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Abstract: Delayed dynamical models demonstrate significant application value in depicting
interactions and internal dynamics among different biological populations. Therefore, they have
garnered significant interest from numerous scholars in both biology and mathematics. Based on
previous studies, this article construct a novel delayed predator-prey model. By utilizing fixed point
theory, inequality methods, and appropriate functions, this article examined the desirable properties
of the solutions of the constructed delayed predator-prey system, including existence and uniqueness,
boundedness, and non-negativity. This paper determines the parameter conditions for system stability
and the occurrence of bifurcations by employing bifurcation theory and the stability theory of delayed
differential equations. Using two control strategies, namely the mixed controller and the extended
delay feedback controller, this paper effectively adjusts the stability domain of the delayed predator-
prey systems and controls the time of bifurcation onset. The research explores how delays affect the
stabilization of system and the adjustment of bifurcation. This paper provides computer simulation
photos supporting the main obtained findings. The outcomes of this paper are groundbreaking and can
provide critical guidance for the control and regulation of predator and prey population densities.
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1. Introduction

Because of the universal existence of predation in nature, predator-prey models, especially delayed
predator-prey models, have been a research topic in the field of population dynamics. In order
to research mutual relationship between biological populations and regulating internal development,
a great number of predator-prey models have been established. By studying the various dynamic
behaviors of predator-prey models, we find that the parameters have a significant effect on the
population density of organisms under certain environmental conditions. In recent years, there have
been numerous research results on predator-prey models, and many excellent achievements have been
presented. For instance, Enatsu et al. [1] explored the effects of cooperative hunting and maturation
delay on the coexistence of predator-prey. Majumdar et al. [2] analyzed the equilibrium points and
local bifurcations of the non-delayed prey-predator model, as well as the local and global stability of
the interior equilibrium point in the presence of delay. Gao and Li. [3] discussed the Hopf bifurcation
of a symbiotic predator-prey model with double time delay. Yan et al. [4] analyzed how nonlocal
prey competition can trigger spatially inhomogeneous Hopf bifurcation and Turing instability, and its
impacts on the amplitude of periodic solutions and the risk of species extinction. For more detailed
studies, one can see [5-7].

In 2023, Pal et al. [8] put forward the following predator-prey model:

duy 1 o) 1 ayur (Huy(t)
— = —— () —-dd (1) — ,
AR Tt L LR L OO R pr—"

duy 1 dayu (Dup(t) _ 2(¢) —
dr T 1+ o) m+ u(r) Erup(t) = E(1 + @aus(0)uy (1) — aqur(Dus (1), ad.h
dus _ PBus(1)

dt 1+ B + Daoun(Nuz (1) — Eus(1),
where u (1), u,(t), us(t) represent the densities of prey, intermediate predators, and top predators at any
time ¢ > 0. y denotes the intrinsic growth rate of the prey species in the absence of predators, and d is
the density-related mortality rate, a; is the capture rate of prey species by intermediate predators, m is
the half saturation constant, A; represents the respective gain in intermediate predator density for prey
and top predators, being A, is between 0 and 1, A, stands for the proportional constant between the
growth rate of the top predator and the response of the function, & —&; represent the natural mortality
of intermediate predators, the coeflicient of intraspecies competition of intermediate predators, and
the natural mortality of top predators, respectively, S and 3, represent per capita regeneration rate
and density-dependent intensity, @w;—w, are all fear parameters, @, and @, are the effects of fear on
the reproduction ability and intraspecies competition of prey populations, @ is the changes in the
behavior of intermediate predators due to the presence of apex predators, and @, is the impacts of
predators’ fear of top predators on intraspecies competition among intermediate predators. For a more
detailed explanation of system (1.1), see [8]. Pal et al. [8] examined how fear responses influence
population reproduction and foraging behavior in a three-species food chain model, and affect the
system’s stability of model (1.1). In numerous instances, the introduction of time delay in predator-
prey models is necessary because the time delays in population development have an effect on the
density of prey and predators. Based on this consideration, we can build a more suitable delayed
predator-prey model, since the density of prey u;(#) not only depends on the current but also the past
density of intermediate predators. In addition, the density of intermediate predator and top predators
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also depend on the current density and past density of top predators. Assuming that the density of prey
is affected by the self-feedback time from u; to u;, the density of intermediate predators is affected by
the self-feedback time from u, to u,, and the density of top predators is affected by the self-feedback
time from u3 to u3. In many cases, the self-feedback time for u;—uj3 is different. For the sake of
mathematical simplification, we assume that all the self-feedback time for u;—u3 is similar, then, we
can adjust the model (1.1) as follows:

duy 1 _ 2o 1 ayuy (t)uy(t)

@t - Tr a0 A F @) ~ e

duy _ 1 Arayu (Dur(1) _ 205) —

ddt =T 71873”(3(; =0 m+u) E1ua (1) — (1 + @auz(0)us (1) — azux(Hus(2), (1.2)
us us(t = _

g T o= 6) + Laaruy(t)us(t) — &3us(1),

where 6 > O represents the time delay, and all other parameters are positive real numbers. Many
studies indicate that delay is a key factor affecting the dynamic characteristics of various differential
systems. In a variety of examples, delay leads to loss of stability and appearance of bifurcation, and
trigger chaotic behavior and so forth [9-11]. Among these phenomena, delay-induced Hopf bifurcation
is a significant dynamic feature. In biology, delay-induced Hopf bifurcation effectively describes
the equilibrium relationship between biological population densities. Therefore, we argue that the
in-depth study of delay-induced Hopf bifurcation in predator-prey models holds crucial theoretical
value. Inspired by the viewpoint mentioned above, we are going to examine the delay-induced Hopf
bifurcation and its control for model (1.2). Specifically, we aim to assess the following essential
issues: (1) Analyze the characteristics of the solution of system (1.2), such as non-negativity, existence,
uniqueness, and boundedness. (2) Investigate the occurrence of the Hopf bifurcation phenomenon and
stability of the system (1.2). (3) Design three disparate controllers to adjust the stability region of the
system and control the time of bifurcation onset in model (1.2).

The crux prominent points in this study are described as follows: (i) Based on past
research achievements, a new delay-independent bifurcation and stability criterion for system (1.2)
is established. (ii) By employing various controllers, both the stability domain and the time of
bifurcation onset in system (1.2) can be effectively managed. (ii1) The study explores how time
delay influences the control of Hopf bifurcation phenomena and the stabilization of predator and prey
densities in model (1.2)

The structure of this article is arranged as follows: The properties of the solution for system (1.2),
which include existence and uniqueness, non-negativity, and boundedness of the solution are presented
in Section 2. Section 3 focuses on the bifurcation behavior and stability of the system (1.2).
Section 4 addresses the control problem of the bifurcation phenomenon in system (1.2) by developing
a practical hybrid delayed feedback controller that incorporates parameter perturbation with delay
and state feedback. Section 5 selects a rational hybrid delayed feedback controller to solve the
bifurcation control issue in the system (1.2) by means of combining parametric perturbation with delay
feedback and state feedback. Section 6 manages the control problem of the bifurcation phenomenon
in system (1.2) by devising a practical extended hybrid delayed feedback controller, which includes
parameter perturbation with delay and state feedback. Section 7 presents simulation results obtained
using Matlab software to confirm the critical findings. A conclusion is provided in Section 8.
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2. Well-posedness of solution

In this section, we are about to construct a reasonable function to discuss the well-posedness
of solutions to model (1.2) (including boundedness, existence, uniqueness, and non-negativity) by
utilizing fixed point theory and inequality technique.

Theorem 2.1. Let Q = {(uj,ur,u3) € R® : max{|u|, |uz], lus|]} < U}, where U > 0 indicates a
constant. For (uyg, Uz, Uzg) € €, system (1.2) under the initial value (ug, Uz, u3p) owns a unique
solution U = (uy, U, uz) € Q.

