AIMS Mathematics, 9(11): 32124-32137.
DOI: 10.3934/math.20241542
ATMS Mathematics Received: 18 August 2024

Revised: 22 October 2024

Accepted: 28 October 2024
https://www.aimspress.com/journal/Math Published: 12 November 2024

Research article

On the compactness via primal topological spaces

Ohud Alghamdi*
Department of Mathematics, Faculty of Science, Al-Baha University, Al-Baha 65527, Saudi Arabia
* Correspondence: Email: ofalghamdi @bu.edu.sa.

Abstract: In this paper, we introduce new concepts, including PB-compactness, strongly %P-
compactness, and super ‘B-compactness, in view of a primal topological space structure. We provide
some results regarding to these concepts. Additionally, some examples are presented to illustrate the
relations between these concepts.

Keywords: primal topological space; ‘B-compactness; S3-compactness; SUPB-compactness
Mathematics Subject Classification: 54A05, 54A10

1. Introduction

Numerous topologies of significant applications have been characterized through the incorporation
of some mathematical structures. For instance, Choquet developed the concept of a grill structure
with topological spaces in [1]. Moreover, several topological concepts were presented, such as the
ideal [2, 3] and the filter [4]. The concept of primal topological space PS was introduced by S.
Acharjee et al. in [5]. Then, several papers discussed the topological properties in S, such as [6],
which presented definitions of ‘-regularity, ‘8-Hausdorff, and #-normality. Additionally, Al-Omari
and Algahtani provided definitions of new closure operators using a primal structure in [7]. Then,
Alghamdi et al. introduced novel operators by leveraging the primal structure in [8]. Additional
primal operators were defined in [9]. Moreover, Al-Saadi and Al-Malki discussed various categories
of open sets within the framework of generalized topological spaces, thereby utilizing the primal
structure [10]. In this paper, we introduce some properties concerning compactness in £S. These
properties are named f-compactness, strongly ‘B-compactness, and super ‘B-compactness. We provide
some results and examples which connect these concepts together. Throughout this paper, (7, u, B)
represents a primal topological space £S such that u is a topology on 7. Moreover, we use the symbol
CL(A) for the closure of a set A C 7~ and $ for an index set. Furthermore, we use the symbol 27 for
the power set of the set 7.
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Definition 1.1. ( /5]) For a nonempty set T, we define a primal collection B C 27 on T as follows:
(1)7T &%,

(2)ifReBandT CR, thenT € P,

(3)ifRNT € B, then either R € VB or T € *P.

Corollary 1.1. ([5])) IfT # 0, then B C 27 is a primal collection on T if and only if:
(1)T ¢,

(2)ifT ¢ Vand T C R, then R ¢ B,

(3)ifR¢Band T ¢ B, thenRNT ¢ V.

Definition 1.2. ( [5]) A topological space (7 ,v) with a primal collection B on T is called a primal
topological space PS and is denoted by (T ,v,B).

2. ‘B-compact spaces

Definition 2.1. Let (7,p,%¥) be a PS. We say that (T ,p,V) is a primal compact space (V-compact
space) if for every open cover {V,},cs of T, there exists a finite set H9 C O with | Jcq, V;, ¢ B. Let
N C 7. Then, N is called a B-compact subspace of T if for every open cover {W,},es of N, there exists
a finite set Ho C 9 such that T \ [N \ U,es, Wy € B.

Theorem 2.1. Let (7,p,B) be a PS and B € T. If B is a compact subspace of T, then B is a
B-compact subspace of T .

Proof. Let {V,},cs be an open cover of B. Then, since B is a compact subspace of 77, there exists a
finite set $o C $ such that B C J,cs, V;- Hence,

B\ ]V,

neEHO

7\ =7 ¢ °P.

Therefore, B is a B-compact subspace of 7. O

The converse of Theorem 2.1 is not necessarily true as considered in the following example.

Example 2.1. Let (R, 1,B) be defined as follows: U € 1, if and only if either U = O or 1 € U,
see Example 10 in [11]. Let B, be defined on R as follows: U € B, if and only if 1 ¢ U. Then,
(R, 71,B1) is a PS. Let N be the set of natural numbers and let {V,},c be any open cover of N such
that V,, # O for everyn € 9. Let 9 = {Vi}'_; € {Vyhyes. Then, 1 € R\ [N\ Ui, V;l, which means that
R\ [N\ UL, Vil € V. Hence, N is a B-compact subspace of T. Note that N is not compact. Indeed,
{J, 1} jen is an open cover of N, which has no finite subcover.

