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Abstract: In this work, we introduced a generalized concept of Caputo fractional derivatives,
specifically the Caputo fractional delta derivative (FrAD) and Caputo fractional delta Dini derivative
(FrADiD) of order @ € (0, 1), on an arbitrary time domain T, which was a closed subset of R. By
bridging the gap between discrete and continuous time domains, this unified framework enabled a more
thorough approach to stability and asymptotic stability analysis on time scales. A key contribution
of this work was the new definition of the Caputo FrAD for a Lyapunov function, which served
as the basis for establishing comparison results and stability criteria for Caputo fractional dynamic
equations. The proposed framework extended beyond the limitations of traditional integer-order
calculus, offering a more flexible and generalizable tool for researchers working with dynamic systems.
The inclusion of fractional orders enabled the modeling of more complex dynamics that occur in real-
world systems, particularly those involving both continuous and discrete time components. The results
presented in this work contributed to the broader understanding of fractional calculus on time scales,
enriching the theoretical foundation of dynamic systems analysis. Illustrative examples were included
to demonstrate the effectiveness, relevance, and practical applicability of the established stability and
asymptotic stability results. These examples highlighted the advantage of our definition of fractional-
order derivative over integer-order approaches in capturing the intricacies of dynamic behavior.
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1. Introduction

Research has shown that fractional calculus is highly effective for capturing complex dynamics and
accurately modeling real-life problems [9, 40]. Fractional calculus extends integer-order derivatives
and integrals, also known as differentiation and integration, to arbitrary orders [32], proving to be a
powerful tool for understanding intricate systems. Numerous researchers have utilized the Lyapunov
second method, or Lyapunov direct method, to analyze the qualitative and quantitative characteristics of
dynamical systems. The Lyapunov direct method is particularly beneficial because it does not require
knowledge of the differential equation’s solution [35]. In [1-4], various fractional derivatives (FrDs)
of Lyapunov functions (LF) were used in stability investigations, including the Caputo FrD, Dini FrD,
and Caputo fractional Dini derivative. The most preferred is the Caputo FrD:

D"L(t V(1) = f(t )“’—(L(s v(s)ds, telt,T), ae(0,]1).

This derivative is easier to handle and more applicable, though it requires the function L(¢,v(t)) €
[R x R",R,] to be continuously differentiable, which can be challenging. Other LF derivatives do not
have this limitation, allowing sufficient conditions for these derivatives using a continuous LF that does
not need to be continuously differentiable. The Dini FrD

[t f()]
DY L, v; 1) = lim sup — {L(z vy — Z( DLt — t, v — K, v))}

k—0+

where £ : RXR" — R,, is continuous, f € C[RxXR", R"], k is a positive number and “C, = w,

maintains the concept of FrDs, depending on both the present point (¢) and the initial point (#,) but not
on the initial state £(#y, vo). This led to a more suitable definition

[I to.l
CDLLU o) = Timsup ] £06, v0) - Lt it - Z( D OCLL = v, v(0)

k—0+
—K (1, (1) — Lo, v<ro))]}, (1.1)

to be considered.

Several forms of stability for Caputo fractional differential equations (FrDE) with continuous
domain have been investigated using this Caputo fractional Dini derivative (1.1) [1]. As noted
in [7] and [25], a more holistic examination of stability can be achieved across time domains.
In [1-3,12,13, 18], stability results were obtained for continuous time, ignoring discrete details, while
in [8,23,26,28], discrete domains were considered. However, some systems undergo smooth and abrupt
changes almost simultaneously, with multiple time scales or frequencies. Modeling such phenomena
is better represented as dynamic systems that include continuous and discrete times, known as time
scales or measure chains, denoted by T [14,17]. Dynamic equations on time scales, defined on discrete,
continuous (connected), or combined domains, provide a broader analysis of difference and differential
systems [16]. In order to extend stability properties from the classical to the fractional-order sense, we
focus on the Lyapunov stability analysis of the Caputo fractional dynamic equations on time scale
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(FrDET) using a novel definition for the delta derivative of a LF, known as the Caputo FrAD on a time
scale.

The study of fractional dynamic systems on time scales is recent and ongoing due to its advantages
in modeling, mechanics, and population dynamics (see [39]). Recent literature on fractional dynamic
systems on time scales focuses on the existence and uniqueness of solutions of FrDET, with Caputo-
type derivatives being given more recognition ( [10, 11,20,29, 30, 33]). However, in [24], the stability
of fractional dynamic systems on time scales with applications to population dynamics were examined.
Although the stability results were interesting, they applied Hyers-Ulam type stability, which is
restrictive compared to Lyapunov stability, which has a broader application scope ( [19, 27, 37]).
In [36,38], methods for solving discrete time scales in Caputo FrDET were developed.

Building on the existence and uniqueness results for Caputo-type FrDET established in [4], we
extend the stability results in [21] to fractional order and the Lyapunov stability results for Caputo
FrDE in [1] to a more generalized domain (time scale). This unification of continuous and discrete
calculus gives rise to fractional difference equations (FrDfE) in discrete time, FrDE in continuous
time, and fractional calculus on time scales in combined continuous and discrete time.

For this work, we consider the Caputo fractional dynamic system of order @, with0 < a < 1

CIDIA =Y, v), teT,

(1.2)
w(to) = vo, 1o 2 0,
where T € C,4[T x R",R"], T(¢,0) = 0, and “*D*V* is the Caputo FrAD of v € R" of order a with
respect to ¢ € T. Let () = v(t,1,vy) € C7[T,R"] be a solution of (1.2), assuming the solution
exists and is unique ( [4,24]), this work aims to investigate the stability and asymptotic stability of the
system (1.2).
To do this, we shall use the dynamic system of the form

DY = 2t x), x(10) = x0 2 0, (1.3)

where y e R,, 2 : TXR, — R, and E(t,0) = 0. System (1.3) is called the comparison system. For this
work, we will assume that the system (1.3) with x(#) = xo has a solution x(¢) = x(z; f, xo) € C,[T,R,]
which is unique ( [4]).

In the next section (Section 2), we examine key terminologies, remarks, and a fundamental lemma
laying the groundwork for the subsequent contributions. New definitions and crucial remarks are also
introduced. In Section 3, we present Lemmas 3.1 and 3.2, which are essential components for proving
the major results. In Section 4, practical examples demonstrate the significance and applicability
of the newly introduced definitions and the established stability and asymptotic stability theorem.
In Section 5, we provide the conclusion, summarizing the major findings and implications of the
investigation.

