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Abstract: Fuzzy Differential Equations (FDEs) have attracted great interest among researchers. These 

FDEs have been used to develop a mathematical model for everyday life problems. In this study, we 

propose a solution method for a second-order Fuzzy Boundary Value Problem (FBVP). Four systems 

of FBVPs were developed based on the generalized fuzzy derivative. The second-order FBVP for each 

system was divided into two parts: Fuzzy non-homogeneous and fuzzy homogeneous equations. Using 

the shooting method, these two equations were then reduced to first-order FDEs. By implementing the 

Fuzzy Runge-Kutta Cash-Karp of the fourth-order method (FRKCK4), the approximate solution was 

compared with the analytical solution and the solution from the Fuzzy Runge-Kutta of the fourth-order 

method (FRK4). 
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1. Introduction 

Developing ideas and relations in numerous science topics has been significantly influenced by 

the development of fuzzy sets and fuzzy logic [1]. The Fuzzy Differential Equations (FDEs) theory 

has received much attention since it offers a natural framework for simulating dynamical systems with 

uncertainty [2]. The concept of a fuzzy derivative was first proposed by Chang and Zadeh in 1972 [3]. 

It was then developed further by Dubois and Prade [4], who incorporated the extension concept into 

their strategy. The derivative for fuzzy valued mappings was initially created by Puri and Ralescu [5], 

who generalized and expanded on the idea of Hukuhara differentiability (H-derivative) for the class 
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of fuzzy mappings. Consequently, the theory for FDE was further developed by Kaleva [6] using 

the idea of H-derivative. 

The FDE is used to solve fuzzy initial or boundary conditions, which is employed to model several 

science and engineering-related problems [7]. Furthermore, the solution of FDE, which involves a 

Fuzzy Initial Value Problem (FIVP) or Fuzzy Boundary Value Problem (FBVP), can be solved for 

almost all practical problems. However, not all FIVP or FBVP can be solved precisely due to the 

difficulty of finding their analytical solution [8]. Therefore, reliable and effective numerical techniques 

may be required for the corresponding FDE. In handling the FBVP, it can be approached by two types [9]. 

The first approach assumes that the boundary values are fuzzy and the solution is a fuzzy function. 

Correspondingly, the derivative of the differential equation can be considered as the derivative of a 

fuzzy function. Moreover, the second approach is generating a fuzzy solution from a crisp one. 

Most scientific and engineering problems require FDE solutions, which are satisfied by fuzzy 

boundary values. Using generalized differentiability, Khastan and Nieto [10] explain a two-point 

Boundary Value Problem (BVP) for a second-order FDE. Jamshidi and Avazpour [2] suggested a 

shooting method to solve Fuzzy Boundary Value Differential Equations (FBVDEs) under generalized 

differentiability. The FBVDE is divided into two Fuzzy Initial Value Differential Equations (FIVDEs), 

and the Adomian approach is used to solve the differential equation system. Subsequently, Rabiei, Ismail, 

Ahmadian, and Salahshour [11] proposed a Fuzzy Improved Runge-Kutta Nystrom method (FIRKN), 

which was an extension of the Fuzzy Runge-Kutta Nystrom method (FRKN). By analyzing the outcomes 

of FIRKN and FRKN, a numerical example of second-order FDE has been conducted. The findings 

demonstrate that the FIRKN requires fewer function evaluations and has a lower computational cost than 

the FRKN. In 2016, the chasing method to solve the FBVP was introduced by Can, Bayrak, and 

Hicdurmaz [12]. In order to demonstrate the effectiveness of the proposed method, the heat transfer 

problems are resolved by comparing the analytical and approximate solutions of (1,1) and (1,2)-systems. 

In 2016, Saadeh, Al-Smadi, Gumah, Khalil, and Khan [13] implemented the Iterative Reproducing 

Kernel Method (IRKM) to solve the fuzzy two-point BVP based on generalized differentiability. 

Bayrak [14] developed the Adomian Decomposition Method (ADM) with Green’s function to solve 

second-order FBVP under generalized H-differentiability. The examples were created by splitting the 

domain into two subdomains, and the results demonstrate how effective this approach is at resolving 

numerical problems. Moreover, Gumah, Naser, Al-Smadi, and Al-Omari [15] presented the 

reproducing kernel Hilbert space method to solve the second-order Fuzzy Volterra Integro-Differential 

Equation (FVIDE) with the assumption of strongly generalized differentiability. It has been 

demonstrated that this method is more accurate than analytical solutions and that examples employing 

the (1,1) and (1,2)-systems have been provided to indicate their robustness. 

Liu and Lou [16] converted the second-order system of partial differential equations into a first-

order system by applying variable substitution. Sufficient conditions for global exponential stability 

and the existence of periodic solutions in fuzzy wave equations have been obtained by creating a 

suitable Lyapunov functional and utilizing various analytical techniques. An and Guo [17] solved a 

second-order fuzzy linear differential equation through decentralization. Using the Hukuhara 

difference, a given problem is solved, and an approximation of the solution is obtained by resolving a 

crisp function extended system of linear equations. The Random Fixed Point (RFP) theorem was 

introduced in fuzzy metric space by Srivastava, Chaharpashlou, Saadati and Li [18]. To demonstrate 

the presence of a unique random solution, the authors studied the nonlinear BVP for a system of 

random differential equations using an iterative method from the RFP. Furthermore, Hashim, Anakira, 

Jameel, Alomari, Zureigat, Alomari, and Ying [19] proposed the Fuzzy Fractional Homotopy Analysis 

Method (FFHAM) to address the linear and nonlinear Fuzzy Fractional Two-Point Boundary Value 
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Problems (FFTBVPs) in the context of the application. Accordingly, the FFTBVP solution suggests 

that FFHAM is more straightforward and produces accurate results than other methods. 

Therefore, we propose Fuzzy Runge-Kutta Cash-Karp of the fourth-order method (FRKCK4) to 

solve the second-order FBVP, and the approximate solutions are compared with Fuzzy Runge-Kutta 

of the fourth-order method (FRK4). Thus, the process involved throughout this paper is divided into a 

few sections: In Section 2, we recall some basic concepts on fuzzy numbers and generalized 

differentiability. In Section 3, the concept of the shooting method for BVP is explained. In Section 4, 

we discuss the shooting method for FBVPs where the general equation is split into four types of 

systems, namely the (1,1), (1,2), (2,1), and (2,2)-system. Using the first-order FDE, which is obtained 

in Section 4, the FRKCK4 is proposed in Section 5. In Section 6, we present the numerical example, 

and the solutions of the proposed method are compared with the solutions of the analytical and FRK4 

methods. The tables and graphs are presented to summarize our findings. Correspondingly, the overall 

conclusion and future work are written in Section 7. 

2. Preliminaries 

Throughout this section, the basic ideas of fuzzy numbers are introduced. The set of all real 

numbers and fuzzy numbers are indicated as ℝ and ℝ𝐹 . 

Definition 2.1. [2] A fuzzy number is mapping 𝑢:ℝ → [0,1] with the following properties: 

(1) u  is upper semi-continuous, 

(2) u  is fuzzy convex, i.e., 𝑢(𝜆𝑥 + (1 − 𝜆)𝑦) ≥ 𝑚𝑖𝑛{𝑢(𝑥), 𝑢(𝑦)} for all  , , 0, 1 ,x y    

(3) u  is normal, i.e., ∃𝑥0 ∈ ℝ for which 𝑢(𝑥0) = 1, 

(4) supp 𝑢 = {𝑥 ∈ ℝ|𝑢(𝑥) > 0} is the support of the u  and its closure ( )cl supp u  is compact. 

Definition 2.2. [20] A fuzzy number (or interval) u  is completely determined by any pair 𝑢 = (𝑢, 𝑢) 

of functions [𝑢, 𝑢]: [0,1] → ℝ, defining the end-points of  − cuts, satisfying the three conditions: 

(1) 𝑢: 𝛼 → 𝑢𝛼 ∈ ℝ  is bounded monotonic increasing (nondecreasing) left–continuous function 

∀𝛼 ∈]0,1] and right–continuous for 0; =  

(2) 𝑢: 𝛼 → 𝑢𝛼 ∈ ℝ is bounded monotonic decreasing (nonincreasing) left–continuous ∀𝛼 ∈]0,1] 
and right–continuous for 0; =  

(3) 𝑢𝛼 ≤ 𝑢𝛼∀𝛼 ∈ [0,1]. 

Definition 2.3 [21] If A  and B  are two fuzzy intervals, then the distance D  between A  and B  is 

defined as 

𝐷(𝐴, 𝐵) − 𝑠𝑢𝑝
𝛼∈[0,1]

𝑑𝐻([𝐴]
𝛼, [𝐵]𝛼) 

where 

𝑑𝐻([𝐴]
𝛼 , [𝐵]𝛼) = 𝑚𝑎𝑥 { 𝑠𝑢𝑝

𝛼∈[𝐴]𝛼
𝑖𝑛𝑓
𝑏∈[𝐵]𝛼

𝑑(𝑎, 𝑏), 𝑠𝑢𝑝
𝑏∈[𝐵]𝛼

𝑖𝑛𝑓
𝑎∈[𝐴]𝛼

𝑑(𝑎, 𝑏)}. 

Definition 2.4. [22] Let 𝑥, 𝑦 ∈ ℝ𝐹 . If there exits 𝑧 ∈ ℝ𝐹 such that 𝑥 = 𝑦 + 𝑧 then z  is called the H-

difference of ,x y  and it is denoted 𝑥𝛩𝑦. 
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Definition 2.5. [23] Let 𝑥0 ∈ 𝑆.  A fuzzy mapping 𝑓: 𝑆 → 𝐹 is said to be continuous at 𝑥0 if for each 

𝜀 > 0 there exists a 𝛿 > 0 such that 𝐷(𝑓(𝑥), 𝑓(𝑥0)) < 𝛿, whenever 𝑥 ∈ 𝑆 ∩ 𝐵𝛿(𝑥0). 𝑓: 𝑆 → 𝐹 is said 

to be continuous if it is continuous at each 𝑥 ∈ 𝑆. 

Next, the fuzzy derivative of the fuzzy function is recalled. 

Definition 2.6. [22] Let : FF I →  and fix 0 .x I  We say F  is (1)-differentiable at 0 ,x  if there 

exists an element ( )'

0 FF x   such that for all 0h   sufficiently near to 0,  exist 

𝐹(𝑥0 + ℎ)Θ𝐹(𝑥0), 𝐹(𝑥0)Θ𝐹(𝑥0 − ℎ) 

and the limits (in the metric D ) 

𝑙𝑖𝑚
ℎ→0+

𝐹(𝑥0 + ℎ)𝛩𝐹(𝑥0)

ℎ
= 𝑙𝑖𝑚

ℎ→0+

𝐹(𝑥0)𝛩𝐹(𝑥0 − ℎ)

ℎ
= 𝐹′(𝑥0). 

In this case we denote 𝐹′(𝑥0) by 𝐷1
1𝐹(𝑥0). 

And F  is (2)-differentiable if for all 0h   sufficiently near to 0,  exist 

𝐹(𝑥0 + ℎ)𝛩𝐹(𝑥0), 𝐹(𝑥0)𝛩𝐹(𝑥0 − ℎ) 

and the limits (in the metric D ) 

𝑙𝑖𝑚
ℎ→0+

𝐹(𝑥0)𝛩𝐹(𝑥0 + ℎ)

−ℎ
= 𝑙𝑖𝑚

ℎ→0+

𝐹(𝑥0 − ℎ)𝛩𝐹(𝑥0)

−ℎ
= 𝐹′(𝑥0). 

