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Abstract: In this paper, we represented the optimal control and dynamics of a stochastic SEIR
epidemic model with nonlinear incidence and treatment rate. By using the Lyapunov function method,
the existence and uniqueness of the global positive solution of the model were proved. The dynamic
analysis of the stochastic model was studied and we found that the model has an ergodic stationary
distribution when Rj > 1. The disease was extinct when R < 1. The optimal solution of the disease
was obtained by using the stochastic control theory. The numerical simulation of our conclusion was
carried out. The results showed that the disease decreased with the increase of the control variables.
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1. Introduction

Mathematical models are very effective tools in studying the dynamical behavior of infectious
diseases [1-5]. When there is no way to eradicate diseases completely, researchers are always
looking for and developing the best methods to control the spread of diseases. A lot of mathematical
models have been presented for control effects of infectious diseases [6—8]. Disease control is mainly
considered from two aspects: vaccine and treatment. Some researchers have considered vaccine
control, such as [9-11], while others considered treatment control. Among them, in order to measure
the effect of delayed treatment of the infected, Zhang and Liu [12] proposed the form of saturated
treatment function T(J), T(I) = 1fo1’ where y > 0, @ > 0. A treatment function containing both the
control and the infected is proposed and is defined as T'(u,I) = 1:/:?,2 5 in [13], which better reflects the
characteristics of natural epidemics.

Many human epidemics, such as measles, smallpox, epidemics, and dengue fever, are represented
by the SEIR model [14,15]. In particular, the literature [15] takes into account the Crowley-Martin-type
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incidence rate and Holling type II treatment rate, and proposes the following model:

BSI
ds =[A—pus - d,
[A -k (1+a/1S)(1+yI)]
BiSI
E= - Elds,
(e ~“9F |
Bl aul (1.
dI:[(pE—1+a21—1+bu1—(/1+v)1]dt,
ﬁz[ aul
R= — uR
d [1+a21+1+bu1 R|d.

where the total population N is divided into four parts: the susceptible(S ), exposed(E), infected(/), and

recovered(R), % represents the transmission population of disease from S to I by the Crowley-

Martin incidence rate, 16312 ; represents the treatment rate of the infected population, and 1?};’” 7 1s the
saturated treatment function of infected population where u is treatment control. Other parameters and
their definition are shown in Table 1. b is a nonnegative quantity, and other parameter are all positive.
Neglecting the fourth equation, they considered an equivalent model where the basic reproduction

number was described as

AB1y

Ry = )
OT (A + )+ @) B + o+ au+ )

They have performed the stability and bifurcation analysis of the model system. If Ry < 1, then
symtem (1.1) has a unique disease-free equilibrium Po(%, 0, 0), which is locally asymptotically stable.
Conversely, if Ry > 1, then system (1.1) has two equilibrium points: one disease-free equilibrium P°
that is unstable, and another endemic equilibrium P*(S*, E*, I*) that is locally asymptotically stable,

* *\ 3 . * ﬁls*l*
where (S*, I*) is presented numerically, E* = Froia ST

Table 1. Parameters and their definition.

Symbol Definition

A Total recruitment

Bi Disease transmission rate

® Transition rate from E to /

a; Inhibition effect due to susceptible population
Yy Inhibition effect due to infected population

u Natural death rate

v Death rate due to disease

In real life, the spread of diseases is inevitably affected by environmental white noise, as it is an
integral part of nature, therefore, considering deterministic models no longer fits the actual needs.
Some scholars have studied the dynamical behaviors of epidemic models affected by white noise,
such as [16-19]. Hence, we incorporate white noise perturbations into model (1.1). We propose the
following stochastic SEIR epidemic model with nonlinear incidence and treatment.
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ds =[A-pus - T cfs]fé " yl)]dt + 0 SdB(b),
dE = | ST — (u + @)E|dt + 2 EdB(1)
(I +a,S)1 +vyI) ’ (1.2)
dl = [¢E - Pl _aul (u+ W) |dt + o5 1dB(1)
1+a 1+bul ’
dR = | 1 f 2; —* 1 j”quI ~ uR|dt + o4 RAB4(1),

where independent standard Brownian motions are expressed as B;(?) (i=1,2,3,4),ando; (i = 1,2,3,4)
are positive constants that represent the intensity of the environment white noise, respectively.