2. Preliminaries, definitions, and notations
The foundational principles of dynamic equations, encompassing derivatives and integrals, can be
extended to non-integer orders by applying fractional calculus. This generalization to non-integer

orders becomes particularly relevant when exploring dynamic equations on time scales, allowing for a
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versatile and comprehensive analysis of system behavior across continuous and discrete time domains.
See [5,24,31,34]. In this section, we set the foundation, introduce notations, and definitions.

Definition 2.1. [7] For t € T, the forward jump operator o : T — T is defined by

o) =inf{s e T : s> 1},

and the backward jump operator p : T — T is defined by

o) =sup{seT:s <t}
The following conditions hold:

(i) If o(t) > t, then t is termed right-scattered (rs).

(ii) If p(t) < t, then t is termed left-scattered (ls).
(iii) If t < max T and o(t) = t, then t is called right-dense (rd).
(iv) If t > minT and p(t) = t, then t is called left-dense (1d).

Definition 2.2. [7] The graininess function u : T — [0, 00) for t € T is defined by

pu(n) = o) -1,
where o (t) is the forward jump operator.

Definition 2.3. [7] Let p : T — R and t € T*. The delta derivative v* also known as the Hilger
derivative is defined as:

p(o(2)) — p(s)

p(t) = lim , s # o),
st ot)—s
provided the limit exist.
If t is rd, the delta derivative of p, becomes
l‘ —_
pA(t) = lim M,
st t—s

and if t is rs, the Delta derivative becomes

_ p7(1) — p()

A
YO0

2

where 7 denotes p(o(1)).

Definition 2.4. [15] p : T — R is said to be rd-continuous if it remains continuous at each rd point
within T and possesses finite left-hand limits at ld points in T. The collection of all such rd-continuous
functions is denoted as

Cra = Cry(T).

Definition 2.5. [7] Let a,b € T and p € C,,, then, the integration on the time scale T is defined as:
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(i)
b b
f p(H)Ar = f p(r)dt,
ifT =R

(ii) If the interval [a, bl contains only isolated points, then

b Drelan) M(D)P(D) if a<b
f p(H)Ar = {0 if a=b
' = Dielany MOP(H) if a>D.

(iii) If there exists a point o (t) > t, then

o (1)
f P(s)As = u(®)p().

Definition 2.6. [15] A function ¢ : [0,r] — [0,00) is of class K if it is continuous, and strictly
increasing on [0, r] with $(0) = 0.

Definition 2.7. [I5] £ € C[R",R] with £(0) = 0 is called positive definite(negative definite) on the
domain D if 3 a function ¢ € K : ¢(|x|) < L(x) (¢(lx]) < —L(x)) for x € D.

Definition 2.8. [15] L € C[R",R] with £(0) = 0 is called positive semidefinite (negative semi-definite)
on Dif L(x) >0 (L(x) <0)V x € Dand it can also vanish for some y # O.

Definition 2.9. [21] Assume L € C4[T X R",R,], T € Cy[T X R",R"] and u(t) is the graininess
function, then the dini derivative of L(t,v) is defined as:

D_LA(I, V) = liminf ‘£(t’ V) - 'E(t - ,u(t), V= /’l(t)T(t’ V)) , (21)
H(H—0 u(r)

D+.£A(t, V) = lim sup L(t + /J(t)a v+ /J(t)T(t, V)) - L(t’ V) ) (22)
u(t)—0 (1)

If L is differentiable, then D_L(t,v) = D* LA(t,v) = LA(t, V).

Definition 2.10. /6] Consider a € (0, 1), with [a,b] being an interval on T, and let E be a function
that is integrable over [a,b]. The fractional integral of Z, w.r.t the order a, is expressed as follows:

Lt —s5)*!
TIPEAE :f(—a As.
JER (D) . T(a) (s)As
Definition 2.11. [4] Lett € T, 0 < a < 1, and E : T — R. The Caputo FrD of order a of E is

expressed as follows:
1

(1 - )

T ya=A
DIER() =

f (t — $)"*EY (s)As.

Lemma 2.1. [22] Let T represent a time scale with a minimal element ty, > 0. Assume that for each
t € T, there is a proposition S(t) such that the following conditions are satisfied:
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(i) S(to) holds;
(ii) if t is rs and S(t) holds, then S(o(t)) also holds;
(iii) for any rd t, there is a neighborhood U such that if S(¢) is true, then S(t*) is true for every t* € U
witht* > t;
(iv) for left-dense t, if S(t*) holds for all t* € [ty, t), then S(t) also holds.

Therefore, S(¢) is true for all t € T.

Remark 2.1. When T = N, Lemma 2.1 simplifies to the principle of mathematical induction.
Specifically:

(1) S(ty) being true corresponds to the statement holding for n = 1;
(2) S(t) = S(o (1)) corresponds to: if the statement holds for n = k, then it also holds for n = k + 1.

Now, we give the following definitions and remarks.

Definition 2.12. Let h € C7 [T, R"], the G-L FrAD is given by

[y

1 H
CLTDERA(1) = lim — Z (=1 C, [ (1) — rw)], 1> 1o, (2.3)
u—0+ /Ja =

and the G-L FrADiD is given by

(t=tp)
[

“EIDg, k() = lim sup ia Z (-1)"“C,[h(o(t) — rw)], t =1, (2.4)

po0+ M r=0

where 0 < a < 1, °C, = C'(a_l)"r',(“_r+l), and [(t;t(’)] represents the integer part of the fraction —“ZO).

Observe that if the domain is R, then (2.4) becomes

[y

1 K
CIDsHA(®) = limsup — > (=1Y“C It = o), 12 fo.
K® r=0

k—0+

Remark 2.2. It is necessary to note that the relationship between the Caputo FrAD and the G-L FrAD
is given by
DGR ) = D[R — h(1o)]*, 2.5)

substituting (2.3) into (3.11) we have that the Caputo FrAD becomes

[Lho)y

1 H
TDGEAD) = Tim — > (=1 Clh(o () = ru) = hitp)], ¢ > 1o,
u—0+ /,[a prs

(t=tp)
[

1
TGN = Jim o)~ h) + ) D CIEw — ) —hl} 26)

r=1
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and the Caputo FrADiD becomes

[l

“*D§.h"(1) = lim sup ia D DGR (@) = ) = b)), 1> to, 2.7)

uo0+ M r=0

which is equivalent to

(t-t)
[y

1
DG k(1) = lim sup —a{h(a(t)) —hto) + Y (=1Y"C,Ih(er(r) = r) h(to)]}. (2.8)

u—0+ =1

For notation simplicity, we represent the Caputo FrAD of order a as €YD and the Caputo FrADiD
of order a as T D?.