In this case, the derivative is denoted by 𝐷2
1𝐹(𝑥0). 

Theorem 2.1. [22] Let : FF I →  be a fuzzy function, where [𝐹(𝑥, 𝛼)] = [𝑓(𝑥, 𝛼), 𝑓(𝑥, 𝛼)] for 

each 𝛼 ∈ [0,1]. 

(1) If F  is (1)-differentiable, then 𝑓(𝑥, 𝛼) and 𝑓(𝑥, 𝛼) are differentiable functions and 

[𝐷1
1𝐹(𝑥, 𝛼)] = [𝑓 ′(𝑥, 𝛼), 𝑓

′
(𝑥, 𝛼)]. 

(2) If F  is (2)-differentiable, then 𝑓(𝑥, 𝛼) and 𝑓(𝑥, 𝛼) are differentiable functions and 

[𝐷2
1𝐹(𝑥, 𝛼)] = [𝑓

′
(𝑥, 𝛼), 𝑓 ′(𝑥, 𝛼)]. 

Definition 2.7. [22] Let : FF I →  and , 1, 2.n m =  We say F  is ( ),n m − differentiable at 

0 ,x I  if 
1

nD F  exists on a neighborhood of 
0x  as a fuzzy function and it is ( )m − differentiable at 

0x . The second derivative of F  is denoted by ( )2

, 0n mD F x  for , 1, 2.n m =  

Theorem 2.2. [22] Let 𝐷1
1𝐹: 𝐼 → ℝ𝐹  or 𝐷2

1𝐹: 𝐼 → ℝ𝐹  be a fuzzy function, where [𝐹(𝑥, 𝛼)] =

[𝑓(𝑥, 𝛼), 𝑓(𝑥, 𝛼)]. Then: 

(1) If 
1

1D F  is (1)-differentiable, ( )'
,f x   and ( )

'

,f x   are differentiable functions and 

[𝐷1,1
2 𝐹(𝑥, 𝛼)] = [𝑓"(𝑥, 𝛼), 𝑓

"
(𝑥, 𝛼)]. 
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(2) If 
1

1D F  is (2)-differentiable, ( )'
,f x  and ( )

'

,f x   are differentiable functions and 

[𝐷1,2
2 𝐹(𝑥, 𝛼)] = [𝑓

"
(𝑥, 𝛼), 𝑓"(𝑥, 𝛼)]. 

(3) If 
1

2D F  is (1)-differentiable, ( )'
,f x  and ( )

'

,f x   are differentiable functions and 

[𝐷2,1
2 𝐹(𝑥, 𝛼)] = [𝑓

"
(𝑥, 𝛼), 𝑓"(𝑥, 𝛼)]. 

(4) If 𝐷2
1𝐹 is (2)-differentiable, 𝑓 ′(𝑥, 𝛼)and 𝑓

′
(𝑥, 𝛼) are differentiable functions and 

[𝐷2,2
2 𝐹(𝑥, 𝛼)] = [𝑓"(𝑥, 𝛼), 𝑓

"
(𝑥, 𝛼)]. 

3. The shooting method for Boundary Value Problem 

This section discusses the concept of BVP using the shooting method. Let the second-order BVP 

be in the form: 

{
𝑤"(𝑥) = 𝑠(𝑥)𝑤 ′(𝑥) + 𝑡(𝑥)𝑤(𝑥) + 𝑢(𝑥), 𝑝 ≤ 𝑥 ≤ 𝑞,

𝑤(𝑝) = 𝛽,𝑤(𝑞) = 𝛾.
     (3.1) 

By implementing the shooting method [2], two Initial Value Problems (IVPs) are considered: Non-

homogeneous and homogeneous equations. 

(1) Non-homogeneous equation 

The non-homogeneous equation occurred when 𝑢(𝑥) ≠ 0 and let ℎ
" = 𝑤", ℎ′ = 𝑤 ′ and ℎ = 𝑤. 

{
ℎ
"(𝑥) = 𝑠(𝑥)ℎ′(𝑥) + 𝑡(𝑥)ℎ(𝑥) + 𝑢(𝑥), 𝑝 ≤ 𝑥 ≤ 𝑞

ℎ(𝑝) = 𝛽, ℎ′(𝑝) = 0.
     (3.2) 

(2) Homogeneous equation 

The homogeneous equation occurred when ( ) 0u x =  and let 
" " ' ',j w j w= =  and .j w=  

{
𝑗"(𝑥) = 𝑠(𝑥)𝑗′(𝑥) + 𝑡(𝑥)𝑗(𝑥), 𝑝 ≤ 𝑥 ≤ 𝑞,

𝑗(𝑝) = 0, 𝑗′(𝑝) = 1.
      (3.3) 

By referring to Eqs (3.2) and (3.3), we define 𝑚1 = ℎ, 𝑚2 = ℎ
′, 𝑚3 = 𝑗 and 𝑚4 = 𝑗

′. Both equations 

are converted into first-order Ordinary Differential Equations (ODEs) as follows: 

( )

( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( )

'

1 2

'

2 2 1

'

3 4

'

4 4 3

,

,

,

,

m x m

m x s x m x t x m x u x

m x m

m x s x m x t x m x

=

= + +

=

= +

      (3.4) 

subject to initial conditions ℎ(𝑝) = 𝛽, ℎ′(𝑝) = 0, 𝑗(𝑝) = 0 and 𝑗′(𝑝) = 1. Eq (3.4) is solved by any 

numerical method and the solution of Eq (3.1) is calculated based on the following equation. 
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𝑤(𝑥) = 𝑚1(𝑥) + (
𝑤(𝑞) − 𝑚1(𝑞)

𝑚3(𝑞)
) (𝑚3(𝑥)),𝑚3(𝑞) ≠ 0. 

Theorem 3.1. [2] Let us consider FIVP (see Eq (3.2)), where 𝐹: [𝑥0, 𝑥0 + 𝑎] × ℝ𝐹 × ℝ𝐹 → ℝ𝐹 is such 

that: 

(1) [𝐹 (𝑥, 𝑦(𝑥), 𝑦′(𝑥)) (𝛼)] = [𝑓(𝑥, 𝑦, 𝑦′)(𝛼), 𝑓(𝑥, 𝑦, 𝑦′)(𝛼)] for each  0,1 ,   

(2) The functions 𝑓(𝑥, 𝑦, 𝑦′)(𝛼) and 𝑓(𝑥, 𝑦, 𝑦′)(𝛼) are equi-continuous, i.e., for any 𝜀 > 0 there 

exists 0   such that for any (𝑥, 𝑢, 𝑣), (𝑥1, 𝑢1, 𝑣1) ∈ [𝑥0, 𝑥0 + 𝑎, 𝑥0 + 𝑏] × ℝ2, we have 

|𝑓(𝑥, 𝑢, 𝑣)(𝛼) − 𝑓(𝑥1, 𝑢1, 𝑣1)(𝛼)| < 𝜀 and |𝑓(𝑥, 𝑢, 𝑣)(𝛼) −𝑓(𝑥1, 𝑢1, 𝑣1)(𝛼)| < 𝜀 

whenever ‖(𝑥1, 𝑢1, 𝑣1) − (𝑥, 𝑢, 𝑣)‖ < 𝛿. 

(3) [𝐹 (𝑥, 𝑦(𝑥), 𝑦′(𝑥)) (𝛼)] is named uniformly bounded on any bounded set, if exists 0L   such 

that 

( )( ) ( )( )  1 1 2 2 1 2 1 2 1 2, , , , max , , ,f x u v f x u v L x x u u v v −  − − −  

and also 

( )( ) ( )( )  1 1 2 2 1 2 1 2 1 2, , , , max , , .f x u v f x u v L x x u u v v −  − − −  

Then, for ( ),n m - differentiability, the FIVP (Eq (3.2)) and the corresponding (n,m)-system are 

equivalent. 

The concept of the shooting method for FBVP is discussed in the following section. 

4. The shooting method for Fuzzy Boundary Value Problem 

This section introduces the concept of FBVP under fuzzy generalized differentiability. Suppose 

the second order of FBVP is as follows: 

{
𝑊"(𝑥) = 𝑆(𝑥)𝑊 ′(𝑥) + 𝑇(𝑥)𝑊(𝑥) + 𝑈(𝑥),

𝑊(𝑝) = 𝛽̂,𝑊(𝑞) = 𝛾̂,
      (4.1) 

where 𝑊(𝑝),𝑊(𝑞) ∈ 𝐹(ℝ), 𝑆(𝑥), 𝑇(𝑥), 𝑈(𝑥) > 0, and  , .x p q  Based on Theorem 2.2, Eq (4.1) 

is split into four types of systems as follows: 

(1) (1,1)-system 

Using Theorem 2.2 (1), the (1,1)-system of Eq (4.1) is presented as: 

{
 
 

 
 
𝑤"(𝑥, 𝛼) = 𝑆(𝑥)𝑤 ′(𝑥, 𝛼) + 𝑇(𝑥)𝑤(𝑥, 𝛼) + 𝑈(𝑥),

𝑤
"(𝑥, 𝛼) = 𝑆(𝑥)𝑤

′(𝑥, 𝛼) + 𝑇(𝑥)𝑤(𝑥, 𝛼) + 𝑈(𝑥),

𝑤(𝑝, 𝛼) = 𝛽(𝛼), 𝑤(𝑝, 𝛼) = 𝛽(𝛼),

𝑤(𝑞, 𝛼) = 𝛾(𝛼), 𝑤(𝑞, 𝛼) = 𝛾(𝛼).

     (4.2) 
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The fuzzy non-homogeneous equation for Eq (4.2) is written as: 

{
 
 

 
 ℎ

"(𝑥, 𝛼) = 𝑆(𝑥)ℎ′(𝑥, 𝛼) + 𝑇(𝑥)ℎ(𝑥, 𝛼) + 𝑈(𝑥),

ℎ
"
(𝑥, 𝛼) = 𝑆(𝑥)ℎ

′
(𝑥, 𝛼) + 𝑇(𝑥)ℎ(𝑥, 𝛼) + 𝑈(𝑥),

ℎ(𝑝, 𝛼) = 𝛽(𝛼), ℎ(𝑝, 𝛼) = 𝛽(𝛼),

ℎ
′(𝑝, 𝛼) = 0(𝛼), ℎ

′
(𝑝, 𝛼) = 0(𝛼).

     (4.3) 

The fuzzy homogeneous equation for Eq (4.2) is: 

{
 
 

 
 
𝑗"(𝑥, 𝛼) = 𝑆(𝑥)𝑗′(𝑥, 𝛼) + 𝑇(𝑥)𝑗(𝑥, 𝛼),

𝑗
"
(𝑥, 𝛼) = 𝑆(𝑥)𝑗

′
(𝑥, 𝛼) + 𝑇(𝑥)𝑗(𝑥, 𝛼),

𝑗(𝑝, 𝛼) = 0(𝛼), 𝑗(𝑝, 𝛼) = 0(𝛼),

𝑗′(𝑝, 𝛼) = 1(𝛼), 𝑗
′
(𝑝, 𝛼) = 1(𝛼).

       (4.4) 

To solve Eqs (4.3) and (4.4) simultaneously, we define 

𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼), 

𝑚2(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼), 

𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼), 

𝑚4(𝑥, 𝛼) = 𝑗
′(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼). 

Consequently, the system of first-order FDEs is obtained. 