Proof.

where

Set
FWU) = (iU, SO, HU). 2.1)
_ _ 200 1 ayuy (u(1)
IO = g =g @ — A+ w0 — e @)
1 A t t
ﬁ@0=1+www_@12?2&”—&m@—&ﬂ+wwNW&0—@m®m@, 2.2)
Ay = — 25D (us(t) - &),

1+ Bous(r = 0)

For arbitrary U, U € Q, we obtain

IF(U) = fQO)I
_ _ 200 1 ayu (Dus (1)
- | T L N PR ST ]
[ 1 - L 1 ay iy ()it (1)
T mma =g~ 4+ @O )~ g o+ i) ]
1 A Duy(t
+[www_m12?230—&m@—&ﬂ+www&0—@m@w®]
[ 1 Arayilyit
| T —0) ’ff;z — &1ty — E(1 + wyil)ily — aﬂz%]
| o+ e - )
- »% + Aaaniiy (1)it3 (1) — fs%(ﬂ]
_ 1 YN ) _ 1 ayuy (ua(1)
- l T mni g 0~ a0 ) 0 () ]
_— 1 e, N Lo 1 ayiiy ity
T o —g) ™~ A @) = e g m + i
bl D00 ) — i) - i) - assous)
W3u3(t—6) m+u1(t) 142 22Uy 2W4U3 2 22U 3

1 Aiayiiy (1)t (t)

N R — —a@m—&%m—@m%mﬁ—@mm%m]
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Bus(1)
1 + Bous(t — 0)

#f(tt)—é) + a5 (1) = §3ﬁ3(t)]

<vyluy =iy + yo U luy = ity| + 2dU uy — ity

+ ‘

+ Laarur(Hus(t) — §3M3(l)]

B a - Adia ~
+ 2dw'27/{2 |I/t1 - Lt1| + —7/”1/!1 - Lt1| + —7/”111 - I/£1|
m m
~ aj ~ ai ~
+ Wdw, uy — o) + —U uy — fio| + — U u — i)
m m

Aa; _ . - ~
+ ——Uluy — lio| + —5-U" |up — o] + &1 lua — o)
m m

+ 26U |us — fio| + 26U Uy — o] + axU us — o] + LarxU luy — il
+ EH@U |us — B3| + axU |uz — i3] + B lus — i3
+ hayU luz — i3] + & |uz — i3

< Pt luy — | + P fuy — o] + ps3 |uz — it

_ [y(l + @ U) + 2dU + o U) + %’(1 L)

uy — iy

6117/{ U /_117/{

+|[do U+ —— (1 + =+, + —) + &
m m m

Uy — ity

+ 26U + @y U) + aU(1 + 1)

+|&@ + U + ) + B+ & | lux = .
< p(lur — | + lup — o] + |uz — i3]), (2.3)

where

o1 =yl +@U) +2dU(1 + @, U) + %1(1 +4),

P2 = dw[Ll2 + (117/{

- (1 + %{ + 4+ %) +& + 265U + U + a, U + 1), 24)

p3 = & U + a; UL + 1) + B + &
Let
p = max{p, 2, p3} . (2.5)
From (2.3), we get
IF(U) = FOI < plU = DOl. (2.6)
Thus, f(U) satisfies the Lipschitz condition for U. Applying the fixed point theorem, one can readily
conclude that Theorem 2.1 is accurate.
Theorem 2.2. Each solution to model (1.2) beginning with R3 is non-negative.
Proof. Based on the first equation of system (1.2), we can obtain
1 ajuiy
1+ @us(t—0)m+u,’

dl/tl yuy 2
— = —-d( + -
a - Tr oy A+

(2.7)
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then
du, vy 1 au
— = — —d(1 — dt, 2.8
U (1 + Uy (I + @aur)uy 1 + w3usz(t — 6) m + ul) 2.8)
which results in
! du, ' Y 1 au; ()
— = —d(1 - ds. 2.9
fo " fo o —g (@ ®wms) - = 514 @9
Then one derives
uy (1) ' 0% 1 ajug (s)
= —d(1 — ds;. 2.10
w0 P {j; e S LA C ) R e iy SN ) i I
Thus
ui (1) = u1(0)
X ex ft Y d(1 + iy (5)) ! a9 1,40 211
— wouty (8)) — (2.
P o |1+ @ut—0) S 1 + @3uz(t — 0) m + uy (s)

By the same method, we know

uy(t) = up(0) i
X exp { f [ L A& ) oy s ()i (5) — asts (s)] ds} >0. (2.12)
0

w3uz(t —60) m+ u; (s)

uz(t) = u3(0) exp { f
0

Hence, Theorem 2.2 holds true.

Theorem 2.3. If 6 = 0 and Ad,a; < &, A, < 1,1 < &, therefore, all solutions of system (1.2) initialized
at R® are uniformly bounded.

. n
1+ 7]()113(1‘ - 9)

+ /_12612142 (S) - §3] dS} > 0. (213)

Proof. Let
W(t) = u (t) + ux(t) + us(1). (2.14)
Then
dw(@)  du(v) N du, (1) N dus (1)
da dt dt dt
1 1 ajuiiuy
= —-d(1 2
1+ wu(t — 9)7u1 (I + @) 1+ w3uz(t — ) m+ uy

1 /_116111/!1142 2
- -&(1+ — arlrll
(TS P —— Euy — E(1 + wauz)u; — arupus
B

+ daruruz — &3u3

+ -
1 + Bous(t — 0)
yuy +d(1 + @wau)uy + Liaiuy — Ejuy — E(1 + @aus)u3 — aruous

IA
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+nus + Ararupuz — E3u3

(_7141 + (/_11611 —EDuy + (- 53)143) + 2yuy - d”% —(ar - 22“2)”2“3
2
WD + 2, (2.15)

IA

where where
Yo = min{y, & — 61a1,& — i} (2.16)
According to Eq (2.15), we obtain
W) — yz/dyo,when t — oo, 2.17)
Consequently, the solutions to the system (1.2) are uniformly bounded.

3. Exploration of bifurcation of model (1.2)

In this section, we intend to explore the issues of bifurcation and stability of the model (1.2). To
start, we suppose that F(uy, Uz, Uz, ) is the equilibrium point of model (1.2), then u;,—us, adhere to
the following requirement:

1 1 aju U
2 181 x U2 %
———yuy. — d(1 + woun, uy, — =0,
1+ @uy " 1+ @susze m+ Uy
1 Ajauy U
2
= &1uny — EH(1 + @auzu;, — arir,uzy =0, (3.1)

1+ @su3e m+u,
U3 x

——— + Lasurlizy — &z, = 0.
I + Bouz

Let

(1) = ui(t) — up,
(1) = uy(t) — uoy, (3.2)
u3(t) = ux(t) — uzy.

Insert system (3.2) into system (1.2) and we obtain the linear system of model (1.2) at F (i, Usx, U3 ):

Ji
it] = Lty + bty — Lot — 0) — Ltz (1 = 0),
jl_t

U

dt

= lsity + lgity — lyliz — lgiiy (t — 6), (3.3)

= lyity + lyoitz — 111i3(t — 6),
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where
ajuy a Uy
= —r 2dwouy Uz — - + =t 7>
1+ Wil (I + w3uz, ) (m +ury) (1 + @3u3,)(m + upy)
141 %
- (1 + wWil3 )(m + Uy )’
I Y@ iy *
: (1 + wiups)?’
I, = A1W3U L« U
4 =
(1 4+ @3us,)?(m + uy)’ _
I = A1ay Uy A1ag Uz
s = _
1+ w:iu3*)(m +uy) (1 +@sus)(m+ ul*)z’
Adraiu 4
ls &1 = 26(1 + @aupUzy) — Arlt3,,

(1+ 732'3’/‘3*)(”” + Uyy)
l; = 52134_%* + Uy,
_ A T3 Uy
g =
(1 + @3uz )2 (m + uyy)’
lo = Laruzy,

lip = L + Lasuy, — &,
1 + Bouss
11

T (1 +Bottze)’

The characteristic equation for system (3.3) takes the following expression:

A=l L +5e™ —lye
det —Is A= 7+ lge_/w =0,
0 —lg A— l]o + 1116_/19

which results in

B+ + el + ez + (cad® + csA + cg)e™ + c7e7* = 0,

where
c1 =~lo—1ls—1,

¢y = lslio + 7l + 11110 + 11 lg — Lols,

c3 = blslo — Lilglio — Lil7lo,

cs =y,

cs = Igly + I3ls — Igl11 — 11111,

ce = Liglyy — Libgly — Llslyy — Lilslig — lalslo,
c7 = 1315111.

If 6 = 0. Equation (3.6) changes to

2+ (c1 + c4)/l2 +(cp+cs)d+c3+cg+c7 =0.

If
Dy =ci+c3>0,
@)y p=| ate Lol g

c3+Cot+C7 Cr+Cs
D; = (C3+C6+C7)D2 > 0.