Definition 2.13. The trivial solution of (1.2) is called:

S Stable if for every € > O and ty € T, A6 = d(e,tp) > 0 : for any vy € R", ||wo]| < 6 =
Ilv(t; to, vo)ll < € for t > t.

S, Asymptotically stable if it is stable and locally attractive, that is 4 a 6y = 6o(ty) > 0 : |[|[v(t)l| < o
= tlgg V@Il = 0 for ty,t € T.

We now give the definition of the derivative of LF using the FrADiD of A(#), as provided in Eq (2.7).

Definition 2.14. The Caputo FrADiD of the Lyapunov function L(t,v) € C,,[T X R",R,] (which is
locally Lipschitzian with respect to its second argument and L(t,0) = 0) along the trajectories of
solutions of system (1.2) is defined as:

(=2
. 1[ <
“DLLYy) = limsup E[ DL CCHLO () = i (o (1)) = (1, (D) = Lito, vo)] |,
u—0* r=0
and can be expanded as
CTDYLAGY) = limsup I%{L(am, W) = Llto, v0) (2.9)
p—0*
(52

- Z (=1 ECHIL @) = rp, (o (1)) = p* (e, V(D)) = L1o, VO)]},
r=1

where t € T, and v,vy € R", u = o(t) — t and v(o(t)) — u*Y(t,v) € R".

If T represents a discrete time scale and L(¢, v(¢)) remains continuous at ¢, the Caputo FrADiD of
the LF for discrete times is expressed as:

-1
(21

1
DL Y) = E[ DL CCHL D, o 1) = Lito, vo) |, (2.10)

r=0
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and if T is continuous, that is T = R, and L(¢, v(¢)) is continuous at ¢, we have that

“ITD*Lt,v) = limsup — {L(z (1)) — L(to, vo) (2.11)

k—0F

(0]
= 2D TICCILL = 1 v(0) = K70 v(e) = Lito, vl

r=1

Notice that (2.11) is the same in [1] where « > 0.
Given that lim SN (=1)°C, = 0 where @ € (0, 1), and lim [@] = oo therefore it is evident that
—00 u— +

1—tg)
(o]

lim Z (-1)°C, = (2.12)

u—0*
Also, based on Eq (2.7) and given that the Caputo and R-L definitions are equivalent when A(#y) = 0
(see [1]), we can conclude that:

[

CTDYRA(g) =RLT D“hA(t)—hmsup— Z( D C, (o (1) — rw)l, 1= 1o, (2.13)

n—0+

setting h(o(t) — ru = 1 we obtain
[0y
1 — 19
CTDURA(f) = limsup —  »  (=1)C, =RT D*(1) = —0, > 1. (2.14)
oot Z;A I —a) 0
3. Results

Lemma 3.1. Assume ) and m € C,;(T,R). Suppose At > to, where t; € T, : h(t;) = m(t;) and h(t) <
m(r) for ty < t < ty. Then, if the Caputo FrADiD of Yy and m exist at t,, the inequality " D*b*(t;) >F
D*mA (1)) holds.

Proof. Applying (2.7), we have

(=2
1
“IDI () — m(n))* —thUP—{Z( DC [H(o () — ru) = m(o (1) — rw)] = [b(to) — m(to)]}

H—0* r=0
[I 10]

DY) = DY (z)—hmsup—{Z( Y 0) = 1) = m((t) = r1)] = [B0) — w01,

u—0*

at t;, we have
[0

CTDTRA(E) = — lim sup ia{ 3 1y C () - m(to)]} +ST DUmd(ry). (3.1)
+ M p

u—0
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Applying (2.14) to (3.1), we have

DR = %[b(m) ()] +F DI (ry),

however, based on the Lemma’s statement, we know that

b(t) < m(r), fortg <t <ty,
= bh)—-m() <0, forty <tr<n,

then, we obtain

(=1
I'l-a)

[H(#o) — m(#o)] > 0,
implying

DY) > DImA ().
Lemma 3.2. Assume that:

(1) v*(t; to, vo), with v* € Cy, ([to, T1r, R"), represents a solution to the system (1.2).
(2) L(t,v") € Cy[T xR, R, ] and for any t € [ty, ), v* € R",

DLV < =gV DD,

where ¢ € K.
Then for t € [ty, T 1, the inequality

£ V(f))<£(f0,vo)—m f (t = 51" gV (DIDAS

holds.
Proof. Let
p(t) = L(1,V(1)),
with  p(z9) = L(ty, o),

and

W) = ¢ DID-
Then, from (3.2) we have

IDIp (1) =T DYLAE, V(1) < (V' (D)) = —W(p),  for t € [to, Tl

Consider the system

IDNAM) = W),  x(t0) = Pulty), Where p,(to) = p(to) + w.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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A solution y(t) = x(t, to, xo) of (3.6) will also satisfy the Volterra delta integral equation

1 !
X0 = 9(0) - s f (1 — 5™ ' W(s)As.

We claim that
p(0) <x(@), telty,T]r.

In the event that this claim is untrue, there is a time #; € (¢, T ]r:

p(r) =x(n) and () <x(r) for 1€, 1))r.
Lemma 3.1 is applied to (3.9) to obtain

IDLAn) > DIy (1) =T Dy (1) = ~W(n),

= D) > -W(1)).
Thus, based on (3.10) and for ¢ € [¢y, T ], we obtain:
TDIpA(t) > —W(2).

Clearly, (3.11) contradicts (3.5), so we conclude that the claim in (3.8) holds.

Combining (3.3),(3.4),(3.7) and (3.8) we get

L&,V (@) = »() < pu(to) - @ )f(t—S)“ BV (9)IDAs,

LV(@1) < L(fo,Vo)—ﬁ f (t — )" 'V ($)IDAs.

If T contains right scattered points, and £(z, v*) is continuous, then (3.13) becomes

o (1)

1
L1,V (1) < L(to,vo) — M@ J, (t = )" gV (s)ll)ds.

Theorem 3.1. Assume that:

(i) 2 € CylT xR, R, ] and E(t, y)u” is non-decreasing in y.
(ii) L € Cy[T xR",R,] be locally Lipschitz in the second variable such that

TDY LA, v) < B(t, L(t,v)), (1,v) € T x R".

(iii) z(t) = z(t; ty, x0) existing on T is the maximal solution of (1.3).

