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Abstract: Chen considered the existence of a Hamiltonian cycle containing a matching and avoiding
some edges in an n-cube Q,. In this paper, we considered the existence of a Hamiltonian path and
obtained the following result. For n > 4, let M be a matching of Q,, and let F be a set of edges in
0, — M with [M U F| < 2n - 6. Let x and y be two vertices of Q, with different parities satisfying
xy ¢ M. 1f all vertices in Q,, — F have a degree of at least 2, then there exists a Hamiltonian path joining
x and y passing through M in Q, — F, with the exception of two cases: (1) there exist two neighbors v
and ¢ of x (or y) satisfying dp,_r(v) = 2 and xt € M (or yt € M); (2) there exists a path xvuy of length
3 satisfying dg,—r(v) =2 and uy € M or dy,_p(u) =2 and xv € M.
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1. Introduction

Define [n] as the set {1,2,...,n}. An n-dimensional hypercube Q, is a graph with vertex set
V(Q,) ={v:v=yvl---v"and V' € {0,1} for every i € [n]} and edge set E(Q,) = {uv | |D(u,v)| = 1},
where D(u,v) = {i € [n] | ' #V'}.

One of the most popular and efficient interconnection networks is the hypercube Q,. It is widely
recognized for being Hamiltonian for every n > 2 [12]. Havel [13] proved that a Hamiltonian path
exists in @, that connects any two vertices belonging to distinct partite sets. Since then, considerable
attention has been given to the research exploring Hamiltonian cycles and paths within hypercubes that
exhibit certain additional properties [2, 6, 7,9, 10, 11, 14, 16, 19, 21, 22].

The parity p(u) of a vertex u = u' - --u" in Q, is defined by p(u) = Y%, u'(mod 2). Then, there are
2"~ vertices with parity 0 and 2"~! vertices with parity 1 in Q,. Observe that Q, is bipartite and the
parity form bipartite sets of Q,. Consequently, p(u) # p(v) if, and only if, d(u, v) is odd. First, let us
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revisit the following well-established result, initially derived by Havel in [13].

Theorem 1.1. [13] Let x,y € V(Q,) be such that p(x) # p(y). Then, there exists a Hamiltonian path
joining x and y in Q,.

A forest is deemed linear whenever each of its components is a path. Dvotédk [7, 8] investigated the
problem of Hamiltonian cycles or Hamiltonian paths in hypercubes with given edges and obtained the
following results.

Theorem 1.2. [7] Forn > 2, let P C E(Q,) be such that |P| < 2n— 3. Then, there exists a Hamiltonian
cycle of Q, containing P if, and only if, the induced subgraph of P is a linear forest.

Theorem 1.3. /8] For n > 2, let P C E(Q,) be such that |P| < 2n — 4. Let x,y € V(Q,) be such that
p(x) # p(y). If (1) the induced subgraph of P is a linear forest, and (2) the induced subgraph of P
does not contain any path joining x and y, and neither x nor y is incident with more than one edge of
P, then there exists a Hamiltonian path joining x and y passing through P in Q,, except the case when
n € {3,4}, d(x,y) = 3, and P consists of 2n—4 edges, all of which are of the same dimension and have
a pair-wise distance of 2, and each of x, y is incident with one edge of P.

Let P C E(Q,) and x,y € V(Q,) satisfying p(x) # p(y). We say that {x, y, P} is compatible if {x, y, P}
satisfies the conditions (1) and (2) in Theorem 1.3.

A faulty edge implies a forbidden edge, which refers to an edge that cannot be traversed when
searching for a Hamiltonian cycle or path structure. In [17], Tsai considered the existence of
Hamiltonian paths in hypercubes with faulty edges.

Theorem 1.4. [17] Forn > 3, let x,y € V(Q,) and F C E(Q,) be such that p(x) # p(y) and |F| < 2n-5.
If all vertices in Q, — F have a degree of at least 2, then there exists a Hamiltonian path joining x and

yinQ,—F.
It is natural to draw the following conclusion from Theorem 1.4.

Corollary 1.5. [17] Forn > 3, let F C E(Q,) with |F| < 2n—15. If all vertices in Q, — F have a degree
of at least 2, then there exists a Hamiltonian cycle in Q,, — F.

Chen [5] explored the problem of Hamiltonian cycles containing matchings and avoiding some
edges in an n-cube Q, and obtained the following result.

Theorem 1.6. [5] Letn >3, M C E(Q,), and F C E(Q,)\ M with1 <[ M| <2n—-4—|F|. IfMisa
matching and all vertices in Q, — F have a degree of at least 2, then there exists a Hamiltonian cycle
containing M in Q, — F.

In [5], Chen pointed out that if [M| = 1 or |[M| = 2, then the upper bound of the number of faulty
edges tolerated is sharp.

In this paper, we investigate the existence of a Hamiltonian path in Q, passing through a matching
and avoiding faulty edges.

Let M be a matching of Q, (n > 4), and let F be a set of edges in @, — M such that MU F| <2n—-6
and all vertices in Q, — F have a degree of at least 2. Let x,y € V(Q,) be such that p(x) # p(y) and
xy ¢ M. We show that the following results hold:
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(1) If there exist two neighbors v and t of x (or y) satisfying dy,_r(v) = 2 and xt € M (or yt € M),
then there exists no Hamiltonian path joining x and y passing through M in Q, — F. We denote this
deadlock structure by x/y—DS ; see Figure 1(1).

(2) If there exists a path xvuy of length 3 satisfying dy,_r(v) = 2 and uy € M or dgy,_p(u) = 2 and
xv € M, then there exists no Hamiltonian path joining x and y passing through M in Q, — F. We denote
this deadlock structure by (x, y)—DS; see Figure 1(2).

(3) If there is neither x/y—DS nor (x,y)—DS in Q, — F, then there exists a Hamiltonian path joining
x and y passing through M in Q, — F.

x(») 4 x(y)

(1) x/y—DS @) (x,y)—DS

Figure 1. The two Deadlock Structures.

2. Preliminaries and lemmas

The terminology and notation employed in this paper, yet undefined within its scope, are referred in
[1]. The vertex set and edge set of a graph G are denoted by V(G) and E(G), respectively. In a simple
graph G, the number of edges incident with a vertex v is referred to as its degree, denoted as dg(v) or
simply d(v). The minimum degree of a graph G, denoted by 6(G), is the minimum value of the degrees
of all vertices.

Let H and H" denote two subgraphs of a graph G, and let F be a subset of E(G). We use H + H’
to represent a graph with the vertex set V(H) U V(H’) and edge set E(H) U E(H"). We define H + F
as the subgraph of G induced by the edge set E(H) U F. Also, we define G — F as the subgraph of G
obtained by removing all edges in F from G. Let S € V(G), and we denote by G — S the subgraph of
G obtained by removing all vertices in S and all edges incident with vertices in . When § = {s} and
F ={f}, we simply write G - S,G—-F,and H+ FasG—s,G— f,and H + f.

The distance of vertices u and v in a graph G, denoted by d;(u,v), is the number of edges in a
shortest path joining # and v. The distance dg(u, xy) of a vertex u and an edge xy in a graph G is
defined by dg(u, xy) := min{dg(u, x),ds(u,y)}, and the distance dg(uv, xy) of edges uv and xy in a
graph G is defined by dg(uv, xy) := min{d;(u, xy), dc(v, xy)}.

The dimension dim(uv) of an edge uv € E(Q,) is the integer j such that D(u,v) = {j}. We denote
the set of all j-dimensional edges in Q, by E;. For every j € [n] and « € {0, 1}, let Q;f_l’j, with the
subscripts j being omitted when the context is clear and the (n—1)-dimensional sub-cube of Q,, induced
by the vertex sets {u € V(Q,) : u/ = a}. Thus, Q, — E; = 0° | + Q' |. We say that Q, is split into

two (n — 1)-cubes Q° | and Q! , at position j. Note that both Q° | and Q! | are isomorphic to Q,_;.

n—1

Given M C E(Q,), let M, = M N E(Q®_)) and M, = M N E;. Every vertex u, € V(Q?_,) hasin Q'~¢
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a unique neighbor, denoted by u,_,, and for every edge e, = u,v, € E(Q;_,), e1_, denotes the edge
Uj—gV1-o € E(Q,ll:(f .

A set of vertex-disjoint paths of a graph G is a spanning k-path if it covers all vertices of G. For a
path P in G, we say that P passes through E if E C E(P). Similarly, if £ C Uf: | E(P;), then Py +- - -+ Py
passes through E. We use P,, to denote a path joining vertices x and y. Let Py, = x---u---v---y, and
the sub-path u - - - v of P,, is denoted by P,,[u, v].

Next, we present some lemmas.

Lemma 2.1. [18] For n > 2, let e and f be two disjoint edges in Q,. Then, Q, can be split into two
(n — 1)-cubes such that one contains e and the other contains f.

