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Abstract: This paper investigates the analysis of b-generalized skew derivations, denoted as A; and
A,, within a prime ring R with characteristic different from 2. Here, Q, represents the right Martindale
quotient ring of R, and C denoted its extended centroid. Additionally, £ is a noncentral Lie ideal
of R. Assuming A; and A, are nontrivial b-generalized skew derivations associated with the same
automorphism «, the paper aims to explore the detailed structure of these generalized derivations that
satisfy the specific equation:

puli(u) + Aj(wug = My (u?), with p+g ¢ C, forallue L.

The above-studied result generalized the already existing results [1,2] in the literature.

Keywords: prime rings; Lie ideals; right Martindale quotient ring; b-generalized skew derivation;
extended centroid
Mathematics Subject Classification: 16N60, 16 W25

1. Introduction

A ring R is considered prime if, for any elements 7 and £ in R, the condition 7R¢ = 0 implies that
either 7 = 0 or ¢ = 0. In our discussion, unless otherwise stated, R refers to a prime ring with its center
denoted by Z(R), and Q, refers to its right Martindale quotient ring. Notably, Q. retains the prime
property of R. Additionally, the center of Q,, known as the extended centroid of R, is a field.

To simplify the notation, we use [r1,&] = 7€ — &n for all 1,& € R. A subset L of R is called a Lie
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ideal of R if it forms an additive subgroup and satisfies the condition that the commutator of £ with
any element of R remains within £, i.e., [L,R] C L.

Definition 1.1. [3] A mapping d : R — R is called a derivation if it is additive and
d(né) = d(m)é + nd(é), forall =, &eR.

For a fixed v € R, the mapping d, : R — R defined as d,(r) = [v,x] for all 7 € R is a derivation
termed as an inner derivation induced by the element v. A derivation that is not inner is referred to as an
outer derivation. In 1957, Posner [4] showed that if R is a prime ring and d is a nontrivial derivation of
R such that [d(r), 7] € Z(R) for all 7 € R, then R is commutative. Posner’s results were later extended
in various ways by other mathematicians.

In 1991, M. Bresar [5] proposed a new kind of derivation, known as a generalized derivation.

Definition 1.2. [5] A mapping A : R — R is said to be a generalized derivation if A is additive and
there exists a derivation 6 on R such that

A(€) = Am)é + no(€), forall m, & € R,

For fixed elements v;,v, € R, the mapping A, ,,) : R = R defined by A, ,,)(m) = vim + vy is a
generalized derivation on R, often referred to as a generalized inner derivation.

Definition 1.3. [3] A mapping D : R — R is called a skew derivation associated with the
automorphism a € Aut(R) if it is additive and it satisfies

D(ré) = D(n)é + a(m)D(E), forall m, & € R.

A skew derivation that is associated with the identity automorphism reduces to a derivation. For
example, given a fixed element b in Q,, the mapping defined by 7 +— br — a(7)b is a notable example
of a skew derivation, commonly known as an inner skew derivation. If a skew derivation does not fit
this structure, it is termed an outer skew derivation.

Definition 1.4. [3] A mapping ¢ : R — R is called a generalized skew derivation associated with the
automorphism a € Aut(R) if it is additive and there exists a skew derivation ¢ on R such that

P(é) = p(m)é + a(m)o(é), forallm, & eR.

In 2021, De Filippis [6] studied the identity A;(A,(r)) = O for all 7 € L, where A, and A, are
generalized skew derivations on a prime ring R, with £ being a Lie ideal of R. This identity was
examined within the framework of generalized derivations.

In 2018, De Filippis and Wei [7] developed the notion of b-generalized skew derivation,
which broadens the concept of derivations and investigates different kinds of linear mappings in
noncommutative algebras.

Definition 1.5. [7] Let b be a fixed element in the right Martindale quotient ring Q,. The mapping
A; 1 R — Q, is called a b-generalized skew derivation of R associated with the triplet (b, @, d) if it is
additive and it satisfies the condition

A(7€) = Ay(m)€ + ba(m)d(£)

for all 1, & € R, where d : R — (, is an additive mapping and « is an automorphism of R.
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Furthermore, the authors showed that when b # 0, the corresponding additive map d, as defined
earlier, acts as a skew derivation. Additionally, it has been established that the additive mapping A,
can be extended to the right Martindale quotient ring Q,, taking the form A;(r) = ax + bd(xr), where
a € Q,. The concept of b-generalized skew derivation, characterized by the triplet (b, @, d), includes
skew derivations, generalized derivations, and left multipliers, among other concepts. For instance,
setting b = 1 yields a skew derivation, while choosing b = 1 and @ = I results in a generalized
derivation, with I¢ representing the identity map on R. Additionally, if b = 0 in Definition 1.5, then
A; reduces to a left multiplier map. The mapping A; : R — Q,, given by 7© +— an + ba(n)c is a
notable example of b-generalized skew derivation of R associated with the triplet (b, v, d), where a,
b,c € Q,, and d(rr) = a(m)c — cn for all # € R. This type of b-generalized skew derivation is known
as an inner b-generalized skew derivation. Therefore, the study of b-generalized skew derivations of a
ring R provides insights into the study of other types of derivations.

These broad results concerning b-generalized skew derivations lead to significant corollaries related
to derivations, generalized derivations, and generalized skew derivations. Such findings offer valuable
insights for applications and further advancements in the study of these related concepts.

It is quite natural to examine the implications of substituting derivations with b-generalized skew
derivations in the results originally obtained by Posner and Bresar. In 2021, Filippis et al. [8] made
progress in extending Bresar’s result by investigating the identity A,(m)r — 7A,() = 0 involving b-
generalized skew derivations A; and A, in a prime ring R. Here, 7 represents elements of the form
¢(my,...,m,), where 1 = (my,...,m,) € R", and ¢(r) is a multi-linear polynomial over C. Relevant
generalizations related to b-generalized skew derivations can be found in [3, 7-12].