AIMS Mathematics Volume 9, Issue 12,
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Then,
L, v() <z(1), t=1, (3.15)

provided that
L(to,vo) < X0, (3.16)

where v(t) = v(t; ty, vo) is any solution of (1.2),t €T, t>t,.
Proof. Utilizing the principle of induction as outlined in Lemma 2.1 for the assertion

Sit) : L(t,v(t)) <z(t), teT, t>t,

(1) S(ty) is true since L(ty, vo) < xo;
(i1) Let ¢ be rs and S(t) be true. We need to show that S(o(?)) is true; that is

L(o(®), v(o(1)) < z(0o(2)), (3.17)

set p(¢) = L(t,v(1)), then, p(o(t)) = L(o(t), v(o(1))), but from (2.7), we have
[0y

Doyt (t)—hmsup— Z( D Clp(e () = ) = pt)l, 12 1o,

u—0+
Also,
[0y
CT na A 1 ra
DzA(1) = lim sup — Z( D Clz(o(t) — i) — z(to)], £ > to,
u—0+
so that,

(2]

DI T DA = limsup Z( 1Y Colz(er(t) = ) = 2(tp)]
u—0+ /l

[(’ o))

~fim sup — Z( 1Y Clp(o(t) = ru) = p(to)],

pu—0+ /’L

[(’ "”]

T =T Dp () = limsup — Z -, [[z(o-(t) — ru) — z(to)]
n—0+ /’t

~[p(o(0) - rp0) — p(to>]],

[0

("0 - Dl = timsup Y (177G - ) - 0

H—0+ r=0

~[p(o(0) - rp2) - p(to>]],

IA

(CTD‘iZA(t) . D“DA(t)) [2(a(®) = p(o ()] = [2(70) — P(10)]
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34417

[p(o () - 20 (D)] < (CTD"p 1) - Dt ZA(I)),u" + [n(t0) = 2(10)]
< (E(t, n(1)) — (¢, Z(t))),u" + [p(to) — 2(to)].

Given that E(z, y)u“ is non-decreasing in u and S(t) holds, it follows that p(o(¢)) — z(o(?)) < 0,
ensuring that (3.17) is satisfied.

(iii) Let ¢ be rd and N denote the right neighborhood of r € T. We demonstrate that S(t*) holds for
t* € N. This can be established by applying the comparison theorem for Caputo FrDEs, since at
every rd-point t* € N, o(t*) = 1.

We shall make this proof in 3 parts. In Part 1, we show that the LF, £(¢*, v*(")), is maximized
by a solution of the comparison system; in Part 2, we show that the family of solutions of the
comparison system is uniformly bounded and equi-continuous and therefore by the Arzela-Ascoli
theorem, there would exist a sub-sequence that converges uniformly to a function z(7); in Part 3,
we show that this function z(¢) is indeed the maximal solution. This three parts put together
concludes that L(¢*, v*(r*)) < z(t*) for t* € N.
Let w be a small enough arbitrary positive number such that w < By (where Br is a small enough
number), for the IVP

IDYW =B 0) +w,  x(to) = xo + w, (3.18)

where t* € N, the function y, (") = y(t) + w is a solution of (3.18) if and only if it satisfies:
Xo(")

= X0+w+mf (" = )N E(s, xu(5) + WAs, 1,s€N. (3.19)

Part 1

Let p(t*) € C,4(T,R,) be such that p(t*) = L(*, v'(t")).
‘We show that
(") < xo ("), fort e N, (3.20)

the inequality (3.20) holds for t* = £, since
p(t0) = L(f, o) < xo < Xa(lo)-
Assuming that the inequality (3.20) is false, then, 3 a point ] > 1, :
p(f}) = xo(#) and p(r*) < x,("), for 1<t <f7.
From Lemma (3.1) it follows that
DI > D),

SO,
CTD(il:A(tik,v*(l,T)) >CT Da A(tl)
and using (3.18), we arrive at

EDILAE, V(D)) > Bt xo(t) + w) > E(t], p(t).
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Therefore,

Now, for " € N.

CTDa/pA(t )

AIMS Mathematics

TDIRA) > E(, p(E))). (3.21)

[
lim sup — {p(r)—p(m)— Z( I CCLE = ) = w()])
p—0+
lim sup—{L(t* V(")) — Lo, vo)
p—0*
[
= DT ECLLE =, v (¢ = 1)) = Llto, vo)])

r=1

lim sup —{L(t* V(1)) — L(ty, vo)

u—0*

(- 0]
- Z( n*ec )[[ﬁ(t =1, V(E) = Y, V() — L(to, vo)]

—[L(f — rp, V() = T, V() — L(to, vo)]
HLE =,y (¢ = 1) = Lo )|
lim sup — {L(t V(1Y) — L(ty, vo)

u—0* /J

[0

= D I EC|LLE =y (1) = Y () = Lt v0)]
r=1

CLLE = () = 1V E] + LG = iy (@ - ru))]}
lim sup — {L(t* Vi) — L(ty, vo)

u—0* /J

[0

= D I ECILLE = v (1) = Y Y () = Lo, )]
r=1

HLE =y (¢ = ) = L0 =y (@) = w0 v @)
lim sup — {ﬁ(t* V(1Y) — L(ty, vo)

u—0* /*l

[0
- Z (=D OCLLE = ru, v () — Y@,V (1)) - l:(to,Vo)]}

r=1
(=2

— lim sup —{ Z( DN ECHLE = ru, v — ru))

u—0*
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— L = Y () = 1V D,
but L(#*, v) is Lipschitz in the second variable, so,

CTDipA(l'*) < CTD?—LA(I*’V*(I*))
[

1
+L11m8up— Z( D' ECHIV (& = r) = 7)) — p T, v ()

pu—0*

where L > 0 is the Lipschitz constant.
Aspu — 0, |Vt —rw) — (v'(t") = u* Y@, v*(£")))|| — 0, so that from (3.14) we have

DA =T DLLAE v (1) < B, L&, v () = B, p(r). (3.22)
Now, (3.22) with * = £} contradicts (3.21), hence (3.20) is true.

Part 2

For t* € N, we now show that whenever w; < w,, then

Xon () < X (). (3.23)

Notice that (3.23) holds for * = ¢, since x(#)) + w; < x(ty) + v, — w; < wy. If the
inequality (3.23) is false, there would exist a time 7] such that x,, (f]) = x.,(f}) and y,, (") <
Xy () fortg <t <1, 1" € N.

From Lemma (3.1), it follows that

TDUA (1) >T DS (£).

However,

DU (1) =T DSy (1) = E(t}, X (1)) + 01 = [E(f], Xur (1)) + w2]
= w;—w <0,

which is a contradiction, and so (3.23) is true. Now, from (3.23), and since w < Br, we determine
that

Xon () < xo,d) < -+ < x(t") + w; < [x(*) + Br| < M,

and therefore we can say that the family of solutions {y,,(t*)} is uniformly bounded with bound
M > 0 on T. This means that |y, (#")] < M for t* € N and w € (0, By].