This paper is organized as follows: In Section 2, we prove that the proposed model has a unique
positive solution and the solution is global. In Sections 3 and 4, we study the dynamical behaviors of
the proposed model in terms of the existence of stationary distribution and the extinction of the disease,
respectively. In Section 5, we discuss the optimal control problem of the proposed model. In Section 6,
we give a series of numerical simulations. Finally, in Section 7, conclusions are given.

Let (Q, F, {F:}=0, P) be a complete probability space with a filtration {¥},;>¢ that satisfies the usual
conditions (i.e., it is increasing and right continuous while ¥, contains all P-null sets).

Consider the stochastic differential equation (SDE) of n-dimensional of the form

dX() = F(t, X(0)dt + G(t, X(2))dB(t), (1.3)

where F(t,X) : R, X R" - R" and G(#,X) : R, X R" —» R™™ are measurable functions and B(¢) is
R™-valued standard Brownian motion. Given V(X,1) € C*'(R" x R,,R,), we define the operator LV
corresponding to the SDE (1.3) by

1
LV=VXt+ V(X DF(X, 1)+ Etrace[GT(X, HV (X, HG(X, )], (1.4)
where VLD v s 5 pe
VX, t V oV \% %4
VX,t :—’VXX’t = _7_7"'7_7VxxX’t = .
(X0 ot X.1) (Hxl 0x, axn) X.1) (Hx,-x j )nxn

Then, the Itd6 formula is obtained:
dV(X,t) = LV(X,t)dt + V(X,))G(X, 1)dB(t).
2. Existence and uniqueness of the global positive solution

In this section, using the Lyapunov analysis method [20], we first show that the system (1.2) has a
unique local positive solution, then we show that this solution is global.

Theorem 1. If (S (0), E(0), I(0), R(0)) € R? is any initial value to (1.2), then (S (¢), E(t), I(t), R(?)) is a
unique existing positive solution to (1.2) for t > 0 and the solution remains in R* with probability 1.

Proof. Since the local Lipschitz condition is satisfied by system (1.2), for any initial value
(5(0), E(0), 1(0), R(0)) € R?, there exists a unique local solution (S (1), E(¢), I(2), R(?)) for t € [0, 7,),
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where 7, denotes the explosion time [21]. To prove that the solution is global, we only need to prove
7, = +oo a.s. To this end, let ky > 1 be a sufficiently large constant such that S (0), £(0), 1(0), and R(0)
lie within the interval [é, ko). For k > ko, we define the stopping time as follows:

T = inf {t € [0,7,) : min{S (¢), E(?), I(t),R(t)} < %, ormax{S (1), E(t), I(t), R(¢)} > k}.

Clearly, 7., < 74 a.s. If 7o, = +0 a.s., then we have 7, = +o0 a.s., and (S (?), E(?), I(1), R(¢)) € R? a.s. If
this is false, then there exists a pair of constants 7 > 0 and € € (0, 1) such that P{r<7} > &. Therefore,
there is an integer k; > kj satisfying

Pitocr) > & Yk > ki @.1)
Define the C*>-function V; : R — R?:
ViIS,E,LR) =S -1-InS)+(E-1-InE)+(U-1-Inl)+(R—1-1nR). (2.2)

Applying the It6 formula, we obtain
S-1

BiST E-1 BSI
V=2 [A—usS - - E
LVi=—5 [A-n (1+alS)(1+yI)]+ E [(1+a/1S)(1+)/I) (u+ 9|
I-1 Bl aul R-1, Bl aul
L vE - - - I —UR
L ¢ T+a]  1+obul (9] + R (1+a21+1+bu1 HR)

2 2 2 2
O'1+O'2+O'3+O'4

2
1 A
=A+4u+p+v+ A + P T -uS +E+I1+R)— —
A+aS)YA+yD) 1+al 1+bul S
N BiST _$E__ Bl aul  0jrostoitoy
Ed+aS)Y1+yl) I  R(+ax) R +bul) 2
Bi o+ 05+ 05+ 0
SA+4/,z+<p+v+7+au+ﬁ2+ > =K, (2.3)
where K is a positive constant.
The following proofs are similar to references [22]. m|

3. Stationary distribution

The unique stationary distribution of the stochastic SEIR model indicates that the persistence of
the disease in the future under certain conditions, that is, the stochastic model fluctuates around the
endemic equilibrium of the corresponding deterministic model.