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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is satisfied, then the three roots 1,—4; of Eq (3.8) have negative real parts. Thus the equilibrium point

F(u14, Uz, U14) of system (1.2) under 6 = 0 is locally asymptotically stable.
Presume that A = iv is the root of Eq (3.6), then Eq (3.6) turns into

(v)® + c1(iv)? + coiv + 3 + [ca(iv)? + csiv + cgle™ + c7e7 20 = 0,
which produces

®,(v)sin vl + O,(v) cos vl = Os(v),
®4(v) sin vl + Os(v) cos vd = B¢(v),

where
O, =V’ — ¢y,
0, = —ClV2 + eq,
@3 = C4_V2 — Ce¢,
@4 = —C1V2 + é;,
Qs = —v* + ¢y,
@5 = —CsY,

and

e =c3+cy,
€r) =C3 — (7.

It follows from (3.10) that

. 0,05 — 0305
sinv = ————,
0,0, — 0,05
cos vl ©:0, ~ 6,0
V)= ———.
0,0, — 0,05

Because of cos? vd + sin” v# = 1, we can get

@%—@&2+@m—&@2_1
0,0, — 0,05 0,0, -0,0s|

So
010; + 0,0; + 030; + 030: — 0;0: — 0;0;
-20,0;0,04 — 20,0;0:04 + 20,0,0,05 = 0.
Hence, the result is as follows:

V2 -GV -G = G = Gt + GsvE — G = 0.

(3.9

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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where
G, = Ci + 4C2 - ZC%,
Gy = ci +cici +2ci(e) + ez + 2c1¢4) — €] — 665 — 20265 — 2¢4cs,
G; = c%cg + c%cf1 + cg + 46‘3 + 4cycace + 2050560 + (€1 + 62)(26‘? —4ci6)
- 26%65 - ZClciez - ZC%C4C6 - 26‘2C§ — 2c4c5€1,
Gy = 3¢5 + i3 + 6365 + 20a¢3¢4(1 — €2) + 2cacs(er — e2) + dejer(cr — 1) (3.17)
+4ciescier — ci(e] + €3) — 5 — 2eacs(cacs + ¢5) — 2cichen,
Gs = c%cg + cie% + 26‘1(616% + e%ez) + 2c¢yc4c5(en — €1)
- 2clc§e2 - 2c§elez - 2C3C5€§,
Ge = c3e5 — €e;.
Let

T(v) =v'? =G —= Gy® — G3v® — Gt + Gsv? = G (3.18)

Suppose that
(Q2) les| > lel.

Due to (@), we know T(0) = —G¢ < 0, given that lim,_,, T;(v) > 0, we can conclude that Eq (3.17)
has at least one positive real root. Therefore, Eq (3.6) has at least one pair of purely roots. Without loss
of generality, we can postulate that Eq (3.17) has twelve positive real roots (say v;, j = 1,2,3,---,12).
In light of (3.10), one gets

1 ©:(v)B6(;) — ©3(v)Os(v,;
g = — [arccos( 2(7)06v)) = ©5()05(r) ) +2 ] (3.19)
Y O2(v)(O4(v)) — ©1(v))Os(v))
where j=1,2,3---,12;n=0,1,2,---;
0,(v)) = v; -V,
O, (v)) = —011/5 + ey,
2

Os(v)) = cav; = Cor (3.20)

@4(Vj) = —C1V§ + e;,
3

Os(v)) = -V, + vy,

®()(Vj) = —CsV;.

Assume 6y = mingj-123... 12:1=0,12,.- }{95.")} and suppose that when 8 = 6, Eq (3.6) has a pair of imaginary
roots +ivy. In the next step, the assumption presented is:

(@3) JirJar + J11J2r > 0,

where
Jir = (C2 - 3V8) cos voly — 2¢1vo sin volo + 504 + Cs,
Jir = (¢ — 31/3) sin vy + 2¢1vo cos voby,
Jor = (c7vg + c3v — clvg) sin vy, + (C2V(2) - Vg) cos Voo,
Jor = (CZV(Z) — Vg) sin vobo + (C7VQ + clvg — C3V) COS Vpbp.

(3.21)

Suppose that A(60) = 01(0) + i02(0) is the root of Eq (3.6) at 0 = 6, such that €,(6y) = 0, €(6y) = vy, then

Re (d—ﬂ) > 0.
497 19=9=60,v=vo
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Proof. Using Eq (3.6), we can gain

da da
[(342 +2¢4 + cz)ew] s B+ 2+ ol + q)eW@e + 1)
di  da da
+2c4— + cs— — c7e (=0 + 1) = 0.
Cige T igg ~ ¢ (@? t Y

It means that

(d/l)_l L) 6

a0 L) A
where
{ Ji() = B2 + 1A+ c2)e" + 2¢4 + cs,
L) = e3¢ — (2 + | 2 + oA + ¢3) 2.
Hence

do J2 ()

Rel(d_/l)_ll :Re[.ll(/l)] _ JlRJ2R+J1]]21.
9:9(),\/:1/() 9=9(),V=V0

2 2
Jor 5,

Through this assumption (Q3), we obtain

1 -1
Re [(d—) l > 0.
d9 6=00,v=v(

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

The proof is concluded. Based on the discussion above, the following result can be easily obtained.

Theorem 3.1. Assume that (Q,)—~(Q3) are valid, then the equilibrium point F(ui,, Uy, Uszx) of
model (3.1) is locally asymptotically stable state if 6 € [0, 6y). Moreover, model (3.1) exhibits a cluster

of Hopf bifurcations around the equilibrium point F(uy., us., uz.) when 6 = 6.

4. Regulation of bifurcation in model (1.2) through hybrid controller 1

In this portion, we will study the time of Hopf bifurcation onset in system (1.2) by utilizing a
sensible hybrid controller, containing parameter perturbation with delay and state feedback. Building

on the concepts from [13,14], we propose the following controlled predator-prey model:

du1 _ 1
dt 1+w1u12(t—0)

yur (1) = d(1 + @aur (1) (1)

~ ayu (H)us(1)
I + @aus(t —60) m+u(z) ’
duy 1 Arayuy (Huy (1)

P B e —— L
— &(1 + @auz(D)u3(1) — arux(us(t),

duy Bus(1)

di

T+ Bous(t - 6)

= | ————— + Laarur(Ouz(1) — Eus(0) | + maluz (1) — us(t — 0)],

(4.1)

where 7,77, indicate control parameters. System (4.1) shares the same equilibrium point

F(uy4, urs, U3y ) as that in system (1.2). Let

Uy = u (1) — ity (1),
Uy = ui () — p(1),
Uz = ux(t) — iy (7).

4.2)
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The linear system of system (4.1) near F'(uy4, Uz, Ur) can be represented as follows:
dii

= kg + kyity — kzitp(t — 0) + kyitz(t — 0),
= ksity + O7ity — kyit3 — kgitz (1 — 0),

= koity + kyoits — ki u3(t — 0),

dt
where y au "
ki = ———— = 2dup (1 + @outry) — — (1-—1,
1+ @ uc%*u (1 + @3uz)(m + uyy) m+ U,
141
k2 = = s
(1 + w3us3.)(m + upy,)
YWl
ky = L
(1 +@upy)
ky = A O3UIx U
4 — ’
(1 + W3_I/t3*)2(m + I/ll*)
ke = Adra sy Uix
5 — - s
(1 + @ausze ) (m + uyy) m+ Uy
Adiaiuy
ke &1 = 26(1 + @aup,lizy) — Ar3g,

(I + @3uz)(m + uy)
ks = &wau5, + arliay,
fe = a1 T3U U s
8§ — ’
(1 + @3uz,)*(m + uy )
ko = rarus,,

kio =m + Larury — &3,

1 + Boutz
0U3x

JRCEY YR S
The characteristic equation of system (4.3) is given by the following expression:

kll

A=k —ky +kze™ —kge™
det —k5 A- k(, k7 + kge_/w =0,
0 —kg A- k]() + k11€_/w

which leads to
A+ P+ hod + hs + (hg A + hsd + he)e™ + hye ™ = 0,
where
hy = =k — ks — ki,
hy = kekio + k1ko + kikio + kiks — kaks,
hs = kokskio — kikskio — kik7ko,
hs = ki1,
hs = kgko + k3ks — kekiy — kiky1,
he = kikeky1 — kikgko — kaokskiy — kskskio,
hy = ksksky.