Lemma 2.2. [7] Forn > 2, let x,y € V(Q,) and e € E(Q,,) be such that p(x) # p(y) and e # xy. Then,
there exists a Hamiltonian path joining x and y passing through e in Q,,.

Theorem 2.3. [23] Forn > 2, let F C E(Q,) and L C E(Q,) \ F be such that |L| + |F| < n— 2. Let
x,y € V(Q,) be such that p(x) # p(y). If {x,y, L} is compatible, then there exists a Hamiltonian path
Jjoining x and y passing through L in Q, — F.

A matching is a special type of a linear forest. Thus, we can easily draw the following corollary.

Corollary 2.4. [23] For n > 2, let M be a matching of Q,, and let F be a set of edges in Q, — M

with | MU F| < n—2. Let x,y € V(Q,) be such that p(x) # p(y) and xy ¢ M. Then, there exists a
Hamiltonian path joining x and y passing through M in Q, — F.

3. Spanning 2-paths
In this section, we present some conclusions about spanning 2-paths. When the path P, is an edge

vy, we abbreviate P, + P,, to P, + vy for simplicity.

Theorem 3.1. [7] Forn > 2, let x,y,u,v € V(Q,) be pair-wise distinct vertices such that p(x) # p(y)
and p(u) # p(v). Then, (i) there exists a spanning 2-path P.,+P,, in Q,; (ii) moreover, in the case when
d(u,v) = 1, path P,, can be chosen such that P,, = uv, unless n = 3, d(x,y) = 1, and d(xy, uv) = 2.

Theorem 3.2. [3] Forn > 4, let x,y,u,v € V(Q,) be pair-wise distinct vertices such that p(x) = p(y) #
p(u) = p(v). Then, there exists a spanning 2-path Py, + P, in Q,.

Theorem 3.3. [15] Forn > 2, let x,y,u € V(Q,) be pair-wise distinct vertices such that p(x) = p(y) #
p(u). Then, there exists a Hamiltonian path joining x and y in Q, — u.

When u = v, the notation P,, denotes the path of a single vertex u. Thus, in Theorem 3.2, when
u = v, the conclusion still holds.

Corollary 3.4. [3, 15] Forn > 4, let x,y,u,v € V(Q,) be such that x # y and p(x) = p(y) # p(u) =
p(v). Then, there exists a spanning 2-path P, + P,, in Q,,.

Aset{uy,uy, ..., uy_1,uy} of distinct vertices of Q, is balanced if the number of odd vertices equals
to the number of even vertices.

Lemma 3.5. [4] For n > 4, let {x,y, u, v} be a balanced vertex set in Q,, and F C E(Q,) with |F| < 1.
Then, there exists a spanning 2-path P, + P,, in O, — F.
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Theorem 3.6. [4] Forn > 4, let F C E(Q,) be such that |F| < 2n — 7 and the degree of every vertex in
Q, - F is at least 3. Assume that {u, x, v, y} is a balanced vertex set in Q,. Then, there exists a spanning
2-path P, + P, in Q, — F

Lemma 3.7. [20] Let ux and vy be two disjoint edges in Q4 and e € E(Qy). If {u,v} N V(e) = 0 and
Xy # e, then there exists a spanning 2-path P, + P,, passing through e in Q.

Lemma 3.8. For n > 4, let M be a matching of Q,, and let F be a set of edges in Q, — M with
IM U F| <n—3. Let ux, vy be two disjoint edges in Q, such that {u,v} N V(M) = 0 and xy ¢ M. Then,

there exists a spanning 2-path P, + P, passing through M in Q, — F

Proof. We prove the conclusion by induction on n. When n = 4, we have [M U F| < 1. By Lemma 3.5
when |[M| = 0 and Lemma 3.7 when |M| = 1, there exists a spanning 2-path P, + P,, passing through
M in Q4 — F. Assume that the conclusion holds for n > 4, and we are to show that it holds for n + 1.
Now, MUF|<(n+1)-3=n-2.

Select j € [n+1]1\(D(u, x)UD(v, y)) such that ( MUF)NE ;| = 0. Split Q,,; into Q% and Q) at position
J. Without loss of generality, assume that ux € E(Q?l). Let M, = M NE(Q;)and F, = F N E(Q;) for
a € {0,1}.

When vy € E(Q!), we have |[My U Fy| < n— 2 and [M; U F| < n — 2. By Corollary 2.4, there exist
Hamiltonian paths P,, and P,, passing through M, and M, in QS —Fyand Q,ll — Fy, respectively. Hence,
P, + P, is the desired spanning 2-path. So, we only need to consider the case that vy € E (Qg).

Case 1. My U Fyo| <n-—

By induction hypothems there exists a spanning 2-path PY_+ P0 passing through M, in Q° —
Choose an edge rowy € E(Py, + P)) \ M, satisfying {r;,w;} N V(Ml) = 0. Since [E(P), + P)) \ Mo|
4My| = |[E(P), + P))| — (IM| + 4|M1|) >2"=2)—4(n-2)=2"-4n+6> 1forn >4, such an edge
rowo exists. Wlthout loss of generality, assume that row, € E(ng)- Since My U {r;w;} is a matching
and |((M; U {riw ) UF||<n-1<2n-4forn >4, by Theorem 1.6 there exists a Hamiltonian cycle
C, ContainingMIU{rlwl}in Q,i—Fl.LetPux:P2x+C1+{r0r1,w0w1} {l’oW(),I‘lW]}andey PO
Hence, P, + P,y is a spanning 2-path passing through M in Q. — F

Case 2. [MgU Fol =n—2. Now, |M;| = |F;|=0

When |Fy| > 1, choose an edge rowy € Fy. Since |MyU(F\{rowo})| = n—3, by induction hypothesis
there exists a spanning 2-path P, + P} passing through M in Q5 — (Fo \ {rowo}). If rowy ¢ E(P), + PY,),
then choose an edge syt € E(P0 + P0 D\ M. If rowg € E(P), + P),), then let sty = rowo. In the above
two cases, without loss of generality, assume that sty € E(PC). In Q! by Theorem 1.1, there exists a
Hamiltonian path P, . Let P,, = P, + P, + { Sos1, fot1} — Sofo and P,, = P),. Hence, P, + Py is a
spanning 2-path passing through M in Q,,; —

When |Fy| = 0, now |[My| = n—2. Since MOU{ux, vy} is a linear forest with |[MyU{ux, vy}| = n < 2n-3
for n > 4, by Theorem 1.2 there exists a Hamiltonian cycle Cy containing M, U {ux, vy} in QS. Note
that Cy — ux — vy consists of two paths, having endpoints « and x, respectively. We denote them by
P, and P,. Since {u,v} N V(M) = @ and xy ¢ M, we can choose two edges rowy € E(P,) \ M, and
sotg € E(P,) \ My. Without loss of generality, assume that r, is closer to u than wy on P, and s is
closer to x than fy on P,. In Q!, by Theorems 3.1 and 3.2, there exists a spanning 2-path P!+ P!

risi wit*

Hence, P, + P,y = Co+ PL , +PL , +{rori, wowy, sos1, fot1} — {ux, vy, rowo, Sofo} is the desired spanning

r1si wilh

2-path. O
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Lemma 3.9. For n > 4, let ux,vy be two disjoint edges in Q,, and let f € E(Q,) with vy # f, then
there exists a spanning 2-path P, + vy in Q, — f.

Proof. By Lemma 2.1, we can split Q, into Q° | and Q! | such that ux € E(Q°_)) and vy € E(Q! ).
Next, we distinguish two cases to consider.

If f ¢ E(Q! ), then by Theorem 1.4 there exists a Hamiltonian path P, in Q°_, — f. Choose an
edge sofy € E(ng) such that f ¢ {sos1, %t} and d(sit;,vy) # 2 when n = 4. By Theorem 3.1 there
exists a spanning 2-path P, +vyin Q' . Let P,, = P), + P} . +{sos1, %ot} — soto. Hence, P, + vy is
a spanning 2-path in Q, — f.

If f € E(Q,_)), then by Theorem 1.4 there exists a Hamiltonian path P in Q, ; — f. Choose
two neighbors ri,w; of v,y on Piy. If rowy # ux, then by Lemma 2.2 there exists a Hamiltonian
path P} —passing through ux in Q) |. Let P,, = P, + P [ri,wi] + {rori,wow} — ux. Hence,

P, + vy is the desired spanning 2-path. If rowy = ux, then choose an edge s, € E(Ply) such that
{50, 10} N {ro,wo} = O and d(soty, rowo) # 2 when n = 4. Since IE(Piy)l —4-1>1forn > 4,
such an edge s;#; exists. In Qg_l, by Theorem 3.1 there exists a spanning 2-path PQO,O + ux. Let

Py = P), + P} [r,wi]+{uu, xxi, sos1, fot1} — 5111 Hence, P, + vy is the desired spanning 2-path. O

Lemma 3.10. [20] For n > 5, let uv and e be two disjoint edges in Q,, and let x,y € V(Q,) \ {u, v} be
such that p(x) # p(y) and xy # e. Then, there exists a spanning 2-path P, + uv passing through e in

On-

Lemma 3.11. For n > 4, let uv and e be two disjoint edges in Q,, and let x,y € V(Q,) \ {u, v} be such
that p(x) # p(y) and xy # e. Then, there exists a spanning 2-path P, + uv passing through e in Q,.