We will now demonstrate that the family {y,,(t)} is equicontinuous on T. Suppose & =
sup{[E(*,v)| : (#*,v") € N X [-M, M]}. Next, consider {w;}° (z") as a decreasing sequence
with lim;_, w; = 0, and a sequence of functions y,,(t"). Let f],; € N with ] < £, then the
estimation that follows is valid:

o (83) = X, (B = L(oﬂu, @ )f (5 — )" (E(S, Xur () + @)As
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1 d
~(ro+ i+ s f (& = 9 (251100, (5)) + W)AS

) ﬁ f (= 9" (Bl X (9))As - fmlm‘ = )" B X (A
< ﬁ f,oz(té—s)“_l (E(s, X (M|As + fm]@—s)“‘l @]
ST 7 1
< S|[w-omad«| (-]
— S f (& —5)* 'As + ft;(fk -5 'As| + fﬁf(fk — )" As
) | P o
_ S [ ) )a (l‘; —19)” N ([; - ff)a 4 (f; — )" ]
| e @ @ ¢
S | 1) N (1] — 10)”
Tl « @
S @
" T +1)[( ~ ) Htl_m)]
<

I‘(j:Sr 1) [(t; - t‘))a]'

A family of solutions {y,, (")} is said to be equicontinuous if given € > 0, we can find 6 > 0 such
that |y, (3) — X, ()| < € whenever |f; — 1]| < 0,

implying that |y, (£3) — xu,(f])] < F((z+1)[(t - to)“] < e provided |5 — 1} < 6.

_ ([ €l(a+]) i el(a+1) i 28(65-10)"  T(a+1) g gk " o
Now, wechooseé—( 55 ) ,( 5S ) ( oD 55 = (t; — 1) but (£ —19) > |t; —1]] so

since (; —1y) < 6, then |£; — ]| < 6. Proving that the family of solutions {y,(¢*)} is equicontinuous.
According to the Arzela-Ascoli theorem, the family {y,, (")} contains a subsequence {waj (")} that
converges uniformly to a function z(¢*) on T.

Part 3

We then show that z(¢*) is a solution of (1.3). Equation (3.19) becomes

1 r
Xo (1) = X0 + wi; + =— f (" = )" (Es, X, (5) + wi))As. (3.24)
/ F(Q) ) ! .

Taking the limit as i; — oo, then /\/U)i,-(t*) — z(t") on T. Now (3.24) yields

() = X0+m f (" = 9" (E(s, 2())As. (3.25)

Thus, z(*) is a solution of (1.3) on T. Since lim le.j(t*) = () exists, then for any y,,, that satisfies
]—)OO

the dynamic equation (1.3), y,(¢*) < z(¢*). So from (3.20), we have that p(t*) < y,(#*) < z(t*) on
T. Therefore by induction principle, the statement S(t) is true. Completing the proof.
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Remark 3.1. Although comparison theorems for FrDE, FrDfE, and FrDET focus on understanding
the behavior of solutions using a simpler comparison system, they differ in their time domains: FrDE
has a continuous time domain, FrDfE has a discrete domain, and FrDET combines both. FrDE applies
to continuous time systems, while FrDfE applies to discrete time systems. Theorem 3.1 examines the
behavior of the LF concerning the maximal solution of the comparison system (1.3), considering an
arbitrary time domain with a jump operator o (t) that can be discrete or continuous. This is illustrated
in conditions (ii) and (iii) of Lemma 2.1 in the proof of Theorem 3.1. This suggests that the comparison
theorems found in the literature [ 1,2 ] address only a specific case (case iii) of Theorem 3.1, particularly
condition (iii), when T = R.

Theorem 3.2. (Stability) Assume that:
(1) L(t,v) € Cy[T xR, R, ], L(t,v(t)) is locally Lipschitz with respect to v, L(t,0) = 0, and

oIVl < L2, (1)) (3.26)

holds VY (t,v) € TXR" and ¢ € K.
(2) 2 € CylT xXR,,R,] is nondecreasing with respect to the second variable at all t € T, Z(¢,0) = 0,
and

CEDYLE e v(1) < B(t, L1, v(D))).
(3) The zero solution of the comparison equation (1.3) is stable.
Then, the zero solution of the system (1.2) is stable.

Proof. By the assumption of stability of the zero solution of (1.3), let € > 0 be given, and for ¢(¢e) and
to € T, there exists A = A(ty,€) > 0 :

(1) < ¢(e) forall t > 1, (3.27)

whenever y( < A, where z(t) = z(t, 9, o) is the maximal solution of (1.3).

Given that £(z,0) = 0 and L € C,;, which implies continuity of £ at the origin, then given 4 > 0,
we can find a 6 = 6(¢g, 1) > 0 : for vy € R", if ||[voll < &, then L(¢y, vo) < A.

Claim that ||vy|| < ¢ implies ||v(?)|| < €, YVt € T, where v(t) = v(t, ty, vp) is any solution of (1.2). If
this claim is incorrect, then there would exist a time ¢, € T, #; > f; : the solution v(¢) of the dynamic
system (1.2) at the instant time #; leaves the € — neighborhood of the zero solution. That is ||[v(?)|| < €
atfy <t <t and

vl > €. (3.28)

However, we know from Theorem 3.1 that
L(t,v(@®) <z(t), fh<t<t, (3.29)

provided L(#y, vo) < xo, where z(¢) is the maximal solution of system (1.3).
Combining (3.26), (3.27), (3.29), and (3.28) for ¢ = t;, we obtain

P(vEDll) < L1, v(1) < z(t1) < ¢e) < (v,
= (vl < (IvEDID. (3.30)

The contradiction (3.30) shows that #; ¢ T and therefore ||v(¢)|| < € Yt € T whenever ||vy|| < ¢, and so
the zero solution (1.2) is stable.
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Theorem 3.3 (Asymptotic Stability). Assume the following:

(1) L(t,v) € Cy[R, X R",R,] is locally Lipschitz in v for each t € T and L(t,0) = 0.
(2) Fort = ty,
b(Ivll) < L(t,v), whereb e K.