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

'

1 2

'

1 2

'

2 2 1

'

2 2 1

'

3 4

'

3 4

'

4 4 3

'

4 4 3

, , ,

, , ,

, , , ,

, , , ,

, , ,

, , ,

, , , ,

, , , ,

m x m x

m x m x

m x S x m x T x m x U x

m x S x m x T x m x U x

m x m x

m x m x

m x S x m x T x m x

m x S x m x T x m x

 

 

  

  

 

 

  

  

=

=

= + +

= + +

=

=

= +

= +

    (4.5) 

with fuzzy initial conditions 

𝑚1(𝑝, 𝛼) = 𝛽(𝛼),𝑚1(𝑝, 𝛼) = 𝛽(𝛼),𝑚2(𝑝, 𝛼) = 0(𝛼),𝑚2(𝑝, 𝛼) = 0(𝛼), 

𝑚3(𝑝, 𝛼) = 0(𝛼),𝑚3(𝑝, 𝛼) = 0(𝛼),𝑚4(𝑝, 𝛼) = 1(𝛼),𝑚4(𝑝, 𝛼) = 1(𝛼). 

(2) (1,2)-system 

Using Theorem 2.2 (2), the (1,2)-system of Eq (4.1) is presented as: 
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{
 
 

 
 𝑤

"(𝑥, 𝛼) = 𝑆(𝑥)𝑤
′(𝑥, 𝛼) + 𝑇(𝑥)𝑤(𝑥, 𝛼) + 𝑈(𝑥),

𝑤
"(𝑥, 𝛼) = 𝑆(𝑥)𝑤 ′(𝑥, 𝛼) + 𝑇(𝑥)𝑤(𝑥, 𝛼) + 𝑈(𝑥),

𝑤(𝑝, 𝛼) = 𝛽(𝛼), 𝑤(𝑝, 𝛼) = 𝛽(𝛼),

𝑤(𝑞, 𝛼) = 𝛾(𝛼), 𝑤(𝑞, 𝛼) = 𝛾(𝛼).

     (4.6) 

The fuzzy non-homogeneous equation for Eq (4.6) is written as: 

{
 
 

 
 ℎ

"(𝑥, 𝛼) = 𝑆(𝑥)ℎ
′
(𝑥, 𝛼) + 𝑇(𝑥)ℎ(𝑥, 𝛼) + 𝑈(𝑥),

ℎ
"
(𝑥, 𝛼) = 𝑆(𝑥)ℎ′(𝑥, 𝛼) + 𝑇(𝑥)ℎ(𝑥, 𝛼) + 𝑈(𝑥),

ℎ(𝑝, 𝛼) = 𝛽(𝛼), ℎ(𝑝, 𝛼) = 𝛽(𝛼),

ℎ
′(𝑝, 𝛼) = 0(𝛼), ℎ

′
(𝑝, 𝛼) = 0(𝛼).

     (4.7) 

The fuzzy homogeneous equation for Eq (4.6) is: 

{
  
 

  
 𝑗

"(𝑥, 𝛼) = 𝑆(𝑥)𝑗
′
(𝑥, 𝛼) + 𝑇(𝑥)𝑗(𝑥, 𝛼),

𝑗
"
(𝑥, 𝛼) = 𝑆(𝑥)𝑗′(𝑥, 𝛼) + 𝑇(𝑥)𝑗(𝑥, 𝛼),

𝑗(𝑝, 𝛼) = 0(𝛼), 𝑗(𝑝, 𝛼) = 0(𝛼),

𝑗′(𝑝, 𝛼) = 1(𝛼), 𝑗
′
(𝑝, 𝛼) = 1(𝛼).

       (4.8) 

To solve Eqs (4.7) and (4.8) simultaneously, let define 

𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼), 

𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗
′(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼). 

Correspondingly, the system of first-order FDEs is obtained. 

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

'
21

'

1 2

'
2 12

'

2 2 1

'
43

'

3 4

'
4 34

'

4 4 3

, , ,

, , ,

, , , ,

, , , ,

, , ,

, , ,

, , , ,

, , , ,

m x m x

m x m x

m x S x m x T x m x U x

m x S x m x T x m x U x

m x m x

m x m x

m x S x m x T x m x

m x S x m x T x m x

 

 

  

  

 

 

  

  

=

=

= + +

= + +

=

=

= +

= +

   (4.9) 

with fuzzy initial conditions 

𝑚1(𝑝, 𝛼) = 𝛽(𝛼),𝑚1(𝑝, 𝛼) = 𝛽(𝛼),𝑚2(𝑝, 𝛼) = 0(𝛼),𝑚2(𝑝, 𝛼) = 0(𝛼), 

𝑚3(𝑝, 𝛼) = 0(𝛼),𝑚3(𝑝, 𝛼) = 0(𝛼),𝑚4(𝑝, 𝛼) = 1(𝛼),𝑚4(𝑝, 𝛼) = 1(𝛼). 

(3) (2,1)-system 
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Using Theorem 2.2 (3), the (2,1)-system of Eq (4.1) is presented as: 

{
 
 

 
 
𝑤"(𝑥, 𝛼) = 𝑆(𝑥)𝑤 ′(𝑥, 𝛼) + 𝑇(𝑥)𝑤(𝑥, 𝛼) + 𝑈(𝑥),

𝑤
"(𝑥, 𝛼) = 𝑆(𝑥)𝑤

′(𝑥, 𝛼) + 𝑇(𝑥)𝑤(𝑥, 𝛼) + 𝑈(𝑥),

𝑤(𝑝, 𝛼) = 𝛽(𝛼), 𝑤(𝑝, 𝛼) = 𝛽(𝛼),

𝑤(𝑞, 𝛼) = 𝛾(𝛼), 𝑤(𝑞, 𝛼) = 𝛾(𝛼).

    (4.10) 

The fuzzy non-homogeneous equation for Eq (4.10) is written as: 

{
 
 

 
 ℎ

"(𝑥, 𝛼) = 𝑆(𝑥)ℎ′(𝑥, 𝛼) + 𝑇(𝑥)ℎ(𝑥, 𝛼) + 𝑈(𝑥),

ℎ
"
(𝑥, 𝛼) = 𝑆(𝑥)ℎ

′
(𝑥, 𝛼) + 𝑇(𝑥)ℎ(𝑥, 𝛼) + 𝑈(𝑥),

ℎ(𝑝, 𝛼) = 𝛽(𝛼), ℎ(𝑝, 𝛼) = 𝛽(𝛼),

ℎ
′(𝑝, 𝛼) = 0(𝛼), ℎ

′
(𝑝, 𝛼) = 0(𝛼).

    (4.11) 

The fuzzy homogeneous equation for Eq (4.10) is: 

{
  
 

  
 𝑗

"(𝑥, 𝛼) = 𝑆(𝑥)𝑗′(𝑥, 𝛼) + 𝑇(𝑥)𝑗(𝑥, 𝛼),

𝑗
"
(𝑥, 𝛼) = 𝑆(𝑥)𝑗

′
(𝑥, 𝛼) + 𝑇(𝑥)𝑗(𝑥, 𝛼),

𝑗(𝑝, 𝛼) = 0(𝛼), 𝑗(𝑝, 𝛼) = 0(𝛼),

𝑗′(𝑝, 𝛼) = 1(𝛼), 𝑗
′
(𝑝, 𝛼) = 1(𝛼).

      (4.12) 

To solve Eqs (4.11) and (4.12) simultaneously, we define 

𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼), 

𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗
′(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼). 

Consequently, the system of first-order FDEs is obtained. 

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

'
21

'

1 2

'
12 2

'

2 2 1

'
43

'

3 4

'
34 4

'

4 4 3

, , ,

, , ,

, , , ,

, , , ,

, , ,

, , ,

, , , ,

, , , ,

m x m x

m x m x

m x S x m x T x m x U x

m x S x m x T x m x U x

m x m x

m x m x

m x S x m x T x m x

m x S x m x T x m x

 

 

  

  

 

 

  

  

=

=

= + +

= + +

=

=

= +

= +

    (4.13) 

with fuzzy initial conditions given by 

𝑚1(𝑝, 𝛼) = 𝛽(𝛼),𝑚1(𝑝, 𝛼) = 𝛽(𝛼),𝑚2(𝑝, 𝛼) = 0(𝛼),𝑚2(𝑝, 𝛼) = 0(𝛼), 

𝑚3(𝑝, 𝛼) = 0(𝛼),𝑚3(𝑝, 𝛼) = 0(𝛼),𝑚4(𝑝, 𝛼) = 1(𝛼),𝑚4(𝑝, 𝛼) = 1(𝛼). 
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(4) (2,2)-system 

Using Theorem 2.2 (4), the (2,2)-system of Eq. (4.1) is presented as: 

{
 
 

 
 𝑤

"(𝑥, 𝛼) = 𝑆(𝑥)𝑤
′(𝑥, 𝛼) + 𝑇(𝑥)𝑤(𝑥, 𝛼) + 𝑈(𝑥),

𝑤
"(𝑥, 𝛼) = 𝑆(𝑥)𝑤 ′(𝑥, 𝛼) + 𝑇(𝑥)𝑤(𝑥, 𝛼) + 𝑈(𝑥),

𝑤(𝑝, 𝛼) = 𝛽(𝛼), 𝑤(𝑝, 𝛼) = 𝛽(𝛼),

𝑤(𝑞, 𝛼) = 𝛾(𝛼), 𝑤(𝑞, 𝛼) = 𝛾(𝛼).

     (4.14) 

The fuzzy non-homogeneous equation for Eq. (4.14) is written as: 

{
 
 

 
 ℎ

"(𝑥, 𝛼) = 𝑆(𝑥)ℎ
′
(𝑥, 𝛼) + 𝑇(𝑥)ℎ(𝑥, 𝛼) + 𝑈(𝑥),

ℎ
"
(𝑥, 𝛼) = 𝑆(𝑥)ℎ′(𝑥, 𝛼) + 𝑇(𝑥)ℎ(𝑥, 𝛼) + 𝑈(𝑥),

ℎ(𝑝, 𝛼) = 𝛽(𝛼), ℎ(𝑝, 𝛼) = 𝛽(𝛼),

ℎ
′(𝑝, 𝛼) = 0(𝛼), ℎ

′
(𝑝, 𝛼) = 0(𝛼).

     (4.15) 

The fuzzy homogeneous equation for Eq (4.14) is: 

{
  
 

  
 𝑗

"(𝑥, 𝛼) = 𝑆(𝑥)𝑗
′
(𝑥, 𝛼) + 𝑇(𝑥)𝑗(𝑥, 𝛼),

𝑗
"
(𝑥, 𝛼) = 𝑆(𝑥)𝑗′(𝑥, 𝛼) + 𝑇(𝑥)𝑗(𝑥, 𝛼),

𝑗(𝑝, 𝛼) = 0(𝛼), 𝑗(𝑝, 𝛼) = 0(𝛼),

𝑗′(𝑝, 𝛼) = 1(𝛼), 𝑗
′
(𝑝, 𝛼) = 1(𝛼).

      (4.16) 

To solve Eqs (4.15) and (4.16) simultaneously, we define 

𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼), 

𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗
′(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼). 

Subsequently, the system of first-order FDEs is obtained. 

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

'

1 2

'

1 2

'
22 1

'

2 12

'

3 4

'

3 4

'
44 3

'

4 34

, , ,

, , ,

, , , ,

, , , ,

, , ,

, , ,

, , , ,

, , , ,

m x m x

m x m x

m x S x m x T x m x U x

m x S x m x T x m x U x

m x m x

m x m x

m x S x m x T x m x

m x S x m x T x m x

 

 

  

  

 

 

  

  

=

=

= + +

= + +

=

=

= +

= +

     (4.17) 

with fuzzy initial conditions given by 
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𝑚1(𝑝, 𝛼) = 𝛽(𝛼),𝑚1(𝑝, 𝛼) = 𝛽(𝛼),𝑚2(𝑝, 𝛼) = 0(𝛼),𝑚2(𝑝, 𝛼) = 0(𝛼), 

𝑚3(𝑝, 𝛼) = 0(𝛼),𝑚3(𝑝, 𝛼) = 0(𝛼),𝑚4(𝑝, 𝛼) = 1(𝛼),𝑚4(𝑝, 𝛼) = 1(𝛼). 