Proof. When n > 35, the conclusion holds by Lemma 3.10. So, we only need to consider the case that
n = 4. By Lemma 2.1, we can split Q, into QY and Q} such that e € E(Q9) and uv € E(Q}).

Case 1. x,y € V(Q)).

By Lemma 2.2, there exists a Hamiltonian path ng passing through e in Qg. Choose an edge
Soty € E(P?Cy) \ {e} such that {sy,#;} N {u,v} = 0 and d(uv, s,t;) # 2. Since |E(P2y) \fe}| —4-1=1,
such an edge sofy exists. In Q3, by Theorem 3.1 there exists a spanning 2-path P}, + uv. Let P,, =

S1t
P+ Py, + {sos1, %t} — soto. Hence, Py, + uv is a spanning 2-path passing througlll ]e in Qy.

Case 2. x € V(Qg), y € V(Qé) (or x € V(Qé), y € V(Qg)).

Since 22 > 2, we can choose a vertex #, € V(Qg) such that p(ty) # p(x), t; ¢ {u, v}, and d(t,y, uv) # 2.
In QF, by Lemma 2.2 there exists a Hamiltonian path P9, passing through e. In Qj, by Theorem 3.1
there exists a spanning 2-path P, | + uv. Let Py, = P, + P, + fot;. Hence, Py, + uv is the desired
spanning 2-path.

Case 3. x,y € V(Q)).

By Lemma 2.2 there exists a Hamiltonian path Ply passing through uv in Q3. Without loss of
generality, assume that u is closer to x than v on ng. Choose two neighbors ry, w; of u,v on P)lcy[x, u]
and P}Cy [y, v], respectively. If rowy # e, then by Lemma 2.2 there exists a Hamiltonian path P?OW , passing
through e in 0. Let P,, = P}Cy[x, ri] + P}Cy[y, wil + P) .+ {rori, wow;}. Hence, P,, + uv is the desired
spanning 2-path. If rowy = e, then choose an edge s,¢, € E(P}Q,)\{uv} such that {s¢, 7o} N{ry, wo} = @ and
d(soty, rowg) # 2. Since |E(P)1cy) \{uv}|—4—1 =1, such an edge s,1, exists. In QY, by Theorem 3.1 there
exists a spanning 2-path P} +e. Let Py, = P, [x, r1]+ P, [y, w1+ P, +e+{rori, wowy, sos1, fot1} = s111.
Hence, P,, + uv is the desired spanning 2-path. O
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Lemma 3.12. For n > 4, let swrys be a cycle of length four in Q,. Let M be a matching of Q,, and let
F be a set of edges in Q, — M such that {s,w,r,y}N V(M) =0, ry ¢ F, and | MU F| < n— 3. Then,
there exists a spanning 2-path Py, + ry passing through M in Q, — F.

Proof. Since swrys is a cycle of length four, then dim(sw) = dim(ry) and dim(rw) = dim(sy). We
prove the conclusion by induction on n. When n = 4, we have [M U F| < 1. Thus, the conclusion
holds by Theorem 3.1 when |M U F| = 0, Lemma 3.9 when |F| = 1, and Lemma 3.11 when |M| = 1.
Assume that the conclusion holds for n > 4, and we are to show that it holds for n + 1. Now, |[M U F| <
nm+1)-3=n-2.

Since n+1>n-2+2, wecanselect j € [n+ 1]\ (D(s,w) U D(r,w)) such that (M U F)NE;[ = 0.
Then, [{sw, ry, rw, sy} N E;| = 0. Split 0, into Q% and Q} at position j. Without loss of generality,
assume that sw, ry € E(QY).

Case 1. [MyU Fo| <n-3.

By induction hypothesis, there exists a spanning 2-path P° + ry passing through M, in Q° — Fj.
Choose an edge ugvy € E(P°)) \ M, such that {u;,v;} N V(M;) = 0. Since |[E(P°, \ My)| — 4|M,| =
|E(P° )|~ |Mo|—4|M,| > (2"—=2-1)—4(n—-2) = 2"—4n+5 > 1 for n > 4, such an edge uyv, exists. Since
(M U{uyvH)UF | <n—1<2n—4forn > 4 and M;U{u,v;}is a matching, by Theorem 1.6 there exists
a Hamiltonian cycle C; containing M;U{u;v}in Q! —F,. Let P,, = P° +C+{uouy, vovi}—{ugvo, uivi}.
Hence, P°, + ry is a spanning 2-path passing through M in Q,,; — F.

Case 2. [MyU Fol =n—2. Now, |M,; U F{| =0.

When |[My| > 1, choose an edge ugvy € M. Since |(My\{ugvo})UFy| = n—3, by induction hypothesis
there exists a spanning 2-path P° + ry passing through My \ {ugvo} in Q° — Fy. If ugvy € E(P°,), then
choose an edge xoty € E(P°)) \ My. In Q!, by Theorem 1.1 there exists a Hamiltonian path P. . . Let

X1t
Py, = P, + PL, +{xox1,fot1} — xofo. Hence, PY, + ry is the desired spanning 2-path. If ugv, ¢ ZIZI(PQW),
then without loss of generality assume that u is closer to s than vy on Pgw. Since {s,w} N V(M,) = 0,
we can choose clockwise neighbors xg,# of ug,vo on P° . In Q! by Theorem 1.1 there exists a
Hamiltonian path P} , . Let P, = P), + Py, + {ugvo, Xox1, fot1} — {ugXo, voto}. Hence, P9, + ry is the
desired spanning 2-path.

When |[My| = 0, we have |Fy| = n — 2. Choose an edge uyvy € Fy. Since |Fy \ {ugvo}| = n — 3, by
induction hypothesis there exists a spanning 2-path P° + ry in Q° — (Fy \ {ugvo}). If ugvy ¢ E(P°),
then choose an edge xotg € E(P°)). If ugvy € E(P°)), then let ugvy = xotp. In Q}, by Theorem 1.1 there
exists a Hamiltonian path P} , . Let Py, = P9, + P, . +{xox1, ot} — xoto. Hence, P9, + ry is the desired

spanning 2-path. O
4. Main results

Lemma 4.1. For n > 4, let M be a matching of Q,, and let F be a set of edges in Q, — M with
IMUF| <2n—-6. Let x,y € V(Q,) be such that p(x) # p(y) and xy ¢ M. If 6(Q, — F) = 2 and if
there is neither x/y—DS nor (x,y)—DS in Q, — F, then there exists a Hamiltonian path joining x and
y passing through M in Q, — F.

Proof. We prove the conclusion by induction on n. When n = 4, the conclusion holds by Corollary
2.4. Assume that the conclusion holds for n > 4, and we are to show that it holds for n + 1. Now,
IMUF|<2(n+1)—-6=2n-4.
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When |M| = 0, the conclusion holds by Theorem 1.4. So, we only need to consider the case that
M| > 1. Now, |F| < 2n — 5. Thus, there is exactly one vertex, denoted by v, of degree 2 in Q,,; — F,
and all the other vertices of Q,,; — F are of degree of at least 4. If there is another vertex of degree 2
or3in Q,,  —F,then|[F|>(n+1-2)+(n+1-3)—-1=2n-4. A contradiction occurs.

Let F, = {¢ € F | e is incident with v}. Note that |F| > |[F,| = (n+ 1) -2 = n - 1. Since
M| < 2n—4 - |F| < n-3 <|F,|, there exists a position j such that F, N E; # 0 and M N E; = 0. Split
Q,..1 into Q° and Q! at position j. We may assume v € V(QY), and denote v by vy. Let M, = MNE(Q%)
and F, = F N E(Qy) fora € {0, 1}, and let M. = M NE;and F. = F N E;. Hence, dy_g (vo) = 2, all
the other vertices of Q% — F are of degree of at least 3, and 6(Q! — F;) > 3. Note that |Fo| > n — 2,
IMyU Fol <2n—-15,and |[M; U F| <n-3.

We claim that QY does not contain x/y—DS and (x,y)-DS. If not, then Q,; contains x/y—DS or
(x,y)—DS . A contradiction occurs.

Case 1. [MyU Fy| <2n - 6.

Sub-case 1.1 x,y € V(Q?). Note that |[F| <2n—-4-(n—-2)-1=n-3.