Example 2.2. Let (R, D,VB) be a PS defined as follows: U € B if and only if R\ U is an infinite
subset of R. Moreover, V € D if and only if V C R (the discrete topological space on R, see Example 3
in[11]). Then, A = {r},er is an open cover of R. If {V, Vs, ..., V,,} is an arbitrary finite subfamily of A,
then \Ji_, Vi = {r1, ..., r,} € B. Thus, R is not a ‘B-compact space.

Theorem 2.2. VB-compactness is hereditarily defined with respect to closed subspaces.
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Proof. Assume that (77, p,B) is a P-compact space and M C 7 1is any closed subspace. Suppose
that Q = {V,},cs is an open cover of M. Then, {V,},cs [ U(7 \ M) is an open cover of 7. Hence,
there exists a finite set $o = {Vi, Va,...,V,,} C{T \ M} U{V, : n € 9} such that |, V; ¢ B. Thus,
T\ [M\ UL, Vi] ¢ B, which implies that M is a -compact subspace of 7. m]

The following example shows that if the subspace of 7 is not closed, then it may not be a -
compact subspace.

Example 2.3. Let (R, F,B) be a PS defined as follows:
U € F if and only if either N2 € R\ U or R\ U is a finite subset of R, see Example 24 in [11].

Let B be defined as in Example 2.2. Let Q = {O,},cs be an open cover of R. Then, there exists A € 9
such that V2 € O,. Hence, R\ O, is a finite subset of R. Let Qy = {0,} C Q. Then, since O, ¢ B, R
is a B-compact space. Now, consider the subspace R \ { \/Q}. Claim that R \ { \/i} is not a ‘B-compact
subspace. Indeed, if Q) is any finite subfamily of Q = {t}, i\ vz, then Upeq, O € B. Observe that

R\ {V2} is a discrete subspace of R that is not closed.

Theorem 2.3. Let (7,v,B) be a PS. For a subset K of T, the following properties are equivalent:
(1) K is a ¥-compact subspace; and
(2) for every family {Ls}scs of closed sets such that K N (ﬂ565 L5) = (), there exists a finite subset $

of O such that
T\6| [U(T\Ld)

0€HY

¢ P.

Proof. (1) = (2): Let {Ls}seg be a collection of closed sets in 7~ such that K N (ﬁ 5% L5) = (0. Then, we

have the following:
KQ{T\ ﬂLé] = J\ L.
€D 0€H

Since 7\ Ls is open for each 6 € $ and K is a f-compact subspace of 7, then there exists a finite
subset 9 of $ such that

T\|K\ U(’"\Lé)] ¢ P,
6€HY
Now, we have the following:
T\ T\ Ly =7 |7\ K\ U(T\La))
€9 0€9HO
-7\ K\ U(T\La)] ¢ p.
0€H)

(2) = (1): Let {Vs}ses be any cover of K which consists of open sets in 7. Then, K ﬂ(‘T \ Uses V5) =
K 0| Noes (T \ Va)| = 0.
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Since 7\ Vs is closed for each ¢ € 9, then by (2), there exists a finite subset $, of $ such that

(T\K)U[Uv(g]é‘ﬁ.

0€HO

Therefore, we have the following:

(T\K)U[UV(S):‘T\

0€9H0

¢ P.

e

€90

Hence, K is a -compact subspace of 7. O

Corollary 2.1. If (7,v,B) is a PS and {Ls}ses is a family of closed sets in T such that (\seg Ls =
O, then (7T ,v,'B) is a B-compact space if and only if there exists a finite set 9y C
$ such that | Jseg, (T \ Ls) & *B.

Theorem 2.4. Let (7,p,¥) be a PS. If R,T C T are both B-compact subspaces of T, then RU T is
a B-compact subspace of T .

Proof. Let {Os}ses, be an open cover of R U T. Since both R and T are f-compact subspaces of
7, then there are two finite subsets of $, namely $, and £, such that 7 \ (R \ Uses, 05) ¢ P and

T\ (T \ Uses, 05) ¢ B. Hence, 7 \ [(R UT)\ Usesous, 05] ¢ B. Thus, RU T is a P-compact
subspace of 7. O

Theorem 2.5. Let (7,v,B) be a PS and let R, S be any subsets of T. If R is a ¥-compact subspace
of T and S is a closed set, then RN S is a P-compact subspace of T .

