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1. Introduction
Let g be an integer. For each integer a with
l1<a<gq, (a,q) =1,

we know that [1] there exists one and only one a with

I<a<g
such that

aa = 1(g).
Define

R(g):={a:1<a<gq,(a,q)=1,21a+al,

r(q) := #R(q).
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The work [2] posed the problem of investigating a nontrivial estimation for r(g) when ¢ is an odd
prime. Zhang [3,4] gave several asymptotic formulas for r(q), one of which is:

1 |
r(g) = 58(q) + O (¢*d*(g) log’ q).

where ¢(g) is the Euler function and d(g) is the divisor function. Lu and Yi [5] studied a generalization
of the Lehmer problem over short intervals. Let n > 2 be a fixed positive integer, ¢ > 3 and ¢ be
integers with

(nc,q) =1.
They defined

1 (01,01, ¢;9) = #{(a,b) € [1,0,q] X [1,02q] | ab = c(mod q),n t a + b},

where 0 < 6;,6, < 1, and obtained

1
ra (01,65, ¢:9) = (1 - 5)919290(@ +0(q'*7%(g) log’ q).

where the O constant depends only on n. In addition, Xi and Yi [6] considered generalized Lehmer
problem over short intervals. Han and Liu [7] gave an upper bound estimation for another
generalization of the Lehmer problem over incomplete interval.

Guo and Yi [8] also found the Lehmer problem has good distribution properties on Beatty
sequences. For fixed real numbers « and 8, defined by

Bop = (lan + B,

Beatty sequences are linear sequences. Based on the results obtained, we conjecture the Lehmer
problem also has good distribution properties in some non-linear sequences.
The Piatetski-Shapiro sequence is a non-linear sequence, defined by

N¢ ={|n‘]: neN},

where ¢ € R is non-integer with ¢ > 1 and z € R. This sequence was first introduced by Piatetski-
Shapiro [9] to study prime numbers in sequences of the form | f(n)], where f(n) is a polynomial. A
positive integer is called square-free if it is a product of distinct primes. The distribution of square-free
numbers in the Piatetski-Shapiro sequence has been studied extensively. Stux [10] found that, as x
tends to infinity,

Z 1:(%+0(1))x, for 1<c< 2. (1.1)
s 3

n<x
|n¢] is square-free

In 1978, Rieger [11] improved the range to 1 < ¢ < 3/2 and obtained

6x 3
Q2c+1)/4+e
—7T2+0(x * +), forl<c<§.
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Considering the results obtained, we develop this problem by investigating

R(c;q) = Z 1

neN°NR(q)
n is square-free

and range of ¢ when ¢ tends to infinity. By methods of exponential sum and Kloosterman sums and
fairly detailed calculations, we get the following result, which is significant for understanding the
distribution properties of the Lehmer problem.

Theorem 1.1. Let g be an odd integer and large enough,
4
v:=1/c and c € (1, g),
we obtain

3
Reg == | [a+phe

plg

+ O[Za - p-ér‘qy—%) + O[cﬂﬂ*f? [ Ja-p5"10gq

plg plq
+0(q*d*(g)log q) + O (q"*d*(q) log* q).
where the O constant only depends on c.

This paper consists of three main sections. Introduction covers the origins and developments of
the Lehmer problem, along with several interesting results. It also presents relevant findings related to
the Piatetski-Shapiro sequences. The second section includes some definitions and lemmas throughout
the paper. The third section outlines the calculation process, where we use additive characteristics to
convert the congruence equations into exponential sum problems. We then employ the Kloosterman
sums and exponential sums methods to derive an interesting asymptotic formula.

2. Preliminary lemmas

To complete the proof of the theorem, we need the following several definitions and lemmas.
In this paper, we denote by |¢] and {¢} the integral part and the fractional part of ¢, respectively. As
1S customary, we put
e(t) ;=™ and {t}:=1-|t].

The notation ||7|| is used to denote the distance from the real number 7 to the nearest integer; that is,
l|f]] := min |t — n|.
nez

And ) indicates that the variable summed over takes values coprime to the number g. Throughout
the paper, & always denotes an arbitrarily small positive constant, which may not be the same at
different occurrences; the implied constants in symbols O, <, and > may depend (where obvious) on
the parameters ¢ and &, but are absolute otherwise. For given functions F and G, the notations

F<G, G>F and F=0(G)
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are all equivalent to the statement that the inequality
|F| < CIG|

holds with some constant C > 0.