Continuing the investigation of above cited results, we focus to study the following identity
prA () + A(m)ng = Ay(n), where p + g ¢ C for all 7 € £. The primary motivation for this identity
comes from the articles [1] and [2]. In [1], the authors examined the identity pr¥ (n)+F (7)ng = G(7*),
where 7, G are derivations and © € S, a particular subset of R. In [2], the same identity was
explored with ¥ and G considered as generalized derivations. Naturally, it is of interest to investigate
this identity further by taking # and G as b-generalized skew derivations. The following theorem
establishes our result:

Theorem 1.6. Let R be a prime ring with characteristic different from 2, Q, its right Martindale
quotient ring, C its extended centroid, and L a noncentral Lie ideal of R. Suppose A, and A, are non-
zero b-generalized skew derivations of R with associated triples (b,a,d) and (b, a, h), respectively,
satisfying the identity:

prA(7) + A\(m)g = Ay(r®) for some p,q € Rwith p+q ¢ C, V€ L.

Then, for all 7 € R, one of the following holds:

1) There exist a € C and ¢ € Q, such that A;(n) = an, Ay(n) = nc with pa = ¢ — aq € C.

2) There exist a € C and ¢,c¢’ € Q, such that A;(n) = an, Ay(n) = ¢ + nc’ with pa — ¢ € C and
(p+q@a=c+c.

3) There exist a,q € C and ¢ € Q, such that A, () = an, Ay(7) = cn with (p + g¢)a = c.

4) There exist a, b, u,v,t € Q,, and A,n € C such that A,(n) = (a + bm)m, Ay (n) = e + btrt™'v with
tW+ng=21€C, (a+bn)+nbt=0,and p(a+ br) — c = Abt.

5) R satisfies sy.
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The standard polynomial identity s, in four variables is defined as follows:

S4(my, /w0, M3, M4) = Z (_1)0-7[()'(1)71-0'(2)7[0'(3)”0'(4)’
oeSym(4)

where (—1)7 is +1 or —1 depending on whether o represents an even or odd permutation in the
symmetric group Sym(4).

The general approach for proving the main theorem can be extended to demonstrate a broader
result for multi-linear polynomials. Consequently, from a theoretical standpoint, there is no distinction
between cases involving Lie ideals and those involving multi-linear polynomials. Applying the
proof method suitable for multi-linear polynomials streamlines the process by minimizing excessive
calculations. The paper is structured as follows: Section 2 provides a review of fundamental concepts
regarding prime rings. Section 3 explores the case where the b-generalized skew derivations A; and A,
are inner. In Section 4, we establish our main theorem by carefully examining each case.

2. Preliminaries and notations

We frequently utilize the following facts to establish our results:

Fact 2.1. [13] Let R be a prime ring and 7 a two-sided ideal of R. Then, R, 7, and Q, satisfy the same
generalized polynomial identities with coefficients in Q,.

Fact 2.2. [14] Let R be a prime ring and 7 a two-sided ideal of R. Then, R, 7, and Q, satisfy the same
differential identities.

Fact 2.3. [13] Let R be a prime ring. Then, every derivation d of R can be uniquely extended to a
derivation of Q,.

Fact 2.4. [15, Chuang] Let R be a prime ring, d be a nonzero skew derivation on R, and 7 a nonzero
ideal of R. If I satisfies the differential identity.

&, 0, 8, d(),d() ... ,d(,) =0

for any (1, ..., zeta, € I, then either

e ] satisfies the generalized polynomial identity,

f(gl,§2'~"§n’§l’Xi2"~’-Xin) =0

forall &,...,&, € R.
or
e dis Q,-inner,

[ Gl lp Gl s o) [P, 8a]) = 0.

Fact 2.5. [16] Let K be an infinite field and m > 2 an integer. If Py,..., P, are non-scalar

matrices in M,,(K), then there exists some invertible matrix P € M, (%) such that each matrix
PP,P~', ..., PP,P ! has all nonzero entries.
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Fact 2.6. [17] Let R be a noncommutative prime ring of characteristic not equal to 2 with right
Martindale quotient ring @, and extended centroid C, and let f({i, .. ., {,) be a multi-linear polynomial
over C, which is not central valued on R. Suppose that there exists a, b, ¢ € Q, such that f(y)af(y) +
fO)*b —cf(x)*> =0forall y = ({1,...,4,) € R. Then, one of the following holds:

1) bceC,C-b=a=aeC.
2) f((i,...,¢)? is central valued and there exists @ € C such thatc — b = a = a.

Fact 2.7. [7]If d is a nonzero skew derivation on a prime ring R, then associated automorphism « is
unique.

Fact 2.8. [6] Let R be a prime ring, ¢,y be two automorphisms of Q, and d, g be two skew derivations
on R associated with the same automorphism ¢. If there exist a nonzero central element v and v € Q,
such that

G(0) = Wd = y(Qv) +vd((), forall { € R.
then, G({) = vd({) and one of the following holds:

1) ¢=1y.
2) v=0.

Fact 2.9. [6] Let R be a prime ring, ¢, y be two automorphisms of Q,, and d, g be two skew derivations
on R associated with the same automorphism ¢. If there exist a nonzero central element v and v € Q,
such that

G(0) = W =y(Qv) +vd((), forall £ € R.

If d is inner skew derivation, then so is G.

In this paper, R will consistently refer to a nontrivial, associative prime ring (unless specified
otherwise). Additionally, the term “GPI” will be used as a shorthand for generalized polynomial
identity.

3. A; and A, are inner b-generalized skew derivations

In this section, we focus on the case where A; and A, are inner b-generalized skew derivations of
R associated with the pair (b, @). More specifically, we investigate Theorem 1.6 under the conditions
A() = ar + ba(m)u and A,(7r) = crr + ba(m)v for all 1 € R, where a,b, c,u,v € Q,. To establish the
main result, we first present the following lemmas:

Lemma 3.1. Let R be a prime ring of char(R) # 2 and a,, a», as, as, and as € R such that

aiu’ + aulas + agitas = 0, Y u = [, 1] € [R,R]. (3.1
Then, one of the following holds:

1) R satisfies s4.
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2) as,as € C, and a; + araz = —asas € C.

3) as,as € C, and a; + araz + asas = 0.

4) ay,ax,a4 € C, and a; + araz + asay = 0.

5) a»,as € C, and a; + asas = —axaz € C.

6) There exist A, n, u € C such that as + nas = 4, a, — nas = p, and a; + day = —paz € C

Proof. If u? is a centrally valued element in R, then R satisfies the identity s4, which leads to our first
conclusion. Now, suppose #? is not central. Let S be the additive subgroup of R generated by the set
{u? : u € [R,R]}. Clearly, S # 0, and we have the relation:

am + amaz + asmas = 0

forallme §S.

