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Abstract: We delved into a category of output feedback nonlinear systems that are distinguished
by unmodeled dynamics, quantized input delays, and dynamic uncertainties. We introduce a novel
finite-time adaptive dynamic surface control scheme developed through the construction of a first-
order nonlinear filter. This approach integrates Young’s inequality with neural network technologies.
Then, to address unmodeled dynamics, the scheme incorporates a dynamic signal and utilizes Radial
Basis Function (RBF) neural networks to approximate unknown smooth functions. Furthermore,
an auxiliary function is devised to mitigate the impact of input quantization delays on the system’s
performance. The new controller design is both simple and effective, addressing the “hasingularity”
problems typically associated with traditional finite-time controls. Theoretical analyses and simulation
outcomes confirm the effectiveness of this approach, guaranteeing that all signals in the system are
confined within a finite period.
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1. Introduction

With the rapid advancement of science and technology, nonlinear systems are increasingly utilized
in various domains, including robot control [1,2], power systems [3], and communication systems [4].
These systems often display complex dynamic behaviors and significant levels of uncertainty, which
pose substantial challenges in control and optimization tasks. Output feedback, a critical method for
controlling nonlinear systems, has substantial theoretical and practical value. A nonlinear output
feedback system uses the system’s output to regulate the input, exhibiting nonlinear characteristics
within the internal model itself. Such systems rely on output data for controller design rather than
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requiring information from all states. Nonlinear systems, being inherently more complex than linear
ones, can exhibit behaviors such as limitations, saturation [5-7], asymmetric responses, and other
nonlinear traits. The output feedback mechanism, by capturing system output data in real-time and
adjusting accordingly, can achieve system stability and optimization. Theoretically, this mechanism
expands the scope of traditional control theory and enhances its applicability across a broader spectrum
of fields.

In control engineering and automation, the nonlinearity and uncertainty of systems pose significant
challenges to enhancing performance [8, 9]. Traditional linear control theories often fall short in
such complex scenarios, failing to achieve the desired control outcomes. As a result, researchers
are continually exploring and developing innovative control strategies to overcome these hurdles.
The dynamic surface control method, introduced by Swaroop et al. [10], represents a significant
advancement over the backstepping approach initially proposed by Kanellakopoulos [11]. This
method not only circumvents the over-parameterization issues typical of backstepping designs but
also offers a controller structure that is more streamlined, efficient, and intuitive. Both dynamic
surface control and backstepping have garnered extensive attention and have been widely applied
in designing controllers for nonlinear systems [12-15], providing fresh insights and techniques for
improving system performance. Yang and colleagues studied iterative parameter estimation methods
for nonlinear feedback systems. They developed a new gradient-based iterative algorithm using
negative gradient search and hierarchical identification principles, which significantly improved the
accuracy and computational efficiency of parameter estimation [16]. Zhang and his colleagues
developed a self-tuning control scheme using a multi-innovation random gradient algorithm. This
work is very important and interesting, which ensures the optimal control and stability in discrete-
time systems, and these results are proved by supporting simulation [17]. Controlling nonlinear
systems remains a pivotal area of academic inquiry, as nonlinearity is an intrinsic characteristic of
most real-world systems. Numerous scholars from both domestic and international backgrounds have
extensively researched the output feedback control of nonlinear systems, yielding many significant
breakthroughs [18, 19]. Despite these advancements, challenges persist, especially when contending
with unmodeled dynamics, input quantization, and time delays. Traditional control strategies often
fall short of fully ensuring system performance and stability. Unmodeled dynamics can degrade
system performance, input quantization, and time delays to complicate control system design. For
instance, a novel approach involving dynamic surface control for output feedback nonlinear systems
with unmodeled dynamics is explored in [20], where simulations demonstrate its robust dynamic
performance. Additionally, in [21], a new controller is crafted using the backstepping design method,
effectively mitigating the impacts of unmodeled dynamics and full state constraints. Furthermore, [22]
introduces a decentralized adaptive fuzzy output feedback control strategy for stochastic nonlinear
systems with dynamic uncertainties, showcasing the evolving complexity of control strategies in
response to system challenges. In a recent departure from prior studies, Xu et al. [23] introduced
an innovative parameter estimation algorithm leveraging filter identification and model transformation
techniques. Their numerical simulations demonstrated that this novel approach achieves more precise
parameter estimations compared to several existing correlation identification algorithms, marking a
significant advancement in the field of parameter estimation methods.

