).
Wang et al. [14] proved the case of k = 1, below we prove the case of k > 3.
Proof. First, we prove that R,(z) has no poles. On the contrary, suppose that zj is a pole of R;(z). We

can write (2.1) in a new form

k-1 o
Y CiRd

Ri(z+0) = "——— +Ri(2,
. 2.2)
i;)(_l)H—lC]lcR(Z —l)at

RQ(Z + C) = — i + RQ(Z).

It is easy to see that zp+c is also a pole of R;(z) by comparing the order of pole z, on both sides of (2.2).
By recycling this operation, we obtain a sequence of poles of R(z) that are zy + 2¢, zo + 3¢, - - -, Z0 + ¢,
this is impossible since R;(z) is a nonzero rational function. Then, R;(z) is a polynomial. Similarly, it
can be inferred that R,(z) also is a polynomial.

Therefore, R,(z) and R,(z) are two nonzero polynomials. Let

Ri(2) = a,?’ + ap_lz”_l +etaiz+ag, Ro@=bZ +b1Z7 + -+ biz+ by,

where a; € C, j € {0,1,---,p}, b; € C, j € {0,1,---,t}, a, # 0, b, # 0. Substituting R;(z) and
Ry(2) into (2.1) and comparing the coefficients of z’~!, z772, z""!, and z'~? on both sides of these two

equations, we have

: _ 1 k-1
iaa,pc = C,a™ " a,p,
iabitc = Cld by,

iala,Crc® + a,_(p — 1)c] = Cod "' (p = Da,-1 + C;a*?p(p — Day, (2.3)
ialb,C?c* + b,y (t — )] = C,lak‘l(t - 1b,_ — Czak‘zt(t - Db,
which means
iac = ka*!,
Clac
( ‘12 - Chp(p-1) =0, (2.4)
Ckac

(% + ChHrt—1)=0.

It follows that iac = ka*™!, p = O or 1 and ¢ = 0 or 1. Therefore, this completes the proof of Lemma
2.1. O
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Lemma 2.2. Let ¢, a, « be three nonzero constants and k € Z* is an even number. If R\, R, are two
nonzero rational functions satisfying the following differential-difference equations:

k=1 o
ive™[Ri(z+¢)—Ri(2)] = > C],CR(]k—z)az’
i=0
L P (2.5)
e ™ ™[Ry(z+¢c) — Ry (2)] = 2. (_I)H—IC;CR(Zk_l)aI'
i=0

Then e* = £1 and R; are nonzero polynomials with deg_R; < 1 (i = 1,2).

Proof. First, we prove that R,(z) has no poles. On the contrary, suppose that zj is a pole of R;(z). We
can write (2.5) in a new form

kg; CiR(d

Ri(z+¢) = 7 + Ri(2),
Sy ki) i -
S -)"CR a

Ry(z+c¢) = o + Ry(2).

Similar to the proof of Lemma 2.1, we can get R,(z) and R,(z) are two nonzero polynomials.

Substituting R(z) and R,(z) into (2.5) and comparing the coefficients of z7~!, z/2, z'~! and z'~2 on
both sides of such two equations, it yields
iee“a,pc = Cid*'a,p,
ive ™ b,tc = C,iak‘lbtt, 2.7)
ioze"c[apC'f,c2 +a,_1(p—1)c] = C,lak‘l(p - Da, + Ciak‘zp(p - Da,, ’
iae™[b,C?c* + by (t — 1)c] = CLd*"'(t = Db,_y — Cid"21(t — 1)y,
which means
e’ = +1,
Clac
(5= -Coplp-1) =0, (2.8)

i .
Cac

(% + C,f)t(t— 1)=0.
It follows that ¢ = £1, p = 0 or 1, and ¢t = 0 or 1. Therefore, this completes the proof of Lemma 2.2.
O

Lemma 2.3. [14] Let R be a nonconstant rational function and p(z) = az + b(a # 0). Denote
A =R +Rp,A,=A | +A,_p,Bi=R —-Rp’,B, =B _,+B,_i(-p). Then