Proof. Let {Os}sc, be an open cover of RN S. Then, Q = {Oslscg U (7 \ S) is an open cover of
R. Hence, there exists a finite subset of Q, namely @, such that 7~ \ [R \ (UOEQO 0)] ¢ PB. Since

T\ [R\ (Uoeq, 0)] € T\ [RNT)\ (Uoeq, 0)|- then T\ [(R N T)\ (Uoeq, O)| ¢ B, which implies
that RN T is a ‘P-compact subspace of 7. O

Lemma 2.1. Let f : (T ,p) — (Y, V) be a function. Then, the following properties hold:

(1) If f is a bijective function and ‘B is a primal collection on T, then f(B) = {f(V): V € B}isa
primal collection on Y, and

(2) If f is a bijective function and J is a primal collection on Y, then f~'(9) = {f'(B) : B€ J}
is a primal collection on T .

Proof. (1) Since f is surjective, then f(7) = Y ¢ f(P). Let W € f(¥) and let 9 € W. Since
W € f(B), then AM € P such that W = f(M) = f~'(W) = M. Hence, f'(Q) € f~'(W); then,
£71(Q) € B, which implies that Q € f(B). Now, let W N Q € f(*B). Then, there exists R € B such that
WNQ=fR). Thus, F{WNQ) = (W)n £71(Q) = R. Hence, either f~'(W) € P or f~1(Q) € .
Then, either W € () or Q € f(B). Therefore, f(B) is a primal collection on Y.

(2) We know that f~'(Y) = 7; since Y ¢ J, then f'(Y) =T ¢ f'(J). Let A € f71(J) and let
B C A. Then, 3C € J such that A = f~!(C). Hence, f(A) = f(f~'(C)) = C. As f(B) C f(A) = C,
then f(B) € J, which implies that B € f~!(J). Now, suppose that AN C € f~'(J). Then, AR € J
such that AN C = f~Y(R). Then, f(ANC) = f(f"'(R)) = R. Thus, f(A) N f(C) = R € J implies that
either f(A) € J or f(C) € J. Therefore, either A € f~1(J) or C € f~1(J). O
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Lemma 2.2. Let (7,p0,%B) be a PS. If f : (T,0,B) — (Y,v) is a function and Jy = {B C Y :
f~Y(B) € B}, then the following hold:

(1) Ty is a primal collection on Y;

(2) if fis injective, then B C f~1(Ty);

(3) if fis surjective, then Jy C f(P),; and

(4) if f is bijective, then Jg = f(B).

Proof. (1) We know that f'(Y) = 7 ¢ B. Then, Y ¢ Jy. Let A € Jy and let B C A. Then,
A c Y and f1(A) € P. Since f71(B) C f7'(A), then f~!(B) € P; hence B € Jy. Now, suppose that
AN B € Jy. Then, f~'(AN B) € B, which implies that f~1(A) N f~1(B) € B. Hence, either f1(A) € P
or f~1(B) € B. Therefore, either A € JporBe Jy.

(2) Let A € P and suppose that f is an injective function. Then, f(A) C Y and f~'(f(A)) = A € .
Hence, f(A) € Ty, which implies that A € f~'(J). Then, B C f~1(Ts).

(3) Suppose that A € Js. Then, f~'(A) € B; hence, f(f~1(A)) = A € f().

(4) From (2) and (3), we have Ty = f(¥). O

Theorem 2.6. If f : (T,I,B) — (L, v, f(*B)) is a surjective continuous function and W is a ‘B-compact
subspace of T, then f(W) is a ‘B-compact subspace of L.

Proof. Let {Os}scs be an open cover of f(W). Since f is a continuous function, then {f~1(Os)}scs is an
open cover of f~1(f(W)). As W C f~I(f(W)), then {f~1(Os)}scs, is an open cover of W. Since W is a
‘P-compact space, then there exists a finite set H € £ such that 7\ [W\ Useso f‘l(Oa)] ¢ B. Then,

FOON LN FF Uses, 00| & £(B). Hence, L\ [f(W) \ Uses, Os| & F(), since f is a surjective
function. Then, f(W) is a ‘B-compact subspace of L. O

Corollary 2.2. If f : (T,I,B) — (L,v, f(B)) is a surjective continuous function and (7,p,V) is a
P-compact space, then (L, v, f(B)) is a P-compact space.

Definition 2.2. Let (7,p,B) be a PS. A subset A of T is said to be as follows:
(1) Pg-closed if CL(A) C U whenever T \ (A\U) = (T \A)U U ¢ P and U is open; and
(2) g-closed if CL(A) € U whenever A C U and U is open.

From the definition above, we have the following remark.

Remark 2.1.
(1) Every closed set is a g-closed set, but the converse is not true in general.
(2) The concept of Vg-closed depends on the definition of the primal space.