Let X(¢) be a regular time-homogeneous Markov process described by the following stochastic
differential equation in R

k
dX(t) = b(X) + Z h,(X)dB,(f).
r=1

The diffusion matrix of the process X(7) is defined as follows:
k

AX) = (@ij(x)), ai(x) = ) hih].
r=1
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Lemma 1. [23] If there is a bounded open domain D C E,; with regular boundary T, it has the
following properties:

(i) The diffusion matrix A(x) is strictly positive definite for all x € D;

(ii) For any x € E;\D, it has a nonnegative C? function V such that LV is negative.
Then there exists a unique ergodic stationary distribution nt(-) for the Markov process X(t).

Theorem 2. For any initial value (S (0), E(0), 1(0), R(0)) € Ri, the system (1.2) admits a unique ergodic
stationary distribution n(-), if
s 4Aﬁ1§0ﬂ(:u + V)
R, = = = = N > 1.
a1y + )+ @+ ) +v+au+ B+ F)A + é‘—1+‘%)2

Proof. In order to prove the theorem, we first verify that condition (i) in Lemma 1 holds. From (1.2),
we obtain that the diffusion matrix of system (1.2) is

o382 0 0 0
0 ¢2E2 0 0
0 0 2P 0
0 0 0 2R

A =

It is easy to see that the matrix A is positive definite for any compact subset of R*. Therefore,
condition (i) of Lemma 1 is satisfied.
Next, we verify that the condition (ii) in Theorem 2 also holds. Define C? functions V/ : Rﬁ - R:

Vi=-cInS —C211'1E—C311’11+C4(S +E+I+R),

where

Aﬁl%ul%

0'2 0'2 0'2 ’
M+ FPUu+e+F)u+v+au+p+3)
B

ary
(,u+§)(,u+<p+§)2(,u+v+au+ﬁ2+%§)’
Aﬁl%“%
€3 = 2 2 2
U+ D p+e+ Du+v+au+tpr+ 32
ABrput

ayy

G'2 0'2 0'2 ’
W+ ute+F)u+v+autfr+3)

Cc =

Cy =

2 _
¢, =

Making use of the Itd formula, we obtain

IVi=— alA 0B1S1 _ CGpE N apil N 332
! S Ed+aS)d+yD) I d+aS)A+D)  1+ml
2 2 2
cyau g (o g
1jbul+cl(y+71)+cz(y+(p+72)+c3(,u+v+ 73)+c4[A—,u(S +E+1+R)—vI
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B 1A B ST B c3oE B ca(u +v)(1 +yI) B capu(l + a1 S)
S E(1+aS)1+vyD) 1 0% a
ci1fil 3B c3au o
- E+R)+ + + + =
CHE Rt A S T v oD T T4aal 1+ bul ei(u 2)
2 2
93 03 L p+v
+cz(,u+(,0+7)+03(,u+v+7)+c4(]\+a/—1+ » )
1 2 2
2 M+V 3 O-l 0—2
S—5(6102C3C4A,uﬁ1()0 a/n/) +c1(/,t+ 7)+c2(/,t+go+ 7)
2
o3 U u+v ci1fil
3 A+ =
+c3(,u+v+au+ﬁ2+ 2)+c4( +a1+ " )+(1+alS)(1+yI)
2A 1
__ : ,31<P,:l(ﬂ+V) : +c4(A+ﬁ+”+V)+ : 01,311
QYU+ D+ e+ 2+ v+autpr+ %) @Y (1 +a§)(1 +yD
TR TR Y \/* cifil
=—clA+—+ RS —1)+ : 3.1
s Y J(E =D (1 +aS)(1 + ) G-
Set Vo(S,E,R) = —1InS —In E — InR. Then, we have
1 BiST 1 BiST
Vo=——[A—pus - - — —(u+@)E
LV S[ K (1+a15)(1+71)] E[(1+a/1S)(1+71) (u+p)E|
1, Bl aul 0'%+0'§+0'i
- = + —uR)+ ——=
R(1+a21 T our M) 2
A BiI BiST Bl aul