’ /

lim =2 =0, n

n . Bn
im — =d", 0, lim — =(-a)".
|z| >0 R |z| >0 R

n o_
|z| >0 R |z| >0 R

Lemma 2.4. [22] Suppose that fi, f>,- - , fu(n > 2) are meromorphic functions and g, g>,- - , g, are
entire functions satisfying the following conditions:

(i) '21 fiet = 0;
j:
(ii) gj — gk are not constants for 1 < j <k <n;
(iti) For 1 < j<n,1 <h <k <nT(, f;) = o{T(r,e®" 5)}(r — oo,r & E), where E is a set of (0,

00) with finite linear measure.
Then f;=0(j=1,2,--- ,n).
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Lemma 2.5. [22] Let f be a meromorphic function of finite order p(f). Write
f@)= Cka + Ck+1Zk+1 +---,(cr #0)
near z = 0 and let {a,, a,..} and {b, b, ...} be the zeros and poles of f in C\{0}, respectively. Then

00 P1(@)
P, (Z) ’

where P(z) and P,(z) are the canonical products of f formed with the non-null zeros and poles of f,
respectively, and Q(z) is a polynomial of the degree < p(f).

flz) =7

Lemma 2.6. [22] Suppose that f(z), f>(2), -, fu(2), (n = 3) are meromorphic functions that are not
constants except for f,(z). Furthermore, let

Zn: fi@) =1
=1

If f,(2) # 0 and
n 1 n _
D NG )+ =1) Y NG f) < A+ o(NT G fi),
= =1

where A < landk=1,2,--- ,n—1, then f,(z) = 1.
3. Proof of Theorem 1.5

Proof. Suppose that Eq (1.2) admits a finite order transcendental meromorphic solution f(z) with
finitely many poles. We can rewrite Eq (1.2) in the following form:

[fP@) + iafz + ¢) = BF@ILfP () — ilaf(z + ) - BF(2)] = R(). (3.1)

Since f(z) has finitely many poles and R(z) is a nonzero rational function, then f®(z) + i(af(z + ¢) —
Bf(2) and f®(z) — i(af(z + ¢) — Bf(z)) both have finitely many poles and zeros. Thus, in view of
Lemma 2.5, (3.1) can be written as

FPO@) +i(af(z+c) - Bf(2) = Rie’?,
fP@) —i(af(z+c) = Bf(z) = Re 7,

where R, R, are two nonzero rational functions such that R|R, = R and p(z) is a nonzero polynomial.
By solving the above equations system, we have

(3.2)

R,eP9 + Rye P®

P = 5 :

_ 3.3)
RieP@ — R, e P®@ (
af(z+0) - Bf@) = ——F——.
In view of the second equation of (3.3), it follows that
A,eP®D _ B, e PR
af9G+e) - B = (3.4)

2i ’
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where A; = R} + Rip’, By = R}, — Ryp’, Ay = A;_| + Ai_1p’ and By = B,_, — B;_p’. Substituting the
first equation of system (3.3) into (3.4), it yields that
e"IiaR (z + €)e" PO —iBR(2) — Ax(2)]
+e " IiaRy(z + ¢)e PTITPD —iBR)(2) + Bi(2)] = 0. 3.5)

By Lemma 2.4, it follows from (3.5) that

{ iaR|(z + )PP —iBR(7) — A(z) = 0,

iRy (z + ¢)e PErI*PE) — iBR,(7) + Bi(z) = 0. (3-6)

Since R, R, are two nonzero rational functions, which implies that p(z) is a polynomial of degree one.
Let p(z) = az+ b, a # 0, b € C. Substituting p(z), Ax, and By, into (3.6), and letting |z] — oo, thus, we
can conclude from Lemma 2.3 that

lim i@ CE D pero-n) _ gy = i(ae — g = lim 2 _

|z|—00 szé(i)c) |z]—00 Rl(% @) (3.7)
lim i(@—22 " o=PE+O+P@ _ BY = (e~ — B) = lim ——’ = —(—g)X.