To illustrate Remark 2.1, we present the following examples.

Example 2.4. Let T = {r,d, b} and let p = {T,0,{r}}. Consider the set H = {d}. Then, H C U € p if
and only if U = T, hence, H is g-closed but it is not a closed set since CL(H) = {d, b} # H.

Example 2.5. Let (7, p) and H be defined as in Example 2.4. If B = {0}, then H is not a Pg-closed
since CL(H) ¢ {r}, although (T \ H) U {r} = {r,b} ¢ .
Now, let B =27 \{T"}. Then, H is Bg-closed since (T \ HYU U ¢ B if and only if U = T.
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Theorem 2.7. Let (7, p,B) be a PS and let A, B be subsets of T such that A C B C CL(A). Then, the
following properties hold:
(1) If A is a B-compact subspace of T and Bg-closed, then B is a compact subspace of T ; and
(2) If B is a ‘B-compact subspace of T and A is g-closed, then A is a *B-compact subspace of T .

Proof. (1) Suppose that A is a B-compact subspace of 7~ and P g-closed. Let {Os}ses be any open cover
of B. Then, {Os}ses 1s an open cover of A. Since A is a ‘P-compact subspace of 7, then there exists
a finite set $ C $ such that 7\ |4\ Uses, Os] ¢ P. Since A is Pg-closed, then CL(A) € Uses, Os-
Then, B C (Jseg, Os. Therefore, B is a compact subspace of 7 .

(2) Suppose that B is a P-compact subspace of 7 and A is g-closed. Let {Os}scs be any open cover
of A. Now, since B € CL(A) and A is a g-closed, then B C CL(A) C s Os. Hence, there exists a

finite set Ho C © such that 7 \ [B \ Useso 05] ¢ P because B is a P-compact subspace of 7. Then,
T\ [A \ Useso 05] ¢ P since A C B. Therefore, A is a f-compact subspace of 7. O

Corollary 2.3. Let (7,p,%) be a PS. If A is Bg-closed and A € B C CL(A), then A is a B-compact
subspace of T~ < B is a ‘B-compact subspace of T .

3. Strongly ‘B-compact spaces

Definition 3.1. Let (7,p,B) be a PS. We say that T is a strongly B-compact space (SB-compact
space) if for every family of open sets {Os}ses such that | Jse Os & B, then there exists a finite set
Do € 9 such that | Jseg, Os ¢ B. A subset K of T is said to be an SB-compact subspace of T if for

every family {Os}scs 0f open sets of T such that T\ [K\ Uses 05] ¢ ‘B, then there exists a finite set
S0 € § such that T\ [K \ Useg, Os| ¢ P.

Example 3.1. Let (R,7,B,) be a PS defined in Example 2.1. Let {Os}ses, be any family of open
sets. Then,
Case 1. Os = 0 for every 6 € $. Then, since R\ [N \ Uses 05] € P, there is nothing to prove.

Case 2. 3 A € 9 such that O, # 0. Then, R\ [N \ Uses 05] ¢ By. Pick a finite set Hy C 9 such that
A€ Ho. Hence, R\ [N \ Uses, 05] ¢ By. Thus, N is an SB-compact subspace of R.

From the definition, it is clear that every S®¥-compact is a P-compact subspace of 7. However, this
relation is not reversible, which is proven in next example.

Example 3.2. Let (R,F,B) be as defined in Example 2.3. Consider the family M = {{x} : x €
R and x # V2). Then, Usery(va{xt = R\ {(V2) ¢ B. Now, let {M; : i € {1,...,n}} be an arbitrary
finite subfamily of M. Then, | J\_; M; € . Hence, R is not an S¥-compact space. Observe that R is a
P-compact space.

Example 3.3. Let H = R X (R* U{0}). For (n,m) € H and r > 0. Define the set M,(n, m) as follows:

B.(n,m) ifr <m;
M,.(n,m) =
B.(n,r) U{(n,0)} U B.(0,r), ifm=0.

Let B = {M,(n,m)} be a base for the topology u on the set H. Then, (H, u,B), where B = {0} is a
PS. Hence,
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(1) (H,u,B) is not a compact subspace of H. To show that, consider the family Q = {M;(n,0)} U
{Mi(n,m) : m > 1}. Then, Q is an open cover of H. Since (t,0) ¢ {Mi(n,m) : m > 1} and
(t,0) € {M(n,0)} if and only if n = t, then the above open cover has no finite subcover. Thus, H

is not compact.
(2) (H,u,B) is an SP-compact subspace of H since P = .