+ — — —_—
S T A+aS)1+yD)  Ed+aS)1+yD) RO +axl)  R(1+ bul)
oL+ o5+ 0]

+3u+¢+ 5 (3.2)
Define
Vi(S,E,I,LR) =S +E+1+R,
1
Vi(S,E,I,LR) = ——(S + E + 1 + R’
4(S,E,I,R) 9+1(S )
Then, we have
LVi=A—-ulS +E+I1+R)—vl, (3.3)
0 0 0+1 2 2 2 2
£V4§(S+E+I+R)[A—,u(S+E+I+R)]+§(S+E+I+R) (cyVo;Vo3Voy)
0
:_[ﬂ_i(avangngi)](S+E+1+R)9“+A(S+E+1+R)9
1 0
<G - 5[“ - E(a% Voivoiv ai)](sf’“ + EO 4 [0+ 4 RO, (3.4)

where

1 0
G= swp [AS+E4I+RI = Slu-SoivaRvaRvadis + B+ 1 R < oo
(S.E.I.R)R* 2 2
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Define a C? function Q : R — R in the following form:
Q(S’E’I’R) = MVI(S’E’ I’R) + VZ(S’E’R) + V3(S,E’I9R) + V4(S’E,I,R),

where M > 0 is sufficiently large and satisfies the condition

_Mc4(A+aﬁl+“;V)(\/1?g— )+ B< -2, (3.5)

where

2 2 2
+ ol to
B= sup {3,u+A+<,0+’u(a1 A B

(S.E.LLR)eR? ary 2

1 0
_ E(S"“ + E™ 4 [ 4 R"”)[,u - 5(0'% Vo Vo3V 0721)]} < oo

In addition, Q(S, E, I, R) is continuous, and (S o, Ey, Iy, Ry) is a minimum value point of Q(S, E, I, R)
in R?. Therefore, define a C? function

V(S,E,I,R) = Q(S,E,I,R) — Q(S o, Eo, 1o, Ro).

Clearly, V is nonnegative. By the 1t6 formula and combining (3.2)—(3.4), we get

Me, + DB
LVS—MC4(A+ﬁ+'u+v)(‘/R8—1)+ Mt DB s+ E+T1+R) —vI
y

ay 1+ a1 S)A +vyID)
~ BiS1 APl ad ot o3 o
EQ+aS)1+vl) S R +axl) R(1+bul) 2 K

1 0
+o+G— 5[/1 - 5(0'% VosVosV O'i)](SGH + E% 4 51 4 RO

M 1)B1 2SI\E A

<— Mes(n+ 2 Y JRy -1y Mt DALy BucShyi A

ay 0% 1+ a1 S +vyID) Eayy S

Bl aul +,U(011 +7)+0'%+‘7%+032x
R(1 +ayl) R(1+ bul) ary 2

—uw(E+R)—vI -

+ 3u

1y 6
+A+9p+G— 5[,1 - 5(a% Va3 Vo3 Vo]t + EX 4 1 4 R, (3.6)

The tectonic compact set is

1 1 1 1
D={(S,E,I,R)€R1:81 SS<—<E<—&<I<—&<R< —}.
€1 & &3 &y

For the sake of discussion, let’s divide R*\D into eight regions:
Dy ={S.ELR R :0<S <&,
D, = {(S,E,I,R) €ERY:e <S,0<E<eg,e< I},
D;=((S.E.LR)€R! 16, <5,0 <1<,
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Dy ={(S.E.LR) R} : &3 < 1,0 <R < &4,