According to [18], either S C Z(R), or char(R) = 2 and R satisfies s4, unless S contains a non-
central ideal £’ of R. Since u? is not centrally valued in R, the first possibility is excluded. Additionally,
since char(R) # 2, it follows that S contains a noncentral Lie ideal £ of R. By [19], there exists a
noncentral two-sided ideal 7 of R such that [7, R] € £’. Under the given hypothesis, we have

ai[my, mo] + ax[my, molas + ag[my, mplas = 0
for all 7y, m, € I. From Fact 2.1, since Q,, I, and R satisfy the same GPI, it follows that
a[my, mp] + ax[my, malas + aglmy, mplas = 0

for all 7y, T, € R. Therefore, by [ [20], Proposition 2.13], we obtain the desired conclusions. |

Lemma 3.2. Let R = M, (C), where m > 2, be the ring of all m X m matrices over an infinite field C
with characteristic not equal to 2. Suppose a,b, c,u,v, p,q € R satisfy:

pIlall + pIIbIlu + all*q + bIullg — cI1? — bIT%y = 0
for all IT = [, 5] € [R,R]. Then, eitherb € C,u € C,or p+q € C.
Proof. Assume the field C is infinite. From the hypothesis:
pHall + pIIbIlu + all?q + bIullg — cI1* — bIT>v = 0 3.2)

for all IT € [R, R]. If we assume that p + g, b, and u are not central elements, and since Eq (3.2) holds
invariantly under any automorphism of R (as stated in Fact 2.5), it implies that all entries of p + ¢, b,
and u are nonzero. By selecting I = ¢;; in Eq (3.2), we obtain:

peijae;j + peijbeiju + beijueijq =0. 3.3)
Next, multiplying Eq (3.3) both on the right and the left by e;; gives:
(p+qjiujbjie;j =0,

which implies that either (p + q);; = 0, u; = 0, or b; = 0. Each of these scenarios leads to a
contradiction. Therefore, it follows that either p + g € C,orb € C,oru € C. O
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Lemma 3.3. Let R = M, (C), where m > 2, be the ring of all m X m matrices over a field C with
characteristic not equal to 2. Suppose a, b, c,u,v, p,q € R satisfy:

pIall + pIIbIlu + all’q + bIIullg — cI1* — bIT?y = 0
for all IT = [, 5] € [R,R]. Then, eitherb € C,ue C,or p+¢g € C.

Proof. If C is an infinite field, the conclusion follows directly from Lemma 3.2. Now, let’s consider the
case where the field C is finite. Let % be an infinite extension field of C, and set R = M,,(K) = Re-K.
It is important to note that a multi-linear polynomial is central-valued on R if and only if it is central-
valued on R.

Consider the generalized polynomial identity for R given by

Q(m1,my) = plmy, mlalmy, m] + plry, malblry, molu + alny, m5)°q

+b[my, mylulmy, mylq — clmy, mo)* = blry, m]*v. (3.4)

This polynomial has a multi-degree of (2, 2) with respect to the indeterminates rr; and m,. Therefore,
the complete linearization of Q(r, 7;) results in a multi-linear generalized polynomial ®(rry, 5, &1, &)
involving four indeterminates. Additionally, we have the relation (7, 75, 71y, 2) = 4Q(my, 7).

It is clear that the multi-linear polynomial O(ry, m,,&1,&,) serves as a generalized polynomial
identity for both R and R. Given that the characteristic of R is not equal to 2, as per the assumption,
we conclude that Q(rry, ;) = O for all 7r;, m, € R. Hence, the result follows from Lemma 3.2. O

Lemma 3.4. Let R be a prime ring of characteristic different from 2, with Martindale quotient ring Q,
and extended centroid C. Suppose that for some a, b, c,u, v, p,q € R, the following holds:

pIlall + pIIbIlu + all*q + bIlullg — cI1? — bIT%y = 0
for all IT = [, ;] € [R,R]. Then, eitherb € C,u € C,or p+q € C.

Proof. Case 1: Suppose none of b, u, or p + ¢ is central. Given the hypothesis, we have

h(rmy, mp) = plmy, molalmy, ma] + plmy, ma]blmy, molu

+almy, m]%q + blry, molulmy, m5lq — clny, m)* = blry, mo]*v (3.5)

for all 1,1, € R. Define D = Q, *¢c C{ny, 7}, the free product of Q, and the free C-algebra C{ry, 75}
in non-commuting indeterminates rr; and 7,. Since both R and Q, satisfy the same GPI (from Facts 2.1
and 2.2), Q, satisfies h(rr;, m,) = 0in D.

Now, let’s treat h(my,m,) as a trivial GPI for R. Thus, A(r, m,) is a zero element in . However,
since b, u, and p + g are assumed not to be central, it must be that either b[x, 7, u[m, m;]qg or
plny, my]blmry, moJu appears nontrivially in A(7y, 75), leading to a contradiction.

Hence, at least one of b, u, or p + g belongs to C.

Case 2: Now, suppose that h(r, ;) is a nontrivial GPI for Q.. If C is infinite, then h(m;, 7;) = O for
all m, 7, € Q, ®c C, where C is the algebraic closure of C. Since Q, and Q, ®¢ C are both prime and
centrally closed (refer to Theorems 2.5 and 3.5 in [21]), we can replace R by either Q, or Q, ® C,
depending on whether C is finite or infinite. Thus, R is centrally closed over C, and h(my, ;) = O for
all my, mp € R.

AIMS Mathematics Volume 9, Issue 12, 34184-34204.



34191

By Martindale’s theorem [22], R is a primitive ring with a nonzero socle, soc(R), and C as its
associated division ring. By Jacobson’s theorem (see p.75 in [23]), R is isomorphic to a dense ring of
linear transformations on a vector space V over C.

Assuming first that V is finite-dimensional over C, i.e., dimgV = m, the density of R implies
R = M, (C). Since R is noncommutative, therefore, m > 2. In this case, the result follows from
Lemma 3.2.