Theorem 3.1. Let (7,I','B) be a PS and let K C T . Consider the family of closed sets {Cs}ses, such
that (T\K) [Uéeg(”f \ C5)] ¢ V. Then, K is an SB-compact subspace of T if and only if there exists
a finite set Ho C 9 such that (T \ K) [Uéego(‘f \ C5)] ¢ P.

Proof. Suppose that K is an S®B-compact subspace of 7~ and let {Cs}seq be a family of closed sets such
that (77 \ K) U |Uses(7 \ Cs)| ¢ . Then,

TA[K\J@T\C)

0EH

=7\ K\[T\ﬂcé)
. [35)
=7 \|K[)

Nel
=T\ K|

5€H

e

0eH

¢ P.

Since 7"\ Cs is an open set for each ¢ € $ and K is an S®B-compact subspace of 7, then there exists
a finite set H9 C 9 such that

7\ ¢ P.

K\| e

0€9Ho

Then,

TAK\ T\ Co| =T\

56550

K\(T\ﬂ cé]

€D

=T\ | Ja\co|e®.

6€9Ho

Now, suppose that the condition in the theorem holds and let {Os}ses be a family of open sets such that
T\ [K \ Uses 05] ¢ PB. Then, {(7 \ Os)}scy 1s a family of closed sets. Now, we have the following:

7’\[17(\U0(S :T\:Kﬂ[T\UO(;)

€9 o€9H
=7\ |K[)

(T 05))

0eH

=<¢\K>U[U05]¢%.

0eH
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Thus, there is a finite set $H9 € $ such that

<T\K>U[U05)¢EB.

0€HY

Therefore, we have the following:

TAIK\| 05| =T\ Kﬂ{‘]‘\ U 05)
0eHo | S50
=7\ Kﬂ{ﬂ(‘r\ 05)]
! 9€9H0
= (T\K)U[U 05] ¢ P,
€D
This shows that K is an S*¥-compact subspace of 7. O

Corollary 3.1. Let (7, p, %) be a PS and let {H,},cs be a collection of closed sets such that | J,eq (T \
H,) ¢ B. Then, (T,I',V) is an SP-compact space if and only if there exists a finite set Ho € $ such
that \U,eq,(T \ Hy) & B.
Theorem 3.2. Let (7,p,%¥) be a PS. If A is Bg-closed and A € B C CL(A), then A is an S3-compact
subspace of T if and only if B is an SB-compact subspace of T .
Proof. (1) Let A be an S®B-compact subspace of 7 and let {Os}scs be a family of open sets such that
T\ [B\ Uses 05] ¢ P. Then, since A C B, we have 7 \ [A \ Uses 05] ¢ ‘P; then, there exists a
finite set Ho C 9 such that 7 \ [A \ Useso 05] ¢ ‘B because A is an S¥-compact subspace. Now, as
A is Pg-closed, we have CL(A) C Useg, Os- Then, T\ [B \ Uses, 05] = 7 ¢ B. Hence, B is an
S®B-compact subspace.

(2) Let B be an S®P-compact subspace of 7 and let {Os}se, be a family of open sets such that
T\ [A \ Uses 05] ¢ B. Since A is Pg-closed, then CL(A) € Usey Os. As A € B € CL(A), then
B C (Jses Os, which implies that 7~ \ [B \ Uses 05] ¢ *B. Since B is an S®B-compact space, then there

exists a finite set $o C $ such that 7\ | B\ Uses, Os| ¢ . Therefore, 7\ |4\ Uses, Os| ¢ . which
implies that A is an S-compact subspace of 7. O

Theorem 3.3. Let (7,1,PB) be a PS. If R, K C T are both SV¥-compact subspaces of T, then RU K is
an SB-compact subspace of T .

Proof. Let {Os}ses be a family of open sets such that

T\|RUK)\| O,

5€H

Then, 7\ [R \ Uses 05] ¢ B and 7 \ [K \ Uses 05] ¢ *B. Since R and K are both S*3-compact, then
there exist two finite sets $o € H and H; € H such that T\ [R\ Uscg, Os] ¢ P and 7\ [K\Uses, Os] € B,

respectively. Hence, [7\(R\ Uses, Os)] N7 \(K\Uses, 051 & B. Thus, T\[(RU K) \ Usesyus, Os| #
B, which implies that R U T is an S®B-compact space. O

¢ B.
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Theorem 3.4. Let (7,1,B) be a PS and R, K be subsets of T. If R is an SB-compact subspace of T
and K is a closed set, then R N K is an SB-compact subspace of T .