Ds

1
{(S.E.LR)eRY:S > —| D ={S.E.LLR) R :
€1

1
D; ={(S.E.ILR)€R} : E> —}.Ds = {(S.E.IR) e RY :
&

where €;(0 < g < 1,i = 1,2,3,4) are positive numbers small enough to satisfy that the following

conditions hold

_ 4 &2 — 3
E=E&,E =&,84 =&,

A
-—+F < -1,
€1
2 1
—3(ﬁ‘“ ) +F <1,
aryye;
+ Mc; +1
Me(A+ L N gy oy Wt DB g
a, Y ay
- il N an 5 +F < -1,
(1 +azey)  &(1 + buey)

1 | dvervaly D+Kk<-1

28?’1# 20-1 0,V 03 0y p
1 _Q( *VoyVosVod]l+K < -1

28%(9“)[/1 20'1 O, VO3V 0oy ,
L [_Q tvavarvep|+K < -1

28411(0+1)/“‘ 2(0'1 0, VO3V 0oy ;
L [ _Q( 2V oSV oV 2)]+K<—1

28?(9+1)'“ FT1V o Vo3V oy ,

where
Mc, + 1)B,1 + o+l + 02
F=sup { (Me, + L, +3,u+A+(,0+'u(a1 Y)+ 12 4
s.ELRext (1 +aiS)A +yI) ary 2

1 0

- 5[,11 - 5(0’% V o% v O'% \% 0'2)](59“ + EM 4 0 4 R9+1)} < oo,

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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2, 2, 2
,11(61’1"')’)_'_0'1"'02"'”4
2

Mc, + 1)Bi1
K= sup (Mey + Dpy +3u+A+op+ +G}<oo.

s.ELRert (L+aiS)(1+yD) arvy

In the following, we prove that the eight regions have LV(S, E,I,R) < —1 for any (S, E,I,R) € D".
Case 1. For any (S, E, I, R) € Dy, by (3.8), we have

A Mc, + 1)B,1 + o+ o+ o2
Mei+ DT o +y) 01+ 05 S 3+ A+90+G

V<-—+
£ S A+aS)A +vyD) ary 2
1 0
- E[u — 5(0'% V 0'3 \% (f% \% 0'42‘)](59“ + EOU 4 151 4 RO
A A
<-—-+F<-——+F<-1
S &1
Case 2. On D,, by (3.7) and (3.9), we have
2SI 1 2 1 2 1
LVS—3(’81# )3+F5—3(’M)3+F:—3(’81’u )3+F<—1.
Eayy 201y a1ye;

Case 3. When (S, E,I,R) € D3, by (3.7) and (3.10), we obtain

Mey + DB
LVS—MC4(A+ﬁ+'u+v)(,/R5—1)+#+B
ay

(03] 04
+ Mc, +1
< Mo+ B N gy -y MO DRE
(03] 04 a
<-1

Case 4. On Dy, by (3.7) and (3.11), we get

IV < - Bl _aul CF <o Bre3 B aues CF <1
" R+ apl) R +bul) T a1+ ares) &4l + bugs) ’

Case 5. For any (S, E, I, R) € Ds, by (3.7) and (3.12), we have

Mc; + 1)B,1 + o+ 0%+ o2
(Mc, + 1)By +,u(a/1 7)+ L T 3 A+ G

V<
L +a1S)A +yD) ary 2
1 0
- E[ﬂ - 5(0‘% VosVoiV 0'%)](59“ + E® 4 17 4 RO
1 0 1
<- 5[# - 5(0’% Vo Vo3 Vo-i)]seﬂ +K
1 0 1
S—E[u—i((f%VO'§VG§V0'i)]$+K
<-1

Case 6. On Dg, by (3.7) and (3.13), we have

1 0
LV <- 5[,11 - 5(0'% Vo3 Vo3V o’i)]l‘”’1 +K
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1 0
S——u——(02V02V0'2VO'2)—+K
2[ 2 1 2 3 4]8%(9+1)
<-1.
Case 7. When (S, E,I,R) € D7, by (3.7) and (3.14), we obtain
1 0 , 2 2 2\ o+1
LVS—E[y—5(0'1V0'2V0'3V0'4)]E + K
1 0 , 2 2 2
S_E[ﬂ—5(0'1VO'2VO'3VO'4)]W+K
<-1.