5. Fuzzy Runge-Kutta Cash-Karp of the Fourth-Order method for the systems 

In this section, we discuss how to solve the system of first-order FDE using FRKCK4. The idea 

of FRKCK4 is obtained from [24]. Based on the four types of systems presented in the previous section, 

the procedures to obtain the approximate solution for (1,1), (1,2), (2,1), and (2,2)-systems using the 

FRKCK4 are detailed below. 

(1) (1,1)-system 

Using the FRKCK4, the approximate solution for the (1,1)-system is suggested as follows: 

𝑚1(𝑥𝑖+1, 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼)) , 

𝑚1(𝑥𝑖+1, 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼)) , 

𝑚2(𝑥𝑖+1, 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼)), 

𝑚2(𝑥𝑖+1, 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) +
28575

48384
𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼)), 

𝑚3(𝑥𝑖+1, 𝛼) = 𝑚3(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼)), 

𝑚3(𝑥𝑖+1, 𝛼) = 𝑚3(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼)) , 

𝑚4(𝑥𝑖+1, 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼)), 
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𝑚4(𝑥𝑖+1, 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼)), 

where 

𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼), 

𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼), 

𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚2(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚1(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖), 

𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚2(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚1(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖), 

𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼), 

𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼), 

𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚4(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚3(𝑥𝑖 , 𝛼), 

𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚4(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚3(𝑥𝑖 , 𝛼), 

𝑘2
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
1

5
𝛥𝑥) , 

𝑘2
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
1

5
𝛥𝑥) , 

𝑘2
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼), 𝑘2
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼), 
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𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
3

10
𝛥𝑥) , 

𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
3

10
𝛥𝑥) , 

𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
3

5
𝛥𝑥) , 

𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼)
9

10
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
3

5
𝛥𝑥), 
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𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼)
9

10
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼)
9

10
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
70

27
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

−
70

27
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖 + 𝛥𝑥), 

𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚
2
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

−
70

27
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖 + 𝛥𝑥), 

𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼)

−
70

27
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼), 
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𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼)

−
70

27
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼) + 

𝑇 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚1
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
7

8
𝛥𝑥), 

𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚1
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
7

8
𝛥𝑥) , 

𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚3
′

(𝑥𝑖 , 𝛼), 
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𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

16311

55296
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚3
′

(𝑥𝑖 , 𝛼). 

(2) (1,2)-system 

Using the FRKCK4, the approximate solution for the (1,2)-system is suggested as follows: 

𝑚1(𝑥𝑖+1, 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼)) , 

𝑚1(𝑥𝑖+1, 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼)) , 

𝑚2(𝑥𝑖+1, 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼)) , 

𝑚2(𝑥𝑖+1, 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼)) , 

𝑚3(𝑥𝑖+1, 𝛼) = 𝑚3(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼)) , 

𝑚3(𝑥𝑖+1, 𝛼) = 𝑚3(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼)) , 

𝑚4(𝑥𝑖+1, 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼)) , 

𝑚4(𝑥𝑖+1, 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼)), 
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where 

𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼), 

𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼), 

𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚2(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚1(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖), 

𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚2(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚1(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖), 

𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼), 

𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼), 

𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚4(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚3(𝑥𝑖 , 𝛼), 

𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚4(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚3(𝑥𝑖 , 𝛼), 

𝑘2
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
1

5
𝛥𝑥) , 

𝑘2
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
1

5
𝛥𝑥) , 

𝑘2
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
3

10
𝛥𝑥) , 
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𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
3

10
𝛥𝑥) , 

𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
3

5
𝛥𝑥) , 

𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
3

5
𝛥𝑥), 

𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼), 
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𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

−
70

27
𝛥𝑡𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖 + 𝛥𝑥), 

𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

−
70

27
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖 + 𝛥𝑥), 

𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚
4
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼)

−
70

27
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼)

−
70

27
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼), 
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𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚1
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
7

8
𝛥𝑥), 

𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚1
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
7

8
𝛥𝑥) , 

𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚3
′

(𝑥𝑖 , 𝛼). 

(3) (2,1)-system 

Using the FRKCK4, the approximate solution for the (2,1)-system is suggested as follows: 
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𝑚1(𝑥𝑖+1, 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼)) , 

𝑚1(𝑥𝑖+1, 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼)) , 

𝑚2(𝑥𝑖+1, 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼)) , 

𝑚2(𝑥𝑖+1, 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼)) , 

𝑚3(𝑥𝑖+1, 𝛼) = 𝑚3(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼)) , 

𝑚3(𝑥𝑖+1, 𝛼) = 𝑚3(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼)) , 

𝑚4(𝑥𝑖+1, 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼)) , 

𝑚4(𝑥𝑖+1, 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼)), 

Where 

𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼), 

𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼), 

𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚2(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚1(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖), 

𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚2(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚1(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖), 

𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼), 

𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼), 
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𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚4(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚3(𝑥𝑖 , 𝛼), 

𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚4(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚3(𝑥𝑖 , 𝛼), 

𝑘2
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
1

5
𝛥𝑥) , 

𝑘2
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
1

5
𝛥𝑥) , 

𝑘2
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼), 

(4) (2,2)-system 

Using the FRKCK4, the approximate solution for the (2,2)-system is suggested as follows: 

𝑚1(𝑥𝑖+1, 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼)) , 

𝑚1(𝑥𝑖+1, 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚1

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼)) , 

𝑚2(𝑥𝑖+1, 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼)) , 
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𝑚2(𝑥𝑖+1, 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚2

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼)) , 

𝑚3(𝑥𝑖+1, 𝛼) = 𝑚3(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼)) , 

𝑚3(𝑥𝑖+1, 𝛼) = 𝑚3(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚3

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚3

′

(𝑥𝑖 , 𝛼)) , 

𝑚4(𝑥𝑖+1, 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼)) , 

𝑚4(𝑥𝑖+1, 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) + 𝛥𝑥 (
2825

27648
𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) +
18575

48384
𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) +
13525

55296
𝑘4
𝑚4

′

(𝑥𝑖 , 𝛼)

+
277

14336
𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) +
1

4
𝑘6
𝑚4

′

(𝑥𝑖 , 𝛼)), 

where 

𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼), 

𝑘1
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼), 

𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚2(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚1(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖), 

𝑘1
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚2(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚1(𝑥𝑖 , 𝛼) + 𝑈(𝑥𝑖), 

𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼), 𝑘1
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼), 

𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚4(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚3(𝑥𝑖 , 𝛼), 

𝑘1
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖)𝑚4(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖)𝑚3(𝑥𝑖 , 𝛼), 

𝑘2
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
1

5
𝛥𝑥) , 

𝑘2
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
1

5
𝛥𝑥) , 
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𝑘2
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼), 𝑘2
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘2
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

1

5
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
1

5
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼)

+
1

5
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼)

+
9

40
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)𝑈 (𝑥𝑖 +
3

10
𝛥𝑥) , 

𝑘3
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+ +𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
3

10
𝛥𝑥) , 

𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘3
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
3

10
𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) +

3

40
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼) +
9

40
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼)

−
9

10
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
3

5
𝛥𝑥) , 
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𝑘4
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) −
9

10
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+
6

5
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼) + 𝑇 (𝑥𝑖 +
3

5
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

3

10
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼)

−
9

10
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼) +
6

5
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) + 𝑈 (𝑥𝑖 +
3

5
𝛥𝑥), 

𝑘5
𝑚3

′

(𝑥𝑖 , 𝛼) = 𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼)

+
5

2
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘5
𝑚4

′

(𝑥𝑖 , 𝛼) = 𝑆(𝑥𝑖 + 𝛥𝑥)𝑚4(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚4
′

(𝑥𝑖 , 𝛼) +
5

2
𝛥𝑥𝑘2

𝑚4
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚4
′

(𝑥𝑖 , 𝛼)

+
35

27
𝛥𝑥𝑘4

𝑚4
′

(𝑥𝑖 , 𝛼) + 𝑇(𝑥𝑖 + 𝛥𝑥)𝑚3(𝑥𝑖 , 𝛼) −
11

54
𝛥𝑥𝑘1

𝑚3
′

(𝑥𝑖 , 𝛼)

+
5

2
𝛥𝑥𝑘2

𝑚3
′

(𝑥𝑖 , 𝛼) −
70

27
𝛥𝑥𝑘3

𝑚3
′

(𝑥𝑖 , 𝛼) +
35

27
𝛥𝑥𝑘4

𝑚3
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚1

′

(𝑥𝑖 , 𝛼) = 𝑚2(𝑥𝑖 , 𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼) +
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼)

+
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼), 

𝑘6
𝑚2

′

(𝑥𝑖 , 𝛼) = 𝑆 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚2(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚2
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚2
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚2
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚2
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚2
′

(𝑥𝑖 , 𝛼)

+ 𝑇 (𝑥𝑖 +
7

8
𝛥𝑥)𝑚1(𝑥𝑖 , 𝛼) +

1631

55296
𝛥𝑥𝑘1

𝑚1
′

(𝑥𝑖 , 𝛼) +
175

512
𝛥𝑥𝑘2

𝑚1
′

(𝑥𝑖 , 𝛼)

+
575

13824
𝛥𝑥𝑘3

𝑚1
′

(𝑥𝑖 , 𝛼) +
44275

110592
𝛥𝑥𝑘4

𝑚1
′

(𝑥𝑖 , 𝛼) +
253

4096
𝛥𝑥𝑘5

𝑚1
′

(𝑥𝑖 , 𝛼)

+ 𝑈 (𝑥𝑖 +
7

8
𝛥𝑥), 

By implementing the system of first-order FDEs with FRKCK4, the solution to the problem of 

Eqs (4.2), (4.6), (4.10) and (4.14) are derived as 

𝑤(𝑥𝑖 , 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) +
𝑤(𝑞, 𝛼) − 𝑚1(𝑞, 𝛼)

𝑚3(𝑞, 𝛼)
𝑚3(𝑥𝑖 , 𝛼);𝑚3(𝑞, 𝛼) ≠ 0, 

𝑤(𝑥𝑖 , 𝛼) = 𝑚1(𝑥𝑖 , 𝛼) +
𝑤(𝑞, 𝛼) − 𝑚1(𝑞, 𝛼)

𝑚3(𝑞, 𝛼)
𝑚3(𝑥𝑖 , 𝛼);𝑚3(𝑞, 𝛼) ≠ 0, 
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where 𝑚1(𝑥𝑖 , 𝛼),𝑚1(𝑥𝑖 , 𝛼),𝑚3(𝑥𝑖 , 𝛼)and𝑚3(𝑥𝑖 , 𝛼)  are unique solutions for fuzzy non-

homogeneous and fuzzy homogeneous equations. Hence, the analytical and approximate solution for 

Eq (4.1) are denoted as 𝑊𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙(𝑥, 𝛼) = [𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙(𝑥, 𝛼), 𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙(𝑥, 𝛼)]  and 

( ) ( ), , ,W x w x =  𝑤(𝑥, 𝛼)], respectively. 