(3) The inequality
IDY LA, v) < (VD)) holds for (t,v) € TxR" and ¢ € K.
Then, the zero solution v = 0 of the fractional dynamic system (1.2) is asymptotically stable.
Proof. By Theorem 3.2, the zero solution v = 0 of (1.2) is stable. It remains to show that

tlimllv(t)ll =0. (3.31)

We shall make this proof in two phases.
Phase 1. Assuming (3.31) is not true, such that lim inf ||v(7)|| # 0, then there would exist 7 > 0 such
—o0

that for a given € > 0,
vl =€, fort=0(T)>T. (3.32)

By condition 3, we deduce that £(v(¢)) is monotone decreasing and
lim L(t,v(t)) = Ly = 0, (3.33)
t—00

since L(t, v(t)) is positive definite and only 0 at v = 0.
By utilizing Lemma 3.2 in relation to condition 3, we get

1 !
L, v(t) < L(ty, vp) — @ L (- s)“_lqi(llv(s)ll)As, fort> T,

L, v(0)) < Llto, vo) — a"’r(z)u 7y,
oo
0< Ltg,vy) — al@) (t=T). (3.34)

As t — oo, the RHS of (3.34) approaches —co. This is a contradiction, so lim inf ||v(?)|| = O.
—00
Phase 2. If lim sup ||v(?)|| # 0, then given i > 0, there is a divergent sequence {#}, : [|[v(#;)|| = n.Each

—o0

t, € T could potentially be related to one of the following:

(i) # is rs and Is (isolated points).
(i1) f; is rs and 1d.
(iii) #; is rd and Is.
(iv) t is rd and 1d (dense points).

Suppose 3 a divergent subsequence {;} of {t;}, where each ¢; falls into one of the four cases mentioned
above. Then, by Lemma 3.2 and Definition 2.5, we have that
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for case (1),

1 o (1)
L, v(1) < L(to, vo) — ) f r(s)@(v(s)lDAs,

0 < L0, V(1)) < Lty, v0) = % > utepriey,
j=1

forall #;,¢; € T and r(z) = (1 — 5)* .
This leads to a contradiction as i — oo, since u(f;) remains constant for each i. Therefore,
lim sup [[v(?)|| = 0.

t—00

For case (ii),

1 o (1)
L, v(1;) < L(to, vo) — L) r(spé(|lv(spIDAs,
(@) J;
0 < L(#;, v(1) < L(to, o) — %ﬂ(h)r(ﬁ),

for r(f) = (t — s)®!. This results in a contradiction as i — oo, since u(t;) is a constant for each i. So
lim sup [[v(?)|| = 0.

t—00

For cases (iii) and (iv)

1 f
L1, v (1) < L(to, x0) — @ f (t = )" gV (s)lDAs,

g t; — 1 @
0 < L, v' (1) < L(to, vo) — M. (3.35)
al(@)
As t; — oo, the right-hand side of (3.35) approaches —co also contradicting the definition of L(z, v(¢));
= limsup||v(?)|| = 0.

>0

Since lim inf ||v(¢)|| = lim sup [[v(#)|| = O, so, (3.31) holds. Then the zero solution v = 0 of (1.2) is
—00

—o0

asymptotically stable.

Remark 3.2. Theorems 3.2 and 3.3 represent a significant advancement in fractional calculus
and stability analysis, building on research in FrDfE, FrDE, and integer-order dynamic equations.
Although similar to the stability analysis in [1-3, 23, 24, 26, 28, 33, 35, 36, 38], which addresses the
stability of the zero solution of fractional dynamic systems, they differ by generalizing the time domain
of system (1.2). This allows for stability analysis on various time scales, including discrete, continuous,
and mixed. Moreover, the results extend to non-integer orders, enabling a more comprehensive
analysis of system (1.2)’s behavior. Theorems 3.2 and 3.3 are better suited for analyzing the behavior
of solutions in complex systems with multiple time scales and non-uniform grids, which can be
challenging with FrDE and FrDfE.
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4. Discussion

Let us examine the dynamic system

.2 2
A Vi sin” ¢ cos”t
cos“ t cos“t sin“t (41)
V
V)= 200 = v2) + —5— = 2v cos’ 1,
sin” ¢
for t > ¢, with initial conditions
vi(to) = vio and  va(ty) = va,

where v = (v;,v,) and L = (L, L»).

Consider £(t,v;,v2) = |vi| + [v,, for t € T and (v;,v,) € R%. Then we compute the Dini derivative

for L(t,vy,v2) = |vi| + |v»| as follows; from (2.2), we have that

. L(t+ p(0), v + u(0)Y(,v) — L(t,v)
lim sup
u(@®—0 ,Ll(l)
T i+ p@) (2, )| + 2
im sup

D' LA(t,v)

+ UV, V)| = [vil + |val]

(D=0 ()

| + @2, V)| = | = Il

T il + u@Y (2, V)| + [v2
im sup

u(®—0
I ML (@, V)| + |22, V)]
im sup

1(H)—0 u()
[0 (5, V)| + [ Va2, v)|
sin’ ¢
cos? t

IA

u()

Vi cos’ ¢t

—(v2+vy)

+ vy

cos?t sin
1

cos? ¢t

sin’ ¢ sin’t  cos’t

vi(

) — o

cos?t cos’t  sin’t

cos’t sin’ 7 — cos? £)(sin® 7 + cos? 1)

IA

2t|+|2(V1—Vz)+

)+ 2vi(1 = cos? 1) — v,(2 —

t

il + 2

)
|
|

3l + ol | | + |-
cos-t sin

3Ivil + 5lval < 5[l + Il
5L(t,v1,v2) = E(t, L).

cos? t cos2tsin’ ¢

sin’t — cos? ¢
2t

IA

. )‘ 2] + 3]
cos? ¢ sin

il + [val

—— || + 21l + 3|v2l
cos?t sin? t)‘

IA

=)+ 3

IA

D*LA1,v)
Now, consider the consider the comparison equation
D*x* = 5x > 0, x(0) = xo,

AIMS Mathematics

— 2y, cos’ ¢t

2
sin’ ¢

)

2

sin” ¢

+2[vi| + 3|v2|

)

4.2)
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with solution
x (1) = xoe™. (4.3)

Even though conditions (i)—(iii) of [21] are satisfied that is £ € C.[T x R",R,], D*L2(t,v1,v,) <
E(r, L(t,v)) and V2 + V2 < [vi| + Iva|l < 2(v] + v3), for b(|lv|)) = r and a(||vll) = 277, it is obvious
to see that the solution (4.3) of the comparison system (4.2) is not stable, so we can not deduce the
stability properties of the system (4.1) by applying the basic definition of the Dini-derivative to the LF
L(t,v1,v2) = [vi| + 2l