Lemma 2.1. Let 1.(m) denote the characteristic function of numbers in a Piatetski-Shapiro sequence,
then
L.(m) = ym"™ + O(m" ) + s (=(m + 1)) = y(=m"),

where :
W) =1t—-t] - 5 and vy =1]c.

Proof. Note that an integer m has the form

m = |n]
for some integer n if and only if
m<n<m+1, —-(m+1)Y) <-n<-m.
So
L(m) = |-m"] = |-(m +1)"]

= = = Y(=m?) + (m+ 1)+ Y(=(m + 1))

=y’ + 00 ™2) + g (~(m + 1)) — y(-m).
Thie completes the proof. O

Lemma 2.2. Let H > 1 be an integer, ay,, by, be real numbers, we have

1 1
< bre(th), < —, by<—.
|h|ZH ne(th), ay m n< 4

‘wm - . ae(th)

O<|hl<H

Proof. In 1985, Vaaler showed how Beurling’s function could be used to construct a trigonometric
polynomial approximation to y(x). For each positive integer N, Vaaler’s construction yields a
trigonometric polynomial " of degree N which satisfies

. 1 In|
() = Y()] < 2N+2|n|§v(l - 1)e(nx>,
where
W@ == ) Qrin) i (ne(n),
1<In|<N
B sin7z [ < sgn(n) 2 1
o= {5 2 o=
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Hy(z) =

sin® 71z { sgn (n)
e @~

2 1
+ E} , JIn(2) = EH;\/(Z),

and sgn (n) is the sign of n. The Fourier transform J(¢t) satisfies

1, t=0;
J(t) = {mt(1 = |ty cotmr + 1, 0 <t <1;
0, t>1.
To be short, we denote
ap = —Q2nih) " Ty (h) < l%l,
1 h 1
b = 2H+2(1 B H|+| 1) <H
There are more details in Appendix Theorem A.6. of [12]. O
Lemma 2.3. Denote
Kl q) = ZZ (ma+nb)
aei(mod g

then
Kl(m, n; q) < (m,n,q)>q2d(q),

where (m, n, q) is the greatest common divisor of m,n and q and d(q) is the number of positive divisors
of q.

Proof. The proof is given in [13]. O
Lemma 2.4. (Korobov [14]) Let a be a real number, Q be an integer, and P be a positive integer, then

Q+P

1
Z e(ax)| < min (P —)
L 2l
Lemma 2.5. (Karatsuba [15]) For any number b, U < 0, K > 1, let
0
a= +5 (o)=L r>l <]
-
then
" min (v <<(5+1)(U+rlo "
||ak o) S\ &

k<K

Lemma 2.6. Suppose f is continuously differentiable, f’'(n) is monotonic, and

If' (Il >4, >0

on I, then

Dle(fm) < 47

nel
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Proof. See [12, Theorem 2.1].

O

Lemma 2.7. Let k be a positive integer, k > 2. Suppose that f(n) is a real-valued function with k

continuous derivatives on [N,2N], Further suppose that
0 < F < fP(m) < hF.

Then

e(f(n))| < F*'N*+ F,

N<x<2N

where the implied constant is absolute.

Proof. See [12, Chapter 3].

3. Proof of theorem
By the definition of Mobius function
(=1)*,  Vpln, p* t n,
u(n) = )
0, dp°in,
it is clear that n is square-free if and only if
©n) =1,

where w(n) is the number of prime divisor of n. So

q
R(c;q) = %Zl 1= (=1)"™) g2 (m)1e(n)
1
E(Rl R»),
where
q ’
Ri= ) Bl
n=1
and

q

Ro= ) D" ().

n=1

AIMS Mathematics
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3.1. Estimation of R,

From Lemma 2.1, we have
q ’

Ri= " i (m1.(n)
n=1

q
= 27l (! + 0 + g (=1 + 1)) = y(=n"))
n=1

= Ri1 + Ry, (3.2)
where
q ’
Ri = Y 12 (yn™! + 06 ))
n=1
q ’ q ’
= Z wW(nyn’ ™! + O(Z ,uz(n)ny_z).

n=1 n=1

Let

D ={d: pld = plq}
and A(n) is Liouville function. When n € R(g),

dm=n,deD 3.3)

) > AdpEm), (n,q) =1,
u(n) =
0, (n,q) > 1.

