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1. Introduction

Numerous researchers have used Shannon’s information theory to evaluate systems based on their
uncertainty and available data to predict their lifetime. Over the last three decades, intensive research
has been conducted on k-out-of-n systems with consecutive structures and various configurations.
These systems can be classified on the basis of their component arrangement (linear or circular) and
their operational state (failure or function). A linear consecutive k-out-of-n:F system, which consists
of n components with independent and identically distributed (iid) lifetimes arranged in a linear
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sequence, fails when at least k components fail. To illustrate this concept, let us consider an oil
pipeline as a representative case. This pipeline consists of n pumping stations evenly spaced at 100 km
intervals, each capable of transporting up to 400 km of oil. The system fails if four stations fail. This
scenario illustrates a linear, consecutive 4 -out-of-n :F system. A conventional parallel system
corresponds to a consecutive n-out-of-n:F system in which all n components fail. Conversely, a series
system corresponds to a 1-out-of-n:F system in which at least one component fails. Derive analytically
the mean operating time between failures for a non-repairable component system studied in [1]. Optimal
designs of series consecutive k-out-of-n: G systems when k < n < 2k is obtained in [2]. To show that
for any fixed k the lifetime of a (linear or circular) consecutive k-out-of-n:F system is stochastically
decreasing in n, Boland [3] used recursive relations for the reliability of such systems with independent,
identically distributed components. Representations for the reliability of systems with consecutive types
as a mixture of the reliability of order statistics when the systems consist of interchangeable components
were obtained in [4]. Comprehensive reviews of previous studies in this area can be found in several
publications, including [5-7].

The distribution of the lifetimes of linear, consecutive k-out-of-n systems is simple if 2k > n
has shown the determination in [8]. Therefore, we focus on scenarios where 2k > n holds, because
this condition simplifies the mathematical analysis and facilitates the derivation of various results.
These systems consist of components with lifetimes denoted by X;, 1 < i < n, each characterized by
a probability density function (pdf) f(x) and a cumulative distribution function (cdf) F(x). The total
lifetime of the system is represented by the random variable (rv) Tyj,.r. The cdf of the consecutive k-

out-of-n:F system for 2k > n can be expressed as (see e.g., Lemma 2.1 in [9])
Fipn.r(x) = (n — k + 1)F*(x) — (n — k)F*"(x), x > 0. (1)

An important contribution to the relationship between information theory and reliability by
investigating the information properties of order statistics was made in [10]. Shannon’s differential
entropy, which refers to Shannon’s pioneering work [11], has gained widespread adoption as a measure
of uncertainty and has become a fundamental concept in probability theory. It is defined by H(X) =
—E[logf (X)] for a non-negative continuous rv X with pdf f(x), such that log(-) means natural
logarithm and [E[-] stands for the expectation. Although Shannon’s differential entropy offers
numerous advantages, an alternative measure of uncertainty, the cumulative residual entropy (CRE),
was proposed by [12]. In contrast to traditional entropy, CRE utilizes S(x) = 1 — F(x) instead of
f(x), as follows:

EX) = — [.7 S(x) log S(x) dx. 2)

For a detailed study of the preliminary aspects of (2), the associated dynamical form, and its
various generalizations, we refer the readers to [13,14]. In the spirit of (2), the cumulative entropy (CE)
introduced in [15] by replacing S(x) with the cdf F(x), as

CEX) = —JOOF(x)logF(x)dx
0

_ 1w
= o Ty )

where F~1(u) = inf{x; F(x) = u} and &(u) = —ulog u, 0 <u <1.
A key advantage of the CE measure is its connection to the mean inactivity time (MIT) function,
given by m(x) = E(x — X|X < x). Moreover, the CE is the expected value of the MIT function,
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expressed as E(mM(X)) = CE(X), as [15] shows. This relationship underscores the CE’s utility in
reliability theory, given that the MIT function is commonly used to characterize the aging properties
of systems or components. CE fulfills the condition 0 < CE(X) < oo, since the argument of the
logarithm is a probability measure. Moreover, CE is zero only if X is a degenerate random variable.
Itis worth noting thatif Y = aX + b,with 0#a € R,and b € R,then CE(Y) = aCE(X)
if a > 0 and CE(Y) =a&(X) if a < 0. Consequently, CE acts as a dispersion measure.
Ahmadi et al. [16] investigated the properties of CE in two dimensions. Di Crescenzo and Toomaj [17]
have defined the reversed relevation transform as a dual to the relevance transformation for two
absolutely continuous, non-negative, independent random variables and apply such transformations to
the lifetimes of the components of parallel and series systems under suitable proportionality
assumptions for the hazard rates. Kayal [18] introduced a generalization of the proposed CE. In
addition, CE has been extended to more general cases, as shown in [19-21] and related studies.

Several studies have investigated the information properties of order statistics and coherent
systems. Recently, Toomaj and Doostparast [22] integrated the concepts of reliability theory and
information theory and used a system signature to analyze the entropy criteria of mixed systems. The
CRE of mixed systems under the assumption that the lifetimes of the components are iid was
investigated in [23]. A system signature to study the fractional cumulative residual entropy of coherent
systems was used in [24]. In a separate study, the CRE of a coherent system with multiple components
under the assumption that all components fail at a given time was investigated in [25]. They presented
several properties, including formulations, bounds, and orderings for this measure, as well as a method
for evaluating a superior system based on the cumulative Kullback-Leibler information set, which
serves as a discriminating feature. Moreover, the Rényi entropy for coherent systems with n
components assuming that all components fail at a given time t has been studied by [26]. They
presented numerous results showing computational formulas for this entropic measure and establishing
certain bounds on this measure as well as stochastic order results.

We build on this research to carry out existing research on information measures in reliability. We
investigate the uncertainty properties of CE, particularly in the context of consecutive k-out-of-n: F
systems. The simple and adaptable nature of the reliability function for these systems has led us to
investigate their CE further.

The remainder of this article is organized as follows. In Section 2, we derive a representation of
the CE for successive k-out-of-n: F systems with lifetime Ty,.r based on samples from an arbitrary
continuous distribution function F. This representation is related to the CE of samples from a uniform
distribution. We also analyze the preservation of the stochastic order properties of this system. This
section provides useful bounds for the CE of consecutive k-out-of-n: F systems. In Section 3, we
present several characterization results, and in Section 4, we present computational results that confirm
our derived results. To this end, we present two non-parametric estimators for the CE of consecutive
systems and demonstrate their effectiveness using real and simulated data. In Section 5, we conclude
the study by summarizing the major results and contributions.

2. CE of consecutive k-out-of-n:F System
This section is divided into two parts. First, we derive a mathematical expression for the CE of a

consecutive k-out-of-n:F system and analyze the preservation properties of its stochastic order. Then,
we establish a set of essential bounds to study consecutive k-out-of-n:F systems.