6. Numerical example 

This section presents a numerical example to express the ability of the proposed method. For 

the (1,1)-system, the solution of the proposed method is compared with the analytical solution and 

FRK4. The errors between FRKCK4 and FRK4 are determined by deducting the absolute values of 

analytical and approximative solutions. Since the analytical solutions for the (1,2), (2,1) and (2,2)-

systems could not be determined analytically, we now analyze the approximations provided by 

FRKCK4 and FRK4. This section discusses the example of FBVP, where the idea was obtained from 

Example 5.1 in [2]. 

Let the FBVP as follows: 

{
𝑊"(𝑥) = 𝑊 ′(𝑥) +𝑊(𝑥) + 𝑥,

𝑊(0) = 0̃,𝑊(1) = 1̃,
        (6.1) 

where [0]𝛼 = [𝛼 − 1,1 − 𝛼] and [1]𝛼 = [𝛼, 2 − 𝛼]. Based on Sections 4 and 5, the procedure to 

solve Eq (6.1) using the (1,1)-system is discussed below: 

(1) (1,1)-system 

With reference to Eq. (6.1), it is expressed as follows in (1,1)-system: 

{
 
 

 
 𝑤

"(𝑥, 𝛼) = 𝑤 ′(𝑥, 𝛼) + 𝑤(𝑥, 𝛼) + 𝑥,

𝑤
"(𝑥, 𝛼) = 𝑤

′(𝑥, 𝛼) + 𝑤(𝑥, 𝛼) + 𝑥,

𝑤(0, 𝛼) = 𝛼 − 1,𝑤(0, 𝛼) = 1 − 𝛼,

𝑤(1, 𝛼) = 𝛼,𝑤(1, 𝛼) = 2 − 𝛼.

       (6.2) 

The fuzzy non-homogeneous equation for Eq (6.2) is translated as: 

{
 
 

 
 ℎ

"(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼) + ℎ(𝑥, 𝛼) + 𝑥,

ℎ
"
(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼) + ℎ(𝑥, 𝛼) + 𝑥,

ℎ(0, 𝛼) = 𝛼 − 1, ℎ(0, 𝛼) = 1 − 𝛼,

ℎ
′(0, 𝛼) = 0, ℎ

′
(0, 𝛼) = 0.

       (6.3) 

The fuzzy homogeneous equation for Eq (6.2) is: 

{
 
 

 
 
𝑗"(𝑥, 𝛼) = 𝑗 ′(𝑥, 𝛼) + 𝑗(𝑥, 𝛼),

𝑗
"
(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼) + 𝑗(𝑥, 𝛼),

𝑗(0, 𝛼) = 0, 𝑗(0, 𝛼) = 0,

𝑗′(0, 𝛼) = 1, 𝑗
′
(0, 𝛼) = 1.

       (6.4) 

Equations (6.3) and (6.4) are solved simultaneously and defined as: 
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𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼), 

𝑚2(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼), 

𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼), 

𝑚4(𝑥, 𝛼) = 𝑗
′(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼). 

The system of first-order FDE is: 

𝑚1
′ (𝑥, 𝛼) = 𝑚2(𝑥, 𝛼), 

𝑚1
′
(𝑥, 𝛼) = 𝑚2(𝑥, 𝛼), 

𝑚2
′ (𝑥, 𝛼) = 𝑚2(𝑥, 𝛼) + 𝑚1(𝑥, 𝛼) + 𝑥, 

𝑚2
′
(𝑥, 𝛼) = 𝑚2(𝑥, 𝛼) + 𝑚1(𝑥, 𝛼) + 𝑥, 

𝑚3
′ (𝑥, 𝛼) = 𝑚4(𝑥, 𝛼), 

𝑚3
′
(𝑥, 𝛼) = 𝑚4(𝑥, 𝛼), 

𝑚4
′ (𝑥, 𝛼) = 𝑚4(𝑥, 𝛼) + 𝑚3(𝑥, 𝛼), 

𝑚4
′
(𝑥, 𝛼) = 𝑚4(𝑥, 𝛼) + 𝑚3(𝑥, 𝛼), 

with fuzzy initial conditions 

𝑚1(0, 𝛼) = 𝛼 − 1,𝑚1(0, 𝛼) = 1 − 𝛼, 

𝑚2(0, 𝛼) = 0,𝑚2(0, 𝛼) = 0, 

𝑚3(0, 𝛼) = 0,𝑚3(0, 𝛼) = 0, 

𝑚4(0, 𝛼) = 1,𝑚4(0, 𝛼) = 1. 

To solve the (1,1)-system, the following is proposed: 

𝑘1
𝑚1

′

= 𝑚2(𝛼), 

𝑘1
𝑚1

′

= 𝑚2(𝛼), 

𝑘1
𝑚2

′

= 𝑚2(𝛼) + 𝑚1(𝛼) + 𝑥𝑖 , 

𝑘1
𝑚2

′

= 𝑚2(𝛼) + 𝑚1(𝛼) + 𝑥𝑖 , 

𝑘1
𝑚3

′

= 𝑚4(𝛼), 𝑘1
𝑚3

′

= 𝑚4(𝛼), 

𝑘1
𝑚4

′

= 𝑚4(𝛼) + 𝑚3(𝛼), 

𝑘1
𝑚4

′

= 𝑚4(𝛼) + 𝑚3(𝛼), 

𝑘2
𝑚1

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

, 

𝑘2
𝑚1

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

, 

𝑘2
𝑚2

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

+𝑚1(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚1
′

+ 𝑥𝑖 +
1

5
𝛥𝑥, 

𝑘2
𝑚2

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

+𝑚1(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚1
′

+ 𝑥𝑖 +
1

5
𝛥𝑥, 

𝑘2
𝑚3

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

, 

𝑘2
𝑚3

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

, 



31833 

AIMS Mathematics  Volume 9, Issue 11, 31806–31847. 

𝑘2
𝑚4

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

+𝑚3(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚3
′

, 

𝑘2
𝑚4

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

+𝑚3(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚3
′

, 

𝑘3
𝑚1

′

= 𝑚2(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

+
9

40
𝛥𝑥𝑘2

𝑚2
′

, 

𝑘3
𝑚1

′

= 𝑚2(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

+
9

40
𝛥𝑥𝑘2

𝑚2
′

, 

𝑘3
𝑚2

′

= 𝑚2(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

+
9

40
𝛥𝑥𝑘2

𝑚2
′

+𝑚1(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚1
′

+
9

40
𝛥𝑥𝑘2

𝑚1
′

+ 𝑥𝑖 +
3

10
𝛥𝑥, 

𝑘3
𝑚2

′

= 𝑚2(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

+
9

40
𝛥𝑥𝑘2

𝑚2
′

+𝑚1(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚1
′

+
9

40
𝛥𝑥𝑘2

𝑚1
′

+ 𝑥𝑖 +
3

10
𝛥𝑥, 

𝑘3
𝑚3

′

= 𝑚4(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

+
9

40
𝛥𝑥𝑘2

𝑚4
′

, 

𝑘3
𝑚3

′

= 𝑚4(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

+
9

40
𝛥𝑥𝑘2

𝑚4
′

, 

𝑘3
𝑚4

′

= 𝑚4(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

+
9

40
𝛥𝑥𝑘2

𝑚4
′

+𝑚3(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚3
′

+
9

40
𝛥𝑥𝑘2

𝑚3
′

, 

𝑘3
𝑚4

′

= 𝑚4(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚4
′

+
9

40
𝛥𝑥𝑘2

𝑚4
′

+𝑚3(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚3
′

+
9

40
𝛥𝑥𝑘2

𝑚3
′

, 

𝑘4
𝑚1

′

= 𝑚2(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

−
9

10
𝛥𝑥𝑘2

𝑚2
′

+
6

5
𝛥𝑥𝑘3

𝑚2
′

, 

𝑘4
𝑚1

′

= 𝑚2(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

−
9

10
𝛥𝑥𝑘2

𝑚2
′

+
6

5
𝛥𝑥𝑘3

𝑚2
′

, 

𝑘4
𝑚2

′

= 𝑚2(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

−
9

10
𝛥𝑥𝑘2

𝑚2
′

+
6

5
𝛥𝑥𝑘3

𝑚2
′

+𝑚1(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚1
′

−
9

10
𝛥𝑥𝑘2

𝑚1
′

+
6

5
𝛥𝑥𝑘3

𝑚1
′

+ 𝑥𝑖 +
3

5
𝛥𝑥, 

𝑘4
𝑚2

′

= 𝑚2(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚2
′

−
9

10
𝛥𝑥𝑘2

𝑚2
′

+
6

5
𝛥𝑥𝑘3

𝑚2
′

+𝑚1(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚1
′

−
9

10
𝛥𝑥𝑘2

𝑚1
′

+
6

5
𝛥𝑥𝑘3

𝑚1
′

+ 𝑥𝑖 +
3

5
𝛥𝑥, 

𝑘4
𝑚3

′

= 𝑚4(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚4
′

−
9

10
𝛥𝑥𝑘2

𝑚4
′

+
6

5
𝛥𝑥𝑘3

𝑚4
′

, 

𝑘4
𝑚3

′

= 𝑚4(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚4
′

−
9

10
𝛥𝑥𝑘2

𝑚4
′

+
6

5
𝛥𝑥𝑘3

𝑚4
′

, 

𝑘4
𝑚4

′

= 𝑚4(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚4
′

−
9

10
𝛥𝑥𝑘2

𝑚4
′

+
6

5
𝛥𝑥𝑘3

𝑚4
′

+𝑚3(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚3
′

−
9

10
𝛥𝑥𝑘2

𝑚3
′

+
6

5
𝛥𝑥𝑘3

𝑚3
′

, 

𝑘4
𝑚4

′

= 𝑚4(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚4
′

−
9

10
𝛥𝑥𝑘2

𝑚4
′

+
6

5
𝛥𝑥𝑘3

𝑚4
′

+𝑚3(𝛼) +
3

10
𝛥𝑥𝑘1

𝑚3
′

−
9

10
𝛥𝑥𝑘2

𝑚3
′

+
6

5
𝛥𝑥𝑘3

𝑚3
′

, 

𝑘5
𝑚1

′

= 𝑚2(𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

+
5

3
𝛥𝑥𝑘2

𝑚2
′

−
70

27
𝛥𝑥𝑘3

𝑚2
′

+
35

27
𝛥𝑥𝑘4

𝑚2
′

, 

𝑘5
𝑚1

′

= 𝑚2(𝛼) −
11

54
𝛥𝑥𝑘1

𝑚2
′

+
5

3
𝛥𝑥𝑘2

𝑚2
′

−
70

27
𝛥𝑥𝑘3

𝑚2
′

+
35

27
𝛥𝑥𝑘4

𝑚2
′

, 
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𝑘6
𝑚4

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

+𝑚3(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚3
′

+
175

512
𝛥𝑥𝑘2

𝑚3
′

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

+
44275

110592
𝛥𝑥𝑘4

𝑚3
′

+
253

4096
𝛥𝑥𝑘5

𝑚3
′

, 

𝑘6
𝑚4

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

+𝑚3(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚3
′

+
175

512
𝛥𝑥𝑘2

𝑚3
′

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

+
44275

110592
𝛥𝑥𝑘4

𝑚3
′

+
253

4096
𝛥𝑥𝑘5

𝑚3
′

. 