\zll—r>r°1° i R>(2) ¢ P = ilae P |z|1—r>ro10 R»(2) (=a)

Two equations of (3.7), which mean that

{ i(ae™ - B) = d*,

i(ae ™ - B) = a*. (3.8)

Hence, it yields e““ = +1.
If e““ = 1, then @ = ia — i8. Thus, we can rewrite (3.6) in the following form:

k_l . - .
ia[R\(z+¢)=Ri(2)] = % CiR* g,

o (3.9)
ia[Ry(z + €) — Ry(2)] = 3 (=1)*'CIRY e,

i=0

If Ri(j = 1,2) are two nonzero rational functions, then in view of Lemma 2.1, it follows that
icce = ka*™! and R; are nonzero polynomials with deg, R; < 1 (i = 1,2). In view of R = R|R,, thus R is
a nonzero polynomial with deg_R < 2.

If e = —1, then @* = —ia — iB. Thus, we can rewrite (3.6) in the following form

-1
—ia[Ri(z+¢c)— Ri(2)] = kz C,iR(lk_i)ai,
= _ (3.10)
—ia[Ry(z+ )R] = L (DR dl.
Similar to the discussion above, we can obtain that iac = —ka*~! and R; are nonzero polynomials with
deg . R; < 1(i=1,2). In view of R = R|R,, thus R is a nonzero polynomial with deg_ R < 2.
Hence, we can obtain that iac = +ka*™!, R is a nonzero polynomial with deg, R < 2.
Suppose that R(z) is a nonzero polynomial with deg, R < 2, then in view of the first equation of (3.3),
it follows that f(z) is of the form

1 + sy(D)e” )

3 + o+ + e, (3.11)

f@)=
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where si(z) =mjz+nj,mj,n; € C(j =1,2) and ¢y, - - - , k-1 are constants.

If deg, R = 2, then it follows that m; # 0(j = 1, 2).

If icc = ka*™" and a* = i(@ — P), then ¢ = 1, i.e., c = 22, [ € Z. According to (3.8), if @ = B3,
we have a = 0, it is a contradiction. If @ = —, then a* = 2ia. Combining iac = ka*!, a* = 2ia and
e’ =1, wehave 1 = ¢* = % itis a contradiction. Hence, @ # +8. Substituting (3.11) into the second

equation of (3.3), it follows that ¢y = - -+ = ¢;—; = 0, we have
s1(z eaz+b + 5-(z e—(az+b)
fo) = 2@ 5 22) . (3.12)

Substituting (3.12) into the first equation of (3.3), it yields
Ri(2) = d*s1(2) + kd"'m;  and Ry(2) = (-a)*s2(2) + kd" ' my. (3.13)

Substituting (3.12) into the second equation of (3.3), it yields

Ri(2) =ds1(2) +m and Ry(2) = (—a)*s2(2) — mo. (3.14)

Comparing (3.13) and (3.14), we have ka*~! = 1 and ka*~' = —1, it is a contradiction.

If iac = —ka*" and a* = —i(a + B), then e* = -1, i.e., c = %, [ € Z. Similar to the discussion
above, we can obtain a contradiction. Therefore, there are two categories below:
Case I: 1f deg. R = 1, one of m; and m, is zero, without loss of generality, assume m, = 0.
Substituting (3.12) into (3.3), it follows that R; is a polynomial of degree one and R, is a constant,
where iac = ka*™' = 1 and @ = i(a — B) or iaec = —ka*™' = —1 and a* = —i(e + B). Similar to the
discussion above, it is easy to prove that @ # tfandcy = --- = ¢, = 0.