AIMS Mathematics Volume 9, Issue 11, 31770-31789.
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2.1. Expression and stochastic orders

In the following, we derive an explicit expression for the CE of a consecutive k-out-of-n:F
system with a lifetime Tyjp.p, where the lifetime of the components follows a joint continuous
distribution function F. We use the probability integral transformation Uyjn.p = F(Tyjn.r) to obtain

a useful formula. The transformations of the system components, U; = F(X;) for i =1, ...,n, are iid
random rvs uniformly distributed on [0, 1]. Using (1), if 2k = n, the cdf of Up,.r is given by

Grnr(W) = (0 — k + Du* — (n — k)u**, 4

forall 0 < u < 1. We are now prepared to present the following theorem based on these transformations.
Theorem 2.1. For 2k = n, the CE of Tyn.r, can be expressed as follows:

1 &(Grjn:r (W)
CE(Tynr) = J, %du, )

where §(x) = —xlogx,0 < x < 1,and Ggjn.r(u) is define in (4).
Proof. Note that, since ¢(x) = —xlogx,0 < x < 1, we have
¢ (Finr () = = Fipnir (2)l0gFnir ()
= —((n—k+ DF*(x)
— (n = K)F**1(x)) 1og((n — k + DF¥(x) = (n = K)F**(x))
= &((n—k+ DFE(x) = (n = K)F*1(x)),

for all x > 0. By employing the change of u = F(x) and referring to (1) and (3), we can derive
CeTunr) = [ ¢ (Faner()) dx
0

B jmf((n —k + DF¥(x) — (n = K)F***(x))dx
0

B LE((n—k + Du* — (n — kHurt?)

A fF~1(w))

_ LE(Grnr(w)) du
o fFTw)

du, (taking u = F(x))

where
£ (Gumr(@)) = =Grnir (%) 108Gijnir (x)
= —((n —k+Duf—(n- k)uk“) log((n —k+Duf—(n- k)uk+1)
= f((n —k+Duf—(n- k)uk“),
forall 0 <u < 1, and this completes the proof.

Following Eq (5), we present the following illustrative example.
Example 2.1. Consider a linear consecutive 3-out-of-5:F system with a lifetime Ty5.r =

min(max(X;, X,, X3), max(X,, X5, X,), max(X;, X,, Xs)) as shown in Figure 1.

AIMS Mathematics Volume 9, Issue 11, 31770-31789.
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Figure 1. A linear consecutive 3-out-of-5:F system.

As shown in Figure 1, this system can be considered a hybrid system with shared components. This
concept is further explored in Sections 5 and 6 of [27] and [28]. The precise value of CE of the lifetime
of the linear consecutive 3-out-of-5:G system can be calculated using Eq (5) for certain standard
component lifetime distributions. For instance, consider the following models:

e Consider that the lifetimes of the components are iid having the common exponential distribution
characterized by the cdf a

F(x)=1—e*,x,1>0.

The exponential distribution plays a vital role in reliability and survival analysis, commonly used to
represent the lifetimes of components in systems that do not exhibit aging over time due to its
memoryless property. Therefore, by assuming an exponential distribution for the lifetimes of
components, there is no benefit in replacing components that have been used, as they continue to
perform reliably. Since f(F~*(u)) = A(1 —u) for 0 < u < 1, recalling (5), we get

fl $(Grin.r(W))

It is evident that the CE decreases as the parameter A increases. Therefore, an increase in A leads to a
decrease in the uncertainty of the system’s lifetime in terms of cumulative entropy.

e Assume further that the lifetimes of the components are iid following the common Fréchet
distribution, also known as inverse Weibull distribution, with the cdf as

Fx)=e™*% x>0,

where a > 0 is a shape parameter. It is worth noting that Fréchet distribution is a special case of the
generalized extreme value distribution. Moreover, it is utilized to analyze extreme events, including
the highest one-day rainfall amounts and peak river discharges recorded annually in hydrology. In
decline curve analysis, the decreasing trend in the time series data of oil or gas production rates for a
well can be modeled using the Fréchet distribution [29,30]. The pdf of this distribution is f(x) =

a+1l

ax~@De=x"% x> 0. It is not hard to see that f(F~1(w)) = au(—log(u))« forall 0 <u < 1.
Thus, from Eq (5), we can derive the following expression:

(Grpmr@
CE(Tier) = f01 —(( 1’" (";& du. (6)
au(-log(u)) «

It is worth mentioning that, since it is difficult to obtain an explicit analytical expression, we
used a computational approach to study the relationship between CE(T3js.r) and the parameter

a>1 (for a <1 theintegral is divergent). This method provides information on how the parameters
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of the Fréchet distribution influence the CE of a consecutive 3-out-of-5:F system. Figure 2
summarizes the numerical analysis and shows the relationship between CE(T3s.,r) and a. As the
shape parameter a increases, the system uncertainty with respect to the CE decreases. These results
show the significant influence of the Fréchet distribution parameter @ on the CE and uncertainty of
the consecutive 3-out-of-5:F system.

In what follows, we show that the CE of the consecutive k-out-of-n:F system retains both the
dispersive order and the location-independent riskier order. Before discussing these peculiarities, we
introduce the definitions for these stochastic orders. In this discussion, R, = {X; X > 0} stands for
the collection of all non-negative random variables with support (0,o0) that have an absolutely
continuous distribution.

CE

Figure 2. The plot of CE(T55.r) with respectto a as demonstrated in Example 2.1.

Definition 2.1. Let X €R, and Y € R, with pdfs fx and fy, cdfs Fx and Fy, survival

functions Sy and Sy and hazard rate (hr) functions Ax(x) = gi—g; and Ay(x) = g:—gi respectively.
Then,

1) X belongs to increasing [resp. decreasing] failure rate (abbreviated by IFR [resp. DFR]) if Ay is
an increasing (a decreasing) function;

2) X issaid to be less than or equal with Y in the hazard rate order (written as X <j,. Y) whenever
Ax(t) = Ay(t) forall t > 0;

3) X is said to be less than or equal with Y in the dispersive order (written as X <; Y) whenever
Filw) —Frl(w) < K (v) - Fpl(u), 0<u<v<l;

4) X is said to be less than or equal with Y in the location-independent riskier order (written as
X <, Y) whenever f:"l(p) Fy(x)dx < fOFYl(p) Fy(x)dx, p € (0,1).