If 6 = 0, then Eq (4.6) simplifies to

A+ (hy + h) 2 + (hy + hs)A + hy + hg + hy = 0.
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Thus, all roots of Eq (4.8) have negative real parts if and only if

Vi=h +hy >0,

_ hy + hy 1
(Q4) V2= det h3 + ]’l6 + h7 hz + h5 >

Vi = (l’l3 + hg + ]’l7)V2 > 0.

0, 4.9)

is satisfied, then the three roots 1,—1; of Eq (4.8) have negative real parts. Thus the equilibrium point
F(uys, Uy, uszy) of system (4.1) with 6 = 0 is locally asymptotically stable.

Assume that A = iv* is the root of Eq (4.6), then Eq (4.6) becomes:
(V) + h (V) + haiv* + h3)e™ ? + hy(iv')? + hsiv' + he + he™ % = 0, (4.10)

From Eq (4.10), we can deduce that
Y, (v)sinv'0 + WY,(v') cos vl = Y3 (vY), @11
Y,(v*)sinv'0 + W5 cos v'e = We(vY), '

where

\Pl = V*3 - th*,
= _hlV*2 + 41,
h4l’l1/t*2 — ]’l6,
Y, = v + g,
\P5 = —V*3 + ]’le*,
\P5 = —h5V*,

falles
I

(4.12)

and
{ q1 - hs + hs, (4.13)

This means that
Y,¥, -¥,¥
\1,23\1}4 _ \}} .{P 4.14)

On account of cos? v*@ + sin® v*@ = 1, from (4.14), it can be concluded that

[P2(7)Pa(v*) — P35 + [P0 Pa(v) — P ()P (v)]?
= [YL0/) () = P10V (4.15)

Thus, the following conclusions can be drawn
V2 v 0 vy vy — vyt - v — W = 0, (4.16)

AIMS Mathematics Volume 9, Issue 12, 33891-33929.
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where
V= hi + 4h, — 2hf,
V, = h% + l’l%hi + 2]’l1(ql + g2+ 2h1h4) - ]’lzl1 - 6h% - 2]’l2hi - 2]’l4h5,
Vi = h%hé + hghﬁ + hé + 4h3 + 4hohyhe + 2hshsq, + (g + qz)(2h? —4hhy)
- Zh%h% - 2h1]’li€2 — 2]’l%h4h6 — 2h2h§ - 204h5q1,
Vi = h3hi + hihi + hiq; + 2hahsha(1 — q2) + 2hshs(q1 — q2) + 4q1g2(hy — hY) 4.17)
+4hihshiqy — hi(q; + 43) — b5 — 242q5(q2q3 + hs) — 2hihiqy,
Vs = i3hs + hiq; + 2hi(q195 + 4192) + 2624495(q2 — q1)
— 2hihiq, — 2h3q1q; — 2hshsqs;,
Ve = h3q5 — 4145
Let
Tz(V*) = V*l2 - VIV*IOVZV*S - V3V*6 - V4V*4 + st*z — V. (418)
Suppose that
(@s) |hs| > |qul.

If (Qs) remains, then Y,(0) = Vg < 0, since lim, o, T>(v*) > 0, then the Eq (4.16) possesses at
least one positive real root. Consequently, Eq (4.6) has at least one pair of purely imaginary roots.

Without loss of generality, we can assume that Eq (4.16) has twelve positive real roots (say Vi) =
1,2,3,---,12). Relying on (4.14), we know

1 [ ( Vo(v)¥e(v)) = F30r)D¥s () )l
— |arccos ,

9(_k) — +
T (Fa ) — 05

J

(4.19)

where j = 1,2,3,---,12;k = 0,1,2,---. Assume 6, = min{j:1,2,3,...,12;,(:0,1,2,...}{Hﬁk)} and suppose that
when 6 = 6,, Eq (4.6) has a pair of imaginary roots +iv;.

Next, we present the following assumption:
(Qs) MigMag + My M > 0,

where )
Mg = (hy — 3vy7) cosvyby — 2hy vy sin vyl + 2hy + hs,
My = (hy = 3v§) sin v + 2h,v}; cos V6o,
Mg = (hyvy + havy — h1v§3) sinvy6y + (hzv*g - v(’§4) cos vy,
My = (hyv'y — v34) sinvyby + (hyvy + h1v33 — h3v;) cos vy bo.

(4.20)

Lemma 4.1. Suppose that A(0) = 0,(6) + i0,(0) is the root of Eq (4.6) at 6 = 6, such that p,(6,) = 0,

02(6,) = v;;, then Re (j—g) ‘9_9 >0
=0x,v=V,

Proof. It follows from Eq (4.6) that
B+ A%+ hod + by + (haA® + hsAd + hg)e™ + hre™™ = 0, 4.21)

we can get

da da
[(3/12 + 2 A+ hz)ew] s B+ h A2+ hod + h3)ew(@9 + 1)
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da da da
2 the— —he =0+ ) =0. 4.22
ha do hs do e dé 6+ =0 ( )

It means that

" M@ 6
= — -, 4.23
(d@) M>(1) A ( )
where
M) = B2 + A+ hy)e' + 2hy + hs, 424)
M) = hyde™ — (B + h A + hod + h3) 2. '
Hence )
di\ Mi(A Mg M MM
Re[(—) l :Re[ 1( )] _ Mir §R+ ;1 2a (4.25)
de 0=6,,v=v" M>(2) 0=6,,v=v} Moy + M,
Through this assumption (Qg), we obtain
da\”!
Re || — > 0. (4.26)
d@ 0=0,,v=v"
=0.,v=V,

The proof is concluded. Based on the discussion above, the following result can be easily obtained

Theorem 4.1. Assuming that (Q4)—(Qs) is valid, then the equilibrium point F(uiy, Uy, Uzx) of
model (4.1) is locally asymptotically stable if 6 € [0,0.); moreover, model (4.1) exhibits a cluster
of Hopf bifurcations around the equilibrium point F (U, U, U3x) Wwhen 6 = 6,.

Remark 4.1. In this paper, the purpose of control is to adjust the stability domain and the time of onset
of Hopf bifurcation. In this section, we enlarge (or reduce) some parameter values of model (1.2) and
add (or reduce) a suitable parameter perturbation with delay to adjust the density of top predators and
then achieve our control objectives. In the third equation, n, and 1, are feedback gain parameters.
If my > 0(< 0), the density of top predators increases (decreases) and if n, > 0(< 0), parameter
perturbation increases (decreases). In a biological sense, we realize the balance of biological
populations (the densities of prey, intermediate predators, and top predators) via this hybrid controller.
Of course, we can add this control to other equations of model (1.2), but whether the control goal can
be achieved will be explored it via mathematical analysis and computer simulation.

5. Regulation of bifurcation in model (1.2) through hybrid controller 2

In this segment, we will study the Hopf bifurcation problem of system (1.2) through the use of
a reasonable hybrid controller that combines parameter perturbation with delay and state feedback.
Based on the ideas presented in [13,14], we develop the following controlled predator-prey model:

duy _ _ 20 1 ayu (Huy(1)

&t - T o =g W0 dd+ w0 — e e @)

du, 1 Arayuy (Dup (1) 3 200 _

ar P1 I P —— E1uy (1) — E(1 + @aus(1)us (1) — arus (Hus(1) (5.1)

+ p2lua(t) — up(t — )],

dus _ Bus(1) 3 _
E = —1 +ﬁ0u3(l‘ — 9) + /lzazuz(t)m(t) §3u3(t)’
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where p;, p, indicate control parameters. System (5.1) shares the same equilibrium point as that in
system (1.2). Let

Ui = ui(t) — i (1),
Uy = ui(t) — itx(1), (5.2)
uy(t) — iy (2).