By induction hypothesis, there exists a Hamiltonian path P?Cy passing through M, in Q°— F,. Choose
an edge sotg € E(PY,)\ M, such that {sos, fot,}NF. = O and 5,1, ¢ M. Since |[E(P,)\Mo|—|M,|-2|F.| =
|E(P2y)| — (Mol + M|+ |F]) = |Fe] 22"=1-(n-2)—(n—-3)=2"-2n+4 > 1forn > 4, such
an edge sty exists. Since |[M; U Fi| < n—3 < n— 2, by Corollary 2.4 there exists a Hamiltonian path
Py, passing through M, in Q) — F,. Hence, P,, = P?Cy + Py, + {8081, fot1} — Solo is a Hamiltonian path
joining x and y passing through M in Q,,; — F.

Sub-case 1.2. x € V(Q%), y € V(Q)) (or x € V(Q)), y € V(Q?)).

Choose a vertex z; in Q?l such that p(x) # p(z0), 20 ¢ V(Mo), 2021 & Fe, dgo_r,(20,v0) # 1, and
21y € M,. Since 20V72 — (IMo| +|F) -n—-1>22"'—(n-2)-n—-1=2"1'-2n+1>1forn >4,
such a vertex z, exists. Note that Q° does not contain x—DS , and there is only one vertex v, of degree
2in QY — Fy. If Q° contains zo—DS, then zy € V(M) and d(zy, vo) = 1. If Q° contains (x, z9)—DS, then
20 € V(M) or d(z9,v) = 1. The above two cases both contradict with the choice of zy. Thus, Q° does
not contain x/zp—DS and (x, z9)—DS. By induction hypothesis, there exists a Hamiltonian path szo
passing through M, in Q) — F,. By Corollary 2.4, there exists a Hamiltonian path P! .y Passing through
M, in Q} — F,. Hence, P,, = szo + lely + 20z; 1s a Hamiltonian path joining x and y passing through
M in Qn+1 - F.

Sub-case 1.3 x,y € V(Q)).

By Corollary 2.4, there exists a Hamiltonian path P}Cy passing through M, in Q! — F;. Choose an
edge 5,7 € E(P,,) \ M, such that {sos, %1} N F. = 0 and {50, 7} N V(Mo) = 0. Since |E(P},) \ M,| -
2F | —4Myl > (2" -1)-2%x2—-4n—-4)=2"-4n+ 11 > 1 for n > 4, such an edge s;1; exists.
Since {59, 1o} N V(M) = 0, we have that Qg does not contain sy/tp—DS and (s¢,))—DS. Hence, by
induction hypothesis there exists a Hamiltonian path Pgﬂ,o passing through M, in Q° — F,. Hence,
P,y = P}cy + Pgolo + {5051, fot1} — 111 1s the desired Hamiltonian path.

Case 2. |My U Fy| = 2n—5. Now, |F,| = 1 and |M,| = |[M;| = |F;] = 0. Note that |Fy| > n — 2,
1 <Myl <n-3.

Sub-case 2.1 x,y € V(Q9).

If |[Fol = n— 1, then let rowo € Fo \ F,. Note that dpo_ g\ (;wepn (Vo) = 2 and all the other vertices of
Q?l —(Fo\{rowo}) are of degree of at least 3. Since |MyU (Fy\ {rowo})| = 2n—6, by induction hypothesis
there exists a Hamiltonian path ng passing through My in Q° — (Fy \ {rowo}). If rowy ¢ E(ng), then
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choose an edge soto € E(PY,) \ My satisfying vy & {so.to}. If rowo € E(PY)), then let soto = rowy. Since
rowo ¢ F,, we also have vy ¢ {so,%}. In Q,ll, by Theorem 1.1 there exists a Hamiltonian path Pil -
Hence, P, = P}, + P, + {5051, tot1} — Soto is the desired Hamiltonian path.

If |Fol =n—2,then Fy = F, \ {vov1}. Denote the two edges incident with v, in QS — Fy by upvy and
VoSo-

When vy ¢ {x,y}, first we claim that {x, y, My U {ugvo, voso}} is compatible. If vy € V(M,), then let
voSo € My. Now, uyvg ¢ My. There are two possibilities for uy up to isomorphism; see Figure 2(1)(2).
If vo ¢ V(M,), then there are three possibilities for {u, so} up to isomorphism; see Figure 2(3)-(5).
Thus, My U {ugvo, voso}} is a linear forest. Next, we will verify that {x, y, My U {ugvo, voso}} satisfies the
condition (2) in Theorem 1.3.

So@——0 S @——~"0 e—oO

~o Yo S, -

o—oO 1, Zﬂ y .

o O e—O o O e—oO e—oO
® @) () ) ()

Figure 2. All possibilities for My U {uyvy, voso} up to isomorphism.

For the case (1) in Figure 2, if x or y is an internal vertex, then x = vy or y = vy. A contradiction
occurs. If x, y are endpoints of a path, then since p(x) # p(y), we have xy € M,. A contradiction occurs.
For the case (2) in Figure 2, if x or y is an internal vertex, then since vy ¢ {x, y}, we have that x or y is
the vertex ug. Now, x (or y) is incident with a matching edge, and dyo_r (vo) = 2. Thus, Q° contains
x/y=DS . A contradiction occurs. If x,y are endpoints of a path, then since xy ¢ M, we have that x, y
are the two endpoints of the path of length 3 in Figure 2(2). Note that dyo_g (vo) = 2, thus, 0 contains
(x,y)—DS. A contradiction occurs. For the case (3) in Figure 2, if x or y is an internal vertex, then
since vy ¢ {x,y}, we have that x (or y) is sy or uy. Now, QS contains x/y—DS. A contradiction occurs.
If x,y are endpoints of a path, then xy € M,. A contradiction occurs. For the case (4) in Figure 2, if
x or y is an internal vertex, then since vy ¢ {x, y}, we have that x (or y) is the vertex s, in Figure 2(4).
Now, QS contains x/y—DS. A contradiction occurs. If x, y are endpoints of a path, then since xy ¢ M,
we have that x, y are endpoints of the path of length 3 in Figure 2(4). Thus, Q° contains (x,y)-DS.
A contradiction occurs. For the case (5) in Figure 2, since vy € {x,y}, p(x) # p(y), and xy ¢ M,, we
have that {x, y, My U {ugvo, voso}} also satisfies the condition (2). In conclusion, {x, y, My U {ugvo, voSo}}
satisfies the condition (2). The claim is proved.

Since My U {ugvy, voso}l < n—1 < 2n—4 for n > 4, by Theorem 1.3 there exists a Hamiltonian path
ng passing through My U {uyvo, voso} in Qg. Note that all faulty edges incident with vy do not lie on the
path P9, . Thus, we have E(P),) N Fy = 0.

When vy € {x,y}, we may assume vy = x. If ugvy € M or vosy € My, then without loss of generality
assume that uyvg € My, and now vysy ¢ My. Thus, My U {ugve} = M, and {x,y, My U {ugvy}} are
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compatible. If ugvy ¢ My and vosg € My, then vy ¢ V(M,). Since xy # ugvy or xy # vyso, without
loss of generality, assume that xy # ugvy. Thus, My U {ugvo} is a linear forest with d(vy) = 1 in it.
Since xy ¢ My, xy # upvy, and p(x) # p(y), we have that {x,y, My U {upvo}} is compatible. Since
My U {ugvo}l < n—-2 < 2n—4 for n > 4, by Theorem 1.3 there exists a Hamiltonian path P?Q,
passing through M, U {ugvy} in QS. Note that vy = x and uyv, lies on the path ng, and we also have
E(ng) NnFEFy=0.

In the above two cases, choose an edge syt) € E (P?(y) \ M satisfying vy € {so, fo}. In Q}l, by Theorem
1.1 there exists a Hamiltonian path P{ , . Hence, P, = P}, + Py, + {sos1, %1} — Sofo is the desired
Hamiltonian path.

Sub-case 2.2. x € V(Q%), y € V(Q)) (or x € V(Q)), y € V(Q?)).

Since |My U Fo| = 2n =5 < 2n— 4, [Mp| > 1, and 6(Q° — Fy) > 2, by Theorem 1.6 there exists a
Hamiltonian cycle Cy containing M, in Q?l — Fy. Choose a neighbor sy of x on Cy such that xsy ¢ M,
and s¢ # vo. We claim that the vertex sy exists. If sy does not exist, then in one direction along the cycle
Cy, x 1s adjacent to vy, and in the other direction, x is incident with a matching edge. Thus, QS contains
x—DS . A contradiction occurs. Since p(s;) # p(y), by Theorem 1.1 there exists a Hamiltonian path
Pily in Q. Hence, P,, = Cp + P}ly + 5081 — x50 is the desired Hamiltonian path.