It is important to note that Bickel and Lehmann [31] first used the order <; for certain non-parametric

inferences, while Jewiitt [32] introduced the order <;;- for use in expected utility theory and its

insurance-related applications. According to [33], X <; Y if, and only if,

fr(Frt()) < fx(Ff'(v)), for all 0<v < 1. (7)

AIMS Mathematics Volume 9, Issue 11, 31770-31789.
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The following implications are known:
If X<;,;Y and either X or Y is DFR=X<; Y =X <;;, Y. (8)

Taking into account Eqgs (3) and (8) and the fact that £(u) isnon-negative forall 0 < u < 1, it follows
that CE(X) < CE(Y), if X <, Y. This conclusion can be further substantiated by applying (7).
Corollary 2.1. If X <, Y and X or Y is DFR, then CE(X) < CE(Y).

Assume that Z be a random variable with cdf H. Then, the cumulative reversed hazard function
is defined as

X

nz(x) = f H(z)dz, x > 0.

0

Landsberger and Meilijson [34] showed that
X <ur Y ©nyt(x) —nxt(x) is increasing in x > 0. 9)

In the following, we consider T,ﬁn: r and T,fm: # as the lifetimes of two consecutive k-out-of-
n:F systems with iid absolutely continuous component lifetimes with the common pdfs fy and fy
and cdfs Fy and Fy, respectively. We present a theorem that shows that the CE of a series system
with k components is smaller than that of a consecutive k-out-of-n:F system, provided that both
have components with the DFR property.
Theorem 2.2. Let Z,.,, be the lifetime of a series system consisting of iid components with common
hr function h. Let limi r(t) =21 and 1 < k <n, where r is the common hr of X and let
Tyn:r belong to IFR class such that h(t) = A [%] /m forall t = 0. If Z belongs to DFR class, then
CE(Zy1m) = CE(Tyn:r)-
Proof. Since Z is DFR, then Zj., is also DFR. Moreover, under the conditions Ty.r is IFR such
that h(t) = A[n/k]/m for all t = 0, we have Zj., <p; Tyn.r due to Theorem 3.2 of [27]. Thus,
Corollary 2.1 concludes the proof.

The next example illustrates the application of Theorem 2.2.
Example 2.2. Consider a Gamma distribution whose cdf is given by F(t) = 1 — Ate *t — e=*t. We

A%t

find that r(t) =m—>2 as t>o0. With n=4 and k=2, since X is IFR and a linear

consecutive 2-out-of-4:F system preserves the IFR property (see Theorem 4.3.13 of [5]), we conclude
that Z;.4 <p, Toar for h(t) 2% for all t > 0. So, Theorem 2.2 thus implies that CE(Z1.,,) <
CE(Tyn.r) provided that h(t) is a decreasing function in ¢.

The following theorem outlines the conditions under which the dispersive order is preserved
under the formation of consecutive systems.
Theorem 2.3. If X <, Y, then CE(T{in.r) < CE(Tyin.r)-
Proof. The result can be easily derived from Eqgs (5) and (7).

As an application of Theorem 2.3, consider the following example.
Example 2.3. Let us consider two consecutive 4-out-of-5:F systems with lifetimes T4)|(5: r and T4Y|5: P
System T4’|(5: r has iid component lifetimes X, X,, X3, X4, X5, which follow the Makeham distribution
with cdf F(x) =1 —e~2*¢7"~1 for x > 0. Moreover, system T4Y|5: r consists of iidd component
lifetimes Y;,Y,, Y3, Y, that follow an exponential distribution with cdf Fy(x) =1 —e™* for x > 0.
The hr functions are Ax(x) =2 —e™ and Ay(x) = 1, showingthat Ax(x) > Ay(x) for x > 0 ie.,
X <, Y. Since Y possesses the DFR property, relation (8) indicates X <; Y. Consequently, by
Theorem 2.3, we have CE(Tfs.r) < CE(Tys.r), meaning the uncertainty associated with Tjjs.z is

AIMS Mathematics Volume 9, Issue 11, 31770-31789.



31777

less than or equal to that of T4Y|5: ¢ in terms of the CE measure.

The next theorem outlines the conditions for the preservation of the location-independent riskier
order in consecutive systems.
Theorem 2.4. If X <;;, Y, and

§ (Grn:r (1))
t

is a decreasing function of t, then CE(Tn.r) < CE(Tyjn.r)-
Proof. First note that Eq (1) can be rewritten as Fyjn.p(X) = Ggpn.r(F(x)). Assumption X <. ¥
and Eq (9) imply

) 0<t<1

1 1
_ >0,
Fy(my'(x))  Fx(mx'(x))

= (7 () — N3 () =

which means

Fe(x) 2 Fy (07 (nx () ) (10)
for all x > 0. Now, we get

) °°F]§( :F(X)IOgFIg( :F(x)
- f F nir COLOgFE i () dx = — f In in
° 0 Fy (%)

P EFE ()
= i —Fx D Fy(x)dx

_ ® & (Grnr (Fx (%))
0 Fy(x)
- E<Gk|n:F<FY(77;1(nX(X))))>

-0 FY(H§1(7IX(3€)))

Fy(x)dx

Fy(x)dx

Fy(x)dx, (11)

where the inequality arises from the fact that §(Gyn.r(t))/t decreasesfor 0 <t <1 and using (10).
Setting u = 1yt (x(x)), we have

X = Fy (u) du
C Fxty )

Upon using this, (11) reduces to

]m § (G (Fr ) ) Fy (i (ny ) ) Fy (W) ;
u
OO Fx (nx* (v w) )
RGO
n?l(;lox(o))

=~ | Flinr (0logFY e ()
0

The final equality in the above relation is derived by observing that 7y (ny(0)) = 0, which implies
CE(TRin:r) < CE(Tyjn.r)- Thus, the proof is finished.

AIMS Mathematics Volume 9, Issue 11, 31770-31789.
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2.2. Bounds

Since there are no closed-form expressions for the CE of consecutive systems in different
distributions with complex distribution functions or multiple components, it is crucial to establish
certain bounds for these scenarios. Given this problem, we investigated the effectiveness of these
bounds in describing the CE of consecutive systems. Our initial results showed that the CE of the
system is bounded by the joint CE of its components.

Theorem 2.5. For 2k = n, the CE of Tyn.p are bounded as follows:

B1CE(Xy) < CE(Tipn:r) < BRCE(Xy),

& (Grn:r(W) B. — su & (Grn:r (W)
T rw) 2T pue(o,1)—$(u) -

Proof. The upper bound can be determined from (5) as shown below

where B; = infye (g 1)

E(Gk|n:F(u)) $(u)

=) T tw  rEray™

Gk|nF(u) E(w)
b S Te jf(F )™
= B,CE(X,).

The lower bound can be derived using a similar approach.