Now, we will apply our new definition on the same system but as a Caputo fractional dynamic
system

s 2 2
CT . A Vi sin” ¢ cos”t
D) = — - +v)—F + 22—
cos“t cos“t sin” t (4.4)
2
IDA(t) = 2(v) =) + — zt—zvl cos’1,
sin

for t > ty, with initial conditions
vi(fh) =vio and  va(f) = va,

where v = (v, ;) and Y = (Y, 1»).
Consider L(t,v1,v2) = |vi| + |va|, for t € T and (v;,v,) € R?. Then condition 1 of Theorem (3.2) is
satisfied, for ¢ = %r, where ¢ € K, with v = (v1,v,) € R?, so that the associated norm ||v|| = /v% + vg.
Since,
L(t,vi,v2) = i + |val,
then, ¢(||v|]) < L(t,v1,v,). From (2.9), we compute the Caputo FrADiD for L(t, v, v,) = |vi| + |[v2| as
follows:

WMﬁmwzlmeQAdmmm%me)
u—0* ,ua
=2

- Z (=)™ CCHLL(0) = ru, (o () = p* (2, v(1)) = Lto, Vo)]}
r=1

1
=meEdeMHMdM%WMHmD

u—0*
s}
[0}

+ Z (=D CHli(o @) = 1 T1(t, vl + a(o (@) — Y2, v2)l = (Iviol + |V10|)]}

r=1

1
< timsup —{(ri(@O)] + Vo)) = (ol + o)
p—0t M
(=2
+ZPWWWMWWHW%@MHMWW+W%@MPWMHMM
r=1
1
smmEWmmuwmmeHW)

U
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-1 -
(2] (2]

+ Y CDCCH M)+ O] + Y DO vl + v
r=1 r=1
(52
_ _1 r (l/Cr
;(>(>WMHmM
(=2 (=2

< me—{§klﬂcnhwwm+mwmﬂ D CC)|wiol + ol
r=0

u—0+
(=]
+ lim sup Z( n'©“c )I[IT & vl + 1 (; V2)|]

p—0*

Applying (2.12) and (2.14) we obtain

¥[”fmwmwmmmm—%;%wmumw—hmwMH%@wﬂ
(t = 1)

- fmwmwwddmw{wwwmﬂnmmﬂ.

As 1= 00, S (v (0(1)] + 2@ (®)]) — 0, then

DL v1, )
s-{mmmuwmmn
2 2
s1n t cos“t )
:—[ 2—(2 = +Vva——| + |2 ]
cos cos t sin” ¢
.2 2
v sin® sin“t cos“t 1
= | i ) (2 - 2 v - cost ) - (2= — |
cos? ¢ cos? ¢ cos?t  sin’t sin®t
1 sin® ¢ sint  cos?¢ _ 1
= —[ V] - -V - 5 + 2v1(sm2t)—v2 2 - 5 ]
cos?t cos’t cos?t  sin’t sin’ ¢
2 ) 2 Neinl 2
cos” ¢ sin” ¢ — cos~ £)(sin” f + cos~ ¢
< —[Vl( ) )—Vz(( )(2 ))+2|V1|+3|V2l]
cos? ¢ cos?tsin” ¢
) 2
sin” 7 — cos” ¢
< =il + vl (ﬁ) +2|V1|+3|V2|]
cos2tsin” ¢
< =3l =Sval < =3 [vil + bl
Therefore,
D LAt v, v) < =3L(L, V1, V). (4.5)
Consider the comparison system
“IDYA = E(t, x) < -3y, (4.6)

using the Laplace transform method
DY + 3y =0.
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XOSQ—I

X =
) =53

taking the inverse Laplace transform we have
xX(0) = X0Ean(=31), fora € (0,1), 4.7)

where E, ;(z) is the Mittag-Leffler function, which can be approximated as:

no t(l ta
Eg(=t =S (=1y— 1" 4 ~exp|le—t|.
a1 (=17) ;( S ekt D Tl+a) eXp[ T +a)

Now, let |yo| < 6, then from (4.11), we have

()| = |3)(0Ea,1(—t")| = ‘3)(0 exp [_r(lﬂ—;«)] <3 'exp [—r(f—;‘)” 0 < € whenever |y < 6 =
Therefore given € > 0, we can find a 6 > 0 such that |y(#)| < € whenever |y,| < 6.
We conclude that the trivial solution of system (4.4) is stable as it satisfies all the conditions of

Theorem 3.2 and the trivial solution of the comparison system (4.10) is stable.

Figure 1 below is the graphical representation of E,;(—3¢*). The behavior of the curve shows
stability of the solution y(¢) over time.

3‘6"1’ l"(l+rr)”

u(t) against t
u(t)
0.25
0.20 — a=03
a=05
0.15 a=07
010 — a=09
0.05
t
20 40 60 80 100

Figure 1. Graph of x(¢) = yoE,1(=3t"), for @ € (0, 1) against r.

Consider the Caputo fractional dynamic system

CTD“UIA(I) = v + vy — 3us,
IDVY) =~y + vy + s, (4.8)

CTD“U?(I) = 3u; + v%v%m + v3,
for t > ty, with initial conditions

vi(fy) = vio, a(fo) = v, and  w3(tp) = U3
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where v = (vy, v, v3), T = (1, T2, T3).
Consider L(t,v1,v2,v3) = v + v5 + 03, for t € T and (vy,v,v3) € R?. Then, condition 1 of
Theorem (3.3) is satisfied, for b(|[v||) < L(t,v) < a(|[v|]), with b(r) = r, a(r) = 2¢*, a, b € K, where the

associated norm ||v]| = /v] + V3 + v3.
Since

2, .2, .2
L(t,vi,v2,v3) = V] +v; + U3,

then, \/v? + V3 + V2 < vl + 03 +v] < 2(v] +v5 + v3). From (2.9), we compute the Caputo FrADiD for

L(t,v1,v2,v3) = U] + 3 + 1] as follows:

TDY LAt v)

1
meﬁﬂhmamﬁu@wmw+wwmmﬂ—hmﬂuww+wmﬂ

u—0*
|71
+ Z (=1 (“C) [ (o (1) = u*T1(1, v1,v2,13))* + (Va0 (D))

r=1

—" Y (t, v1, 02, 13))7] + [(W3(() — L V3(t, U1, v2, 13)) = (V10)* + (V20)* + (U30)2)]}

1
:mmwﬁﬂmw@W+@wmedeﬂ{m#+m&+ww]

u—0+
[52]
+ Z D" “c) [(Ul(o'(f)))2 — 2u (T (DY (t, U1, U2, U3) + 20 (1 (8, vy, 02, U3))2]

r=1

+(Wa (0 (1)) = 202 (T () Vo(t, U1, va, U3) + P4 (Va(t, Uy, U2, U3))
+(3 (0 (1)) = 2u3(T () V3(t, U1, va, U3) + 24 (T3(t, vy, va, U3))