We just consider the first term of R;;. Applying Euler summuation [1],

q

>, Hmyn! = i D, Ay (myy(dmy”!

n=1 n=1 dm=n
deD

= D A Y (myym”!

deD mg%

_ Z Ad)d™! Z [Z u(z)) ym?™!

deD mg% 2im

= > A Yy ym!

1
4ep (it <

- g oy ol

1
deD 1<($)2

=g Y Adyd" Y udrr+o|> Y g

1 1
deD ls(%)f deD l<(§)7
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=q ) Add”! (Z I+ 0 ((c—qir%)) +0 []‘[(1 _phygr
l

deD plg

6 1 1
=S la+pr)le+ O{Ha - p—zrlqh],

plq plg

thus

_ 6 ~1\-1 —IN-1 y-1
Ri=—| [a+p™ qy+0[ﬂ<1—p )" ]

plg plg

For R;,, by Lemma 2.2, we have

q
Rip = ) 12 (@ (~(n + 1)) = (=)
n=1

= Rz + O(R122),

where
q
Riy = ) ;ﬁ(n)( D an(e(=n+ 1y - e(—nyh»]
n=1 0<|hl<H
and
q
Ri i= ) () [Z by (€ (~(n+ 1)’h) + e(—nyh»].
n=1 |hl<H
Define
£0) = e((@) - @+ D)) - 1,
then

[ < |y,

i)

< |hld~ 2.
5 I

By Lemma 2.2 and Eq (3.3),

Ri= ) ahZMd)[ >, ﬂ2(M)e(—(dm)7h)f(m)]

O<lh<H  deD l<m<d

< >ty f ' f(t)d[z uQ(m)e(—(dm)’h))
0<|hl<H dep |V0 l<ms<t

< Dty f(%)[ D, uz(m>e<—(dm>yh>]
0<|hl<H deD l<m<d

|

(3.4)

(3.5)
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33599

DNy

O<|hl<H deD

)
fo % Z w2(m)e (—(dm)h) dt| .

l<m<t

Let | 2
(K’ /1) = (87 g)

be an exponential pair. Applying Lemma 2.7, it’s easy to see

D, Kme(=(dmyh) =) Zu(l)]e(—(dm)ym

1<ms<t m<t \ 2|m

< Z Z e(—(aPm)"h)

13
<2 ™Sz

8 2 -1
<<Z1ogq((<d12>y|h|<lé>y-l) (112)3 ¥ ((dl%hl(lév*) )

I<t2

<logq ) ((@hste" 217 + (@l 17?)
I<t?

<(@h)5t57*2 log? g + (d)h)) 't log ¢

<(dh)5r577 log* g,

thus
1 1
-1 y=17 77131 L g 5712 2
Riw << 3 W™ ) g™ @D ()" “log*g
O<|hl<H deD
4
d 11,1
+ ! f Bl 772 (d”|hl)o 1572 log? gdi
2 ) )

0JA<H  deD
1 1 7, 1
< Z Ik Zd 2872 log? g
0Ni<H ~ deD

+ Y Il Y di ' log’q f 177 3ds

0<|hl<H deD 0

<HF ]—[(1 —p ) lgir 1 log? q. (3.6)

plq

For Ry, the contribution from % # 0 can be bounded by similar methods of Eq (3.6). Taking
9 1

H=¢gu5 157 >1,

we obtain

q q
Rin=bo ) 12+ D by ) 1) (e(~(n+ 1)h) +e(=n"h)
n=1

O<lhl<H  n=1
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< H'g+ H 1_[(1 - p_%)_lq%“’_% log g
plg

< gt ]_[(1 ~p ) og?q. (3.7)

plq
It follows from Egs (3.5)—(3.7),
R < q%”% l_[(l —p)! log® g.
plq
Hence

=0 Hlg “3y 173 B+ Il 2
Rl_Pl—[(l—i_p ) g +0[Z(l—p ) g +0|qm 3H(1_p ) log? q|. (3.8)

plg Plg plg

3.2. Estimation of R,

Similarly,
q
Ry =" (= 1) 2 (m1.(n)
n=1
=RP,; + RPy,, (39)
where
Ry = Z D" (m) (yw™" + 0 )
and

q
Ry = Z (1" (n) (@ (—(n + 1)) = (-n")).
n=1

We also just consider the first term of R»;.