The following theorem provides further simple and practical bounds for the function &(u) and
the pdf extremes.
Theorem 2.6. Let Tyn.p be the lifetime of consecutive k-out-of-n.:F system having the common pdf

fx(x) and cdf Fx(x). If S is the support of f, m = infyesf (x) and M = sup,esf (x), then

CEWkn:F) CEWUk|n.F)
— = < CE(Tygnr) < — 5, (12)

1
where CE(Umr) = [, §(Grjnr(w))du and &(u) = —ulogu.
Proof. Since m < f(F~Y(w)) <M, 0 <u < 1, from (5), we have

1 (Gypnr (W)
o fET(W)

The upper bound can be obtained similarly.

It is important to realize that CE(Uyn.r) represents the cumulative entropy of a consecutive k-
out-of-n:F system with a joint uniform distribution on (0,1). The constraints in Eq (12) depend on the
extremes of the pdf f. If the lower bound m is zero, there is no upper bound. If the upper bound M
is infinite, there is no lower bound either. The bounds in Theorems 2.5 and 2.6 are particularly useful
when the cumulative distribution function does not have a closed form, which makes it difficult to
evaluate the cumulative distribution function in (1). For many known distributions, the CE expressions
simplify the calculation of the bounds in Theorem 2.5. In cases with complex cumulative distribution
functions, such as mixed distributions or systems with multiple components, Theorems 2.5 and 2.6 can

1 1
CE(Tignie) = duz g | &G

AIMS Mathematics Volume 9, Issue 11, 31770-31789.
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help predict the uncertainty in the lifetime of the system using cumulative entropy. If both theorems
provide computable bounds, then the maximum of the two lower bounds can be used.

To demonstrate the application of the bounds from Theorems 2.6 and 2.7, we consider an example
with a consecutive k-out-of-n:F system.
Example 2.4. Assume a linear consecutive 6 -out-of- 12 :F system with lifetime Tgj1p.p =
max(X[1.e X[2:7), -r X[6121), Where  Xjjum = min(Xj, .., X;y) for 1<j<m<12. It is
straightforward to calculate that CE(Ugj12.r) = 0.1386067 and B; = 0,B, = 1.783154. The
bounds in Theorems 2.5 and 2.6 can be calculated for common component lifetime distributions. To
illustrate, we consider the following models as examples:
1) Assuming a half-normal distribution with pdf

x2

X) = ——e 202, x>0, o> 0.
fx (%) Y=

Itis easy to seethat m =0 and M = % Applying the result from Theorem 2.6, we can obtain the

lower bound CE(Tg12:r) = 0.1960195

. Furthermore, using the bound provided in Theorem 2.5, we can

oVm
derive CE(Tgj12.7) < 1.783154CE(X;). By combining these two bounds, we can conclude that
0.1960195
—=—x CE(Tojr2:r) < 1.783154CE (X,).
2) Suppose that X follows a Fréchet distribution with cdf given in (6). Then m = 0 and
q -t 1
_ @ -y
M=a (a n 1) e a,

Furthermore, using the bound provided in Theorem 2.5, we can derive CE(Tgj12:r) <
1.783154CE(X,). By combining these two bounds, we can conclude that

a+1

-== 1
) © e (1*2) < CE(Typunr) < 1.783154CE(Xy).

a
0.1386067a (a 1

3. Characterization results

In this section, we present characterization results related to the cumulative entropy of consecutive
k-out-of-n: F systems. Characterizations of symmetric continuous distributions using extropy and
related measures, such as cumulative residual extropy and cumulative past extropy, have been studied
in [35,36]. These researchers found that a key feature of symmetric distributions is the equality of these
measures for upper and lower order statistics. Additionally, using concomitants of order statistics from
the Farlie-Gumbel-Morgenstern family, they demonstrated that this characteristic holds for these
measures as well. We now demonstrate that the cumulative entropy of the lifetime of consecutive k-
out-of-n:G system uniquely characterizes the parent distribution of the component lifetime.

Theorem 3.1. Let T,ﬁn: r and T,fm: r belifetimes of two consecutive k-out-of-n.:G systems having the
common pdfs fx(x) and fy(x) and cdfs Fx(x) and Fy(x), respectively. Then, Fy and Fy
belong to the same family of distributions if and only if X <;Y and

CE(T k) = CE(Tin.r),

for all k and n such that 2k = n.
Proof. The necessity is trivial, so we must demonstrate the sufficiency. First, observe that Eq (5) can

AIMS Mathematics Volume 9, Issue 11, 31770-31789.
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be rewritten as follows:

1o
CE(Tinr) = Jy Tty @ (13)

where ¢(u) = —ka:F(u)log(ka:F(u)), for all 0 <u < 1. The same argument applies to
CE(Tyjn.r)- From (13) and by the assumption that CE(T{{,.r) = CE(Typ.r ), one can write

1 1 1 _
Iy ¢ [fy<Fy—1(u)) - fx(F;?l(u))] du = 0. (14)

When 2k >n, we find that 0 < Ggpr(w) <1, for all 0<u<1, so it follows that
—Gypnr(u) log (ka:F(u)) > 0, leading to the conclusion that ¢(u) >0, for 0 <u<1.

Assumption X <, Y implies fx(Fx*(w)) = fy(Fy*(w)) for all 0 <u <1 due to relation (7).
Thus, the expression within the brackets in the integrand (14) becomes positive. This implies

fr(Fy'w) = fr(Fy'(w)),  a.e.  u€(01).

It follows that Fyl(u)=Fy;'(u)+d, where d is a constant. Since lim,_ oFy!(u) =
lim,_,oFy *(u) = 0 for all u € (0,1), we conclude that Fy'(u) = F; (). This indicates that Fy
and Fy have the same family of distributions.

As mentioned, a sequential n-out-of-n:F system is a series system. The properties of this system
are described in the following corollary.
Corollary 3.1. Under the conditions of Theorem 3.1, Fx and Fy belong to the same family of
distributions if and only if X <, Y and

CE(Tnr) = CE(Thnr),  for all n>1.

The subsequent theorem provides a further characterization.
Theorem 3.2. Under the conditions of Theorem 3.1, Fx and Fy belong to the same family of
distributions, but for a change in scale, if and only if X <, Y and

CS(TIng:F) _ eg(Tlgln:F)
ce(y)  eEx) (15)

for all k and n such that 2k > n.
Proof- The necessity is trivial and hence it remains to prove the sufficiency. From (15), we can write

Ce(Tinr) _ (1 o
= ——=—(d 16
CE(Y) fO CEMfx(Fxtw) (16)

where ¢(u) is defined as in the proof of Theorem 3.1. The same argument applies to
CE(Thn.r)/CEX). From (15) and (16), we have
1 ow _ o
lo mmtay ™ = o conr, (e M 17
Letusset ¢ = CE(Y)/CE(X). By assumption X <; Y, from Theorem 3.1 of [37], it holds that ¢ > 1.
Moreover, relation (17) can be expressed as

1 1 1 B
Jo (@) o x(F @) $(uw)du = 0. (18)
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rx(Fetw) . cf x(Fg' @)
fy(Fyl o) => 1, or equivalently e > 1, forall 0<

u < 1, since ¢ > 1. Consequently, the expression within the brackets in the integrand (18) is positive.
This implies that

The assumption X <; Y implies that

fiFPw) =cff (R '), a.e.  z€(0O1)

Thus, it follows that Fyl(u) = cFyl(u) + d, where d is a constant. Since lim,_oFyl(u) =
lim,_,oFy *(u) = 0 for all u € (0,1), we conclude that Fy!(u) = cFy*(w). This indicates that Fy
and Fy, belong to the same family of distributions but for a change of scale.