Proof. Let {Os}ses, be a family of open sets such that

TA|RNK)\ | JOs

5€H
Then, [7\ (R \ Uses Os)]UIT \ (K \ Uses Os)] ¢ B. Let G = T\ | K \ Uses Os| . Then, G is an open
set. Since 7 \ [R\ (Uses Os U G)] ¢ P and R is an SB-compact subspace of 77, then there exists a
finite set {O;}_, € {G,Os : 6 € H} such that 7\ [R\ U, O;] ¢ B. Now, since 7 \ [R\ UL, O;] €
TANIRNK)\ UL, O], then T\ [([RN K)\ Ui, O] ¢ *B, which implies that R N K is an SPB-compact
subspace of 7. O

¢P.

Corollary 3.2. Let (7,T,B) be an SB-compact space and B be a closed set. Then, B is an SV-compact
subspace of T .

Theorem 3.5. Ifh : (7,1,B) — (L, v, h(*V)) is a bijective continuous function and Q is an SB-compact
subspace of T, then h(Q) is an SB-compact subspace of L.

Proof. Suppose that {W, },cs 1s a family of open sets such that

L\

N Wn] & h(P).

Then, 2™ (L) \ [ (@) \ Uyes B~ (W)] ¢ B. Hence, T\ [Q\ Uyes #~' (W))] & B, and {1~ (W)} yes is
a family of open sets in 7 since £ is a continuous function. Therefore, there exists a finite set $y C

such that 77\ [Q \ U e, h‘l(W,])] ¢ P, which implies that L \ [2(Q) \ U,eq, Wy] € H(B). Hence, h(Q)
is an S*B-compact subspace of L. O

Corollary 3.3. If d : (T,I,0) — (L,v,d(B)) is a bijective continuous function and T is an SP-
compact space, then (L,v,d(*V)) is an SV-compact space.

Theorem 3.6. If 1 : (7,I',¥) — (L, v, Jy) is a continuous bijective function and Q is an SB-compact
subspace of T, then h(Q) is an SB-compact subspace of L.

Proof. Let {Os}scs, be a family of open sets such that

L\ )\ |05

0€H

Then, 71! (L\ [#(Q) \ Usses Os]) ¢ . Therefore, T\[Q\Uses ™' (05)] ¢ B. Since Q is an SP-compact
subspace, then there exists a finite set $ € $ such that 7\ [O \ Uses, 1~1(0;5)] ¢ B. Hence,

¢ Jyp-

L\ W)\ | ] 05

€90

¢ Jsp.

O

Corollary 34. Ifh : (7,1,B) = (R, v, Iy) is a bijective continuous function and T is an SB-compact
space, then (R, v, ) is an SP-compact space.
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4. Super ¥-compact spaces

Definition 4.1. Let (7,p,V) be a PS. We say that (T ,p,V) is a super B-compact space (SUP-
compact space) if for every family of open sets {V,},eq such that | J,cq V,; ¢ B, then there exists a finite
set Ho C O such that T C U,eq, V- Let A €T . Then, A is an SUB-compact subspace of T if for every
family of open sets {V} e, such that T\ [A \ Uses Vn] ¢ ‘B, then there exists a finite set Hy C $ such
that A C Uyeq, V-

Example 4.1. Let (R, I'p, B), where P is the set of irrational numbers, be defined as follows:

U e T if and only if either U NP =0 or U =R and U € ‘B if and only if V2 ¢ U. Let {W, nes be any
family of open sets such that | J,c, W, ¢ B. Then, V2 e Upes Wi, which implies that Ay € $ such that
W, = R. Therefore, (R,I'p,B) is an SUB-compact space.

Remark 4.1. From the Definition 4.1, it is obvious that every SUB-compact subspace of T is a
compact subspace. Indeed, let (T ,p,B) be a PS and let A € T be an SUP-compact subspace of
T Assume that {W,},cs, is an open cover of A C T". Then, T \ [A\ U,ee W;] = T ¢ B. Hence, there
exists a finite set Ho C 9 such that A C | J,eq, Wy-

The following example shows that not every compact space is an SU¥-compact space.

Example 4.2. Let (R, po, B) be defined as follows:

U € py if and only if either 0 ¢ U or U = R, and let ‘B be defined as in Example 2.2. Then,
YV = {{x} : x € R and x # 0} is a family of open sets such that | J,cz\0{x} = R\ {0} ¢ B. However,
if Vo is any finite subfamily of V, then R € | Jyeqy, V. Hence, (R, po,B) is an example of a compact
space that is not an SUB-compact space.