Next, suppose V is infinite-dimensional over C. For any e*> = e € soc(R), we have eRe = M,(C)
where ¢t = dim¢ Ve. Since none of b, u, or p + ¢ is central, there exist &y, hy, h3 € soc(R) such that
[b,h1] # 0, [u, hy] # 0, and [p + g, h3] # 0. By Litoft’s theorem [24], there is an idempotent e € soc(R)
such that bhy, hib, uh,, hou, (p + q@)hs, hs(p + q), hy, hy, hy € eRe. Then, from Eq (3.5), we have:

e{plenie, emyelalenye, eme] + plemie, emyelblen e, emyelu
+alem e, €7T26]2q + bleme, emyelulene, emelq

—clenye, eme)* — blenye, €7T2€]2V}€ =0 3.6)
for all my, 1, € R. The subring eRe satisfies:
epeln,myleae[n, my]| + epelmy, mylebe[my, my]eue

+eae[my, 7T2]2€q€ + ebe[my, m;]eue[ny, m;]eqe

—ece[ny, my)* — ebe[ny, my]*eve = 0 (3.7

for all 7y, m, € R. By the finite-dimensional case above, either ebe, or eue, or e(p + g)e is a central
element of eRe. Thus, one of the following must hold: bh, = (ebe)h; = hyebe = h\b, or uh, =
(eue)h, = hy(eue) = hyu, or (p + q)h; = e(p + q)ehs = hz(e(p + g)e) = h3(p + g), which contradicts the
initial assumption.

Therefore, we conclude that either b € C,oru € C,or p+ g € C. O

From the previous arguments, we can prove the following lemmas:

Lemma 3.5. Let R be a prime ring of characteristic different from 2 with Martindale quotient ring Q,
and extended centroid C. Suppose that for some a, p,q € R,

pIlall + all’q = 0
for all IT = [, 5] € [R, R]. Then, either a € C or both p and pa € C.

Lemma 3.6. Let R be a prime ring of characteristic different from 2 with Martindale quotient ring Q,
and extended centroid C. Suppose that for some p,q € R,

pIP +11%¢ =0
for all IT = [, 5] € [R, R]. Then, either R satisfies s, or p + g = 0.

Proposition 3.7. Let R be a prime ring of characteristic different from 2, Q, be its Martindale ring of
quotients with extended centroid C, and L = [R, R] be a Lie ideal of R. Let Ay, A, be two b-generalized
skew inner derivations of R with associated pair (b, ). Suppose there exist elements p, q € R such that

PIIA(IT) + A, (IDTIg = Ay(IT2), with p+q ¢ C, VI € L.
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Then, for all 7 € R, one of the following holds:

1) There exist a € C and ¢ € Q, such that A; () = an, A>(7r) = nc with pa = ¢ — aq € C.

2) There exist a € C and ¢,¢’ € Q, such that A{(7) = an, Ary(7) = cm + nc’ with pa — ¢ € C and
(p+q@a=c+c.

3) There exist a,q € C and ¢ € Q, such that A;(n) = an, Ay(7) = cr with (p + g)a = c.

4) There exist a, b,u,v,t € Q. and 4,1 € C such that A(n) = (a + bu)r, Ay(n) = crr + btnt™'v with
t+ng=2A€C, (a+bu)+nbt =0,and p(a + bu) — c = Abt.

5) R satisfies s;.

Proof. From the hypothesis, we have:
pIall + pIlba(IMu + all>q + ba(IMullg — cIT> — ba(IT*)v = 0 (3.8)

for all IT = [y, ;] € [R, R].
Case 1: Suppose the associated automorphism « is inner, then there exists an invertible element t € R
such that a(r) = tat~! for all 7 € R. Thus, Eq (3.8) becomes:

pIall + pIIbdlt 'u + allPq + billt 'ullg — cI1? — b’ v = 0 (3.9)

for all IT € [R, R]. Then from Lemma 3.4, either bt € Cor t 'u € C.
Sub-case (a): If bt € C, then Eq (3.9) reduces to:

pIall + pITPbu + all*q + Mbullg — cI1* — IT°by = 0 (3.10)

for all IT € [R, R]. Again, by previous arguments, one of the following holds:

1) p, pa,bu e C.
2) a,bu € C.
3) a,q,buq € C.

Now, we will discuss each of the above cases in detail.

1) Suppose pa, p, bu € C, then Eq (3.10) reduces to:
(pa — O + all’>q + I1*(pbu + bug — bv) = 0 (3.11)

for all Il = [y, m,] € [R, R]. Then, from Lemma 3.1, one of the following holds:

e R satisfies s4, which is our Conclusion (5).

e g € C, which implies that p + g € C, a contradiction.

e ¢, (pbu + bug — bv) € C, which implies that p + g € C, a contradiction.

® (pa — c¢),a € C, which implies that ¢ € C. Thus, from Eq (3.11), we get (a + bu)p =
(c + bv) — (a + bu)q. Hence, in this case, we get A;(r) = (a + bu)m and A, () = n(c + bv) for
all 7 € R with (a + bu)p = (¢ + bv) — (a + bu)g, which is our Conclusion (1).

e g, (pbu + bug — bv) € C, which gives that p + g € C, a contradiction.

e There existn, A, u € C such that (pbu+bug—bv)+nqg = A, a—n = pand (pa—c)+1 = —uq € C.
If u # 0, then g € C, which implies p + g € C, a contradiction. If u = 0, then pa — c¢,a € C;
then by previous arguments, we get our Conclusion (1).
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2) Suppose a, bu € C. Then, Eq (3.10) reduces to:
(p(a + bu) — I + all’q + IT*(bug — bv) = 0 (3.12)

for all IT = [, ;] € [R, R]. Then, from Lemma 3.1, one of the following holds:

e R satisfies s4, which is our Conclusion 5.

e g € Cand p(a+bu)—c+aq = —bug+bv € C. Thus, in this case, we get our Conclusion (2).

e g, (bug — bv) € C, which implies bv € C. Thus, from Eq (3.12), we get (pa + pbu — ¢ + aq +
bug—bv)I1?> = 0, which implies (a+bu)g = (c+bv)—(a+bu)p € C. Hence, in this case, we get
Ay(m) = (a+bu)r and Ay () = (c+bv)r for all 7 € R with (a+bu)g = (c+bv)—(a+bu)p € C,
which is our Conclusion (3).