U3 x

The linear system of system (5.1) near F (14, Uy, Uz«) can be described as:

dit;
_t = myy + mplly — m3122(t - 6) + m417£3(l — 9),
175) _ _ _ _
= = msii + Mgty — Myili3 — mgilr(t — 6), (5.3)
&,
—— = moity + mygits — myitz(t — 6),
dt
where
ajuyp Z3]
my = —r 2duy (1 + @ouyy) — - (- =),
1 + @uy, (1 + @3u3)(m + uy4) m+ Upx
o = AU«
2 — D)
1 + wsus)(m+u
- (3 Grys o+ 11,)
3=,
(1 + @ Uy, )?
A1 W3U U2
nmy = ) s
(1 + @3uz, )" (m + uyy)
ms = p Adauoy (1 Uix
5 = pP1 -
| (1 + @3u3,)(m + u14) m+ Ui,
Araiuyx 54
Mme = P &1 =26 (1 + @aup,uizy) — arizy |, (54)

| (1 + w3uz. ) (m + uypy)
my = piléy@aits, + artze] + po,

A1A1 T3 U5 Upx
(I + @3u3,)*(m + )
my = AyarU3,

B

myy = ———— + s, — &3,
1 '%,30”3*
ﬁous*

(1 + Bousx)*

mg = P

]"'Pz,

my

The characteristic equation of system (5.3) owns the following expression:

A—my —my+mze —mge Y
det| —ms A —mg my + mge™"? =0, (5.5)
0 —Nly A- myo + m12€_/w

which leads to
A0 +

B +r+nd+r+ @l +rsd+ree ™ + e =0, (5.6)
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where

ry =—my —m; —mp,
Iy = m7my + Mgy + mymyy + mymy — Mg,

I3 = npMehty) — Mgy — Mg g — Mgy,

rqy = my,

Is = Mmoo + M3Me — MMy — M7M2,

e = mMniymiy — MiMohiyg — MaNigM o — N3Mehly | — Ms5Nig o,

r7 = mzmehiys.

If 6 = 0, then Eq (5.6) becomes

ﬂ3+(l"1 +I’4)/12+(l’2+l"5)/l+1’3+1’6+1"7 =0.

Thus, all roots of Eq (5.8) have negative real parts if and only if

o =r1+rs >0,

r tr 1
Q) €, = det b
r3+re+r; rp+rs

6 = (7'3 +re + 1’7)52 > 0.

> 0,

(5.7)

(5.8)

(5.9)

is fulfilled, then the three roots 1,—13 of Eq (5.8) have negative real parts. Thus the equilibrium point
F(uy4, Urs, uzy) of system (5.1) with 8 = 0 is locally asymptotically stable.

Assume that A = iv7 is the root of Eq (5.8), then Eq (5.6) becomes:

((iVT)3 + 7 (ivT)2 + vt + r3)e

iv'e iv'e

It follows from Eq (5.10) that

where

and

So there is

AIMS Mathematics

D,(v)sinv'0 + Dr(v7) cos vl = O3(v7),
O4(v")sinv' @ + D5 cos vl = Dg(v),

O, =v"° -,

D, = -1y + py,
O; = r4nuT2 - rs,
®, = —7’1VT2 + P2,
Ds = —v> + ry),

(135 = —}"5VT,

{ p1=13+r17,

P2 =r3 —r7.
., DDg — D305
YO 3,0, — 00y
” By D, — O, Dy
COoSv =
D,D; — O, D5

+ (V) + rsivi 4+ rg + e 0 =

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

Volume 9, Issue 12, 33891-33929.
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In view of cos? v'6 + sin® v'@ = 1, it follows from (5.14) that

(D27 D4 (V) = D3(V D5V + [D3 ()P4 (v)) — Oy (V) D(v)]?
= [D,(r)D4(7) = DD ()P, (5.15)

therefore, results can be obtained as follows:

v Ry — Ry — Ry —Ry™ — Ry — R = 0, (5.16)
where
R, = rﬁ +4ry — Zr%,
R, = rg + s + 2ri(py + pa + 2rry) — 1y — 617 = 2ror% = 2141,
R; = r%rg + r%ri + ré + 4r§ + 4ryryre + 2rsrspy + (pr + pz)(2rf —4rr)
— Qrfrg —-2r rﬁpz - 2rfr4r6 - 2r2r§ — 2r415p1,
Ry = r%rﬁ + rfrg + r%p% + 2ror3r4(1 — p2) + 2r4rs(py — p2) + 4p1pa(ry — rf) (5.17)
+4rir3ripy — ri(pt + p3) — ry = 2rars(rrs + rs) = 2riripy,
Rs = r3r3 + ripi + 2ri(p1p3 + pip2) + 2rarars(pa — p1)
= 2r\r3py = 2r5p1pa — 213753,
R¢ = r3ip; = pip;.
Let
T307) = v = Ry R — Ryv™® — Ryv™ + Rsv™> — R (5.18)
Assume that
(@) Irs| > |pil.

If (Qsg) holds, then T3(0) = —Rg < 0, since lim,~_,, Y,(v") > 0, then we know that Eq (5.16) has at
least one positive real root. Therefore, Eq (5.6) has at least one pair of pure roots. Without loss of
generality, we can assume that Eq (5.16) has twelve positive real roots (say vi,j = 1,2,3,---,12).
Relying on (5.14), we know

w1 O,(v)D (V) — D3 D5(v))
6" = — |arccos - - - — +2wr ||, (5.19)
Iy D7) @47 = O () Ds(v)
where j = 1,2,3,---,12;w =0,1,2,---. Assume 6, = min{j:],m’...,12;W:0,1,2,...}{HEW)} and suppose that
when 6 = 6,, Eq (5.6) has a pair of imaginary roots +ivg.
Next, we present the following assumption:
(Qo) YigYor + Yi1Y2 >0,
where
YirR=(r— 31/62) cos Vol — 2r1vysin v, + 2ry + rs,
Yii=(ry— 31/62) sin vy, + 2r v cos v Oy, (5.20)

_ T T 73\ o T T2 74 T
Yor = (r7v02+ r3110 —r1vy’) sinvy, + (r2v3 0= Vo )COsVyOy,
Yo = (rv'y — vy ) sinvyby + (r7vy + rivy” — havg) cos vs.
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Lemma 5.1. Suppose that A(0) = v,(0) + iv,(0) is the root of Eq (4.6) at 0 = 6, such that v,(6,) = 0,
v2(0,) = v, then Re (%)‘ > 0.

0:0*,v:v6

Proof. 1t follows from Eq (5.6) that
B +r2+nd+r+ @l +rsd+ree ™ + e =0, (5.21)

we can get

[(3&2 +2r A+ rg)ew] % + B+ A+ A+ rg)e””(%e +4)
di  da da

+2r4@ + r5@ - r7e_’w(@0 +A)=0. (5.22)

It means that

"' @ e
=1 - -, 5.23
(d@) P(1) A ( )
where
Yi(1) = (3/12 +rd+ rz)ew + 214 + 15, (5.24)
Yo(A) = ride™ — (P + 1 A2 + rd+r3)ae. '
Hence |
day Yi(1 Y rY Y.Y
Rel(_) l :Re[ 1( )] _ 1R §R+ ;1 2 (5.25)
do 6=06,,v=v Y(4) 0=0,.,v=v§ Y R T Y21
By the assumption (Qy), we get
da\”’
Rell == >0, (5.26)
do 0=0, ,v=v*
=0,v=v

which ends the proof. According to the above discussion, the following outcome is easily derived.

Theorem 5.1. Suppose that (Q;)—(Qo) hold, then the equilibrium point F(u4, sy, Uzx) of model (5.1)
is locally asymptotically stable if 6 € [0, 0,), and model (5.1) generates a cluster of Hopf bifurcations
around the equilibrium point F (U4, Uy, U3zx) When 6 = 6,.

6. Controlling bifurcation in model (1.2) with an extended delayed feedback controller
In this segment, we will investigate the Hopf bifurcation issue of system (1.2) using a reasonable

hybrid controller that encompasses parameter perturbation with delay and state feedback. In
accordance with the notion in [15], we construct the controlled predator-prey model as follows:

% =077 wl;(t — Q)W1(t) — d(1 + @our(1))u; (1)
K i 0 o R

% =03 T+ zU3b1t3(t ~0) AIZ;TZ?ZZ)@ — Es(t) - £x(1 + a0 - 0| O
+ 04w (t) — ur(t = 9)],

% =9 »#ﬁt)_g) + Aaarur(Dus (1) — Euz (1) | + S6[us(r) — uz(t — )1,
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where 0,—0¢ represent control parameters. System (6.1) shares the same equilibrium point as that in

system (1.2). Let

upy = u (1) — ity (1),
ui (1) — (1),
uy(t) — ().