Case 8. On Dg, by (3.7) and (3.15), we get
1 0 , 2 2 2\] ph+1
LVS_E[M_§(0-1VO-2VO-3VO-4)]R + K

1 0
S——[,u—?o%Vo%Vo%Voﬁ)] +K

2 83(6+1)

1
<-1.

Thus, for sufficiently small positive numbers &;(i = 1, 2, 3, 4), we obtain
LV <-1, Y(S,E,I,R)eRI\D.
Consequently, Theorem 2 holds. m|
4. Extinction of disease

In this section, we will demonstrate that under certain assumptions, the disease will become extinct.
Define a parameter

RC = PBi+au+@Bra) FACFTHANTTHT)

a(u+@)(u+v+ B, +au) U+v+pr+au

Theorem 3. Let (S(1), E(¢), I(t), R(t)) be the solution of system (1.1) with any given initial value
(5(0), E(0), 1(0), R(0)) € RY. If R < 1, then

fim sup MEED + G+ IOL

t—+00 t

0, a.s.,

lim R(#) =0, a.s.,

t—+00

that is to say, (E(t), (), R(t)) exponentially converges to (0,0, 0) a.s.
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Proof. Let p(t) = @E(t) + (u + ¢)I(t). By the 1t6 formula, we obtain
1
dIn p(r) = LIn p(z) + m[wﬁd&(o + (u + @)or31dB(1)), 4.1)

where

wB1S1
OF + (u+ ¢)1{(1 oSy KT o)

‘pzf’zEz (u + 90)2%312
(PE + (u+@)I)?*  (pE+ (u+@))?

! B
S‘)"E + SO)I{[a/](‘Z Jlr ) +pr+ au][(ﬂ + @) + E] — [

B au

§ 1) =
Linp(®) T+aod  1+obul

+ (u+ v)]I}

B
a(u+ @)
P LE? (u+ P 5P
_(,u+<p)(,u+v+,82+au)1}— (GE+ (u+@))?  (9E + (u + o)I)?

o pE [ b

=+ +au—
a(u+¢) CE+ (u+o)lta(u+¢)

o2 o2
Wt v+B+ral 90272E2 ~ (ﬂ+¢,)27312
ok ++pl (GE +(u+ @) (PE +(u+ )P
0_2
__¢h B +au— [m‘(‘fi@ +B +au+ F _n]gszz
nu+e) (0E + (1 + @)I)?

P+ QL + By + au + p+ v + By + aulEl

(¢E + (u+ o)I)?
B (,u+<p)2(,u+v+,82+au+ %—77)12 ~ nlY’E* + (u + ¢)*1?] 42)
(0E + (u + @) (PE + (u+ @)% '

+ 5, + au]ng

+ 6 + au]

By Rj < 1, we get

¢+ +@)By +aw) o3, |72, 93
a (i + @) 2 2 22 47

o2 . o2 o2 a2 o
Thereis 0 < < mm{;2 7*}. Setting 2 = 2 — 1,73 =

lew
|

=
£
(¢]
[¢)
oo
=]

[6)]
[¢]
—

@B 93
m — t+utv, (43)

©B -2 -2-2 |, =4
—— < =05+ 0505+ 05+ U+ V. “4.4)
aurg) - TNTB TR

Combining (4.3) and (4.4), we obtain

2

52
03 20 P 2
2 ¢o°E +(,u+90)[2 (a/1 ) +,82+au)+,u+v+,82+au]l
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=2 =2
22(,0(/1+g0)\/%[%—(%+ﬁz+au)+,u+v+ﬁ2+au]El

m&iﬁi ¢) +Bo+au—(u+v+ Py +aw)|EL 4

By (4.1), (4.2), and (4.5), we get

> o(u+¢)|

N@PE? + (u+ )’ 1] g+ o2 EdBy(1) + (1 + @)o31dBs(t)
(9E + (u+ @)I)? QE() + (u+ @)I(1)

Integrating both sides of (4.6) from O to ¢ and dividing by 7, we get

dln p(f) < (4.6)

t 2t

+ = L@
o PEG)+u+@(s) 1 Jy 0E(s)+ (u+@)(s)

In p(7) — In P(0) <_77+1ft @2 E(s5)dBs(s) L (" (u+ 9)osl(s)dBs(s)

According to (4.7), we have

lim sup
t—+00 t

In[E(r) + ‘%(I(t) + R(®))]
< ) <0,a.s.