Sub-case 2.3. x,y € V(Q)).

Since |My U Fo| = 2n—5 < 2n— 4, [Mp| > 1, and 6(Q° — Fy) > 2, by Theorem 1.6 there exists a
Hamiltonian cycle C containing M, in Q2—F o- Choose an edge 5oty € E(Cy)\ My such that vy & {so, fo}
and si#; # xy. Since |[E(Co)) \ My| —2-1>2"—-|My|-3>22"-(n-3)-3=2"—-n>1forn >4,
such an edge syt exists. By Lemma 2.2, there exists a Hamiltonian path P}cy passing through s,#; in
Q,. Hence, P, = P, + Co + {5051, tot1} — {sot0, 5111} is the desired Hamiltonian path. O

Lemma 4.2. For n > 4, let M be a matching of Q,, and let F be a set of edges in Q, — M with
IMUF|<2n—-6. Let x,y € V(Q,) be such that p(x) # p(y) and xy ¢ M. If 6(Q, — F) = 3, then there
exists a Hamiltonian path joining x and y passing through M in Q, — F.

Proof. We prove the conclusion by induction on n. When n = 4, the conclusion holds by Corollary
2.4. Assume that the conclusion holds for n > 4, and we are to show that it holds for n + 1. Now,
IMUF|<2(n+1)-6=2n-4.

By Theorem 1.4, we only need to consider the case that |M| > 1. Now, |F| < 2n — 5. Thus, there are
at most two vertices of degree 3 in Q,,; — F. If there are three vertices of degree 3 in Q,,; — F, then
|F|>3(n+1-3)—2=3n-8>2n—-5"forn > 4. A contradiction occurs.

Case A. There are two vertices of degree 3, denoted by v and v/, in Q,,; — F.

Ifw ¢ F, then |F| > 2(n+ 1 —3) = 2n — 4. A contradiction occurs. Thus, vw € F. Now,
|F| =2n -5, |M| = 1, and all the other vertices (except v and V') of Q,,; — F are of degree of at least
4. Let D(v,V') = {j}. Split Q,; into QY and Q! at position j. We may assume v € V(QY), and denote v
by vo. Then, v = vy, §(Q° — Fy) = 3, and 6(Q! — F;) = 3. Note that |Fy| = |F|| =n -3 and |M| = 1.
Let M = {e}.

Case 1. e ¢ E;. Without loss of generality, assume that e € E(Q).

Sub-case 1.1 x,y € V(Q9).

Since |[My U Fy| = n—2, by Corollary 2.4 there exists a Hamiltonian path P?ry passing through M in
Q) — Fo. Choose an edge sofo € E(P},)\ M such that vy ¢ {so,7}. Since [E(P)))\ My| -2 =2"-4> 1

for n > 4, such an edge syt exists. Since |F;| = n—3 < 2n — 5 for n > 4, by Theorem 1.4 there exists
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a Hamiltonian path P{ , in Q, — F\. Hence, P, = P} + P, + {5051, %11} — Soto is a Hamiltonian path

joining x and y passing through M in Q,,,; — F.

Sub-case 1.2. x € V(Q%), y € V(Q)) (or x € V(Q)), y € V(Q?)).

Since 2"~! > 2, we can choose a vertex z; in QS such that p(x) # p(z0), 20 # Vo, and xzg # e.
By Corollary 2.4, there exists a Hamiltonian path P?CZO passing through M, in Q° — F,. By Theorem
1.4, there exists a Hamiltonian path P in Q) — F,. Hence, P,, = P} + Pl + 2z, is the desired
Hamiltonian path.

Sub-case 1.3. x,y € V(Q)).

By Theorem 1.4, there exists a Hamiltonian path P)lcy in Q,ll — F,. Choose an edge st; € E(P)lcy)
such that vy & {so, %} and sotg # e. Since IE(P}C},)I —3 > 1 for n > 4, such an edge s,t; exists. By
Corollary 2.4, there exists a Hamiltonian path P}, passing through M, in QY — F,. Hence, P,, =
Py, + P}, + {sos1, %1} — 1, is the desired Hamiltonian path.

Case 2. e € E;. Let e = ryry. Note that ry # vy.

Sub-case 2.1 x,y € V(Q°) (or x,y € V(Ql)).

Since n > 2, we can choose a neighbor w, of rj in Q‘,)l such that wy # vy and rowy # xy. Since
[{rowo} U Fo| = n — 2, by Corollary 2.4 there exists a Hamiltonian path ng passing through row, in
Q) — Fo. By Theorem 1.4, there exists a Hamiltonian path P, in Q) — F,. Hence, P,, = P, + P}, +
{ror1, wow1} — rowy is the desired Hamiltonian path.

Sub-case 2.2. x € V(Q%), y € V(Q)) (or x € V(Q)), y € V(Q?)).

When p(x) # p(ry), by Theorem 1.4 there exist Hamiltonian paths P°, and P!  in Qg — Fy and

Q! — F, respectively. Hence, P,, = Pgro + P}ly + rory is the desired Hamiltoonian patlﬁ.

When p(x) = p(ry), since xy # ryr;, by symmetry we may assume y # r;. Since n > 1, we can
choose a neighbor w; of r; in Q,ll satisfying w; # vy. Since n > 2, we can choose a neighbor s; of y
in Q,ll satisfying sy ¢ {v,w;}. Since [{rowo} U Fy| = n — 2, by Corollary 2.4 there exists a Hamiltonian
path Pgso passing through ryw, in Q2 — Fy. Note that {r;,wy, s1,y} is a balanced vertex set. Since
|F\|=n—-3<2n-"7forn > 4and 6(Q! — Fy) > 3, by Theorem 3.6 there exists a spanning 2-path
P}, + Py, in Q) — F\. Hence, Py, = P, + P),, + Py + {sos1,ror1, wowi} — rowo is the desired
Hamiltonian path.

Case B. There is exactly a vertex, denoted by v, of degree 3 in Q,,,; — F.

Now, all the other vertices in Q,, — F are of degree of at least 4. Let F, = {e € F | e is incident with
v}. Note that |F| > |F,|=(n+1)-3=n—-2and M| <2n—-4—|F|<n-2.

Case 1. [M|=n—-2. Now, |F|=|F,|=n-2.

Denote the three edges incident with v in Q,.1 — F by uv, vr, and vs. If v € V(M), then let uv € M.

When v ¢ {x,y}, first we claim that {x,y, M U {uv,vs}} is compatible or {x,y, M U {uv,vr}} is
compatible. Note that M U {uv,vs} and M U {uv, vr} are both linear forest. If {x,y, M U {uv,vs}} is
not compatible, then {x,y, M U {uv, vs}} does not satisfy the condition (2) in Theorem 1.3. Now there
are three possibilities for {M U {uv, vs}} up to isomorphism; see Figure 3(1)-(3). Next, we will verify
that {x,y, M U {uv, vr}} satisfies the condition (2) in Theorem 1.3. Note that there are two cases for r,
uncovered by M or covered by M. We denote the two cases by " and r”. If r ¢ V(M), then let r = r’;
if r € V(M), then let r = r”’; see Figure 3.

If x or y is an internal vertex of the induced subgraph of {M U {uv, vs}}, then for the case (1)(2) in
Figure 3, x = s or y = s; for the case (3) in Figure 3, x = s or u, or y = s or u. Note that x and
y cannot be s and u simultaneously because p(x) # p(y). For the above three cases, without loss of
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generality, assume that x = s. Since p(x) # p(y), we have y ¢ {u,r}. Note that y # v and xy ¢ M.
Thus, {x,y, M U {uv, vr}} satisfies the condition (2) in Theorem 1.3. If x, y are endpoints of a path in
the induced subgraph of {M U {uv, vs}}, then since p(x) # p(y) and xy ¢ M, we have that {M U {uv, vs}}
must be the case (1) or (2) in Figure 3 and x, y exactly are the two endpoints of the path of length 3.
Note that the two internal vertices of this path are v and s, and r ¢ {x, y, v, s}. Hence, {x,y, M U {uv, vr}}
satisfies the condition (2) in Theorem 1.3. The claim is proved. Without loss of generality, assume that
{x,y, M U {uv, vs}} is compatible.

UoO— V ..... o) r' E— N O ”" —_ N
v
Q;IS '.‘. e—oV u .Tu ---- op'
* v; &70 " o C "
r . r r
e—O e—o e—o
) ) ®)

Figure 3. All possibilities for M U {uv, vs, vr} up to isomorphism.

Since |M U {uv,vs}| < n <2(n+1)—4 for n > 4, by Theorem 1.3 there exists a Hamiltonian path
P,, passing through M U {uv,vs} in Q,.;. Note that all faulty edges incident with v do not lie on the
path P,,. Thus, we have E(P,,) N F = 0.