The linear system of system (1.3) near E(u4, Uz4, U3+) can be demonstrated as below:

U

U3x

dit
_l‘ = nyiy + noity(t — 0) + n3ity — nyitr(t — 0) + nsiiz(t — 6),
— = el + nyity — ngilr(t — 0) — noitz — nyo(t — 0),
175) _ _ _
—— = Ny lly + nypil3 — ny3iz(t —6),
dt
where
Y Aoy Ulx
n = (01(———— = 2duy (1 + @ouzy) - (1- ) +02),
1+ wuyy (1 + @3uz)(m + uyy) m+ U,
ny = 0y,
O1a1U1«
ns = B
(1 + @3uze ) (m + uyy)
P O1yw Ui«
4= 0,
1+ w1u2*)2
1A1 W3 U5 U2
ns = ———————
I + @sus,
Aiaiusy Uix
Neg = 03 -
(I + @3uz)(m + upy) m+ Ui,
Araiuy
ny; =03 =& = 26(1 + waunuzy) — aruz, | + 04,
(I + w3us, ) (m + uy )
ng = 04,
2
ng = 03(52W4ly, + ArUny),
_ 03ja1 T3 Uy
nyp = B >
(1_+ @3uU35 ) (M + 1)
ni = 0sAaxu3y,
B
Ny = 0s(———— + hasuor, — &3) + g,
1 +,30u3*
05BBout3
(1 + Bousy)
The characteristic equation of system (6.3) takes the following form:
A=—n+me ™ —ny+nge ¥ —nse” Y
det —ng A—n7+nge™™  ng+nype =0,
0 —ni A— nyp+ 7’1136_/10
which leads to:
B4 s 2+ 50+ 853+ (sA,/l2 + 554 + s6)e” Y + (574 + 58)6_2/16 + s96_3’w =0,
AIMS Mathematics Volume 9, Issue 12, 33891—
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where

S = —Hip —n7 —ny,

§y = ngnyy + Nonyy + NNy + NNy — n3ke,
§3 = N3NeNy2 — Nn7R i — NNony g,

S4 = N3 +ng + ny,

(6.7)
S5 = NNy + N4lg — N7l — NgN 1y — NN 3 — NiNg — NpRyp — Holy,
S6 = MN7N3 + NiNgNo + NaNgNyy + NoNghy| — N3N 3 — Nshehy — N 0nygy,
§7 = ngnz + nani3 + nahg,
§§ = NaNjoN11 — NNgN 3 — NaN7Ny3 — NaNgNyp — N4NgN iy — N4NgN 3.
If 6 = 0, then Eq (6.6) becomes
2+ (51 + ) + (524 55+ 57)A+ 53+ 56 + S5 + 5o = 0. (6.8)

Hence, the necessary and sufficient condition for all roots of Eq (6.8) to have negative real parts is

A =51+ 54 >0,

S1 + 84 1
(Qlo) A, = det
$S3+ 8¢+ Sg+ SS9 S+ 855+ 57

A3 = (53 + ¢ + S + S9)A, > 0.

> 0. (6.9)

Then, three roots 4;—A13 of Eq (6.8) that have negative real parts. As a result, the equilibrium point
F(u14, Urs, uzy) of system (1.2) with 8 = 0 is locally asymptotically stable.
It is assumed that 4 = iv* is the root of Eq (6.6) and one obtains

(B + 5122 + 550 + 53)e* + (542° + 554 + 56)e™ + 59" + 53 = 0. (6.10)
Next, referring to Eq (6.10), we obtain

[GV) + 51(¥)? + s20/* + 53](cos 248 + i sin 2//0)
+(54V)* + 550" + 56)(cOS V0 + i sin vV*0)
+s9(cos V0 — i sin @) + s;iv + sg = 0. (6.11)

From Eq (6.11), we are able to derive

("3 = 539%) sin 2040 + (53 — 51%) cos 2146
— 55V 8in V0 + (56 + So — S22 cos 0

= —S3,

(52" — V") cos 2040 + (s5 — 5,?) sin 2146
+55V4 COS V4O + (56 — So — s4v*%) sin 10

= —S7VH.

(6.12)

Owing to sin® v*6 = + V1 — cos? 6, Eq (6.12) can be modified to

[P = $57)2(x V1 = cos2 v 0)cos* ) + (s3 — s;#2)(2 cos> O — 1)]
—rsV (£ V1 = cos2 v40) + (rg + ro — r*)cos' + sg = 0. (6.13)
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33912

Thus, the results can be summarized as
N cos® V0 + Nrcos'0 + N3 = (N + Nscosv'0) = V1 — cos2 vH6), (6.14)

where

N1 = 253 — 2S1V#2,

Ny, = s¢ + h9 - S4V‘u2,

v +rg — s, (6.15)
N4 = 7'51/#,

Ns = 2(r,* — v*3).

=
Il

Square each side of Eq (6.14) to achieve the result presented below.

TicosV0 + Trcos V0 + Tycos* V0 + Tycos'0 + Ts = 0, (6.16)
where
Ty = N; + N3,
T, = 2(N1N; + N4Ns),
Ts = 2NiNs + N2 + N2 — N2, (6.17)
T4 = 2(N2N3 — N4N5s),
T5 = N52 - N‘%

Based on Eq (6.16), we can obtain the representation as presented below for cos v*. Suppose that
cosv'0 = fi(V"), (6.18)
where fi(V*) is a function that varies with v*. We can derive the expression for sin v*. Assume that
sim*'6 = (M), (6.19)
where f>(v*) denotes a function with respect to v*. Referring to Eqs (6.18) and (6.19), we can determine
O+ ) =1 (6.20)

By using a computer, we can obtain the roots of Eq (6.20). We denote the root of (6.20) as v**, then

1
oW = — [arccos(

1
ot 2n7r)], (6.21)

where j=1,2,---;n=0,1,2,---.

Let 6. = min{,,zl,g,.‘.}{ei")} and suppose that when 6 = 6., Eq (6.8) possesses a pair of imaginary
roots vy

As the next step, we put forward the following assumption:

(Qu1) YirYar + Yy 1Yo > 0,
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where

Yig = (55 — 31/5*2) cos 2v4 0. — 251, sin 2v}; 6,
+ (85— 2541/6*2) cos V) 6. — 2s4v“0"‘2 sin v, 6.,

Yir = (52— 3v472) sin 2047 6. + 25194 cos 21276, + 5 sin v 6.,

Vor = (72 (55 = V%)) cos 20470y, + (2s3V4" — 25/4"%) sin 20476, (6.22)
+ A+ 5o + 594760, + 594 60,) sin VA" 6,

Yor = (242 (55 = V%)) sin 207 6p, + (2517447 = 25394%) cos 20476,
+ (‘/(;* - 56‘/(;* - SSVS*ZHO* - S4Vg*390*) sin 1/5*00*.

Lemma 6.1. Suppose that A(0) = v,(0) + iv,(0) is the root of Eq (6.6) at 0 = 6. such that 0,(6y.) = 0,
U2(09,) = Vg*, then Re (%)' > 0.

0=00.v=V},
Proof. As derived from Eq (6.6), it follows that

A

L+ 51282 + 550+ 53+ (542 + 554+ 56)e Y + (574 + s5)e Y + s59¢7 = 0, (6.23)

we can get

dAa da
(3/12 + 2514+ sz)ez’l(;@ + (/13 + 52+ 50 + S3)2€2/w (/l + 9@)

da da
+(2544 + ss)eM@ + (5422 + 554 + 56)e? (/1 + 9@)

a1 _, da
_ ) [ 6.24
+57 10 e (/l + Qde) 0, ( )

which signifies

AR A
- _n 6 (6.25)
deo (1) A4
where B
Y1) = B2 + 2514 + 52)e* + (2542 + 55)e™ + 54,
v -0 3 2 240 2 10 (6.26)
Yi(D) = Ae™ = 2(A7 + 5147 + 554 + 53)Ade”™™ — (5447 + 554 + 5¢6)Ae™.
Hence |
da\” Yi(4 YirYor + Y1, Y
Rel(_) l :Re[_l( )] _ 1R_§R _;1 2 6.27)
do 0=00..v=," Y5 () 0=00s,v=vy" Yo t Y3
Under the assumption (Q), we derive
da\’
Re [(—) } > 0, (6.28)
de 9200*,1}:‘,5*
which wraps up the proof. Following the preceding analysis, the subsequent result is

straightforwardly reached.

Theorem 6.1. Assuming that conditions (Qiy) and (Qy) hold, then the equilibrium point
F(uy4, Urs, Uzx) of model (6.1) is locally asymptotically stable state for 8 € [0,6,.). Additionally,
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when 0 = 6y, model (6.1) exhibits a cluster of Hopf bifurcations around the equilibrium
pOlnt F(ul*7u2*9u3*)'

Remark 6.1. Pal et al.[8] revealed the complex impact of fear-induced responses on the stability
and behavior of multi-species food web systems. In this article, we develop a more realistic delayed
predator-prey system model and investigate the bifurcation behavior and hybrid controller design
based on this model. On a theoretical level, these research methods enhance the understanding of
bifurcation theory for delayed differential equations. From a biological perspective, the findings of this
study are significant for managing the densities of predator and prey populations. Consequently, we
believe that this paper has a certain innovation to some degree.