The upper formula indicates that

IimE() =0, a.s. limI(r) =0, a.s.
t—o0 t—oo

According to (1.2), we get lim R(¢) = 0 a.s. That shows that (E(¢), I(¢), R(t)) exponentially converges
t—o00
to (0,0, 0) a.s. We complete the proof of Theorem 3. O

5. Stochastic optimal control

If sustained control is implemented, the processing level will remain at a relatively high level over
time. From the previous sections, we conclude that the cost eradicating the disease may be too high.
In order to eliminate the disease within a limited time, time-dependent control should be considered.

As in previous studies [24], using the stochastic maximum principle as in [25], we find the
characteristics of optimal control problem of model (1.3). Our objective is to minimize both the number
of infectious individuals and the cost of treatment control; thus, we establish the following objective
function.

JU) = min f ](AE(t) + BI(t) + Cu(t))dt,
ue 0

where A, B, and C, respectively, represent the weights of the relationship between the state variables
E, I, and u. The control set is given by I' = {u is measurable and 0 < u(¢) < 1, fort € [0, #;]}. According
to the stochastic control theory in the book [26] of Oksendal, we need to find an optimal control variable
u*(t) that minimizes the objective functional when the initial state is x,. We define the expectation of
the initial state x; as

Eo.5| f A + BI() + Cu())dt|. (5.1)
0
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Let’s assume that there is a fixed constant #(7) in the deterministic problem that #(¢) < 1 with u(f) <
i(1) a.s. The class of admissible control laws is

IT={u(?) : uis adapted and 0 < u(t) < 1, a.s.}. 5.2)

In order to obtain a solution of stochastic control, we define the expectation of the system at time ¢ and
a fixed value of x as follows:

11
Tt x,u) = B, f (AE(t) + BI(t) + Cu()dt . (5.3)
0
Now, let’s define the value function to be
V(t, x) = inf J(t, x,u) = Tt x,u").
u(-)ell

We now define the control law of minimizing the expected value of J, : Il — R, given by (5.3). The
present solution formulated is the solution of the stochastic analogue we now describe for the optimal
control problem.

Given the system (1.2) and II as in (5.2) with J as in (5.3), find the value of the function

U(t,x) = inf T, x,u), (5.4)
u()el
and an objective function
u' =arg inf J(x,u(t)) eIl
u()el
By the following theorem, the optimal control u*(¢) is obtained.

Theorem 4. A solution to the optimal control problem presented in problem (5.2) is of the form

u = min{l,max{%( *’M - 1), o}}. (5.5)

Proof. We calculate LU(1):

LUO=|A 48 = alﬁéf(ll el U tr alﬂbl’f(ll oy~ W DE[U®
+|eE - 1 fz(;l "1 iublul ~QuenIfU 0 + (1 fizl 1 iublul ~ HR)UR(®)
+ %2 2(Llss(f) + 0-%2 ZWEE(I) + O-gzlz(un(l) + O-ZZ 2(L’RR(f) + &ZZSE(USEU)
+ D245, + P74+ P2 )+ P2 it
+ 0-302-41R(LI,R(I). (5.6)

Applying the Hamilton-Jacobi-Bellman theory [26], the minimum of (5.4) can be obtained as

inf [AE + BI + Cu + LU].

u(-)ell
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In order to obtain the optimal control solution, consider the following expression:
AE(t) + BI(t) + Cu(t) + LU(1). (5.7)