- [(Ulo)2 + (v20)” + (U30)2] }

1
:mmwﬁﬂmw@W+@wwfHdeﬂ{mﬁ+mw+wﬁ]

u—0*

|52

+ (=1 CC) [ e @) = 211 (1, v1, v, v3) + 25 (X1 (1, w1, v2,03))
r=1

152

+ )1 (C) [@a(a @) = 20O Calt, v1, V2, U3) + 25 (Lot V1, 12, 03))°
r=1

|54

+ Z (=1 (“C) [(w3(a(1))* = 2us(T (O 5(t, v1, v2, U3)

r=1

+/12“(T3(l, vy, U2, 13))° — [(Ulo)2 + (a)” + (U3o)2] }

=
1
= —limsup— 2 > (=1) ("C) [10)? + (wa0)? + (ws0)?]
u—0+ M 0

=
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[72]
1
tlimsup - { > (<1 (€ [@(@ W) + @) + w0
u—0* r=0
|52
~timsup{ (=17 (€ 2u (@O0, vr, 2,09

u—0* r=1

+2u2 (e (U Vo (t, v1, v, U3) + 2u3(0 (D)) 3(1, vy, 02, U3)]}~
Applying (2.12) and (2.14) we obtain

%%ggkmamﬁuwme+wﬂwmﬂ

—[2u1(a ()1 (2, v1, V2, U3) + 202(0 (1)) Va(t, U1, U2, U3) + 203(0 (1) V32, U1, U2, U3)].

As t — o0, = (0 (0(0))* + (wa(o())? + (ws(o(1)))?| — 0, then

< 2[ui(e ) Y11, v1, 2, v3) + U2 (0(1) La(t, U1, 02, U3) + U3 (0 (D)) Y3(1, U1, 12, v3)],
applying v(o(f)) < uTDu(t) + v(t)
= —2[,11(0‘1’%(1, U1, U2, U3) + Ui ()1 (8 U1, U2, 13) + p(OY5(t, vt va, U3)
+ua (1) Lo (t, U1, U, U3) + (Y5, U1, U2, U3) + Us(D)T3(E, U1, 2, U3)]
= _Z[M(I)(Ul + vy = 3u3)" + v (uy + vy = 3u3) + (v + vy + vzv§)2
+ur(—v; + Uy + Uzl}%) + u(®)Bu, + U%U%U3 + v3)2 + 33y + U%U§U3 + v3)]
= =2 >v% + v% + v% + u(®)(vy + vy — 3113)2 + u(t)(—v; + vy + v2v§)2 + u(®)Bu, + U%U%Ug + v3)2<

[ 20 2929
=2|vyus + v1v2v3]

IA
|
\®)

v% + v% + vg + u( + vs — 3u3)* + uO)(~vy + v + U2U§)2 + u(®)(Bvy + va%vg + v3)?

= =2 »v% + v% + v%] - 2,u(t)[(v1 +u -3+ (v +ur + UzU%)Z + QQu; + U%U%Ug +u3)?|. (4.9
If T = R we have that 4 = 0, so that (4.9) becomes;
“ITDY LAt v, 1) < —Z[U% + U5 + U%]
Therefore,
DL v1,v2) < =2L(1 vy, 02, v3).

Consider the comparison system

“IDYA = E(t, x) < -2, (4.10)
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“ITDY" + 2y = 0.
Applying the Laplace transform method, we obtain

x(@®) = xoEq1(—2t"), fora € (0,1). 4.11)

Now, let yo < 6, then from (4.11), we have x(t) = 2xoE..1(—1%) < 2E,1(—t") < € whenever yy < 6 =
2E(x,16(_tw)

Therefore given € > 0, we can find a 6(¢) > 0 (independent of #) : y(f) < € whenever y < 6

If T = Ny we have that u = 1, so that (4.9) becomes;

= —Z[Uf + v% + vg] - 2[(1}1 +u -3+ (v +ur + vzvg)2 + Quy + v%v%m +u3)?|,

CTD‘J’:LA(I; U, Uy) < —2[1}% + v% + v%];

considering the same comparison system as (4.10), we also arrive at the same conclusion as (4.11).
Since all the conditions of Theorem 3.3 are satisfied, and zero solution of the comparison system (4.10)
is stable, then we conclude that the zero solution of system (4.8) is stable and also asymptotically stable.

Figure 2 below is the graphical representation of y(#) = E, ;(—2t*). The behavior of the curves
further buttresses the stability of y(#) over time for @ € (0, 1).

u(t)

04
1 _——— =
sk a=02
]
:-“\ """ a=04
AN
02 S a=06
s, T T T e e ————
BN T a=09
L |‘ \~\
XTH IR
lllllllllllllllllllll t
10 2 30 40 50

Figure 2. Graph of x(¢) = E, ;(—2t") against ¢.

5. Conclusions

In conclusion, our study significantly advances the understanding of Lyapunov stability for Caputo
FrDET. The novelty of our work is in the development of a new Dini derivative (the Caputo FrADiD)
for a Lyapunov function, which preserves the properties of FrD, requires only right dense continuity
of the function and depends on the initial data L(#y,vy). Our novel definition generalizes existing
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definitions because it unifies the continuous (o(f) = ) and discrete (o(¢f) > t) time domain, as can be
observed in Eqgs (2.10) and (2.11). We have also shown the theoretical applicability of this definition
in Theorems 3.1, 3.2, and 3.3 and the practical applicability as well as effectiveness in systems (4.4)
and (4.8). Also, Figures 1 and 2 show a consistent behavior of the curves (a downward trend towards
the trivial solution). This behavior reinforces the stability of the solutions obtained for systems (4.4)
and (4.8), providing visual confirmation of the theoretical results. The new concept developed in
this work successfully contributes to the advancement of fractional calculus in general and stability
theory in particular from a continuous domain to a unified continuous and discrete domain, which is
a breakthrough for modeling and other practical applications. By establishing comparison results and
stability criteria, we have provided a solid theoretical foundation for analyzing the stability properties
of these equations across time scales.
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Supplementary

Table 1. Abbreviation key.

Abbreviation Definition

FrDE
FrDfE
FrDET
FrD
FrAD
FrADiD
G-L
IVP
LF

rd

s

Is

1d

Fractional Differential Equations
Fractional Difference Equations
Fractional Dynamic Equations on Time scale
Fractional Derivative

Fractional Delta Derivative
Fractional Delta Dini Derivative
Grunwald-Letnikov

Initial Value Problem

Lyapunov Function

right dense

right scattered

left scattered

left dense
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