On the other hand, every SU3-compact space is an S*¥-compact space. However, not every SJ3-
compact space is an SU¥-compact space, as shown in the following example.

Example 4.3. Consider (R, 7,B;) that is defined in Example 2.1. In Example 3.1, we proved that
(R, 71,By) is an SP-compact space. Consider the family of open sets V = {V, = {1,t} : t € N}. Let
Vo be any finite subfamily of V. Then, Jyey, V = {1, 11,12, ..., 1} for some k € N and N € (Jyeq, V.
Hence, N is not an SUB-compact space.

Theorem 4.1. Let (7, p,B) be a PS and let K C T. Suppose that {E,},cg is a collection of closed sets
such that (T \ K) [Uneg,(T \ En)] ¢ B. Then, K is an SUB-compact subspace of T if and only if
there exists a finite subset $y C 9 such that K N [ﬂnesbo En] = 0.

Proof. First: Suppose that K is an SU*B-compact space. Let {E, },c5 be a collection of closed sets of 7~

such that
TAKI | T VE| ¢ 9.

neH
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VKA JTVE)| =T\ |K 'r\ﬂE]
nes nev
=7\ Kﬂ ﬂE)
nev
=T\O|JIJT\E)| ¢ %.
neD

Since K is an SUB-compact subspace and {7\ E, }c5 is a family of open sets, then K C [, e, (T \ E,,).

Hence, K N (mne@o En) = 0.
Second: Suppose that the condition in the theorem holds and let {W,},cs be a family of open sets
such that 7\ [K \ Uses W,,] ¢ B. Then, {7\ W}, 1s a family of closed sets; hence,

\ K\UW,,]:(T\K)U[UW,])eE‘B.

neH ney

Thus, there exists a finite set Ho € © such that

Kn|( T \wp|=0
nEHo
Hence, K C (J,;e5, Wy This shows that (7, p, B) is an SU*B-compact space. m]

Corollary 4.1. Let (7, p, B) be a PS and {E, },cs be a collection of closed sets such that | J (T \E,) €
B. Then, (T, p, V) is an SUPB-compact space if and only if there exists a finite subset o C O such that

mﬁeho =0.

Theorem 4.2. Let (7,p,B) be a PS and A,B C T such that A C B C CL(A). Then, the following
properties hold:

(1) If A is an SUB-compact subspace and g-closed, then B is an SUB-compact subspace.

(2) If A is an SB-compact subspace and Y g-closed, then B is an SUY-compact subspace.

(3) If B is a compact subspace and A is Bg-closed, then A is an SUB-compact subspace.

Proof. (1) Suppose that A is an SUB-compact subspace of 7~ and g-closed. Let {V, },e5 be a family of
open sets such that 7\ [B\ Unes V) ] ¢ ‘B. Then, 7 \ [A \ Ues ,7] ¢ *B. Since A is an SU*B-compact
subspace of 77, then there exists a finite subset Ho C 9 such that A C (J,c, V,. Since A is g-closed,
then CL(A) C U, e, V- Hence, B C U, cg, V- Therefore, B is an SUB-compact subspace of 7.

(2) Suppose that A is an S®B-compact subspace of 7~ and Pg-closed. Let {V,},c5 be a family of

open sets such that 7\ [B \ Upes V; ] ¢ B. Then, 7 \ [A \ Upes V. ] ¢ *B. Since A is an S®B-compact

subspace of 7, then there exists a finite set Hy € $ such that 7 \ [A \ Uneso ,7] ¢ ‘B. Therefore,
CL(A) € Ujes, Vy because A is Pg-closed. Thus, B C (J,eq, V;- Hence, B is an SUP-compact
subspace of 7.
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(3) Suppose that B is a compact subspace of 7~ and A is *Pg-closed. Let {V,},cs be any family of
open sets such that 7~ \ [A \ Upes Vn] ¢ *P. Since A is Bg-closed, then we have B C CL(A) C U,eq Vi
Hence, there exists a finite set Ho C $ such that B C e, V;- Then, A C (U, cq, V;» Which implies that
A 1s an SU*B-compact subspace of 7. O

Corollary 4.2. Let (7,p,B) be a PS and let A be VY g-closed such that A C B C CL(A). Then, A is an
SUYL-compact subspace of T if and only if B is an SUB-compact subspace of T .

Theorem 4.3. Let (7 ,p,B) be a PS and let A, B C T both be SUB-compact subspaces of 7. Then,
A U B is an SUB-compact subspace of T .