Remark 6.2. Based on the existing literature methods and according to the biological implication
of this predator-prey model, we can add the parameter perturbation with delay and state feedback
artificially to adjust the densities of prey, intermediate predators, and top predators and achieve our
control objectives. Thus, these control techniques have practical significance in biology.

Remark 6.3. Although the form of hybrid controller I and hybrid controller Il are same, we add this
controller to the third equation of model (1.2) and to the second equation of model (1.2), respectively.
Then, we obtain two different delay critical valus to generate Hopf bifurcation. In order to illustrate the
different control techniques, we give three different controllers in this paper. We apply these controllers
to achieve the control of stability domain and Hopf bifurcation.

Remark 6.4. Based on the biological implication, we introduce one delay into model (1). Even though
there is only one difference to model (1), the introduction of delay will lead to a great change to the
model. In this paper, the Hopf bifurcation and its control issue are our research topic. By exploring
the delay-induced Hopf bifurcation of this predator-prey, we can effectively control the balance among
the densities of prey, intermediate predators, and top predators.

Remark 6.5. In this paper, we mainly show the effect of delay on the stability domain and the time
of onset of Hopf bifurcation of model (1.2). For different controllers, we can choose different control
parameter values to achieve our control objectives. For this problem, we can continue the discussion
in the near future.

Remark 6.6. For example, corresponding to the predator-prey model (1.2), we can assume that u(t)
stands for the density of mice, u,(t) stands for the density of bobcats, and us(t) represent the density of
wolves. For controller I, we can adjust the value of per capita regeneration rate (B), the proportional
constant between the growth rate of wolves and the response of the function (1»), and the natural
mortality of wolves (&3) (for (B, Ay, &, the same multiple is enlarged) and add the small perturbation
to change the density of wolves to obtain control. The small perturbation is also a function of time t,
and the density of wolves will also change with delayed feedback term. Then we can obtain the control
model (4.1) from model (1.2). Based on this viewpoint, we think that this designed controller is suitable.
By choosing the suitable control parameters, we can effectively adjust the time of Hopf bifurcation
onset to ensure the balance of biological populations (mice, bobcats, and wolves). Based on this
viewpoint, we think that this control design has important biological significance. For other controllers,
we can explain them in a similar way.

Remark 6.7. In the three controlled predator-prey models (4.1), (5.1), and (6.1), we use three different
hybrid controllers that contain parameter perturbation with delay and state feedback, and then we
obtain three controlled predator-prey models. For controlled model (4.1), we add this hybrid controller
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to the third equation of model (1.2) in order to change the density of top predators and then adjust
the stability domain and onset of Hopf bifurcation of system (1.2). For the controlled model (5.1),
we add this hybrid controller to the second equation of model (1.2) in order to change the density
of intermediate predators, and then adjust the stability domain and onset of Hopf bifurcation of
system (1.2). For the controlled model (6.1), we add this hybrid controller to the three equations
of model (1.2) in order to change the densities of preys, intermediate predators, and top predators,
and then adjust the stability domain and onset of Hopf bifurcation of system (1.2). In actual biological
systems, this is possible (see Remark 6.6). To evaluate whether these controllers are reasonable in
the actual system and whether they are practical or not, we will carry out theoretical analysis via the
stability and Hopf bifurcation theory and computer simulations. It is not feasible to add controllers
at will.

Remark 6.8. For three different controllers, the conclusions of three controlled systems (4.1), (5.1)
and (6.1) are different since the delay critical values 6., 6.9, 0y are different under different parameter
conditions. When implementing control in ecosystems, we can control the growth rate and mortality
rate of predators via killing predators to add the mortality rate of predators and foster predators to
increase their growth rate artificially.

7. Matlab simulation outcomes

In this section, we will use Matlab 2021 software to carry out numerical simulation.

Example 7.1. Take into account the predator-prey model, which contains a delay:

du; 1 B 2 1 auy (Hus(1)

jz_t 1+ (i - 9)1”1(” ( )d(l(; @2 O = T T ()
U, 1arur(t)uo(t B _ 20N

f_f = zﬁmu(}()t P mrn® Enun (1) — E(1 + wauz ()i () — aruy(Hus (), (7.1)
us us(t _

T -1 Bu—0 ot =) + daarur(Dus(t) — E3us(1),

where y = 2,d = 03,m = 3,w, = 05,w, = 05,w; = 0.1,y = 0.5,a; = 12,a, = 1,4 =
07,4, = 03,¢ = 0.1, = 0.03,6 = 03,60 = 2,8, = 1. Obviously, model (7.1) possesses
a unique positive equilibrium point F(2.0589,0.4597,2.5849). It is simple to demonstrate that the
conditions (Q;)—(®;) of Theorem 3.1 are satisfied. With the help of computational software, one can
obtain that ) ~ 5.1. To assess the correctness of the results derived from Theorem 3.1, we pick
two unequal delay values. One is 8 = 4.8 and the otheris 8 = 53.If 0 = 48 < 6, = 5.1, we
derive the computer simulation diagrams depicted in Figure 1. As depicted in Figure 1, it is clear
that u; — 2.0589,u, — 0.4597,u3; — 2.5849 when t — +o00. In other words, the unique positive
equilibrium point F(2.0589,0.4597,2.5849) of model (7.1) sustains a locally asymptotically stable
status. As 8 = 5.3 > 6y = 5.1, we acquire the computer simulation diagrams illustrated in Figure 2.
As depicted in Figure 2, we can see that u; is going to maintain periodic quavering level around the
value 2.0589, u, is about to keep periodic quavering level around the value 0.4597, and u3 will hold
periodic quavering level around the value 2.5849. In other words, a set of periodic solutions (namely,
Hopf bifurcations) arise in the vicinity of the positive equilibrium point F(2.0589, 0.4597,2.5849).
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Figure 1. Matlab simulation figures of system (7.1) under the delay 6 = 4.8 < 6, = 5.1. The
equilibrium point F(u., ., us.) = F(2.0589,0.4597,2.5849) holds a locally asymptotically

stable level.
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A set of periodic solutions (namely, Hopf bifurcations) arise in the vicinity of the positive

equilibrium point F(uy., us., u3.) = F(2.0589,0.4597,2.5849).
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Example 7.2. Take into account the following controlled predator-prey model:

du1 _ 1
dr_1+M%a—®

yuy(t) — d(1 + @aus(1)ui(t)

3 ayuy (Hua(1)
1+ @us(t—60) m+u ()’
duy _ 1 dayuy (Dup(r) N (7.2)
& Tt mu=0 mru@
— &(1 + waus(D)u5 (1) — azux(Dus(t),

d
ﬁ =1 % + Layur(Hus(t) — Eus(t) | + malus(t) — us(t — 0)],

wherey =2,d =03,m=3,w, =05, @, =05,w3 =0.1,w4 =0.5,a, = 12,a, = 1,4, = 0.7, 1, =
0.3,6, =0.1,£ =0.03,& =0.3,8) = 2,and By = 1. Lety; = 0.4 and 1, = 0.5. Obviously, model (7.2)
possesses a unique positive equilibrium point F(2.0589,0.4597,2.5849). It is simple to demonstrate
that the conditions (Q4)—(Qs) of Theorem 3.2 are satisfied. With the help of computational software,
one can acquire that o, = 0.9. To assess the correctness of the results derived from Theorem 3.2, we
pick two unequal delay values. One is # = 0.8 and the otheris 6 = 1.10. If 6 = 0.8 < 9. = 0.9,
we derive the computer simulation diagrams depicted in Figure 3. As depicted in Figure 3, it is clear
that u; — 2.0589,u, — 0.4597,u3; — 2.5849 when t — +o0o. In other words, the unique positive
equilibrium point F(2.0589,0.4597,2.5849) of model (7.2) sustains a locally asymptotically stable
status. As 8 = 5.3 > 6y = 5.1, we acquire the computer simulation diagrams illustrated in Figure 4.
As depicted in Figure 4, we can see that u; is going to maintain a periodic quavering level around
the value 2.0589, u, will keep a periodic quavering level around the value 0.4597, and u3 will hold a
periodic quavering level around the value 2.5849. In other words, a set of periodic solutions (namely,
Hopf bifurcations) arise in the vicinity of the positive equilibrium point F(2.0589, 0.4597,2.5849).
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Figure 3. Matlab simulation figures of system (7.2) under the delay 6 = 0.8 < 6, = 0.9. The
equilibrium point F(u., ., us.) = F(2.0589,0.4597,2.5849) holds a locally asymptotically
stable level.