Take the partial derivative of (5.7) with respect to u and set it equal to 0. Thus, the equation is obtained,

al al
C-U—2— s up—2 =0, 5.8
U e " Y T pary 69

Considering the bounds of u, we can get an expression for u*(z). O

6. Numerical simulations

In this section, we illustrate the theoretical results with example. By using Milstein’s method [27],
the discrete equations of system (1.3) are described by

B1S Iy
S =S A—uS;— t VA 1)At,
k+1 k+( MO ke d+aSpd +71k)) + oSk + (‘flk )
I
Ek+1 :Ek + ( ﬁl Kk — (/.l + (,O)Ek)At + O'zEké:Zk VA + (é:Zk I)At,

(I+ a1 S +yl)
Bl aul,
1+l 1+ bul,
Bl N auly
1+aply, 1+ bul;

I =l + (@Ex — w+v>1k)Ar+adk§2k\/_ + 2= <§2k DAL,

Rt =R+ ( — UR)A? + 4R VBT + (fzk DA,

where &y, o, €3k, and Eq(k = 1,2, - - - ) are independent Gaussian random variables subject to N(0, 1),
and o(i = 1, 2, 3, 4) is the intensity of white noise.

We choose A = 1.2,u = 0.004,8, = 0.0134,5, = 0.025,a; = 0.09,a, = 0.02,y = 0.015,
¢ =0.019,v = 0.02,a = 0.052, b = 0.01, the initial value S (0) = 58, E(0) = 15,1(0) = 20,R(0) = 2
and the step size Ar = 0.01.

In Figure 1, we choose u = 0.66,0 = 0 = 0.05,03 = 0.04,04 = 0.1 to get that Ry = 1.0029 > 1,

satisfying the condition of Theorem 2. The result of the graph is consistent with our conclusion in
Theorem 2.

Figure 2 shows the stochastic epidemic system (1.2) with u = 0.66, 01 = 0.3, 0, = 0.49, 03 = 0.49,
o4 = 0.3, and we get that Rj = 0.9945 < 1, which satisfies the conditions of Theorem 3; this is
consistent with our conclusion in Theorem 3. When the intensities of white noises are sufficiently
large, the disease of the stochastic epidemic system (1.2) is extinct.

Figure 3(a) shows the extinction image when u takes the variable and the other parameters take the
same values as in Figure 2, while Figure 3(b) shows the corresponding trend of u varies with time .
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Figure 1. The solution S (¢), E(¢), I(t), R(t) of the model and its density function diagram.
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0 50 100 150 200
t

Figure 2. The extinction of the solution E(t), I(t), R(¢) of the model as u = 0.66.
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Figure 3. The extinction of the solution E(r), I(¢), R(¢) for varying the treatment control u
and the trend of u changing with time ¢.

7. Conclusions

The dynamic behaviors of a class of SEIR epidemic models are studied. First, we prove the
existence and uniqueness of a global positive solution for the stochastic model. Second, we explore
that the positive solution of the model has a stationary distribution, and we investigate the sufficient
conditions for the extinction of the stochastic SEIR epidemic system. Furthermore, we aimed to
minimize the total cost of infection and treatment expenses by studying optimal control strategies. The
existence of optimal solutions is proved by using the stochastic maximum principle, and the dynamic
behavior of the model affected by u is studied. It can be found through experiments that the disease
becomes extinct faster when u takes variable values than when it takes constant values, and the number
of infections has significantly decreased. In addition, we present the trend of u over time ¢ when the
disease is extinct. Based on the changing trends, the public health system can dynamically adjust
treatment strategies.

It is shown by detailed theoretical analysis that environmental white noise can control the spread of
diseases to some extent, and different proportions of control therapies can be used at different times to
achieve the purpose of controlling infectious diseases with the least cost. This provides a theoretical
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basis for the actual control of infectious diseases.

Although we have studied the optimal treatment control of infectious diseases and can implement
different proportions of treatment control according to different time periods. It is very difficult to
find the optimal control measures because the dynamics of disease transmission are very complex and
influenced by many factors. In addition, in practice, measures to control epidemics cannot be singular,
and multiple measures should be considered to jointly control the spread of diseases. Therefore,
the control effect of implementing multiple measures together should be studied in combination with
reality.
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