Using Theorem 3.2, we get the following corollary.
Corollary 3.2. Suppose the assumptions of Theorem 3.2 hold. Then, Fx and Fy belong to the same
family of distributions, but for a change in scale, if and only if X <,; Y and

CS( nin: F) CS( nin: F)
cEY)  CE(X)

forall n > 1.
4. Nonparametric estimation

In this section, we develop two non-parametric methods for estimating the cumulative entropy of
consecutive k-out-of-n:F systems. Let us assume a sequence of iid continuous, non-negative rvs
X1, X5, .., Xy, where Xy < X,y < -+ < Xy.v denotes their order statistics. Applying Eq (5), the CE
of Tyjn.r can be reformulated for the case 2k = n as follows:

Grn: drF—1
CE(Tkn:r) = . % f (len F(u))[ (u)l

= [, &~k + Duk — (n — kyuk*Y) [‘”d—u(“)] du. (18)

Using Eq (18), we estimate CE(Tkn.r) by approximating the derivative of the inverse distribution
function at sample points. Following [38], we estimate this derivative as

dF_l(u) _ N(Xi+m:N - Xi—m:N)
du 2m '
where X;.y = X;.v for i <1 and X;y = Xy.y for i > N, N is the sample size and m 1is a

positive integer referred to as the window size, satisfying m < N /2. Consequently, an estimator for
CE (Tk|n:p) is obtained as follows:

CE&L(Tyjnr) = %EN: f(ka:F (N :_ 1)) (N(X”mﬂ;; Xi—m:N))
i=1

. N ; k i k+1
=ﬁ;f<<n—k+1>(zv—+1> -0 () )

y (N(XHm;N—Xi—m;N))_ (19)

2m

The second estimator is constructed using the empirical cumulative distribution function associated
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with F(x) of the sample, as follows:

Fy(x) = 2?’:_11 ﬁl[xi:N'x(Hl)]’ x =0,

where I4(x) =1 if x € A. Based on Eq (5), the empirical CE estimator for the consecutive k-out-
of-n:F system is given by

CE, (Tepur) = f E((n—k + DEEGO) — (n— KFE () dx
0

N-1

=y R ((n =k + DFEGO) — (- DFE () dx
i=1 “XiN
=7 (k) () — -0 (2) ) D 0)

where D;;q = Xjy1.8v — Xin, | = 1,2,..., N — 1, denotes the sample spacings.

In the following, we examine Monte Carlo simulations to evaluate the performance of the
proposed estimators CE&, (Tkjn:r) and CE, (Tkjn:r) defined in (19) and (20), respectively. Conducted
using R software, the simulation is repeated 5,000 times across sample sizes N=20, 30, 40, 50, and
100, utilizing a conventional exponential distribution. We calculate the average bias and root mean
square error (RMSE) for different sample sizes N and parameter combinations (k, n). The smoothing
parameter m can be determined using the heuristic formula m = [v/N + 0.5], where [x] is the integer
part of x. The bias and RMSE of the estimators CE&; (Tkjn:r) and CE, (Tkn:r) are given in Tables 1
and 2 for 5,000 times. After examining these tables, we arrive at the following conclusions:

1) Forall k and n, as the sample size N increases, the RMSE of the estimators decreases while
the bias has an opposite manner.

2) Forfixed n and N, asthe number of consecutive working components k increases, the RMSE
of the estimators decreases while the bias has an opposite manner.

3) For fixed k and N, as the number of components of the system »n increases, the RMSE of the
estimators decreases.

Generally, the second estimator has better performance with respect to the first estimator. Thus, the

results show that the efficiency of the estimator is influenced by the number of components n and the

number of consecutive working components k.
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Table 1. The Bias and RMSE of the first estimator C&; (Tkjn:p) for different choices of k and n.

N =20 N =30 N =40 N =50 N =100
n Kk Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
3 -0.124138 0.230344 -0.100742 0.191860 -0.095708 0.171305 -0.093843 0.160603 -0.094036 0.131869
4 -0.038756 0.263316 0.000577 0.231150 0.036344 0.218155 0.051543 0.201405 0.093028 0.173277
5 -0.091323 0.287947 -0.009914 0.253112 0.038630 0.247169 0.066143 0.237489 0.147523 0.237116
6 3 0.072069 0.167615 0.070267 0.138012 0.066130 0.124728 0.061647 0.109277 0.040760 0.075014
4 -0.031567 0.239911 0.010755 0.209871 0.022254 0.184367 0.035022 0.174554 0.055193 0.134261
5 -0.151385 0.310038 -0.079245 0.260249 -0.048472 0.232668 -0.015527 0.219851 0.041610 0.175196
6 -0.272339 0.380990 -0.184579 0.315350 -0.127539 0.277684 -0.088733 0.253952 0.009005 0.199077
7 4 0.021823 0.208960 0.042960 0.183286 0.054940 0.161538 0.054626 0.150306 0.057243 0.113776
5 -0.092157 0.269532 -0.034616 0.238141 -0.008311 0.214772 0.008427 0.198731 0.051931 0.159579
6 -0.213470 0.350137 -0.135670 0.289292 -0.086826 0.260511 -0.055488 0.242480 0.031440 0.186683
7 -0.331163 0.417481 -0.230386 0.349043 -0.161969 0.305570 -0.130153 0.279632 -0.007831 0.216406
8 4 0.075346 0.191621 0.080118 0.161910 0.074436 0.143996 0.076248 0.134626 0.059875 0.092973
5 -0.035972 0.244008 0.000687 0.214961 0.023995 0.194971 0.038143 0.183108 0.061133 0.145446
6 -0.168064 0.312048 -0.088598 0.260961 -0.048191 0.238333 -0.020311 0.224606 0.037779 0.178471
7 -0.291871 0.384639 -0.185520 0.314696 -0.129251 0.281766 -0.093509 0.254625 0.004763 0.198204
8 -0.385751 0.455766 -0.276726 0.378007 -0.211355 0.332942 -0.163147 0.300208 -0.034566 0.218227
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Table 2. The Bias and RMSE of the second estimator CE, (Tkjn:r) for different choices of k and n.