AIMS Mathematics

Volume 9, Issue 12, 33891-33929.



33920

45 . . . . . . . . 1.2

0.8

= 25°r E 06

0.4

05 L L L L L L L ' 0

2.65 T T T

2.6

2.55

257+

245

)

24

235

231

225

0 20 40 60 80 100 120 140 160 180 0.5 1 1.5 2 25 3 3.5 4 4.5

0.5 1 15 2 25 3 35 4 45 uz(t) 0 0 u1(t)

Figure 4. Matlab simulation figures of system (7.2) under the delay 6 = 1.1 > 6, = 0.9.
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Example 7.3. Take into account the following controlled predator-prey model:

duy _ 2 1 ayuy (Duy(1)
dd_t T @ 9)7”1/(1’) dgl)J’(w)z”Z(t))”l(t) L+ (-0 m+m@)
U, 1y (Dux(1) B 205 _
i 5‘1[1 T =0 mtm) E1un (1) — E(1 + @auz(0)us (1) — arua(t)us(1)] (7.3)
p + 5‘2[”2%) —(0;2(1/‘ -0)],
us _ us(t B
I 118G —0 T + aaruy (Dus(t) — Ezus(t),

Wherey = 2,d = 03,7’/1 = 3,@'1 = O.S,ZD'Z = 0.5,13'3 = 0.1,@4 = 0.5,611 = 12,612 = 1,/11 = 0.7,/12 =
03,6, =0.1,£ =0.03,& =0.3,8) = 2,and B; = 1. Let ¢; = 0.4 and ¢, = 0.5. Obviously, model (7.3)
possesses a unique positive equilibrium point F(2.0589,0.4597,2.5849). It is simple to demonstrate
that the conditions (@Q7)—(Qy) of Theorem 5.1 are satisfied. With the help of computational software,
one can acquire that 6,0 = 3.3. To assess the correctness of the results derived from Theorem 5.1,
we pick two unequal delay values. One is & = 3.1 and the otheris 8 = 3.8. If 6 = 3.1 < 6,0 =
3.3, we derive the computer simulation diagrams depicted in Figure 5. As depicted in Figure 5, it
is clear that u; — 2.0589,u, — 0.4597,u; — 2.5849 when t — +oco. In other words, the unique
positive equilibrium point F(2.0589,0.4597,2.5849) of model (7.3) sustains a locally asymptotically
stable status. As 8 = 3.8 > 6.0 = 3.3, we acquire the computer simulation diagrams illustrated in
Figure 6. As depicted in Figure 5, we can see that #; will maintain a periodic quavering level around
the value 2.0589, u, will keep a periodic quavering level around the value 0.4597, and u3; will hold a
periodic quavering level around the value 2.5849. In other words, a set of periodic solutions (namely,
Hopf bifurcations) arise in the vicinity of the positive equilibrium point F(2.0589, 0.4597,2.5849).
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Figure 5. Matlab simulation figures of system (7.3) under the delay 6 = 3.1 < 6,9 = 3.3. The
equilibrium point F(u., ., us.) = F(2.0589,0.4597,2.5849) holds a locally asymptotically
stable level.
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A set of periodic solutions (namely, Hopf bifurcations) arise in the vicinity of the positive
equilibrium point F(uy., us., u3.) = F(2.0589,0.4597,2.5849).
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Example 7.4. Take into account the predator-prey model , which contains a delay:

dm:é[ ! yui(t) — d(1 + @aua()ui(t)

dr M +1w1u2(t —0)
1+ 621 (2) — ui (= )],

) ayin (D (1)
J 1+W3u3(t1—9) m—i;lul(t)() 0
t t
a0 — S+ T B0 - asa@us ()]

+ 0aluz(t) — ux(r - 0)],
dus Bus(1)

i 55[m + Dasuy(Dus(t) — E3us ()] + d6lusz(t) — us(t — 0)],

(7.4)

where y = 2,d = 03,m = 3,w, = 05,w, = 0.5,w3 = 0.1,w4 = 05,a, = 12,a, = 1,4; =
0.7,/12 = 0.3,§1 = O.l,é:z = OO3,§3 = 0.3,ﬂ0 = 2, and ,81 = 1. Let 61 = 0.6,62 =0. - 0.3,(53 =
0.3,64 = —0.3,05 = 0.4, and 6 = 0.5. Obviously, model (7.4) possesses a unique positive equilibrium
point E£(2.0589,0.4597,2.5849). It is simple to demonstrate that the conditions (Q;() and (Q;;) of
Theorem 6.1 are satisfied. With the help of computational software, one can obtain that 8, ~ 1.450.
To assess the correctness of the results derived from Theorem 6.1, we pick two unequal delay values.
One is @ = 1.4 and the otheris = 1.510. If 8 = 1.40 < 6, =~ 1.450, we derive the computer simulation
diagrams depicted in Figure 7. As depicted in Figure 7, it is clear that u; — 2.0589,u, — 0.4597,u3 —
2.5849 when t — +oc0. In other words, the unique positive equilibrium point F(2.0589, 0.4597,2.5849)
of model (7.4) sustains a locally asymptotically stable status. As 6 = 1.510 > 6, =~ 1.450, we obtain
the computer simulation diagrams illustrated in Figure 8. As depicted in Figure 8, we can see that u;
will maintain a periodic quavering level around the value 2.0589, u, will keep a periodic quavering
level around the value 0.4597, and u; will hold a periodic quavering level around the value 2.5849. In
other words, a set of periodic solutions (namely, Hopf bifurcations) arise in the vicinity of the positive
equilibrium point F(2.0589, 0.4597,2.5849).
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Figure 8. Matlab simulation figures of system (7.4) under the delay 6 = 1.510 > 6., = 1.450.
A set of periodic solutions (namely, Hopf bifurcations) arise in the vicinity of the positive
equilibrium point F(uy., u., us.) = F(2.0589,0.4597,2.5849).

Remark 7.1. On the basis of the computer simulation graphics in Examples 7.1 and 7.2, one can
clearly observe that the bifurcation values of models (7.1) and (7.2) are 6y ~ 5.1 and 0, ~ 0.9,which
indicates that we can diminish the stability region and cut down the time to bifurcation in model (7.1)
by implementing the formulated hybrid controller. On the basis of the computer simulation graphics
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in Examples 7.3 and 7.4, one can readily observe that the bifurcation values of models (7.3) and (7.4)
are 0, ~ 1.45,0y. = 3.3, which indicates that we can enhance the stability region and prolong the time
of bifurcation onset in model (7.1) by implementing the formulated hybrid controller.

Remark 7.2. Compared with the work of Zhao et al. [16], although the controller design in this paper
is similar, since different controllers are added to different equations, then achieved control effects are
different. For example, in [16], the stability domain is enlarged and the onset of Hopf bifurcation
is postponed; in this paper, the stability domain is narrowed and the onset of Hopf bifurcation is
advanced. In addition, the controller design in the Section 6 of this paper is also different from that
in [16]. Also, the exploration methods on the boundedness of the solution in this paper are different
from that in [16]. Based on this viewpoint, we think that this paper presents some novelties.

8. Conclusions

For a long time, predator-prey models have played an important role in biology and attracted great
interest from both mathematical and biological fields. From a mathematical standpoint, how to reveal
the effect of time delay on the dynamics of predator-prey models is a vital theme. This paper introduces
a new delayed predator-prey model and provides a detailed analysis on its peculiarities, including the
non-negativity, existence, uniqueness, and boundedness of the solutions, as well as the Hopf bifurcation
issue. We derive the sufficient conditions on the stability and bifurcation of the model. By applying
various mixed delay feedback controllers, we have successfully adjusted the stability region and the
time of bifurcation onset of this model. The findings of this study hold significant theoretical value
in balancing the concentrations of predators and preys. Moreover, this research approach can also
be applied to explore bifurcation control issues in other complex differential models. Recently, several
works have focused on the stability and Hopf bifurcation control of fractional-order dynamical models.
We also plan to explore Hopf bifurcation in a fractional-order version of this model in the near future.
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