Therefore, f(z) is of the form

s (Z)eaz+b + nze—(az+b)

flm) = > ,

where R(z) = —na®* '[as(z) + kmi], m; # 0, a # 0,b € C, and a,b,c,a, satisfy a # 8, a* =
—il@+p),c=" 17, iac =~k = -1, ord =ila - p), c =2 1€ Z, iac = ka*! = 1.
If m; = 0, similar to the discussion above, it is easy to prove that f(z) is of the form

nleaz+b + sze—(az+b)
2 b

f@) =

where R(z) = nlaZkfl[—asz(z) +kmy], my # 0,a # 0,b € C, and a,b,c,a, satisfy a # £8, d* =
—i(@+p), c = e 7, iac = ka"! = -1, 0r &* = i(a - B), c = 2=, | € Z, iac = —ka"™! = 1.
Case II: If R(z) is a nonzero constant, by using the first equation of (3.3), it follows that f(z) is of the

form

nleaz+b + nze—(az+b)

f@) = >

where n,n, € C and ¢y, -- ,c;-; € C. Substituting (3.15) into the second equation of (3.3), it yields
R = —d*nyn,.
(II) If @ = B, in view of (3.8), it follows that ¢* = +1. If ¢ = 1, then a = 0, as ia(e* — 1) = d*,

a contradiction. Thus, e = —1. Hence, it follows that ¢ = @, leZ d = —2ia, and ¢y € C,

+Ck_1Zk_] + -+ Co, (315)
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Cl = " = Ck-1 :0.
(IL) If @ = —B, in view of (3.8), it follows that ¢ = +1. If ¢* = —1, then a = 0, as ia(e® + 1) = d*,
a contradiction. Thus, e* = 1. Hence, it follows that ¢ = %, leZ,d =2ia,andcy=--+=cp_1 =0.
(/1) If @ # £B, substituting (3.15) into the second equation of (3.3), it yields ¢y = --- = ¢ = 0.

In view of (3.8), it follows that ¢““ = +1. If ¢““ = 1, it follows that ¢ = % andd* = i(a-pB), 1€ Z. If
e’ = —1, it follows that ¢ = (2”% and a* = —i(a + B), | € Z. Therefore, this completes the proof of

Theorem 1.5. O

4. Proof of Theorem 1.6

Proof. Similar to the method of proving Theorem 1.5, we can obtain the expression (3.8).
When £ is an even number, two equations of (3.7), which mean that

{ i(@e™ — B) = a*, @.1)

i(@e ™ = B) = —d~.

Hence, it follows a** = o — §2.
Case I: If a = £, this is a contradiction with a # 0.
Case II: If o # £. Substituting p(z) = az + b and (4.1) into (3.6), it yields

k-1 o
ie™[Ri(z+¢) - Ri@] = 3, CGiR{™d,

=T (4.2)
ive ™ [Ry(z+¢) — Ry(2)] = X (-D’”C}CR(Z s

i=0

Suppose that Ry, R, are nonzero rational functions; in view of Lemma 2.2, we can conclude that
= +1 and R; are nonzero polynomials with deg_R; < 1 (i = 1,2). In view of R = R|R,, thus Ris a
nonzero polynomial with deg_ R < 2. Setdeg_R; = p and deg_R, = 1.

When p = 1 and f = 1, if e = 1, then from (4.1), it follows that ia — i = a* and i — i8 = —dF,
a contradiction. If e = —1, then from (4.1), it follows that —ia — i = a* and —ia — i = —d*, a
contradiction. Hence, there is at most a polynomial of degree one in R, and R;.

(11,) Suppose that p = 1, t = 0. In view of (3.3), it follows that f is of the form

e(lC

f(Z) _ Sl(z)eaz+b -2|- l’lze_(aZ+b)
where a # 0, b € C, s51(z) = mz + ny, mi(# 0), ny, n, € C, and P(z) is a polynomial of degree k — 1.
Since @ # B, then it yields from the second equation of (3.3) that P(z) = 0. And by using the first
equation in (4.2), it follows that iae““c = ka*~'. Hence, f(2) is of the form

+ P(2), 4.3)