N =20 N =30 N =40 N =50 N =100
n k Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
3 -0.025125 0.175512 -0.014116 0.141257 -0.015236 0.123774 —-0.012079 0.109911 -0.005279 0.078412
4 —0.072958 0.267537 —0.050056 0.219368 —0.029108 0.190125 —0.032334 0.172732 -0.012504 0.123541
5 —0.123044 0.332033 —0.084990 0.272151 —0.055920 0.239984 —0.048001 0.219015 —0.023000 0.156351
6 3 -0.001871 0.132976 0.000809 0.109061 0.000794 0.092947 —-0.000688 0.082732 -0.000010 0.058974
4 -0.045391 0.228448 -0.028728 0.182676 -0.024040 0.157982 -0.016516 0.145011 -0.011101 0.102678
5 -0.100189 0.299852 —-0.064542 0.250162 -0.049838 0.217331 —-0.038395 0.195598 -0.018189 0.139785
6 -0.131134 0.357338 -0.099022 0.297588 -0.077961 0.262055 —-0.057160 0.238616 -0.028988 0.170018
7 4 -0.026347 0.182529 -0.018355 0.150178 -0.011043 0.133090 -0.010400 0.117107 -0.006821 0.083850
5 -0.075611 0.266131 -0.041516 0.221699 -0.037394 0.192767 -0.029404 0.171981 -0.014986 0.122495
6 -0.124722 0.331439 -0.081209 0.278495 -0.064191 0.245961 -0.050115 0.219265 -0.026817 0.155459
7 -0.169382 0.377862 -0.106689 0.319331 -0.086256 0.286752 -0.068001 0.256148 -0.032641 0.182052
8 4 -0.002768 0.152239 -0.003317 0.119965 0.000883 0.106233 0.001972 0.094212 -0.000304 0.066692
5 -0.052062 0.233434 -0.032683 0.190547 -0.027234 0.163031 -0.021617 0.147743 -0.008801 0.104927
6 -0.096677 0.298313 -0.065127 0.255635 -0.048338 0.221591 -0.041602 0.196996 —-0.019996 0.140928
7 -0.141255 0.362541 -0.094531 0.302222 -0.081784 0.265432 -0.062192 0.240006 -0.026913 0.168080
8 —0.181689 0.401899 —0.131193 0.343492 —0.091136 0.300505 —0.070395 0.267088 —0.035192 0.200356
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4.1. Real data analysis

To determine how well the CE estimators of the successive k-out-of-n:F systems match the
theoretical entropy value, we applied the estimator to the actual data.
Example 4.1. The data are the active repair times (in hours) given in [39] for an airborne
communication device. The observations are listed below:
Dataset: 0.2, 0.3, 0.5, 0.5, 0.5, 0.5, 0.6, 0.6, 0.7, 0.7, 0.7, 0.8, 0.8, 1.0, 1.0, 1.0, 1.0, 1.1, 1.3, 1.5, L.5,
1.5,1.5,2.0,2.0,2.2,25,2.7,3.0,3.0,3.3,3.3,4.0,4.0,4.5,4.7,5.0,5.4,5.4,7.0, 7.5, 8.8, 9.0, 10.3,
22,24.5. This data is modeled using the Weibull distribution with the pdf

Flx) = ApxP-te=F | x>0,

where 4 >0 and [ > 0 are scale and shape parameters, respectively. As noted in [29], the datasets
were fitted using the Weibull distribution via the maximum likelihood method for parameter estimation.
The resulting parameters are A = 3.391 and £ = 0.899. The Kolmogorov-Smirnov statistic is
0.120 with a p-value of 0.517, confirming a good fit between the observed data and the fitted
exponential distribution.

Table 3 lists the different combinations of k and n. The results show that there is a correlation
between the theoretical entropy value and its estimate when the functional components make up more
than half of the total (n).

Table 3. Comparison of theoretical values and estimates of CE of Ty, based on Weibull
distribution for active repair times (in hours) for an airborne communication transceiver.

k CE(Tiis:r)  CE (Tisr)  CE(Tysr)  CE(Tker)  CE,(Tior)  CE(Tijer)
3 0.188772 3.202371 2.708464 0.139103 2.307699 1.786721
4 0.252975 4.412466 4.098577 0.225504 3.978375 3.511787
5 0.282173 4.786405 4.098577 0.267998 4.650849 4.532230
6 0.289143 4779245 5.167557
k CE(Ti7:r)  C&(Tiyzr)  C&(Tyzr)  CE(Tiar)  CEL(Tisr)  CE(Tisr)
4
5
6
7
8

0.191428 3.414607 2.827453 0.151613 2.737446 2.057078
0.247997 4.397852 4.073618 0.223027 4.043979 3.538539
0.278365 4.738680 4.867858 0.263090 4.605239 4.497665
0.294482 4.708580 5.384117 0.285978 4.731164 5.137700

0.298730 4.597261 5.563095

Example 4.2 Let us now analyze the data from [40], which pertains to vinyl chloride measurements
collected from monitoring wells during cleanup gradient assessments. The data sets are presented
as follows:
Dataset: 5.1, 1.2, 1.3,0.6, 0.5, 2.4, 0.5, 1.1, 8.0, 0.8, 0.4, 0.6, 0.9, 0.4, 2.0, 0.5, 5.3, 3.2, 2.7, 2.9, 2.5,
23,1.0,0.2,0.1,0.1, 1.8, 0.9, 2.0, 4.0, 6.8, 1.2, 0.4, 0.2.

In Table 4, we present the log-likelihood, AIC, BIC, and results from the K-S goodness of fit test.
The findings indicate that the exponential distribution, with a maximum likelihood estimate of 0.53,
closely aligns with the actual data distribution. We further examine the proximity of the CE estimators
for consecutive k-out-of-8:G systems to the theoretical CE value, assuming an exponential distribution
for component lifetimes with a rate parameter of 4 = 0.53.
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Table 4. Criteria for selecting models for the vinyl chloride data.

Distribution  Log-likelihood AIC BIC K-S P-value

Exponential —55.452 112.905 114431 0.088  0.950
Weibull —-55.449 114.899 117952 0.091  0.936
Log-normal -55.204 114408 117.461 0.086 0.959
Gamma —-55.413 114.826  117.879 0.097  0.904
Log-logistic —55.945 115.891  118.943 0.086  0.959

Table 5 illustrates various combinations of of k and n. The results show that there is a
correlation between the theoretical entropy value and its estimate when the functional components
make up more than half of the total (n).