When v € {x,y}, we may assume v = x. If v € V(M), then now uv € M and vr,vs ¢ M. Thus,
M U {uv} = M and {x,y, M} is compatible. If v ¢ V(M), then since xy # uv or xy # vr or xy # vs,
without loss of generality, assume that xy # uv. So, {x,y, M U {uv}} is compatible. Since |[M U {uv}| <
n—1<2m+1)—4forn >4, by Theorem 1.3 there exists a Hamiltonian path P,, passing through M
in Qn+1 - F.

Case 2. |[M| <n-3.

Since IM| < n—3 < n-2 = |F,]|, there exists a position j € [n + 1] such that |F, N E;| = 1 and
M N Ej| =0. Split 0, into Q° and Q! at position j. Assume v € V(QY), and denote v by v,. Hence,
5(Q% — Fy) = 3 and 6(Q} — F) > 3. Note that |Fo| > n—3, |My U Fo| <2n—5,and |M, U F| <n-2.

Sub-case 2.1. [My U Fy| <2n—6. Note that |F.|<2n—-4—-(n-3)-1=n-2.

Sub-case 2.1.1 x,y € V(Q°) (or x,y € V(Q)))

By induction hypothesis, there exists a Hamiltonian path P?Cy passing through M, in Q°— F,. Choose
an edge sotg € E(PY,)\ M, such that {sos, fot}NF. = O and 5,7, ¢ M. Since |[E(P,)\Mo|=2|F |- |M}| =
|E(P2y)| —(IMo| +|F )+ M) = |F|=22"-1-(n—-1)-(n—-2)=2"-2n+2 > 1forn > 4, such an
edge sofo exists. By Corollary 2.4, there exists a Hamiltonian path Pj , passing through M, in Q, — F}.
Hence, P,, = P}, + P, + {5051, tot1} — Soto is the desired Hamiltonian path.

Sub-case 2.1.2. x € V(Q?),y € V(Q}) (or x € V(Q)), y € V(QY)).

Choose a vertex zo in Q° such that p(x) # p(z0), 2021 € F., and {xz0,21y} " M = 0. Note that
M| +|F.|<2n—4—(F,)]-1)=n-1.Since 2" = |M| = |F,|>2"'-(n-1)=2"'—n+1> 1 for
n > 4, such a vertex z, exists. By induction hypothesis, there exists a Hamiltonian path P?CZO passing
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through M, in Q° — F,. By Corollary 2.4, there exists a Hamiltonian path P;ly passing through M, in
O, — F1. Hence, P,, = P, + P. , + 2oz, is the desired Hamiltonian path.

Sub-case 2.2. |[My U Fy| =2n —5. Now, |My| > 1, F. = {vov,}, and |[M; U Fy| = 0.

Sub-case 2.2.1. x,y € V(Q?).

Since |My| = |[M| < n — 3, we have |Fy| > n — 2. So we can choose an edge rowy € Fy \ F,.
Thus, vo ¢ {ro,wo}. Note that dpo_ £\ (romep(v0) = 3. So, we have 6(Q2 — (Fy \ {rowp})) = 3. Since
My U (Fy \ {rowo})| = 2n — 6, by induction hypothesis there exists a Hamiltonian path ng passing
through My in Q) — (Fo \ {rowo}). If rowo ¢ E(PY,), then choose an edge sofy € E(P),) \ M satisfying
vo ¢ {0, 70} If rowy € E(PY), then let sofy = rowo. In Oy, by Theorem 1.1 there exists a Hamiltonian
path P{ . Hence, P,, = P, + P{, + {8051, ot1} — Solo is the desired Hamiltonian path.

Sub-case 2.2.2. x € V(Q°),y € V(Q!) (or x € V(Q)), y € V(QY)).

Since |My U Fo| = 2n—5 < 2n— 4, [Mp| > 1, and 6(Q° — Fy) > 3, by Theorem 1.6 there exists a
Hamiltonian cycle Cy containing M in QS — Fy. Choose a neighbor sy of x on Cj satisfying xso ¢ M.
If 59 # vo, then by Theorem 1.1 there exists a Hamiltonian path Py in Q,. Hence, P, = Co + P} , +
s081 — x5¢ is the desired Hamiltonian path. If so = vy, then since dyo_r, (vo) = 3, let ug be the neighbor
of vy in QS satisfying d¢,(up, vo) > 1 and ugvy ¢ Fy. Note that there are two neighbors of uy on Cy.
One neighbor lies on the path joining vy and uy on Cy which contains x. We denote it as wy. The other
neighbor is denoted as t.

If upty ¢ M,, then by Theorem 1.1 there exists a Hamiltonian path P}ly in Q,ll. Hence, P,, =
Cy + P}ly + {ugvo, tot1} — {xvo, upto} is the desired Hamiltonian path. If uyty € My, then ugwy ¢ M,. Let
ro be the neighbor of 7y on Cy which is not uy. Now, roty ¢ My and p(wy) = p(t;) # p(ry) = p(y).
By Corollary 3.4, there exists a spanning 2-path P}, + P} in Q,. Hence, P,, = Co + P}, + P} +
{ugvy, tot1, ror1, wowi} — {xvo, ugwy, roty} is the desired Hamiltonian path.

Sub-case 2.2.3. x,y € V(Q)).

Since |My U Fo| = 2n—5 < 2n— 4, [Mp| > 1, and 6(Q° — Fy) > 3, by Theorem 1.6 there exists a
Hamiltonian cycle C containing M, in QS—F o- Choose an edge 5oty € E(Cy)\ My such that vy € {s, fo}
and s1#; # xy. Since |[E(Cy) \ My| —3 > 1 for n > 4, such an edge syf, exists. In Q},, by Theorem 2.2
there exists a Hamiltonian path P}Cy passing through s,7,. Hence, P,, = P}Cy +Co+{sos1, tot1}—1{Soto, S1t1}
is the desired Hamiltonian path. O

Lemma 4.3. For n > 4, let M be a matching of Q,, and let F be a set of edges in Q, — M with

IM U F|<2n—-6. Let x,y € V(Q,) be such that p(x) # p(y) and xy ¢ M. If 6(Q, — F) > 4, then there
exists a Hamiltonian path joining x and y passing through M in Q, — F.

Proof. We prove the conclusion by induction on n. When n = 4, the conclusion is by Corollary
2.4. Assume that the conclusion holds for n > 4, and we are to show that it holds for n + 1. Now,
IMUF| <2(n+1)—-6 =2n—-4. By Theorems 1.3 and 1.4, we only need to consider the case that
|F|>1and|M|>1.

Select j € [n+1] such that [(M U F)N E;| is as small as possible. Since [M U F| < 2n—4, there exists
aposition j € [n+ 1] such that (MUF)NE;| < 1. When (MUF)NE;| =1,let MUF)NE; = {wow},
and now there are at least six possibilities of such j. We choose the j such that the edge in (MU F)NE;
lies in F if possible. Otherwise, the edge in (M U F) N E; is a matching edge for every j of the above
six possibilities. In this case, since x and y are incident with at most two edges in M, we can choose
J such that the matching edge in (M U F) N E; is not incident with x and y, i.e., {x,y} N {wo, w;} = 0.
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Split Q,.1 into Q° and Q! at position j. Without loss of generality, assume that |My U Fo| > |[M; U F|.
Now, 6(Q% — Fy) > 3 and 6(Q} — Fy) > 3.

Case 1. M NE;|=0. Now, M UF,|<n-2.

Sub-case 1.1. |[My U Fy| £ 2n — 6.

Sub-case 1.1.1. x,y € V(Q°) (or x,y € V(Q))).

By induction hypothesis when §(Q° — Fy) > 4 and Lemma 4.2 when §(Q° — F) = 3, there exists
a Hamiltonian path P} passing through M in Q) — F,. Choose an edge uovo € E(P),) \ M, such that
wvy € My and {uguy, vovi} N F, = 0. Since |E(P)) \ Mo| — M| = 2|F| = |[E(P})| — IM| = 2|F| >
2"—1-(2n-5)-2=2"-2n+2 > 1forn > 4, such an edge ugv, exists. By Corollary 2.4, there exists
a Hamiltonian path P, , passing through M, in Q, — F\. Hence, Py, = P}, + P, , + {uout1, vovi} — gvo
is a Hamiltonian path joining x and y passing through M in Q,,,; — F.

Sub-case 1.1.2. x € V(Q°),y € V(Q}) (or x € V(Q)), y € V(QY)).

Since 2""! > 3 for n > 4, we can choose a vertex 7o € V(Q?) such that p(x) # p(zo), {xz0, 21y} "M =
0, and zpz; ¢ F.. By induction hypothesis when 6(Q2 — Fy) > 4 and Lemma 4.2 when 6(Q2 - Fy) =3,
there exists a Hamiltonian path PSZO passing through M, in Q° — F,. By Corollary 2.4, there exists a
Hamiltonian path P} passing through M, in Q, — F,. Hence, Py, = P, + P} + zoz; is the desired
Hamiltonian path.