Proof. Let {O,},c4 be any family of open sets such that

T\|AUB\[ o, ¢ %.

ned
Then, 7\ [A\ Uye5 Oy| ¢ % and 7\ [B\ U,e5 O,| ¢ $. Since A and B are both SUB-compact
subspaces of 77, then there exist finite subsets of $, namely $4 and Hp, such that A C |, e, O, and B C
Unesy On- Hence, AUB C U, e, us, Oy- This shows that AU B is an SUB-compact subspace of 7. O

Theorem 4.4. Let (7,p,B) be a PS and let A, B C T. If A is an SUB-compact subspace of T and B
is closed, then A N B is an SUPB-compact subspace of T .

Proof. Let {W;s}sce be a family of open sets such that

7\

(AﬂB)\UWa]eé‘B.

5€H

Then, {Ws}seg U {7 \ B} is a family of open sets such that

(T\B)U[U W(;)” ¢ P.

[S35)

T\|A\

Since A is an SU®B-compact subspace of 7, then there exists a finite subfamily W = {W;}l., C {W; :
0 € HIU{T \B} such thatA € (J._; W;. Then, ANB C | J;_; W,. This shows that AN B is an SUPB-compact
subspace of 7. O

Corollary 4.3. If (7, p, B) is an SUB-compact space and B C T is closed, then B is an SUB-compact
subspace of T.

Theorem 4.5. If i : (7,A,B) — (L,I,7(*P)) is a bijective continuous function and Q is an SUP-
compact subspace of T, then h(Q) is an SUB-compact subspace of L.

Proof. Let {V,},es be a family of open sets such that

L\ R\ | Vi € ().
A€H
Then, 7\ [Q \ Uaes 5" (V)] ¢ B. Hence, Q C Jeq, 77" (V) for a finite set Ho C . Thus, #(Q) C
U 1es, V1, which implies that 72(Q) is an SUB-compact subspace of L. O
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Corollary 44. Ifh : (7,A,P) — (L, I',i(*B)) is a bijective continuous function and (7, \,P) is an
SUB-compact space, then (L,T', h('B)) is an SUPB-compact space.

Theorem 4.6. If 7 : (T,A,¥) = (L,I',Jy) is a surjective continuous function and Q is an SUP-
compact subspace of T, then h(Q) is an SUB-compact subspace of L.

Proof. Suppose that {V;}ses, is a family of open sets such that

L\ RO\ | JVs| ¢ Ty

0€H

Then, 7\ [Q \ Uses 7' (V5)] ¢ B. Hence, O C Useg, ' (Vs) for a finite set H, C . Therefore,
Q) € Useg, Vs, which implies that 7(Q) is an SUB-compact subspace. O

Corollary 4.5. If f : (T,p,B) — (L,v,Jg) is a surjective continuous function and (7, p,B) is an
SUB-compact space, then (L, v, Jy) is an SUB-compact space.

Example 4.4. Let (R, U, V) be defined as follows:
T ePifandonlyifO¢T,

WeUifand only if W =0 or ¥ r € W A (a, b) such that r € (a,b) C W,

see Example 28 [11]. If {Vs}ses is a family of open sets, then we have the following two cases:
Case 1. 0 ¢ Vs for every 6 € 9. Then, there is nothing to prove since | Jscs Vs € *B.
Case 2. There exists A € H suchthat 0 € V,. Then, V, ¢ V. Hence, (R, U, V) is an SB-compact space,
which implies that (R, U,P) is a P-compact space.

Consider the family V = {V,, = (—n,n) : n € N}. Then, | J,c;s V. = R ¢ B. Let Vo = {Vi = (k. k) :
k <m,k € N} C V for some m € N. Then, since R & | i<, Vi, (R, U, B) is not an SUB-compact space.

Remark 4.2. We have the following relationships:

SU%-compact space = SP-compact space

U U

compact space = P-compact space
5. Conclusions

In this work, we introduced new notions using a primal structure. We started by providing a
definition of B-compactness. Then, we proposed a definition of another concept called strongly 3-
compactness (S*f-compactness) and observed that every S¥-compact space is a P-compact space. A
counterexample was discussed to show the converse of that relation is not necessary true. Furthermore,
we defined super ‘B-compact spaces (SU¥P-compact spaces). Additionally, more counterexamples
and results were presented to illustrate the relations between SUB-compactness, S¥-compactness,
P-compactness, and compactness. It is worth noting that the primal structure was considered
in both fuzzy and soft theories, as discussed in [12, 13]. In future work, we aim to define the
concepts of P-compactness, SP-compactness, and SUP-compactness within the framework of a fuzzy
primal structure.
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