Table S. Comparison of theoretical values and estimates of CE of Tyjn.r based on

exponential distribution for vinyl chloride measurements collected from monitoring wells
during cleanup gradient assessments.

k  CETysr)  CE(Tysr)  C&(Tysr)  CE(Txer)  CE(Tier)  CE2(Tijer)
3 0.188772 3.202371 1.279895 0.139103 2.307699 0.96451

4 0.252975 4.412466 1.667539 0.225504 3.978375 1.51285

5 0.282173 4.786405 1.793849 0.267998 4.650849 1.736112

6 0.289143 4.779245 1.800122

k  CEMyrr)  CE&(Typr)  C&:(Tkpr)  CE(Tksr)  CE (Tisr)  CE2(Tijsr)
4 0.191428 3.414607 1.311014 0.151613 2.737446 1.068160

5 0.247997 4.397852 1.636633 0.223027 4.043979 1.501486

6 0.278365 4.73868 1.768091 0.263090 4.605239 1.703695

7 0.294482 4.70858 1.793099 0.285978 4.731164 1.778476

8 0.298730 4.597261 1.777036

5. Conclusions

We investigate the application of the CE concept to consecutive k-out-of-n:F systems. An
important finding is the strong correlation between the CE of these systems derived from continuous
and uniform distributions. This finding simplifies CE calculations in numerous practical scenarios.
However, deriving CE expressions in closed form remains a challenge for systems with large or
complex component distributions. To solve this problem, we establish advantageous bounds on the CE
of consecutive k-out-of-n:F systems. These bounds serve as important tools for researchers and
practitioners to analyze CE behavior. In addition, we present two non-parametric estimators developed
specifically for consecutive k-out-of-n:F systems and demonstrate their practical utility using real
data applications. Furthermore, CE estimation provides valuable insights into system uncertainty and
facilitates informed decision-making and meaningful data analysis. Our results can also be applied to
other measures of information, such as fractional cumulative entropy, cumulative residual Tsallis
entropy, and cumulative Tsallis entropy. To summarize, this study provides expressions for the system
lifetimes of consecutive k-out-of-n:F systems and CE preservation of the stochastic order. Moreover,
we have developed useful bounds that are particularly important when the cdf does not have a closed
form, as in the case of complex cumulative distribution functions, including mixed distributions or
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multicomponent systems. Additionally, we present several valuable characterization results and
propose two non-parametric estimators for the CE of the system lifetime.

Author contributions

Mashael A. Alshehri: Methodology, software, validation, formal analysis, resources, writing-
review and editing, visualization, project administration; Mohamed Kayid: Investigation, writing-
original draft, writing-review and editing, visualization, supervision. All authors have read and agreed
to the published version of the manuscript.

Acknowledgements

The authors would like to thank the four anonymous reviewers for their valuable comments and
suggestions, that have improved the quality and content of this paper.

This work was supported by Researchers Supporting Project number (RSP2024R392), King Saud
University, Riyadh, Saudi Arabia.

Conflict of interest
There are no conflict of interest.
References

1. K. H.Jung, H. Kim, Linear consecutive-k-out-of-n: F system reliability with common-mode forced
outages, Reliab. Eng. Syst. Safe., 41 (1993), 49-55. https://doi.org/10.1177/1748006X22114 2815

2. J.Shen, M. J. Zuo, Optimal design of series consecutive-k-out-of-n: G systems, Reliab. Eng. Syst.
Safe., 45 (1994), 277-283. https://doi.org/10.1016/0951-8320(94)90144-9

3. P.J. Boland, F. J. Samaniego, Stochastic ordering results for consecutive k-out-of-n:F systems,
IEEE T. Reliab., 53 (2004), 7-10. https://doi.org/10.1109/TR.2004.824830

4. S. Eryilmaz, Mixture representations for the reliability of consecutive-k systems, Math. Comput.
Model., 51 (2010), 405—412. https://doi.org/10.1016/j.mcm.2009.12.007

5. W. Kuo, M. J. Zuo, Optimal reliability modeling: principles and applications, John Wiley and
Sons, 2003.

6. C. In-Hang, L. Cui, F. K Hwang, Reliabilities of consecutive-k systems, Springer Science and
Business Media, 2013.

7. S. Eryilmaz, Conditional lifetimes of consecutive k-out-of-n systems, /EEE T. Reliab., 59 (2010),
178-182. https://doi.org/10.1109/TR.2010.2040775

8. S. Eryilmaz, Reliability properties of consecutive k-out-of-n systems of arbitrarily dependent
components, Reliab. Eng. Syst. Safe., 94 (2009), 350-356. https://doi.org/10.1016/j.ress.2008.03.0 27

9. J. Navarro, S. Eryilmaz, Mean residual lifetimes of consecutive-k-out-of-n systems, J. Appl.
Probab., 44 (2007), 82-98. https://doi.org/10.1239/jap/1175267165

10. N. Ebrahimi, E. S. Soofi, H. Zahedi, Information properties of order statistics and spacings, [EEE
T’ Reliab., 50 (2004), 177—183. https://doi.org/10.1109/TIT.2003.821973

11. C. E. Shannon, A mathematical theory of communication, Bell Syst. Tech. J., 27 (1948), 379-423.
https://doi.org/10.1002/j.1538-7305.1948.tb01338.x

AIMS Mathematics Volume 9, Issue 11, 31770-31789.


https://doi.org/10.1177/1748006X22114%202815
https://doi.org/10.1016/0951-8320(94)90144-9
https://doi.org/10.1109/TR.2004.824830
https://doi.org/10.1016/j.mcm.2009.12.007
https://doi.org/10.1109/TR.2010.2040775
https://doi.org/10.1016/j.ress.2008.03.027
https://doi.org/10.1239/jap/1175267165
http://dx.doi.org/10.1109/TIT.2003.821973
https://doi.org/10.1002/j.1538-7305.1948.tb01338.x

31788

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

M. Rao, Y. Chen, B. C. Vemuri, F. Wang, Cumulative residual entropy: a new measure of information,
IEEE T. Inform. Theory, 50 (2004), 1220—-1228. https://doi.org/10.1109/TIT.2004.828057

M. Asadi, N. Ebrahimi, Residual entropy and its characterizations in terms of hazard function and
mean residual life  function, Stat.  Probabil.  Lett., 49 (2000), 263-269.
https://doi.org/10.1016/S0167-7152(00)00056-0

N. Navarro, Y. del Aguila, M. Asadi, Some new results on the cumulative residual entropy, J. Stat.
Plan. Infer., 140 (2010), 310-322. https://doi.org/10.1016/j.jspi.2009.07.015

A. Di Crescenzo, M. Longobardi, On cumulative entropies, J. Stat. Plan. Infer., 139 (2009), 4072—
4087. https://doi.org/10.1016/}.jspi.2009.05.038