Z( TPy = Z( 1y [Zy(d)]yn“

n=1 d2|n
q q ,
= DL G Y p@yn ™+ YT Y w@yn™ (3.10)
n=1 d2|n n=1 d2|n
d<q£ q£<d<q%

It is easy to see

qu’(—l)’”'_’ Z /,t(d))/rfy_1 < Zq:/ Z yn7_1 <<q7_£. 3.11)
n=1

d?n n=1 d?n
1 1 1 1
g4 <d<q?2 q4<d<q?

AIMS Mathematics Volume 9, Issue 12, 33591-33609.
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Since for integers m and a, one has

1 <& s(m—a) 1, m=a(mod g);
— Ze(—) =

q “— q 0, m # a(mod q).
This gives
a, g-1 ¢-1
DTN udyyn ! = Z Z (=1 >y 1
n=1 d2|n n=1 m=1 d2|n a=1 b=1
1 nm=1( mod q) 1 a=m b=n
d<q* d<q*

= zq] zq] (=1 " utdyyb”!

n=1 m=1 a=1 b=1 d?|b
nm=1( mod g) a=m b=n 1
d<q4
9 4 g-1 q-1
= >3 D DT @y
n=1 m=1 a=1 b=1 d2lb
nm=1( mod g) a=m( mod ¢q) b=n( mod q) 1
d<q?
9 g9 g-1 g-1
= > (=1 > udyyb”!
n=1 m=1 a=1 b=1 d2|b
nm=1( mod gq) 1
d<q*

IS sm—a) \(1 <5 t(n—Db)
x|= > le(=——=)|[= > e )
q s=1 q q =1 q
1 &L sm + tn
722( )

s=1 t=1 \nm=1( mod q)

d2|b
d<q4

From Lemma 2.3,

sm+tn 11
2, e ) =Klstg) < (5.1.9) g dlg).

nm=1( mod q)

Note the estimate

! sa 1
E (-D)%(——)| < < -
o q ‘e(% - 2) _ 1‘ | cos 27|

g-1
x[ (-1 (——)] Z( 1y (——)Zu(d)yb“ :

(3.12)

(3.13)

(3.14)
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holds. By Abel summation and Lemma 2.4, we have

143

Z( 1) e(__) Z /’t(d)yby ! Z ,u(d) Z( 1)d2b 2b),y(de)y—l

2
b i<}

d<q4
157 ]

2
b

< S 200N (C1yPre= 0y
3| S e

P

2 td*b
< )0 yEy max Z( D*e(-= =)

1<6<| L
degt Bl |5t
» £ b
<3 max [$ e
1< q
2ld

d’b
Z( el )

b=1

+ Z yq”™' max
1<B<1 %7 |

dSq%
24d

1
d<q4 4

2|d 24d

To be short, combining Eqs (3.13)—(3.15), we denote

| -1 1
Ry i=q~ ZZ(S t, 61) d(CI)ff 7r| Z q" 'm [ 42 J,m]
q

s=1 t=1

d<q4
2ld
] 1
X 1
i ZZ(S t, 61) d(q)q2|cos 7l [ d? 2||d—2t||]
s=1 t=1 d<qt !
q
1
y 3
> uwtd(g)g? Z |COS g Z Z [ 2||£r||]
ulg asqt ! %
and
Ry = q_zii(s t,q)?d(q)q’ Z ¢t min| L7 IJ 1
22 Icos 7] @ T2y - L)
s=1 t=1 d<q4 T
24d
Let

2
@ h=r L4,
u r ur

-1 1
< -l "I'm ], .
Z" ( & 2||d2 ||] qu ( & 2||5—"§r||)