e (p(a + bu) — c¢) € C. Then, from Eq (3.12), we get I1*(pa + pbu — ¢ + aq + bug — bv) = 0,
which implies (p + g)(a + bu) = (¢ + bv). Thus, in this case, we get A(r) = (a + bu)r,
Ay(m) = ¢t + by for all 7 € R with (p + g)(a + bu) = (¢ + bv), which is our Conclusion (2).

e (bug — bv),a € C, and p(a + bu) — ¢ + bug — bv = —aq € C. Since bug — bv € C, we have
p(a + bu) — c € C. Thus, in this case, we get our Conclusion (2).

e There existn, A, u € C such that (bug—bv)+nqg = A, a—n = pu, and (p(a+bu)—c)+A = —uq € C.
If u # 0, then ¢ € C, which implies bv € C. Thus, by previous arguments, we get our
Conclusion (3). If u = 0, then p(a + bu) — ¢ € C, and by previous arguments, we get our
Conclusion (2).

3) Suppose a, g, bug € C, then Eq (3.10) reduces to:
(ap + aq + bug — c)IT> + pITbu — TT?bv = 0 (3.13)

for all IT € [R, R]. Then, from Lemma 3.1, one of the following holds:

e R satisfies s4, which is our Conclusion (5).

e bu € Cand ap + aq + bug — ¢ + pbu = bv € C. Therefore, we have p(a + bu) — c € C. Also,
we have (a + bu)g € C. If a + bu = 0, then ¢ + bv = 0, and we get our conclusion (1). If
a + bu # 0, then we get g € C; thus, in this situation, we get Conclusion (3).

e bu, by € C, and our functions take the form A;(7) = (a + bu)rw, A\y(7) = (c+bv)rforall m € R
with (a + bu)g = (c + bv) — (a + bu)p, which is our Conclusion (3).

e (ap +aq + bug — c), p € C; this gives p + g € C, a contradiction.

e p,bv € C; this gives p + g € C, a contradiction.

e There exist n, A, u € C such that —bv + nbu = A, p —n = u, and (ap + aq + bug — c) + A =
—ubu € C. This gives that p = n+ u € C, and, hence, p + g € C, a contradiction.

Sub-case (b): If 'u € C, then Eq (3.9) reduces to:
pIlall + pIlbull + all’q + bull’q — cIT> — bAT*t 'v = 0 (3.14)

for all IT € [R, R]. Again, by previous arguments, one of the following holds:

a) p, p(a+ bu) € C,
b) a+ bu e C.
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a) Now, if p, p(a + bu) € C, then Eq (3.14) reduces to the following:
(p(a + bu) — O + (a + bu)IT’q — b’ 'v = 0. (3.15)

Now, by Lemma 3.1, one of the following holds:

e R satisfies s4, which is our Conclusion (5).

e g,bt € C, which implies p + g € C, a contradiction.

e v, g € C, which implies p + g € C, a contradiction.

e p(a+ bu) —c,(a+ bu), bt € C with p(a + bu) — ¢ + (a + bu)q = bv, which implies ¢ € C and
p(a + bu) = —q(a + bu) + (c + bv) € C. Thus, in this situation, we get A,() = (a + bu)mr and
Ay(m) = (¢ + bv) for all & € R, which is our Conclusion (1).

o (a+bu),t™'veCwith pla+bu)—c—bv=—(a+buygeC.Ifa+bu=0,thenc+byv=0
and, thus, we get our Conclusion (1). Now, if a + bu # 0, then g € C. Therefore, p + g € C,
which is a contradiction.

e There exist 77,4, € Csuch that t™'v + ng = 1 € C, (a + bu) + nbt = u € C, and p(a + bu) —
c—Abt = —uq € C. If u # 0, then g € C and, thus, p + g € C, a contradiction.

Again, if u = 0, then t*'v+ng = A1 € C, (a + bu) + nbt = 0, and p(a + bu) — ¢ = Abt. Thus, in
this situation, we get our Conclusion (4).

b) Now, if (a + bu) € C, then Eq (3.14) transforms into the following:
(p(a + bu) — OIT? — bt 'v + I (a + bu)g = 0 (3.16)
for all IT € [R, R]. By Lemma 3.1, one of the following holds:

e R satisfies s4, which is our Conclusion (5).

o v e Cand (p(a+bu)—c)—bv = —(a+bu)g € C. In this situation, we get A () = (a+ bu)n
and Ay() = (¢ + bv)r for all 1 € R with g(a + bu) = (¢ + bv) — p(a + bu). This is our
Conclusion (2).

o t'v,(a + bu)g € C, and p(a + bu) + (a + bu)g — ¢ — bv = 0. In this situation, we get our
conclusion from previous arguments.

e (pla+bu)—c),bt € C,and p(a + bu) + (a + bu)q — c — bv = 0. The functions A; and A, take
the form A(7) = (a + bu)rr, Ay(nr) = cn + nbv for all 1 € R with (p + g)(a + bu) = (c + bv).
This is our Conclusion (2).

e bt,(a+bu)g,t'v € C, and p(a+bu)—c+(a+bu)g = bv € C. Thus, the functions A; and A, take
the form A () = (a+bu)r, Ay(m) = (c+bv)r for all # € R with g(a+bu) = (c+bv)—(a+bu)p.
This is our Conclusion (2).

e There exist i, A, u € C such that (a + bu)q +nt™'v = A, —bt —n = p, and (p(a + bu) —c) + A =
—ut™'v € C. If u # 0, then g, 'v € C. Thus, from Eq (3.16), we get (p + g)(a + bu) =
(¢ + bv). Hence, in this situation, the functions A; and A, take the form A(n) = (a + bu)n,
As(mr) = (¢ + bv)x for all 7 € R. This is our Conclusion (3).

Now, if 4 = 0, then bt, p(a+bu)—c € C. Then, by previous arguments, we get our Conclusion

2).