J. Ahmadi, A. Di Crescenzo, M. Longobardi, On dynamic mutual information for bivariate
lifetimes, Adv. Appl. Probab., 47 (2015), 1157—1174. https://doi.org/10.1239/aap/1449859804

A. Di Crescenzo, A. Toomaj, Extension of the past lifetime and its connection to the cumulative
entropy, J. Appl. Probab., 52 (2015), 1156—1174. https://doi.org/10.1239/jap/1450802 759

S. Kayal, On generalized cumulative entropies, Probab. Eng. Inform. Sc., 30 (2016), 640—662.
https://doi.org/10.1017/S0269964816000218

S. Kayal, R. Moharana, A shift-dependent generalized cumulative entropy of order n, Commun.
Stat.-Simul. C, 48 (2019), 1768—1783. https://doi.org/10.1080/03610918.2018.1423692

A. Di Crescenzo, M. Longobardi, On cumulative entropies and lifetime estimations, In
International Work-Conference on the Interplay Between Natural and Artificial Computation,
Berlin, Heidelberg: Springer, 2009, 132—-141.

C. Kundu, A. Di Crescenzo, M. Longobardi, On cumulative residual (past) inaccuracy for
truncated random variables, Metrika, 79 (2016), 335-356.

A. Toomaj, M. Doostparast, A note on signature-based expressions for the entropy of mixed r-out-
of-n systems, Nav. Res. Log., 61 (2014), 202-206. https://doi.org/10.1002/nav.21577

A. Toomaj, S. M. Sunoj, J. Navarro, Some properties of the cumulative residual entropy of coherent
and mixed systems, J. Appl. Probab., 54 (2017), 379-393. https://doi.org/10.1017/jpr.2017.6

G. Alomani, M. Kayid, Fractional survival functional entropy of engineering systems, Entropy,
24 (2022), 1275. https://doi.org/10.3390/e24091275

M. Shrahili, M. Kayid, Cumulative entropy of past lifetime for coherent systems at the system
level, Axioms, 12 (2023), 899. https://doi.org/10.3390/axioms12090899

M. Kayid, M. Shrahili, Rényi entropy for past lifetime distributions with application in inactive
coherent systems, Symmetry, 15 (2023), 1310. https://doi.org/10.3390/sym 15071310

S. Eryilmaz, J. Navarro, Failure rates of consecutive k-out-of-n systems, J. Korean Stat. Soc., 41
(2012), 1-11.

J. C. Chang, F. K. Hwang, Reliabilities of consecutive-k systems, In Handbook of Reliability
Engineering, London: Springer, 2003.

M. Hashempour, M. Mohammadi, A new measure of inaccuracy for record statistics based on
extropy, Probab. Eng. Inform. Sc., 38 (2024), 207-225.
https://doi.org/10.1017/S0269964823000086

S. Y. Lee, B. K. Mallick, Bayesian hierarchical modeling: Application towards production results
in the eagle ford shale of south Texas, Sankhya Ser B, 84 (2022), 1-43.
https://doi.org/10.1007/s13571-020-00245-8

P. J. Bickel, E. L. Lehmann, Descriptive statistics for nonparametric models. III. Dispersion, In
Selected works of EL Lehmann, Boston, MA: Springer US, 2011, 499-518.
https://doi.org/10.1007/978-1-4614-1412-4 44

AIMS Mathematics Volume 9, Issue 11, 31770-31789.


https://doi.org/10.1109/TIT.2004.828057
https://doi.org/10.1016/S0167-7152(00)00056-0
https://doi.org/10.1016/j.jspi.2009.07.015
https://doi.org/10.1016/j.jspi.2009.05.038
https://doi.org/10.1239/jap/1450802
https://doi.org/10.1017/S0269964816000218
https://doi.org/10.1080/03610918.2018.1423692
https://doi.org/10.1002/nav.21577
https://doi.org/10.1017/jpr.2017.6
https://doi.org/10.3390/e24091275
https://doi.org/10.3390/axioms12090899
https://doi.org/10.3390/sym15071310
https://doi.org/10.1017/S0269964823000086
http://dx.doi.org/10.1007/s13571-020-00245-8
https://doi.org/10.1007/978-1-4614-1412-4_44

31789

32.

33.
34.

35.

36.

37.

38.

39.

40.

AIM

I. Jewitt, Choosing between risky prospects: the characterization of comparative statics results, and
location independent risk, Manag. Sci., 35 (1989), 60—70. https://doi.org/10.1287/mnsc.35.1.60

M. Shaked, J. G. Shanthikumar, Stochastic orders, New York: Springer, 2007.

M. Landsberger, I. Meilijson, The generating process and an extension of Jewitt’s location
independent risk concept, Manag. Sci., 40 (1994), 662—669. https://doi.org/10.1287/mnsc.40.5.662

I. A. Husseiny, H. M. Barakat, M. Nagy, A. H. Mansi, Analyzing symmetric distributions by
utilizing extropy measures based on order statistics, J. Radiat. Res. Appl. Sc., 17 (2024), 101100.
https://doi.org/10.1016/j.jrras.2024.101100

N. Gupta, S. K. Chaudhary, Some characterizations of continuous symmetric distributions based
on extropy of record values, Stat. Pap., 65 (2024), 291-308.

A. Di Crescenzo, A. Toomaj, Further results on the generalized cumulative entropy, Kybernetik,
53 (2017), 959-982. https://doi.org/10.14736/kyb-2017-5-0959

O. Vasicek, A test for normality based on sample entropy, J. Roy. Stat. Soc. B, 38 (1976), 54-59.
https://doi.org/10.1111/.2517-6161.1976.tb01566.x

N. Balakrishnan, V. Leiva, A. Sanhueza, E. Cabrera, Mixture inverse Gaussian distributions and
its transformations, moments and applications, Statistics, 43 (2009), 91-104.
https://doi.org/10.1080/02331880701829948

D. K. Bhaumik, R. D. Gibbons, One-sided approximate prediction intervals for at least p of m
observations from a gamma population at each of r locations, Technometrics, 48 (2006), 112—119.
https://doi.org/10.1198/004017005000000355

© 2024 the Author(s), licensee AIMS Press. This is an open access

E% article distributed under the terms of the Creative Commons
s AIMS Press

Attribution License (https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 11, 31770-31789.


https://doi.org/10.1287/mnsc.35.1.60
https://doi.org/10.1287/mnsc.40.5.662
https://doi.org/10.1016/j.jrras.2024.101100
http://doi.org/10.14736/kyb-2017-5-0959
https://doi.org/10.1111/j.2517-6161.1976.tb01566.x
https://doi.org/10.1080/02331880701829948
https://doi.org/10.1198/004017005000000355