The analytical solution for Eq (6.2) is 

𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙(𝑥, 𝛼) = (
𝑒
1−√5
2 (𝛼 − 2) − 𝛼

𝑒
1−√5
2 − 𝑒

1+√5
2

)𝑒
(1+√5)𝑥

2 + (
−𝑒

1+√5
2 (𝛼 − 2) + 𝛼

𝑒
1−√5
2 − 𝑒

1+√5
2

)𝑒
(1−√5)𝑥

2 − 𝑥 + 1, 

𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙(𝑥, 𝛼) = (
−𝑒

1−√5
2 (𝛼) − 2 + 𝛼

𝑒
1−√5
2 − 𝑒

1+√5
2

)𝑒
(1+√5)𝑥

2 + (
𝑒
1+√5
2 (𝛼) + 2 − 𝛼

𝑒
1−√5
2 − 𝑒

1+√5
2

)𝑒
(1−√5)𝑥

2 − 𝑥 + 1. 

The numerical example is evaluated using step size 0.01x = , 100N = , and the solutions 

are corrected to 13 significant figures. Table 1 compares the analytical and approximate solutions 

of FRKCK4 and FRK4, while Table 2 provides the errors (𝐸𝑟𝑟(𝑥, 𝛼) = [𝑒𝑟𝑟(𝑥, 𝛼), 𝑒𝑟𝑟(𝑥, 𝛼)]) 

for (1,1)-system at 0.5x = . 

Table 1. The comparisons of approximate solutions of FRKCK4 and FRK4 for (1,1)-

system at 0.5x = . 

𝜶 

Analytical solution FRKCK4 FRK4 

𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙(0.5, 𝛼) 𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙(0.5, 𝛼) 𝑤(0.5, 𝛼) 𝑤(0.5, 𝛼) 𝑤(0.5, 𝛼) 𝑤(0.5, 𝛼) 

0 -0.606573485238 1.171170746022 -0.606573485241 1.171170746016 -0.606573485117 1.171170746252 

0.1 -0.517686273675 1.082283534459 -0.517686273678 1.082283534453 -0.517686273548 1.082283534683 

0.2 -0.428799062112 0.993396322896 -0.428799062115 0.993396322890 -0.428799061980 0.993396323115 

0.3 -0.339911850549 0.904509111333 -0.339911850553 0.904509111327 -0.339911850412 0.904509111547 

0.4 -0.251024638986 0.815621899770 -0.251024638990 0.815621899764 -0.251024638843 0.815621899978 

0.5 -0.162137427423 0.726734688207 -0.162137427427 0.726734688202 -0.162137427275 0.726734688410 

0.6 -0.073250215860 0.637847476644 -0.073250215864 0.637847476639 -0.073250215706 0.637847476841 

0.7 0.015636995703 0.548960265081 0.015636995699 0.548960265076 0.015636995862 0.548960265273 

0.8 0.104524207266 0.460073053518 0.104524207262 0.460073053513 0.104524207431 0.460073053704 

0.9 0.193411418829 0.371185841955 0.193411418824 0.371185841950 0.193411418999 0.371185842136 

1.0 0.282298630392 0.282298630392 0.282298630387 0.282298630387 0.282298630568 0.282298630568 
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Table 2. The errors between FRKCK4 and FRK4 for (1,1)-system at 0.5x = . 

𝜶 
Error of FRKCK4 Error of FRK4 

𝑒𝑟𝑟(0.5, 𝛼) 𝑒𝑟𝑟(0.5, 𝛼) 𝑒𝑟𝑟(0.5, 𝛼) 𝑒𝑟𝑟(0.5, 𝛼) 

0 0.000000000003 0.000000000006 0.000000000121 0.000000000230 

0.1 0.000000000003 0.000000000006 0.000000000127 0.000000000225 

0.2 0.000000000003 0.000000000006 0.000000000132 0.000000000219 

0.3 0.000000000004 0.000000000006 0.000000000137 0.000000000214 

0.4 0.000000000004 0.000000000005 0.000000000143 0.000000000208 

0.5 0.000000000004 0.000000000005 0.000000000148 0.000000000203 

0.6 0.000000000004 0.000000000005 0.000000000154 0.000000000197 

0.7 0.000000000004 0.000000000005 0.000000000159 0.000000000192 

0.8 0.000000000004 0.000000000005 0.000000000165 0.000000000186 

0.9 0.000000000004 0.000000000005 0.000000000170 0.000000000181 

1.0 0.000000000005 0.000000000005 0.000000000176 0.000000000176 

A comparison of the analytical and numerical solutions, FRKCK4 and FRK4, is provided in Table 1. 

The error analysis is computed and displayed in Table 2 to demonstrate the efficacy of the proposed 

method. According to the findings, FRKCK4’s error is less than FRK4’s, and all three fuzzy solutions 

are displayed in Figure 1. 

 

Figure 1. The approximate solution of (a) FRKCK4 and (b) FRK4 and the (c) analytical solution for 

(1,1)-system. 

Apart from error analysis, we can measure the area under the curve at a certain x  using the 

following formula: 

𝐴 = ∑ (𝛼𝑗 − 𝛼𝑗−1)(𝑤
𝛼𝑗 − 𝑤𝛼𝑗)𝑛

𝑗=1 .        (6.5) 

For instance, when applying Eq (6.5), the area under the curve for the analytical solution at 

0.5x =  is 0.501882736424, while the areas under the curve for FRKCK4 and FRK4 are 

0.501882736418 and 0.501882736677, respectively. As a result, the area under the curve of FRKCK4 

is closer to the area under the curve of the analytical solution. However, the difference in area under 
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the curve between FRK4 and the analytical solution is quite significant. Figure 1 below illustrates the 

analytical and approximate solutions of FRKCK4 and FRK4 for the (1,1)-system. 

Next, we discuss the steps to solve Eq (6.1) using the (1,2)-system, and the results are summarized 

in Table 3 and Figure 2. 

Table 3. The comparisons of approximate solutions of FRKCK4 and FRK4 for (1,2)-system at 

0.5x = . 

  
FRKCK4 FRK4 

( )0.5,w   ( )0.5,w   ( )0.5,w   ( )0.5,w   

0 -0.693065481025 1.257662741800 -0.693065480839 1.257662741974 

0.1 -0.595529069884 1.160126330659 -0.595529069699 1.160126330834 

0.2 -0.497992658743 1.062589919517 -0.497992658558 1.062589919693 

0.3 -0.400456247601 0.965053508376 -0.400456247417 0.965053508552 

0.4 -0.302919836460 0.867517097235 -0.302919836277 0.867517097412 

0.5 -0.205383425319 0.769980686094 -0.205383425136 0.769980686271 

0.6 -0.107847014178 0.672444274952 -0.107847013995 0.672444275130 

0.7 -0.010310603036 0.574907863811 -0.010310602855 0.574907863990 

0.8 0.087225808105 0.477371452670 0.087225808286 0.477371452849 

0.9 0.184762219246 0.379835041529 0.184762219427 0.379835041708 

1.0 0.282298630387 0.282298630387 0.282298630568 0.282298630568 

 

Figure 2. The approximate solution of (a) FRKCK4 and (b) FRK4 for (1,2)-system. 

(2) (1,2)-system 

{
 
 

 
 𝑤

"(𝑥, 𝛼) = 𝑤
′(𝑥, 𝛼) + 𝑤(𝑥, 𝛼) + 𝑥,

𝑤
"(𝑥, 𝛼) = 𝑤 ′(𝑥, 𝛼) + 𝑤(𝑥, 𝛼) + 𝑥,

𝑤(0, 𝛼) = 𝛼 − 1,𝑤(0, 𝛼) = 1 − 𝛼,

𝑤(1, 𝛼) = 𝛼,𝑤(1, 𝛼) = 2 − 𝛼.

      (6.6) 

The fuzzy non-homogeneous equation for Eq. (6.6) is expressed as: 
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{
 
 

 
 ℎ

"(𝑥, 𝛼) = ℎ
′
(𝑥, 𝛼) + ℎ(𝑥, 𝛼) + 𝑥,

ℎ
"
(𝑥, 𝛼) = ℎ

′(𝑥, 𝛼) + ℎ(𝑥, 𝛼) + 𝑥,

ℎ(0, 𝛼) = 𝛼 − 1, ℎ(0, 𝛼) = 1 − 𝛼,

ℎ
′(0, 𝛼) = 0, ℎ

′
(0, 𝛼) = 0.

       (6.7) 

The fuzzy homogeneous equation for Eq (6.6) is: 

{
  
 

  
 𝑗

"(𝑥, 𝛼) = 𝑗
′
(𝑥, 𝛼) + 𝑗(𝑥, 𝛼),

𝑗
"
(𝑥, 𝛼) = 𝑗′(𝑥, 𝛼) + 𝑗(𝑥, 𝛼),

𝑗(0, 𝛼) = 0, 𝑗(0, 𝛼) = 0,

𝑗′(0, 𝛼) = 1, 𝑗
′
(0, 𝛼) = 1.

       (6.8) 

Equations (6.7) and (6.8) are solved simultaneously and defined as: 

𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼), 

𝑚2(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼), 

𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼), 

𝑚4(𝑥, 𝛼) = 𝑗
′(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼). 

The system of first-order FDE is: 

𝑚1
′ (𝑥, 𝛼) = 𝑚2(𝑥, 𝛼), 

𝑚1
′
(𝑥, 𝛼) = 𝑚2(𝑥, 𝛼), 

𝑚2
′ (𝑥, 𝛼) = 𝑚2(𝑥, 𝛼) + 𝑚1(𝑥, 𝛼) + 𝑥, 

𝑚2
′
(𝑥, 𝛼) = 𝑚2(𝑥, 𝛼) + 𝑚1(𝑥, 𝛼) + 𝑥, 

𝑚3
′ (𝑥, 𝛼) = 𝑚4(𝑥, 𝛼), 

𝑚3
′
(𝑥, 𝛼) = 𝑚4(𝑥, 𝛼), 

𝑚4
′ (𝑥, 𝛼) = 𝑚4(𝑥, 𝛼) + 𝑚3(𝑥, 𝛼), 

𝑚4
′
(𝑥, 𝛼) = 𝑚4(𝑥, 𝛼) + 𝑚3(𝑥, 𝛼), 

with fuzzy initial conditions 

𝑚1(0, 𝛼) = 𝛼 − 1,𝑚1(0, 𝛼) = 1 − 𝛼, 

𝑚2(0, 𝛼) = 0,𝑚2(0, 𝛼) = 0, 

𝑚3(0, 𝛼) = 0,𝑚3(0, 𝛼) = 0, 

𝑚4(0, 𝛼) = 1,𝑚4(0, 𝛼) = 1. 

To solve the (1,2)-system, the following is proposed: 

𝑘1
𝑚1

′

= 𝑚2(𝛼), 

𝑘1
𝑚1

′

= 𝑚2(𝛼), 

𝑘1
𝑚2

′

= 𝑚2 +𝑚1(𝛼) + 𝑥𝑖 , 

𝑘1
𝑚2

′

= 𝑚2(𝛼) + 𝑚1(𝛼) + 𝑥𝑖 , 
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𝑘1
𝑚3

′

= 𝑚4(𝛼), 

𝑘1
𝑚3

′

= 𝑚4(𝛼), 

𝑘1
𝑚4

′

= 𝑚4(𝛼) + 𝑚3(𝛼), 

𝑘1
𝑚4

′

= 𝑚4(𝛼) + 𝑚3(𝛼), 

𝑘2
𝑚1

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

, 

𝑘2
𝑚1

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

, 

𝑘2
𝑚2

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

+𝑚1(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚1
′

+ 𝑥𝑖 +
1

5
𝛥𝑥, 

𝑘2
𝑚2

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

+𝑚1(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚1
′

+ 𝑥𝑖 +
1

5
𝛥𝑥, 

𝑘2
𝑚3

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

, 

𝑘2
𝑚3

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

, 

𝑘2
𝑚4

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

+𝑚3(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚3
′

, 

𝑘2
𝑚4

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

+𝑚3(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚3
′

, 

𝑘3
𝑚1

′

= 𝑚2(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

+
9

40
𝛥𝑥𝑘2

𝑚2
′

, 

𝑘3
𝑚1

′

= 𝑚2(𝛼) +
3

40
𝛥𝑥𝑘1

𝑚2
′

+
9

40
𝛥𝑥𝑘2

𝑚2
′

, 

𝑘6
𝑚4

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

+𝑚3(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚3
′

+
175

512
𝛥𝑥𝑘2

𝑚3
′

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

+
44275

110592
𝛥𝑥𝑘4

𝑚3
′

+
253

4096
𝛥𝑥𝑘5

𝑚3
′

, 

𝑘6
𝑚4

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

+𝑚3(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚3
′

+
175

512
𝛥𝑥𝑘2

𝑚3
′

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

+
44275

110592
𝛥𝑥𝑘4

𝑚3
′

+
253

4096
𝛥𝑥𝑘5

𝑚3
′

. 