Case 2: Since R and Q, satisfy the same differential polynomial identities with coeflicients in Q, (see
Fact 2.2), it follows from Eq (3.8) that:

pIlall + pIlba(IDu + all’q + ba(Iullg — cIT> — ba(IT?)v = 0, (3.17)
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for all I1 = [y, 5] € [Q,, Q,]. If @ is an outer derivation, then by Fact 2.4, we have:

plmi, molalry, mo] + plry, mlblér, élu + almy, g + blér, Elulmy, malg — clry, ml* — blé, &Py = 0,

(3.18)

for all 7y, 72, &1, & € R. In particular, Q, satisfies b[£], &]1?v = 0, which implies either b = 0 or v = 0.
If b = 0, then Eq (3.18) simplifies to:

plmy, mylalmy, mo] + a[ﬂ1,ﬂz]2q - C[7T1,7T2]2 =0, (3.19)

for all 7y, m, € R. Thus, from Sub-case (b) of Case 1, we reach our conclusions. Now, if v = 0, then
Eq (3.18) reduces to:

plri, mlalny, m] + plry, molbléy, &u + almy, maPq + bléy, & lulm, mlq — clm, m]* =0, (3.20)
for all 1, mp, &1, &, € R. Specifically, Q. satisfies:
plri, m]bléy, &1u + bl&1, & ]ulm, mlg = 0, (3.21)
for all 7y, m, &1, &, € R. Setting & = my and & = 7, in Eq (3.21), we get:
plmy, mo]blmy, moJu + by, moJulmy, malq = 0, (3.22)

for all 7, m, € R. Now, by Lemma (3.4), either b € Coru € C.
Sub-case 1: First, we assume that b € C. Then, Eq (3.22) reduces to:

plri, ml*bu + [x1, mylbuln, mylq = 0, (3.23)

for all 1, 1, € R. Similarly, by parallel arguments, we obtain bu € C or g, bug € C.
Assume that bu € C. If bu # 0, then from Eq (3.23), we have:

P[7T1,7T2]2 + [7r1,712]2q =0, (3.24)

for all i, m, € R. Then, by Lemma 3.6, R either satisfies s4, which is our conclusion, or p + ¢ = 0, a
contradiction.

If bu = 0, then either b = 0 or u = 0. If b = 0, we conclude as before. Assuming u = 0, then from
Eq (3.20), Q, satisfies:

plmy, mylalmy, mo] + a[m,ﬂzlzq - C[7T1,7T2]2 =0, (3.25)

for all my,m, € R. Eq (3.25) is analogous to Eq (3.14), and thus, we reach the required conclusion by
previous arguments.

Now, assume that g, bug € C. If g # 0, then bu € C. Thus, the conclusion follows from the previous
argument. If g = 0, then from Eq (3.23), we get p[r;, m,]?bu = 0. It follows from [25] that either p = 0
orbu =0.1If p =0, then p+ g =0 € C, a contradiction. Again, if bu = 0, then we get our conclusion
from previous arguments.

Suba-case 2: If u € C, then we get our conclusion by previous arguments. O
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4. Proof of Theorem 1.6

In this final section, we aim to prove the main result, Theorem 1.6. Throughout the proof, we assume
that R does not satisfies s;. According to [26], there exist elements a, ¢ € Q, and skew derivations d
and g associated with the automorphism «, such that A;(r) = ar + bd(r) and Ay(x) = cmr + bg(r) for
all 7 € R. Given that L is noncentral and the characteristic of R is not 2, there is a nonzero ideal J
of R such that 0 # [J,R] C L (see [27], p.45; [28], Lemma 2 and Proposition 1; [29], Theorem 4).
Consequently, we have:

pIIA (D) + A (IDIg = Ay(T1%), forall 11 € [T, J1.

Since R, Q,, and J satisfy the same generalized differential identities, the following holds for all
X € [R,R]:
pIIA (IT) + AID)Ig = Ay(TT%).

Thus, Q, satisfies:

plr. Elaln, €] + plr, E1bd([r., £]) + aln, P g + bd([x, €))7, €]q
_C[T(’ é:]z - bg([”? 6]2) = O’ (41)

for all 1, & € R.
d is a skew inner derivation and g is a skew outer derivation.

Since d is a skew inner derivation of R, there exists an element b’ € Q, such that d(7) = b'n — a(m)b’
for all 7 € R. Substituting this into Eq (4.1), we obtain:

pln, €laln, €] + pln, €1b (b [7, €] — a([m, EDD') + alr, £17q
+b (b'[7, €] — [, EDB') [, Eg — clm, €1 — bg([n, 1) = 0 (4.2)

forall T, & € R.
Applying the definition of g, we have:

p[ﬂ-’ f]a[ﬂ’ é‘:] - C[T[a é:]z + p[ﬂa ‘f]b (b,[ﬂ-a 6] - (1’([71', é:])b,) + a[ﬂ’ é‘:]zq + b(b,[ﬂ', é:]
—a([7, DY), &1g - b{(g(ﬂ)f + a(m)g(§) — g(En — a(§)g(m))m, ]

+a([m, ED(g(mé + a(m)g(é) — g(&)m - w(f)g(ﬂ))} =0, (4.3)

for all m,& € R. Since g is a skew outer derivation, applying Chuang’s theorem (see Fact 2.4) to Eq
(4.3), we obtain:

plm, €lalm, €] + plm, €1b (W' [, €] = a(lm, EDD') + alm, £1q + b(b'[7, €]
~a([x, END')[7, €lg — clm, €1 — b{(slf +a(m)sy — som — a(§)s1)[m, €]

T+, ED (1€ + a(m) s — 5ot — a/(f)sl)} -0, 4.4
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for all m, &, 51, 55 € R. Specifically, setting s, = 0 in Eq (4.4), we obtain:

b{(a(m)sy — som) [, €] + ([, €]) () s, — som)) = 0, (4.5)

for all m, &, s, € R.
Now, if the automorphism « is not inner, then according to [30], Eq (4.5) simplifies to:

b{(s352 — som) [, &] + [53, 84] (5352 — som)} = 0,
for all m, &, 53, s, € R. In particular, we have:
2b[m,é° =0 = b =0,

which implies that both A; and A, are inner b-generalized skew derivations, contradicting our initial
assumption.

Furthermore, if « is an inner automorphism, then there exists some ¢ € Q, such that a(r) = txr™!,
and Eq (4.5) simplifies to:

b {(mt“sz - szﬂ) (7, &] + t[m, €1 (mt“sZ - sQﬂ)} =0, (4.6)

for all m, &, s, € R.
In particular, setting s, = 7€, we get:

20t[m,é° =0 = bt=0=b=0,
which again leads to a contradiction.

d is skew outer and g is skew inner derivation.