Sub-case 1.2. |[My U Fy| =2n—5. Now, |F |+ |M; U F{| < 1.

Sub-case 1.2.1. x,y € V(Q?).

Sub-case 1.2.1.1. Fy = 0. Now, |F |+ |Fi| =1, |M;| =0, |[My| =2n—-5 <2n—4.

By Theorem 1.3, there exists a Hamiltonian path ng passing through M, in Q°. Choose an edge
Uyvy € E(P?Cy) \ M, such that {ugu,, vovi} N F. = (. Since |E(P2y) \My|-2|F|=>2"-1-2n-5)-2 =
2" —2n+2 > 1 for n > 4, such an edge uyvy exists. Since |F| < 1 < 2n — 5, by Theorem 1.4 there
exists a Hamiltonian path P} , in Q) — F,. Hence, P., = P}, + P, , + {uou;, vov1} — ugvo is the desired
Hamiltonian path.

Sub-case 1.2.1.2. Fy # 0. Let soty € F. Note that 5(Q° — (Fy \ {sot})) > 3.

Since |MyU(Fy\{soto})| = 2n—6, by induction hypothesis and Lemma 4.2, there exists a Hamiltonian
path ng passing through M, in Q% — (Fy \ {soto}). Next, we distinguish four cases to consider.

If 5ot ¢ E(ng), then choose an edge uyv, € E(ng)\Mo such that u;v; ¢ M, and {upu;, vovi}NF. =
0. Since |E(P9Cy) \ Myl — M| =2|F =>2"-1-02n-5-2=2"-2n+2 > 1forn > 4, such an
edge ugvy exists. If soty € E(ng), sity € My, and {sos1, tot1} N F. = 0, then let ugvy = soty. In the above
two cases, since [M; U Fi| < 1 < n — 2, by Corollary 2.4 there exists a Hamiltonian path P! passing

uvy

through M; in Q! — F,. Hence, P,, = ng + P!+ {uouy, vov1} — ugvy is the desired Hamiltonian path.

uivy

If soto € E(P),) and s,1, € M,, then now |F. U F| = 0. Choose an edge uovo € E(P),) \ My such
that {ug, vo} N {50, o} = 0. Since |E(P2y) \Myl-3>2"-1-2n-6)-3=2"-2n+2>1forn >4,
such an edge ugvy exists. In Q! by Theorem 3.1 there exists a spanning 2-path P,im + s1t1. Hence,
Py =P + P, +sity + {Sos1, fot1, uolt1, vovi} — {Sofo, Uovo} is the desired Hamiltonian path.

It remains to consider the case sofg € E (P?cy) and {sos1, fot1} N F. # 0. Now, [M; U F| = 0. Without
loss of generality, assume that F. = {sys1} and s is closer to x than #, on ng. Let N(sg) ={v € V(Q?l)
| dgo(s0,v) = 1, dp (s0,v) > 1, and vso & Fo}. Note that 7o € N(so). Since dyo_r,(s0) > 3, we have
IN(so)| = 2.

If there exists a vertex ry € N(so) such that ry € V(ng[x, so]) and ry # x, then choose a neighbor wy

of ro on P9, such that rowy & Mo. When wy € V(P [ro, so]), by Theorem 1.1 there exists a Hamiltonian
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path P!, in Q). Hence, P, = P + P, + {soro, foty, wow1} — {Sofo, rowo)} is the desired Hamiltonian
path. When wq € V(PY, [x, r9]), choose an edge ugvo € E(P), [ro, so]) \ My satisfying so € {uo, vo}. Since
dp (1o, o) = 3, such an edge ugv exists. In Q!, by Theorems 3.1 and 3.2 there exists a spanning 2-path
P . +P,.

desired Hamiltonian path.

—_ p0 1 1 .
Hence, ny = ny + Pwlul + Pllvl + {S()I"(),WQW], Uol1,VoV1, l’()l]} - {W()I"(), Upvo, Solo} is the

Otherwise, there exists at least one vertex in N(sy) which lies on ng[to, y]. Denote the one closest
to 1y by zo. Note that zy # y, otherwise, the vertex r, in the above case exists. A contraction occurs.
Since p(x) # p(y) and p(sg) # p(zop), the number of odd vertices equals to the number of even vertices
on P [x, so] + P} [z0, y]. Since 5o has at least [N(so)| + 1 neighbors which lie on P9, [x, so] + P9, [z, Y],
we have |V(P), [x, so] + P{,[z0, Y| = 6. Thus, |[E(P) [x, so] + P, [z0, Y]] > 4.

Choose a neighbor wy of zy on ng such that zogwo € My. If wy € V(P?Cy[zo, y]), then by Theorem 1.1
there exists a Hamiltonian path P, , in Q,. Hence, P, = P} + P/, + {5020, fot1, wow1} — {Sot0, ZoWo}
is the desired Hamiltonian path. If wy € V(ng[so,zo]), then choose an edge ugvy € E(ng[x, sol +
P?Cy[zo, vy \ M, satisfying so ¢ {uo, vo}. Since |E(P?Cy[x, so] + ng[zo, yDI| = 4, such an edge ugv, exists.
In Q,, by Theorems 3.1 and 3.2 there exists a spanning 2-path P, , + P, . Hence, P,, = P) + P, , +

lem + {5020, tot1, Wow1, Uolt1, Vovi} — {Soto, Z0Wo, UgVo} 1s the desired Hamiltonian path.

Sub-case 1.2.2. x € V(QY), y € V(Q)) (or x € V(Q)), y € V(Q)).

Since |My U Fy| = 2n — 5 < 2n — 4, by Theorem 1.6 when M, # @ and Corollary 1.5 when M, = 0,
there exists a Hamiltonian cycle C, containing M, in Q° — Fy. Choose a neighbor s, of x on Cy such
that XSo ¢ M().

Sub-case 1.2.2.1. so51 ¢ F..

When sy ¢ M, since [M; U Fy| <1 <n -2, by Corollary 2.4 there exists a Hamiltonian path Pily

passing through M in Q,ll — F,. Hence, P,, = Cy + P§| y T 5081 — XSo is the desired Hamiltonian path.
When s,y € My, now |F. U Fy| = 0 and |M,| < 2n — 6. Choose an edge uyvy € E(Cy) \ M, such that
so & {up, vo} and y € {uy,vy}. Since |[E(Co) \ My| —2-2>2"-(2n—-6)-4=2"-2n+2 > 1forn > 4,
such an edge ugvy exists. In Q!, by Theorem 3.1 there exists a spanning 2-path P. + s,y passing

uivy
through M,. Hence, P,, = Cy + P}m + 51y + {uouy, vovi, sos1} — {x89, Ugvo} is the desired Hamiltonian
path.

Sub-case 1.2.2.2. sogs; € F.. Now |M; U F,| = 0.

Since dy_r,(s0) > 3, we can choose a neighbor £ of s¢ in QS such that d¢,(t, so) # 1 and soty & F.
Choose a neighbor ry of 7y on Cy such that torg ¢ M,. If ry lies on one path joining ¢, and sy on
Cy and x lies on the other, then by Theorem 1.1 there exists a Hamiltonian path P}ly in Q!. Hence,
P, = Cy+ P}]y + {Soto, ror1} — {xSo,toro} is the desired Hamiltonian path. If ry and x lie on the
same path joining #y, and sy on Cj, then let u, be the other neighbor of #, on Cy. Now, fyuy € M,
and uy # so. Let vy be the other neighbor of uy on Cy. So, ugvy ¢ My. Since p(ry) = p(u;) #
p(vi) = p(y) and r; # u,, by Corollary 3.4 there exists a spanning 2-path P;Iu. + Pily in Q. Hence,
Py =Co+Py, + Pi]y + {Soto, Uolt1, VoVi, For1} — (X80, UgVo, Loro} is the desired Hamiltonian path; see
Figure 4.
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Ouo

Figure 4. A sketch map for the construction of the Hamiltonian path.

Sub-case 1.2.3. x,y € V(Q)).

Since |[My U Fy| = 2n — 5 < 2n — 4, by Theorem 1.6 when M, # () and Corollary 1.5 when M, = 0,
there exists a Hamiltonian cycle Cy containing M in Q° — Fy. Choose an edge sofy € E(Cy) \ M, such
that {sos, fot1} N F. = 0, s1t; # xy, and {s1,,} N V(M) = 0. Since |E(Cy) \ My| - 2|F.| -1 —-4|M,| =
|E(Co)l = M| = Q|F | +3IM|)-1>2"-(2n-5)-3-1=2"-2n+1 > 1 for n > 4, such an edge
Sotp exists. Since [(M; U {s;1;}) U (F1 \ {s111})] <2 <n-2forn >4 and M, U {st;} is a matching,
by Corollary 2.4 there exists a Hamiltonian path P}Cy passing through M; U {s,¢;} in Q}l —(Fi \ {s111}).
Hence, P,, = Cy + P}Cy + {5081, fot1} — {Soto, s1t1} 1s the desired Hamiltonian path.