The numerical example is evaluated using step size 0.01x = , 100N = , and the solution is 

corrected to 13 significant figures using the proposed method. Table 3 compares the approximate 

solutions of FRKCK4 and FRK4 for the (1,2)-system. As there is no analytical solution for the (1,2)-

system, this can be demonstrated by calculating the area under the curve using Eq. (6.5). Based on 

Table 3, the areas under the curve at 0.5x =  for FRKCK4 and FRK4 are 0.510199655305 

and 0.510199655592, respectively. According to the findings, the area under the curve for FRKCK4 

is smaller than the area under the curve for FRK4. This indicates that FRKCK4 offers a better 

approximation than FRK4. 
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Figure 2 below displays how the approximate solutions of FRKCK4 and FRK4 behaved in the 

time domain .x  

Next, we discuss the steps to solve Eq (6.1) using the (2,1)-system, and the results are summarized 

in Table 4 and Figure 3. 

Table 4. The comparisons of approximate solutions of FRKCK4 and FRK4 for (2,1)-

system at 0.5.x =  

  
FRKCK4 FRK4 

( )0.5,w   ( )0.5,w   ( )0.5,w   ( )0.5,w   

0 -0.606573485241 1.171170746016 -0.606573485117 1.171170746252 

0.1 -0.517686273678 1.082283534453 -0.517686273548 1.082283534683 

0.2 -0.428799062115 0.993396322890 -0.428799061980 0.993396323115 

0.3 -0.339911850553 0.904509111327 -0.339911850412 0.904509111547 

0.4 -0.251024638990 0.815621899764 -0.251024638843 0.815621899978 

0.5 -0.162137427427 0.726734688202 -0.162137427275 0.726734688410 

0.6 -0.073250215864 0.637847476639 -0.073250215706 0.637847476841 

0.7 0.015636995699 0.548960265076 0.015636995862 0.548960265273 

0.8 0.104524207262 0.460073053513 0.104524207431 0.460073053704 

0.9 0.193411418824 0.371185841950 0.193411418999 0.371185842136 

1.0 0.282298630387 0.282298630387 0.282298630568 0.282298630568 

 

Figure 3. The approximate solution of (a) FRKCK4 and (b) FRK4 for (2,1)-system. 

(3) (2,1)-system 

{
 
 

 
 
𝑤"(𝑥, 𝛼) = 𝑤 ′(𝑥, 𝛼) + 𝑤(𝑥, 𝛼) + 𝑥,

𝑤
"(𝑥, 𝛼) = 𝑤

′(𝑥, 𝛼) + 𝑤(𝑥, 𝛼) + 𝑥,

𝑤(0, 𝛼) = 𝛼 − 1,𝑤(0, 𝛼) = 1 − 𝛼,

𝑤(1, 𝛼) = 𝛼,𝑤(1, 𝛼) = 2 − 𝛼.

      (6.9) 
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The fuzzy non-homogeneous equation for Eq (6.9) is translated as: 

{
 
 

 
 ℎ

"(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼) + ℎ(𝑥, 𝛼) + 𝑥,

ℎ
"
(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼) + ℎ(𝑥, 𝛼) + 𝑥,

ℎ(0, 𝛼) = 𝛼 − 1, ℎ(0, 𝛼) = 1 − 𝛼,

ℎ
′(0, 𝛼) = 0, ℎ

′
(0, 𝛼) = 0.

      (6.10) 

The fuzzy homogeneous equation for Eq (6.9) is: 

{
  
 

  
 𝑗

"(𝑥, 𝛼) = 𝑗 ′(𝑥, 𝛼) + 𝑗(𝑥, 𝛼),

𝑗
"
(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼) + 𝑗(𝑥, 𝛼),

𝑗(0, 𝛼) = 0, 𝑗(0, 𝛼) = 0,

𝑗′(0, 𝛼) = 1, 𝑗
′
(0, 𝛼) = 1.

        (6.11) 

Equations (6.10) and (6.11) are solved simultaneously and defined as: 

𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼), 

𝑚2(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼), 

𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼), 

𝑚4(𝑥, 𝛼) = 𝑗
′(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼). 

The system of first-order FDE is: 

𝑚1
′ (𝑥, 𝛼) = 𝑚2(𝑥, 𝛼), 

𝑚1
′
(𝑥, 𝛼) = 𝑚2(𝑥, 𝛼), 

𝑚2
′ (𝑥, 𝛼) = 𝑚2(𝑥, 𝛼) + 𝑚1(𝑥, 𝛼) + 𝑥, 

𝑚2
′
(𝑥, 𝛼) = 𝑚2(𝑥, 𝛼) + 𝑚1(𝑥, 𝛼) + 𝑥, 

𝑚3
′ (𝑥, 𝛼) = 𝑚4(𝑥, 𝛼), 

𝑚3
′
(𝑥, 𝛼) = 𝑚4(𝑥, 𝛼), 

𝑚4
′ (𝑥, 𝛼) = 𝑚4(𝑥, 𝛼) + 𝑚3(𝑥, 𝛼), 

𝑚4
′
(𝑥, 𝛼) = 𝑚4(𝑥, 𝛼) + 𝑚3(𝑥, 𝛼), 

with fuzzy initial conditions 

𝑚1(0, 𝛼) = 𝛼 − 1,𝑚1(0, 𝛼) = 1 − 𝛼, 

𝑚2(0, 𝛼) = 0,𝑚2(0, 𝛼) = 0, 

𝑚3(0, 𝛼) = 0,𝑚3(0, 𝛼) = 0, 

𝑚4(0, 𝛼) = 1,𝑚4(0, 𝛼) = 1. 

To solve the (2,1)-system, the following is proposed: 

𝑘1
𝑚1

′

= 𝑚2(𝛼), 

𝑘1
𝑚1

′

= 𝑚2(𝛼), 

𝑘1
𝑚2

′

= 𝑚2(𝛼) + 𝑚1(𝛼) + (𝛼)𝑥𝑖 , 
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𝑘1
𝑚2

′

= 𝑚2(𝛼) + 𝑚1(𝛼) − 𝑥𝑖 , 

𝑘1
𝑚3

′

= 𝑚4(𝛼), 

𝑘1
𝑚3

′

= 𝑚4(𝛼), 

𝑘1
𝑚4

′

= 𝑚4(𝛼) + 𝑚3(𝛼), 

𝑘6
𝑚2

′

= 𝑚2(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚2
′

+
175

512
𝛥𝑥𝑘2

𝑚2
′

+
575

13824
𝛥𝑥𝑘3

𝑚2
′

+
44275

110592
𝛥𝑥𝑘4

𝑚2
′

+
253

4096
𝛥𝑥𝑘5

𝑚2
′

+𝑚1(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚1
′

+
175

512
𝛥𝑥𝑘2

𝑚1
′

+
575

13824
𝛥𝑥𝑘3

𝑚1
′

+
44275

110592
𝛥𝑥𝑘4

𝑚1
′

+
253

4096
𝛥𝑥𝑘5

𝑚1
′

+ 𝑥𝑖 +
7

8
𝛥𝑥, 

𝑘6
𝑚2

′

= 𝑚2(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚2
′

+
175

512
𝛥𝑥𝑘2

𝑚2
′

+
575

13824
𝛥𝑥𝑘3

𝑚2
′

+
44275

110592
𝛥𝑥𝑘4

𝑚2
′

+
253

4096
𝛥𝑥𝑘5

𝑚2
′

+𝑚1(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚1
′

+
175

512
𝛥𝑥𝑘2

𝑚1
′

+
575

13824
𝛥𝑥𝑘3

𝑚1
′

+
44275

110592
𝛥𝑥𝑘4

𝑚1
′

+
253

4096
𝛥𝑥𝑘5

𝑚1
′

+ 𝑥𝑖 +
7

8
𝛥𝑥, 

𝑘6
𝑚3

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

, 

𝑘6
𝑚3

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

, 

𝑘6
𝑚4

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

+𝑚3(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚3
′

+
175

512
𝛥𝑥𝑘2

𝑚3
′

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

+
44275

110592
𝛥𝑥𝑘4

𝑚3
′

+
253

4096
𝛥𝑥𝑘5

𝑚3
′

, 

𝑘6
𝑚4

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

+𝑚3(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚3
′

+
175

512
𝛥𝑥𝑘2

𝑚3
′

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

+
44275

110592
𝛥𝑥𝑘4

𝑚3
′

+
253

4096
𝛥𝑥𝑘5

𝑚3
′

. 

The numerical example is evaluated using step size 0.01x = , 100N = , and the solution is corrected 

to 13 significant figures using the proposed method. Table 4 compares the approximate solutions of 

FRKCK4 and FRK4 for the (2,1)-system. Based on Table 4, we quantify the area under the curve to 

demonstrate the efficacy of the proposed method. Using Eq (6.5), the areas under the curve for 

FRKCK4 and FRK4 are 0.501882736418 and 0.501882736677, respectively. The results suggest that 

the area under the curve for FRKCK4 is smaller than the area under the curve for FRK4. This indicates 

that FRKCK4 offers a better approximation than FRK4. 

Figure 3 displays how the approximate solutions of FRKCK4 and FRK4 behave in the time 

domain x  for the (2,1)-system. 

Next, we discuss the steps to solve Eq (6.1) using the (2,2)-system, and the results are summarized 

in Table 5 and Figure 4. 
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Table 5. The comparisons of approximate solutions of FRKCK4 and FRK4 for (2,2)-

system at 0.5x = . 

  
FRKCK4 FRK4 

( )0.5,w   ( )0.5,w   ( )0.5,w   ( )0.5,w   

0 -0.693065481025 1.257662741800 -0.693065480839 1.257662741974 

0.1 -0.595529069884 1.160126330659 -0.595529069699 1.160126330834 

0.2 -0.497992658743 1.062589919517 -0.497992658558 1.062589919693 

0.3 -0.400456247601 0.965053508376 -0.400456247417 0.965053508552 

0.4 -0.302919836460 0.867517097235 -0.302919836277 0.867517097412 

0.5 -0.205383425319 0.769980686094 -0.205383425136 0.769980686271 

0.6 -0.107847014178 0.672444274952 -0.107847013995 0.672444275130 

0.7 -0.010310603036 0.574907863811 -0.010310602855 0.574907863990 

0.8 0.087225808105 0.477371452670 0.087225808286 0.477371452849 

0.9 0.184762219246 0.379835041529 0.184762219427 0.379835041708 

1.0 0.282298630387 0.282298630387 0.282298630568 0.282298630568 

 

Figure 4. The approximate solution of (a) FRKCK4 and (b) FRK4 for (2,2)-system. 