In this scenario, there exists an element ¢ € Q, such that g(n) = ¢ — a(n)c for all 7 € R. Consequently,
Eq (4.1) simplifies to:

plm, €lalx, €]+ plm, £1b (d(x)E + a(md(@) - dE)x - a(@)d(r))
+alm, £1°q + b (d(m)é + a(md(€) - dEr - a@)d(m) [, £lg
—clm, & = b(clm, €1 - a(r, 1)) = 0 4.7

for all m, & € R. Since d is an outer derivation, by applying Fact 2.4, Eq (4.7) further reduces to:

plm, €lalm, €] + plm, €16 (5:1€ + a(n)s; — o1 = a(@)s)) = elm, €1
—b(clm, €7 + alm, £1°q + b (51€ + a(0)s2 = 5,1 — a(€)s1) [7, €lg) — a7, ) = 0 (4.8)

for all m, &, 51, s, € R. In particular, setting s, = 0 in Eq (4.8), Q, satisfies the following:
plr, §1b (a(m)sy — som) + b (a(m)sy — som) [1,€]lg = 0 4.9)

for all m, &, 5, € R.
Now, if the automorphism « is not inner, then according to [30], Eq (4.9) simplifies to:

plm, E1b (2152 — som) + b (215, — som) [m,Elg = 0
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for all m, &, z1, s, € R. Specifically, we have:

plr, E1bln, &1 + blx, £1°g = 0 (4.10)

for all , & € R. By Lemma 3.5, it follows that either p, pb € C, or b € C.

First, assume that p, pb € C. If p = 0, then from Eq (4.10), we get ¢ = 0, implying p + g = 0, which
is a contradiction. If p # 0, then b € C, and thus, from Eq (4.10) we obtain [, £]*(p + ¢) = 0, implying
p + g = 0, which is also a contradiction.

Next, if b € C, similar arguments lead to the conclusion that p + ¢ = 0, again resulting in a
contradiction.

Moreover, if the automorphism « is inner, there exists an element ¢ € Q, such that a(r) = trt~!. In
this case, Eq (4.9) reduces to:

plr, b (mt‘lsz - S27T) +b (tm‘_lsz - S27T) [m,&lg =0 4.11)
for all o, &, s, € R. Substituting s, = t£ into Eq (4.11), we obtain:
plr, Ebt[m, €] + btn, £1°q = 0 (4.12)

for all 7, & € R. Since Eq (4.12) is analogous to Eq (4.10), the previous arguments lead us to the same
contradiction.

Now, let’s consider the case where both d and g are skew outer derivations. Then, we have the
following scenarios:

d and g are C-modulo independent.

In this case, after applying the definitions of d and g, Q, satisfies the following equation:

plr, &lalm, &) + plr, £1b(d()¢ + a(m)d(§) — d(E)m — a(§)d(m))
+alm, €1 q + b(d(m)é + a(m)d(€) — dEn — a(§)d(n))[r, €lg

—clm, & - b{(g(ﬂ)f +a(m)g(é) — gEm — a(é)g(m)In, &]
+a([m, ED(g(m)é + a(m)g(é) — g(é)m - a(f)g(ﬂ))} =0 (4.13)
for all 7, ¢ € R. Then, by Chuang’s theorem (see Fact 2.4), Eq (4.13) reduces to

pln, Elalm, €] + pln, E1b(s1€ + a(n)sy — som — a(€)s))
+alm, E12q — c[m, &P + b(s1€ + a(n)s, — som — a(é)s))[m, Elg

~b{(536 + a(msi = si7 - @5, €
rallm, E))(s3é + a(n)ss — sum — a(f)Ss)} =0 (4.14)

for all m, &, s1, $2, 53, 54 € R. Choosing s4 = 0 in Eq (4.14), we obtain:

b{(a(ﬂ)sz ~ smlm €] + a(lx, E)a(m)s: — Szﬂ)} =0 (4.15)

for all s,,m,& € R. Now, Eq (4.15) is analogous to Eq (4.5). Therefore, using similar arguments as in
Case 1, we arrive at a contradiction.
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d and g are C-modulo dependent.

Consider the case where A () = ar + bd(rr) and Ay(7r) = e + bg(n) for all & € R, where a, c € Q, are
suitable constants, and d and g are nonzero skew derivations of R associated with the automorphism
a. Additionally, assume that d and g are linearly C-dependent modulo inner skew derivations. Then,
there exist 7, 7 € C, v € Q,, and an automorphism ¢ of R such that

nd(rm) + vg(n) = vr — ¢p(n)v, forallmeR.
Case 1: n # 0 and 7 # 0. Then, we have
d(n) = a\g(n) + (aym — ¢p(n)ay), forallmre R, wherea; = —77_17', a, = n_lv.

It is important to note that if d is an inner skew derivation, then, according to Fact 2.9, g also becomes
an inner skew derivation. In this case, the conclusion follows directly from Proposition 3.7. Therefore,
in the following analysis, we will assume that d is a nonzero outer skew derivation. Consequently,
using Fact 2.8, we conclude that either ¢ = @ or a; = 0. Summarizing, we reach one of the following
conclusions:

a) d(n) = a:g(m) + (a7 — a(m)az),
b) d(n) = a\g(m).

We now demonstrate that each of these conditions leads to a contradiction. For brevity, we focus on
Case 1, as it can be shown that Case 2 follows from Case 1. Thus, let d(7n) = a,g(n) + (axm — a(m)a,)
forall m e R.