(3.15)
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making use of Lemma 2.5, we have

S lg-1 1 %
min | ——, < (=
2, [d2 2||"%r||) <"

qr
d2

.4 log g.
u

=1

Insert it to R,;;, then

Ry <<q7_32u2d(q)q2 Z = zsul Z Z ( ZIOgQ)

ulg d<q4 (d2 ‘1) r
g7 u zd(q)qZ—loqu 2%+ 210gq)
ulg d<q1 rld?

r|q
Zuzd(q)qZ—loqu Z( + % logg)
ulg qz

Bl—|

r

%
<q ) ubd(g)q* Z log g (qd(q) + %d(q) log q)

ulq

<qid(g)log’ q.
By the same method of Ry,
Ryx < ¢ d(g) log’ q.
Following from Egs (3.10) and (3.11), estimations of R,;; and R;i»,
Ryt < ¢"% + RPyyy + RPapy < ¢ 3d3(q) log’ q. (3.16)

By the similar method of R;, and R»;,

Ry = Ryy1 + O(Ry), (3.17)
where
q
Ry = (-1)”+"lu2(n)[ D an(e(=(n+1h) - e(—nyh))]
ps| 0<JhI<H
and

q
Rz := ) (=11 (n) {Z by (€ (~(n + 1)) + e(_nm))) :

n=1 |hl<H

It is obvious that

Ry = Z (=™ (Z ,u(d)][ Z a,(e(—(n+ 1)"h) - e(—n’h))}

d?n O<|hl<H

AIMS Mathematics Volume 9, Issue 12, 33591-33609.
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q
RGOS ,u(d)[ D an(e(=n+ 1)) - e(—n%))}
0<|hl<H

n=1 d2n
d<q%
q
+Z (1) Z u(d)[ Z a, (e (=(n + 1)h) —e(—n’h))]. (3.18)
n=1 d2n O<|hl<H
q%<d<q%

From the estimate
e@h—-m+1Yh)-1<®@ —n+1))h <y 'h,

by partial summation,

q
INCAEDY ,u(d)( >, ah<e<—<n+1)7h>—e<—n7h>)]
n=1

&2 O<lhl<H
qé<d<q%
q
< Z DD ae-nhy emh - (n+ 1)k - 1)
n=1 &2 O<|hl<H
q%<d<q%
q
< Z’ Z yn’'Hlog H
n=1 d%n
q%<d<q%
< ¢ sHlog H. (3.19)

For another term of Ry,

q
Dy u(d)[ D an(e(=n+ 1y - e(—th))]

n=1 L2in 0<|hl<H
dsqé
q
=Y =y M(d)[ D an(e(=n+ 1y - e(—nﬂz))]
n=1 d?n O<|hl<H
a<ch
q q q q
X[lZZef(m a) )( Zze(t(n b), )
4q a=1 s=1 b=1 t=1
1 &< sm+tn et
S IS SIS
4 s=1 t=1 \nm=1(mod q) a=
Z( D e(——)Zﬂ(d) D, an(e(=(b+17h) —e(=b"h)|. (3.20)
dzlb 0<|hl<H
d<q6

AIMS Mathematics Volume 9, Issue 12, 33591-33609.
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We just need to give an estimation of the last part in (3.20). Similarly, let
g(x) = e(((®x) = (d’x + 1Y) h) -
then

g(x0) < |hl(@x) ™,

08 22,
ox
By partial summation,
- tb
Do=1le(==) > u@d) Y an(e(=(b+1)h) - e(-b"h)
b=1 q d2b 0<|hl<H
d<q%
= > ahZMd) >, ((———)b <d2b>Yh)g<b>,
O<|hl<H 1<b<|_q21J
LqTJ 42 td>
-1 ¢ & N R2hyy
< > I Zfl g(x)d(z e((2 q)b (d*b) h)]
O<|hl<H d<q% 1<b<sx
_ d’  td?
< > |h|12 = Ly ¥ ((———)b (b )Vh)
0<|hl<H d<q6 1<b<Lq21J
o) P &2 td?
> IZ‘ f Ry ((———)b (dzbm)
0<|h|<H 1<b<x
where
y—1
and

2 2
> ((d——i)b (dzb)yh)

1<b<| 43 |

2 2 2 2
- Z ((d——i)b (dzb)yh)+ Z ((d——ﬂ)b (dzb)m).