(4) (2,2)-system 

{
 
 

 
 𝑤

"(𝑥, 𝛼) = 𝑤
′(𝑥, 𝛼) + 𝑤(𝑥, 𝛼) + 𝑥,

𝑤
"(𝑥, 𝛼) = 𝑤 ′(𝑥, 𝛼) + 𝑤(𝑥, 𝛼) + 𝑥,

𝑤(0, 𝛼) = 𝛼 − 1,𝑤(0, 𝛼) = 1 − 𝛼,

𝑤(1, 𝛼) = 𝛼,𝑤(1, 𝛼) = 2 − 𝛼.

      (6.12) 

The fuzzy non-homogeneous equation for Eq (6.12) is translated as: 

{
 
 

 
 ℎ

"(𝑥, 𝛼) = ℎ
′
(𝑥, 𝛼) + ℎ(𝑥, 𝛼) + 𝑥,

ℎ
"
(𝑥, 𝛼) = ℎ

′(𝑥, 𝛼) + ℎ(𝑥, 𝛼) + 𝑥,

ℎ(0, 𝛼) = 𝛼 − 1, ℎ(0, 𝛼) = 1 − 𝛼,

ℎ
′(0, 𝛼) = 0, ℎ

′
(0, 𝛼) = 0.

      (6.13) 
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The fuzzy homogeneous equation for Eq. (6.12) is: 

{
  
 

  
 𝑗

"(𝑥, 𝛼) = 𝑗
′
(𝑥, 𝛼) + 𝑗(𝑥, 𝛼),

𝑗
"
(𝑥, 𝛼) = 𝑗′(𝑥, 𝛼) + 𝑗(𝑥, 𝛼),

𝑗(0, 𝛼) = 0, 𝑗(0, 𝛼) = 0,

𝑗′(0, 𝛼) = 1, 𝑗
′
(0, 𝛼) = 1.

       (6.14) 

Equations (6.13) and (6.14) are solved simultaneously and defined as: 

𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼),𝑚1(𝑥, 𝛼) = ℎ(𝑥, 𝛼), 

𝑚2(𝑥, 𝛼) = ℎ
′(𝑥, 𝛼),𝑚2(𝑥, 𝛼) = ℎ

′
(𝑥, 𝛼), 

𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼),𝑚3(𝑥, 𝛼) = 𝑗(𝑥, 𝛼), 

𝑚4(𝑥, 𝛼) = 𝑗
′(𝑥, 𝛼),𝑚4(𝑥, 𝛼) = 𝑗

′
(𝑥, 𝛼). 

The system of first-order FDE is: 

𝑚1
′ (𝑥, 𝛼) = 𝑚2(𝑥, 𝛼),𝑚1

′
(𝑥, 𝛼) = 𝑚2(𝑥, 𝛼), 

𝑚2
′ (𝑥, 𝛼) = 𝑚2(𝑥, 𝛼) + 𝑚1(𝑥, 𝛼) + 𝑥, 

𝑚2
′
(𝑥, 𝛼) = 𝑚2(𝑥, 𝛼) + 𝑚1(𝑥, 𝛼) + 𝑥,𝑚3

′ (𝑥, 𝛼) = 𝑚4(𝑥, 𝛼), 

𝑚3
′
(𝑥, 𝛼) = 𝑚4(𝑥, 𝛼),𝑚4

′ (𝑥, 𝛼) = 𝑚4(𝑥, 𝛼) + 𝑚3(𝑥, 𝛼), 

𝑚4
′
(𝑥, 𝛼) = 𝑚4(𝑥, 𝛼) + 𝑚3(𝑥, 𝛼), 

with fuzzy initial conditions 

𝑚1(0, 𝛼) = 𝛼 − 1,𝑚1(0, 𝛼) = 1 − 𝛼, 

𝑚2(0, 𝛼) = 0,𝑚2(0, 𝛼) = 0, 

𝑚3(0, 𝛼) = 0,𝑚3(0, 𝛼) = 0, 

𝑚4(0, 𝛼) = 1,𝑚4(0, 𝛼) = 1. 

To solve the (2,2)-system, the following is proposed: 

𝑘1
𝑚1

′

= 𝑚2(𝛼), 𝑘1
𝑚1

′

= 𝑚2(𝛼), 

𝑘1
𝑚2

′

= 𝑚2(𝛼) + 𝑚1(𝛼) + 𝑥𝑖 , 

𝑘1
𝑚2

′

= 𝑚2(𝛼) + 𝑚1(𝛼) + 𝑥𝑖 , 

𝑘1
𝑚3

′

= 𝑚4(𝛼), 𝑘1
𝑚3

′

= 𝑚4(𝛼), 

𝑘1
𝑚4

′

= 𝑚4(𝛼) + 𝑚3(𝛼), 

𝑘1
𝑚4

′

= 𝑚4(𝛼) + 𝑚3(𝛼), 

𝑘2
𝑚1

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

, 

𝑘2
𝑚1

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

, 

𝑘2
𝑚2

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

+𝑚1(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚1
′

+ 𝑥𝑖 +
1

5
𝛥𝑥, 
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𝑘2
𝑚2

′

= 𝑚2(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚2
′

+𝑚1(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚1
′

+ 𝑥𝑖 +
1

5
𝛥𝑥, 

𝑘2
𝑚3

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

, 𝑘2
𝑚3

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

, 

𝑘2
𝑚4

′

= 𝑚4(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚4
′

+𝑚3(𝛼) +
1

5
𝛥𝑥𝑘1

𝑚3
′

, 

𝑘6
𝑚3

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

, 

𝑘6
𝑚4

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

+𝑚3(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚3
′

+
175

512
𝛥𝑥𝑘2

𝑚3
′

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

+
44275

110592
𝛥𝑥𝑘4

𝑚3
′

+
253

4096
𝛥𝑥𝑘5

𝑚3
′

, 

𝑘6
𝑚4

′

= 𝑚4(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚4
′

+
175

512
𝛥𝑥𝑘2

𝑚4
′

+
575

13824
𝛥𝑥𝑘3

𝑚4
′

+
44275

110592
𝛥𝑥𝑘4

𝑚4
′

+
253

4096
𝛥𝑥𝑘5

𝑚4
′

+𝑚3(𝛼) +
1631

55296
𝛥𝑥𝑘1

𝑚3
′

+
175

512
𝛥𝑥𝑘2

𝑚3
′

+
575

13824
𝛥𝑥𝑘3

𝑚3
′

+
44275

110592
𝛥𝑥𝑘4

𝑚3
′

+
253

4096
𝛥𝑥𝑘5

𝑚3
′

. 

The numerical example is evaluated using step size 0.01x = , 100N = , and the solution is corrected 

to 13 significant figures using the proposed method. Table 5 displays the comparisons between the 

approximate solutions of FRKCK4 and FRK4 for the (2,2)-system. Table 5 indicates that the 

approximation of FRKCK4 is better than FRK4. To support the statement, we applied Eq (6.5) and 

obtained the areas under the curve for FRKCK4 and FRK4 at 0.5x =  are 0.510199655305 and 

0.510199655592, respectively. It suggests that FRKCK4’s area under the curve is smaller than FRK4’s. 

Figure 4 portrays how the approximate solutions of FRKCK4 and FRK4 for the (2,2)-system 

behave in the time domain x . 

The approximate solutions for FRKCK4 and FRK4 are provided in Table 1 and Tables 3–5. 

Although the (1,2), (2,1) and (2,2)-systems do not have analytical solutions, we may compute the area 

under the curve, and the findings demonstrate that FRKCK4’s area under the curve is less than FRK4’s. 

In general, we are able to conclude that for all of the tested systems, the FRKCK4 solution is superior 

to the FRK4 solution. Based on [2], there is a semi-analytical solution that can be sampled. However, 

when the errors of FRKCK4 and FRK4 are compared, FRK4’s errors are superior to FRKCK4’s. This 

semi-analytical solution is considered only inappropriate as an example in this study. With the help of 

the MATLAB program, the above problem was solved, and we discovered that the solutions for 

the (1,1) and (2,1)-systems, as well as the (1,2) and (2,2)-systems are comparable. 

7. Conclusions 

In conclusion, the RKCK4 method can be modified for time-delay systems by effectively 

managing past state information and applying interpolation as needed. This approach helps to 

accurately simulate complex systems where current behavior depends on delayed inputs. Whereas 

delay fuzzy system models a situation where the system's behavior is uncertain and influenced by both 

current and past conditions. These models are used to handle real-world problems where both 

uncertainty and time delays are factors. 
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In this paper, the idea of FBVP has been presented and explained in terms of fuzzy generalized 

differentiability. This FBVP is used to address the issues for the (1,1), (1,2), (2,1), and (2,2)-systems, 

and a detailed procedure is provided to obtain the first-order FDE system. The FRKCK4 numerical 

approach is used to solve each of these FDE systems. 

Numerical simulations of FBVP are discussed to illustrate the effectiveness of FRKCK4. The 

results from FRKCK4 for the (1,1)-system were compared to those from FRK4 and analytical solutions. 

According to error analysis, FRKCK4 generates answers that are more precise than FRK4. This is true 

since when compared to the analytical solution, FRKCK4’s error is smaller than FRK4’s error. Since 

the analytical solution cannot be solved analytically for (1,2), (2,1) and (2,2)-systems, we compute the 

area under the curve, and it was discovered that the area of FRKCK4 is less than the area of FRK4. In 

light of this, it may be considered that FRKCK4 generates a better solution than FRK4. 

Note that the findings from the research have also been represented graphically to demonstrate 

the behavior of all four systems at the time interval x . It was discovered that when x  increases, the 

graphs for the (1,1) and (2,1)-systems as well as the (1,2) and (2,2)-system produced the same graph. 

Basically, the FRKCK4 can be used to solve FBVP with a good agreement where this FRKCK4 

can handle the six time-steps while FRK4 can handle only four time-steps. This will make the solution 

of FRKCK4 better than FRK4. Since FRKCK4 has more numbers and notations than FRK4, managing 

it can be more challenging than FRK4. For future studies, this FBVP can be improved using higher-

order derivatives for a better approximation. 
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Appendix 

Notations and abbreviations. 

FDE Fuzzy differential equation 

FIVP Fuzzy initial value problem 

FBVP Fuzzy boundary value problem 

BVP Boundary value problem 

ADM Adomian decomposition method 

FBVDE Fuzzy boundary value differential equation 

FIVDE Fuzzy initial value differential equation 

FIRKN Fuzzy improved Runge–Kutta Nystrom method 

FRKN Fuzzy Runge–Kutta Nystrom method 

FVIDE Fuzzy Volterra integro-differential equation 

IRKM Iterative reproducing kernel method 

RFP Random fixed point 

FFTBVP Fuzzy fractional two-point boundary value problem 

FFHAM Fuzzy fractional homotopy analysis method 

FRKCK4 Fuzzy Runge–Kutta Cash–Karp of fourth-order method 

FRK4 Fuzzy Runge–Kutta of fourth-order method 

IVP Initial value problem 

ℝ Real number 

ℝ𝐹 Fuzzy number 

𝛼 𝛼-cuts of fuzzy number 

𝛥𝑥 Step size 

𝑤 Lower bound of approximate solution 

𝑤 Upper bound of approximate solution 

𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 Lower bound of analytical solution 

𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 Upper bound of analytical solution 

𝑒𝑟𝑟 Lower bound of error analysis (|𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 −𝑤|) 

𝑒𝑟𝑟 Upper bound of error analysis (|𝑤𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 − 𝑤|) 
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