Thus, from Eq (4.1), we have

plr, €laln, €] + plr, E1b(arg(7, €]) + (aalm, €] = a([7, €D)an)) — clm, €1
+alm, £1q + b(aig([, €]) + (ax[n, €] — a([r, EDar))[m, €lg — bg([m,£])* = 0 (4.16)

for all r, & € R. Using the definition of g in Eq (4.16), we have

plr, €laln, €] + aln, €1q + blai(g(0é + a(m)g(é) — g(E)n — a(©)g(0))Im, £lq
plx, f]b{al (8(mé + a(m)g(&) — g(&)m — a(§)g(m)) + (az[m, €] — a([r, f])az)}

—b{(g(ﬂ)§ + a(m)g(§) — g(O)m — a(§)g(m)lr, &1 + a([m, ED(g(mE + a(m)g(é)
~4(©n - a©)gm)| + blaslm, €] - ol EDarllm, Elg - clm P =0 (17)
for all n, & € R. Applying Fact 2.4 in Eq (4.17), we obtain:

pln, Elaln, &1 + aln, £1q — cln, €1
pln, f]b{al(slf a5 — 57— a(@)s1) + (aalm, €] — a7, §]>a2>}

—b{(51€ + a(ms: = 5271~ @) £ + allm A + am)s: = 527 - ()51
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+b{a1(S1§ +a(m)sy — som — a(é)s1) + (az[m, €] — a([n, f])az)}[ﬂ, &lg=0 (4.18)
for all m, &, 51, s, € R. Now, choosing s; = 0 in Eq (4.18), we obtain:

plm, €1b(ai(s1€ — a(&)s1)) + blai (51§ — a(§)s)lm, Elq
=b{(51£ = a(®sDIm, €] + [a(n), a(O)](5:1€ — (E)s)} =0 (4.19)

for all 7, &, s; € R. If the automorphism « is not inner, then from [15]

plm, E1b(a (51 — s351)) + b(ai (1€ — s351))[7, €lg
—b{(51& — s350)[m, €] + [51, 531(51€ — s351)} =0 (4.20)

for all m, &, 51, s3 € R. In particular, choosing 7 = 0 and ¢ = s3 in Eq (4.20), we have
b[s1, s3> =0 4.21)

for all sy, s3 € R, which implies that b = 0, a contradiction. Suppose the automorphism « is inner, then
there exists # € Q, such that a(r) = tnt™!, and Eq (4.19) takes the form

plm, E1b(a(s1€ — fff_lsl)) + b(a(s:€ - fff_lsl))[ﬂ, &lg
—b{(5,& — tét " s, €] + [ttt (5,6 — tét7"51)) = 0 (4.22)

for all 7, &, s; € R. In particular, choosing s, = ts; and 7 = ¢ in Eq (4.22), we obtain:

plr, &1bt(ai (51§ — €s1)) + blai(s1§ — &s1)lm, €lg
—bt{(51§ = EsDIm, E] + [, El(s1E = Es1)} = 0 (4.23)

for all r, &, s; € R. In particular, we get:
plmi, mlbta[my, mo] + bta, [7ry, 121 q — 2bt[ry, Mo = 0 (4.24)

for all 7y, m, € R. Thus, from Lemma (3.4), we get p + g € C, a contradiction.
Case 2: n = 0 and 7 # 0. Then, we have

g(n) = axn — p(n)ay, for all m € R, where a, = ~'v.

In this case, we can assume that the skew derivation d is not inner. If it were inner, the conclusion
would follow from Proposition 3.7. Additionally, since the automorphism associated with a skew
derivation is unique, in this scenario, we have ¢ = a. Therefore, Q, satisfies:

plr, €laln, €] + pln, £1bd([n, £]) + aln, £1*q + bd([x, £))r, €]q
—clm, &1 = bas[m, €1)* - a([n, é1ar)) = 0 (4.25)

for all , & € R. Applying the definition of d in Eq (4.25), we get
plm, €laln, €] + plr, E1b {d(m)é + a(m)d(€) — d(ém — a(@)d(m)} + alr, €1%q
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—c[m, €17 + bld(m)é + a(n)d(é) — d(é)m — a(&)d(m))[r, £]q
—b(as[m, 1) - a([n, €1az)) = 0 (4.26)

for all nr, £ € R. Then by using Fact 2.4 in Eq (4.26), we obtain:

plm, €laln, €] + plr, E1b(5:€ + a(m)s) = 517 = a(€)sy) + alm, € q = clm, €1
+b(5:€ + a(m)s) = 5170~ a(€)s)m, €] — blaalx, €1)* — a([7, PP az)) = 0 (4.27)

for all 7, &, 55, 51 € R. In particular, choosing s; = 0 in Eq (4.27), Q, satisfies the blended component
plr, Elb(a(m)s; — six) + b(a(m)s; — sim)[r,Elg =0 (4.28)

for all m,&,51 € R. The above Eq (4.28) is similar to Eq (4.9), therefore this case also leads to a
contradiction.
Case 3: n # 0 and 7 = 0. Then, we have

d(n) = aym — ¢(n)a, for all m € R, where a; = 1" 'v.
Similar to Case 2, here we are assuming that g is not inner and a = ¢. Hence, Q, satisfies:
plr, €laln, &1 + plr, E1b(a\[n, €] — a([r, Elay)) + aln, €1°q + b(ay [, €]
—b{(g(ﬂ)f + a(m)g(é) — g(Er — a§)g(m)ln, &1 + a(lr, ED(g(ME + a(m)g(é)

—8(&)m - a(ﬁ)g(ﬂ))} - a([m, Ela)m, €lg — c[m, ] = 0 (4.29)
for all , & € R. Then, from Fact 2.4, we have
plr.Elalm, &1 + plr, €lb(ai [7, €] - a([n, €lay)) — a([x, Elay) [, E)g — cln, &1
—b{(526 + (s, = 517~ @O ] + alm. ED(s:6 + ams, = 517 - 2(E)5,)]
+alm, €1°q + b(a;[r,£]) = 0 (4.30)
for all 7, &, 55, 51 € R. Choosing s; = 0 in Eq (4.30), we have
bla(m)s; — sim)[r, €] + a([x, ED(a(n)s) — sim)} =0 (4.31)

for all m,&,5; € R. The above (4.31) is similar to Eq (4.5), therefore, this case also leads to a
contradiction.

5. Conclusions

In this article, we characterize all possible forms of b-generalized skew derivations A; and A, that
satisfy the identity prA,(7)+A,(m)mrg = Ay(n?) for all € L. The advantage of the methodology used in
this article is that it can be applied to all additive maps for which Facts 2.3 and 2.4 hold. Unfortunately,
however, it does not hold for many additive maps for example, it is not valid for (a, §)-derivations [31].

It would be an interesting problem to study this identity further by considering the case p + g € C
or by examining the identity pxA;(r) + A (m)A3(n) = Ay(x?), for all 7 € L, where A; is another
b-generalized skew derivation.
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