1 (Z)eaz+b + nze_(““b)
2 b

f@) =

k .
log 2 + 21ni ;
08, T J1€Z, 6% = %" 4 11 and R = npa® [as,(2) + kmy ).

iac

where a* = > - B>, beC, c =
a
Suppose that p = 0, f = 1. Similar to the above argument as in (//;), we obtain

B nleaz+b + SZ(Z)e—(azHo)

f(@) > ,
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log “X% 4+ 2iri

where a®* =2 -2, beC,c= — & |€Z, ¢* = Aacr # +1 and R = ma® [asy(2) — kmy].

a
(1) Suppose that p = 0, t = 0. By using (3.3), it follows that f is of the form

nleaz+b + }’l2€_(aZ+b)
2

where a # 0, b € C, ny, n, € C\{0}, and P(z) is a polynomial of degree k — 1. Since @ # S, then it
yields from the second equation of (3.3) that P(z) = 0. Hence, f(z) is of the form

f@) = + P(2), 4.4)

n eaz+b +n e—(az+b)
f@) =— 5 ’ ;
log S 4 2lri ,
where a* = a?> - B>, b€ C,c = ,1 € Z and R = a*n,n,. Therefore, this completes the
a
proof of Theorem 1.6. O

5. Proof of Theorem 1.8

Proof. Suppose, on the contrary, to the assertion that there exists a transcendental entire solution f
of (1.4) with finite order. We aim for a contradiction. By using a similar reason as in the proof of

Theorem 1.5, we obtain
01(2)€"? + Qx(2)e™
2

) = (5.1)

and
01(2)e"? = Os(z)e™?
_ - , 5.2
af(z+0)=Bf@) o (5.2)
where /h(z) is a non-constant polynomial, Q;(z) and Q,(z) are non-zero polynomials such that

01(2)0>(2) = O(z). Combining (5.1) and (5.2), we obtain

afO+c) =B
aQ1(z + )" + aQy(z + )" BOI(2)e"? + BOs(z)e "

2 2
hl(Z)eh(Z) _ hz(z)e—h(z)
2iP(z)k+! ’ (5.3)
where
k-1 k=i _
hi(z) = Z Ci Y GOl 1Y + Mk, 1 -+, B P P!
i=0 t=0
k-1 i

CIOQ" () + My, K- , KO PSP 4 o(hy (2)),

1
Q

hy(z) = Ci Y C O L) + N(h -+, h?)] PO P!
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k—1 i
= > Ciy > IO + N, I+ KOIPED P o(hy(2),

i=0 =0

M, and N, are differential polynomials of (h, /', --- , h?”). Thus from (5.3), we get

(@) + BPO Q@) yyenaer_ 12D = BIPOM™ 0@ oo
@iP(2)**1Qy(z + ¢) a@iP(2)**1Qy(z + ¢)
Q1@+ 0 nere)

Qx(z+¢)
Q

hi(2) + BiP(2)* 1 01 (z , z+cC . .
1(2) +BIPE) T O )eh(Z)”’(“‘) and ge%(mc) are not constants. Using

aiP(2)**1Qx(z + ¢) Ox(z+c¢)
Lemma 2.6, we obtain —[/,(z) — BiP(z)*! 0(z)]1e"“ 97O = iP(2)*"' Qy(z + ¢), so h(z) = Az + B, A is

a non-zero constant, and B is a constant. Thus, we obtain

= 1. (5.4)

It is easy to see that both

iP(2)*'[BOx(2)e" = aQs(z + ©)] = hy(2)e™. (5.5

Set deg(P(z)) = p, deg(Q(z)) = g, deg(Q:(z)) = qi1, deg(02(z)) = q» and deg(h(z)) = h. By comparing
the degree of both sides of (5.5), it is not difficult to find that the degree of the left hand-side is
(k+1)p+qg,or (k+1)p+ g, —1, and the degree of right-hand side is kp + g, — 1; this is a contradiction.
Therefore, this completes the proof of Theorem 1.8. O
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