Sub-case 1.3. |[My U Fy| =2n — 4. Now, |F.| +|M; U F;| =0 and |M,| > 1.

Since |MyUFy| = 2n—4 and |M,| > 1, by Theorem 1.6 there exists a Hamiltonian cycle C containing
M() in Qg - F().

Sub-case 1.3.1. x,y € V(Q9).

Choose neighbors s, fy of x,y on Cy such that xso ¢ M, and fyy ¢ M,. If 5 lies on one path joining
x and y on Cy and ry lies on the other, then by Theorem 1.1 there exists a Hamiltonian path Py , in Q,.
Hence, P,, = Cy + Pll o+ {sos1, fot1} — {xs0, Loy} is the desired Hamiltonian path. If sy and 7 lie on the
same path joining x and y on Cy, then choose an edge rowy € E(Cy) \ M, on the other path. We may
assume that r 1s closer to x than w( on one path joining x and y on C. By Theorems 3.1 and 3.2, there
exists a spanning 2-path P} .+ P, in Q,. Hence, P, = Co + P, + P,, ., + {Sos1, lot1, For1, Wow1} —
{xs0, toy, rowo} is the desired Hamiltonian path.

Sub-case 1.3.2. x € V(Q°), y € V(Q}) (or x € V(Q)), y € V(QY)).

Choose a neighbor sy of x on Cy such that xso ¢ M. In Q! by Theorem 1.1 there exists a
Hamiltonian path P{ . Hence, P, = Co + Py , + sos| — x5 is the desired Hamiltonian path.

Sub-case 1.3.3. x,y € V(Q)).

Choose an edge soty € E(Cy) \ My satisfying soty # xy. Since |[E(Cy) \ Mo|—1>2"-2n-5)-1 =
2"—=2n+4 > 1 forn > 4, such an edge syt exists. In Q,ll, by Lemma 2.2 there exists a Hamiltonian path
P}W passing through s,#,. Hence, P,, = Cy + P}(y + {8051, Tot1} — {Soto, $111} 18 the desired Hamiltonian
path.

Case 2. IM N Ej| = 1. Now, M. = {wow1}, {wo, w1} N {x,y} = 0, |F,| = 0,and |[M; U F,| < |25 | =
n-3<n-2.

Sub-case 2.1. |[My U Fy| < 2n — 6.
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Sub-case 2.1.1. x,y € V(Q°) (or x,y € V(Q))).

By induction hypothesis and Lemma 4.2, there exists a Hamiltonian path ng passing through M,
in Q% — Fy. Choose a neighbor ry of wy on ng. By Corollary 2.4, there exists a Hamiltonian path
Py .. passing through M; in Q, — F,. Hence, P, = P?O, + Py, + {rori, wowi} — rowy is the desired
Hamiltonian path.

Sub-case 2.1.2. x € V(Q0),y € V(Q)) (or x € V(Q}), y € V(Q%)).

When p(x) # p(wy), by induction hypothesis and Lemma 4.2, there exists a Hamiltonian path PEWO
passing through M, in Q° — Fy. By Corollary 2.4, there exists a Hamiltonian path P&Vl y bassing through
M, in Q, — Fy. Hence, P, = P}, + P, + wow; is the desired Hamiltonian path.

When p(x) = p(wp), choose a neighbor s; of y in Q! such that s; ¢ V(M;) and xso ¢ M,. Since
n > (n— 3) + 1, such a vertex s; exists. By induction hypothesis and Lemma 4.2, there exists a
Hamiltonian path P passing through M, in Q) — F.

If there exists a neighbor ry of wy on P?CSO such that ry # s and r;y ¢ M, then since |M;UF;| < n-3,
by Lemma 3.8 there exists a spanning 2-path P + P}, passing through M; in Q, — F,. Hence,
Py =P) + Py, +P), +/{sos1,wowy,ror} — rowp is the desired Hamiltonian path; see Figure 5(1).

Otherwise, dpgxo(so, wp) = 1, and the other neighbor r of wy on P?CSO satisfies rjy € M. Choose an
edge ugvy € E(P°, )\ M, such that u;v, # s;w; and {u;,v;}NV(M;) = 0. Since |E(P°, )\My|—1-4|M,| =

xS0 R
E(P° )| — (Mol + M) —1=3IM|>2"-1)-2n—-6)—1-3(n—-3)=2"-5n+13 > 1 forn > 4,

XS0

such an edge ugvy exists. Since |(M; U {uyvi} \ {riy}) U Fi| < n— 3 and s;wrys; is a cycle of
length four, by Lemma 3.12 there exists a spanning 2-path Pilwl + ry passing through M; U {u;v;} in
O, — (Fi \ {uyvi}). Hence, Py, = PO, + P}, + r1y + {Sos1, wow1, rory, uolty, vovi} — {Woro, uovo, uvy} is

the desired Hamiltonian path; see Figure 5(2).

)

Figure 5. A sketch map for the construction of the Hamiltonian path in Q1 — F.

Sub-case 2.2. |[My U Fo| =2n —5. Now, |M; U F;| = 0 and |Fy| > 1.

Sub-case 2.2.1. x,y € V(Q?).

Let ugvy € Fy. By induction hypothesis and Lemma 4.2, there exists a Hamiltonian path P?Cy passing
through My in Q) — (Fo \ {uovo)). If upvo ¢ E(PY,), then choose a neighbor ry of wy on P). If
upvo € E(PY,) and dp (wo, ugvo) = 0, then let rowy = ugvo. In Q!, by Theorem 1.1 there exists a
Hamiltonian path P}, lA. Hence, P, = P} + P}, + {ror1, wow1} — rowy is the desired Hamiltonian path.
If ugvy € E(ng) and dpgv(wo, upvp) > 1, then since wy ¢ {x,y}, we can choose a neighbor ry of wy on
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P?Cy such that ro & {uo, vo}. In Q!, by Theorem 3.1 there exists a spanning 2-path P. —+ P! Hence,

uyv riwg*
Py = P?Cy + P, + Py +{rori, wows, uguy, vovi } — {rowo, ugvo} is the desired Hamilltlonian lpélth.

Sub-case 2.2.2. x € V(Q°),y € V(Q!) (or x € V(Q)), y € V(QY)).

Since |[My U Fy| = 2n — 5 < 2n — 4, by Theorem 1.6 when M, # () and Corollary 1.5 when M, = 0,
there exists a Hamiltonian cycle Cy containing M, in QS — Fy. If de,(wp, x) = 1, then by Theorem
1.1 there exists a Hamiltonian path P,  in Q,. Hence, P,, = Cy + P,, , + wow; — xwq is the desired
Hamiltonian path. If d¢,(wo, x) = 2, then choose neighbors sy, ry of x, wy on Cy, respectively, such that
xsg € My and ry # so. Now, p(s;) = p(r;) # pw;) = p(y) and sy,y, r;, w; are distinct vertices. If
dc,(wo, x) > 3, then choose neighbors s, ry of x, wy on Cy, respectively, such that r; # y and xso ¢ M,.
Now, p(sy1) # p(y), p(r;) # p(wy), and sy,y, r;, w; are distinct vertices. In the above two cases, by
Theorem 3.1 there exists a spanning 2-path Py  + P} in Q,. Hence, Py, = Co + Py, + P, +
{sos1, ror1, wowi} — {xs0, rowo} is the desired Hamiltonian path.

Sub-case 2.2.3. x,y € V(Q)).

Since |[My U Fy| = 2n — 5 < 2n — 4, by Theorem 1.6 when M, # () and Corollary 1.5 when M, = 0,
there exists a Hamiltonian cycle C containing M, in QS — Fy. Choose a neighbor ry of wy on Cy. Since
riw; # xy, by Lemma 2.2 there exists a Hamiltonian path P}Q, passing through rw; in Q!. Hence,

P, = P}cy + Co + {rori, wow} — {rowo, ryw1} is the desired Hamiltonian path. O
5. Conclusions

We investigate the existence of a Hamiltonian path in Q, passing through a matching and avoiding
faulty edges. From Lemmas 4.1, 4.2, and 4.3, we can obtain the following conclusion.

Theorem 5.1. For n > 4, let M be a matching of Q,, and let F be a set of edges in Q, — M with

IMUF| <2n—-6. Let x,y € V(Q,) be such that p(x) # p(y) and xy ¢ M. If the degree of every
vertex in Q,, — F is at least 2, and there is neither x/y—DS nor (x,y)—DS in Q, — F, then there exists
a Hamiltonian path joining x and y passing through M in Q, — F.
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