It is obvious that

2 2
> ((d— - i)b (dzb)m) < gt.

AIMS Mathematics Volume 9, Issue 12, 33591-33609.
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Suppose ¢ be large enough and for b > q%, when 2 { d or g 1 td?,

-1

> (),

& td ) o e
Z _ T y_ v y-1 > —|l(= == 2
H(2 q) yd7b""h 2“(2 q)d

and applying Lemma 2.6, we have
& td & td -
> |G- == @R < (5 - =) - yd bR
2 g 2 ¢

1 -1
q6 <b<|_daJ

-1

1 ¢
S
<5 q)

So |
2 2 1 1_ o2l 2.
(- o) fi T 1wt
| 4

(= —-—)b-
2 q 2|dandq | td*;

1<b<L 45 ] 42’

which means

q-1

b
DLV Y ) D anle b+ 1)~ e(-bh)
b=1

2 0<II<H
d<qé
1 1 t -1
< S Y g (q6+||(5——>d2 )+ S ont Y g
0<|hl<H d<q% q O<|h|l<H d<q%
24d or gitd? 2|d and gltd?

-1

+ Hqg” Z d.

1 1 t
< Hq g3 + E ”———a’2
9 |q . (2 q)

d<q® d<q®
24d or gftd? 2|d and gltd?*
We denote
T(c):= ) #{(g ~20d = e(mod29), 1 < i}
1 u u u
d<qb
q »
< =, d
2 C.d)
d<qb
< qid(q),
thus,

q
PRGOS u(d)( D ae=(+1h) - e(—nyh»)
n=1

&in O<lhl<H

1
d<qbt
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-1

<> Yh0) dia)gt o dle s X G-

s=1 t=1

d<q®
24d or gftd?
Y Y
_2 1 —
+q (s,1,9)*d(q)q? d?
s=1 =1 | q d<qé
2|d and gltd?
y_i l 2 L _t ) -
< Hg 22 id )le 2SM|Z q Z H( )d
ulq d<q6
+H > urd( ) d>
d<q® q|td2
< Hg""id*(q)logq + Hg"3d*(g)log g
+Hg™ ) uid(g)log’ gmax ) ||—||- T(c)
ulg C<cg2C M
< Hq" 5d%(g) log? q. (3.21)
With Egs (3.18) and (3.19), we have
Ryi < Hq" vd*(q)log® g + Hg" ® log H. (3.22)

For R,,,, the contribution from 4 = 0 can be bounded by similar methods of R,;, and the contribution
from & # 0 can be bounded by similar methods of Ry;;. Taking

H =loggq,

we obtain

q

q
Ro = bo ) (=12 + D (=12 | Y bile(=(n+1)h) + e (=n"h))

n=1 n=1 0<lhl<H
< H'qid’(q)log’ q + Hg'" *d’(g) log’ q
< qid¥(g)logq + g sd*(q) log’ g. (3.23)
Following from Egs (3.16), (3.22), and (3.23),
R, < q"édz(q) log® g + q%d3(q) log g. (3.24)
Hence, from Eqgs (3.1), (3.8), and (3.24), we derive that

3 1 1
Reg == | [a+p g+ O[Z(l - p‘Z)‘lq”]

plg plq
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+0 [qufz [ ]a-p"log q] +0(qd*(@)logq) + O(q ¢ d*(g) log’ ).
plg

We need the error terms to be smaller than the main term, so

7 4
Byt <7
3

i<

which means the range of c is (1, f—‘). The reason why the range of ¢ is changed is that R(c; ¢) requires
q large enough.

4. Conclusions

In this paper, we generalize the Lehmer problem by considering the count of square-free numbers
in the intersection of the Lehmer set and Piatetski-Shapiro sequence when ¢ is an odd integer and large
enough. By methods of exponential sum and Kloosterman sum, we study its asymptotic properties and
give a sharp asymptotic formula as ¢ tends to infinity.

Based on this result, we will consider some distribution problems similar to the Lehmer problem
with more special sequences, which is significant for understanding the distribution properties of those
problems.
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