Input quantization delay is a significant issue in digital control systems, as highlighted in various
studies, including those by Xing and Yu [24,25]. In [26], Li examines the issue of output feedback
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resilient control for an uncertain system with two quantized signals under the influence of hybrid
network attacks, including denial-of-service and deception attacks. This study is quite interesting,
ensures the stability and performance indices of the closed-loop system by designing a cost-preserving
resilient controller and solving a set of linear matrix inequalities. A substantial corpus of research,
including studies like [27], has explored and analyzed the impacts of input quantization. For
instance, the researchers in [28] conducted an in-depth analysis of the stability of strictly feedback
nonlinear systems with state quantization, assuming bounded sector regions of the quantizer. Another
innovative approach in [24] combined the benefits of lag and uniform quantizers to propose a
novel quantizer design that enhances quantization efficiency and offers fresh perspectives for future
research. Further, [29] primarily focused on the adaptive event-triggered neural control problem for
nonlinear uncertain systems with input delays, introducing an auxiliary system combined with adaptive
backstepping techniques to develop a new adaptive time-triggered control strategy. Similarly, [30]
investigated the adaptive output feedback control problem for nonlinear systems with input delays
and disturbance uncertainties, employing an auxiliary system and backstepping techniques alongside
Lyapunov stability theory to offset the effects of input delays. In [31], the adaptive control problem
for time-varying delay nonlinear systems with full state constraints was addressed. Researchers
constructed suitable Lyapunov-Krasovskii functions to account for uncertainties caused by state and
distributed delays. Furthermore, Zhu et al. [32] investigated nonlinear systems that exhibit both
input and state delays. They employed state transformation techniques to reformulate the original
system into one devoid of input delays, devising an advanced control strategy that amalgamates
backstepping, Radial Basis Function (RBF) neural networks, and adaptive control approaches. Their
research contributes innovative strategies and methodologies for addressing the challenges associated
with delays in intricate dynamic systems.

The adoption of finite-time control strategies has surged due to their ability to achieve rapid
and accurate control in various applications. These methods, which are the focus of contemporary
research like that of Fang et al. [33], provide efficient and effective solutions for dynamic system
regulation within a fixed time frame, enhancing both system performance and stability. This approach
is distinguished by its ability to bring system states to equilibrium within a finite timeframe, after
which they remain stable [34]. The foundational framework for finite-time stability, which utilizes
Lyapunov theory and homogeneous systems theory, was first established in [35]. Additionally, [36]
explored a class of strict-feedback nonlinear systems with known control gains and virtual coefficients,
introducing a finite-time adaptive control strategy via the backstepping design method. While this
strategy marks a significant advancement in control efficiency, it overlooks the potential impacts of
input quantization delays on system performance, a critical consideration for practical applications.
Furthermore, in [37], researchers applied dynamic surface control techniques and incorporated a novel
first-order filter into their designs. However, the use of a sign function in the virtual controller’s
design rendered the control law non-differentiable, leading to theoretical inaccuracies and, ultimately,
algorithm failure. Beyond ensuring that system states achieve desired values or stability within a
finite timeframe, finite-time control strategies also potentially enhance the system’s resilience against
external disturbances.

To tackle the challenges mentioned above, this study introduces a novel finite-time dynamic surface
control strategy designed for managing output feedback systems plagued by unmodeled dynamics,
quantized input delays, and external disturbances. The primary contributions of this research include:
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(1) For output feedback systems affected by unmodeled dynamics and quantized input delays, we
introduce a first-order auxiliary system to generate dynamic signals that tackle unmodeled dynamics,
and the system replaces traditional first-order linear low-pass filters with first-order nonlinear filters.
This research innovates by integrating input quantization and delays, through the design of an auxiliary
function that compensates for delays caused by quantization. Furthermore, neural networks are
employed to approximate unknown functions. By integrating these with dynamic surface technology,
a new finite-time adaptive dynamic surface control strategy is proposed.

(2) The virtual control law designed in this paper is characterized by its continuous differentiability,
which effectively circumvents the potential singularity issues associated with control derivatives
noted in [38], and mitigates discontinuity issues related to neural network approximation functions.
Additionally, unlike the virtual control strategies that utilize sign functions as detailed in [37,39], the
proposed control scheme ensures the differentiability of the virtual control law. This introduction
effectively provides an overview of the research background, addresses the key challenges, and
highlights the significant contributions of this study, laying a solid groundwork for a detailed
exploration of the article’s content.

The remainder of this paper is structured as follows: In Section 2 introduce the problem, outline
useful lemmas, and detail necessary assumptions. In Section 3, we describe the development
of an RBF-based adaptive controller and establishes its stability through the design of Lyapunov
functions. In Section 4, we demonstrate the effectiveness of the proposed control method through
numerical simulations using MATLAB. Finally, in Section 5 we present the conclusions of this study,
encapsulating the findings and implications.

2. Problem statement and preliminaries

2.1. Dynamics of nonlinear systems

Consider the following type of output feedback nonlinear system, characterized by unique
unmodeled dynamics and quantized input time delays:

{= 0, y.1)
X1 =x2+ fi(y) + Di({,y,0)

Xo1 = X5 + fs—l(y) + Ds—l(é/’y, t)

. , 2.1
%y = X+ £0) + Dyl y.1) + bug(v(t = 1) &
xn = fn(y) + Dn(ga Y t) + on(V(f - T))
y =X
where x;(i = 1,2,...,n) represent the state variables of the system, f;(y) denotes unknown smooth

nonlinear functions, { € R™ encapsulates the unmodeled dynamics, y € R is the system output, and
v € R is the system input. The term D;({,y, t) describes unknown nonlinear disturbances. B(s) =
by, s" +---+bys+byis a Hurwitz polynomial, with b,,, - - - , by as unknown coefficients. The expression
q(v(t — 1)) represents the quantized form of the input signal, where 7 is a known positive constant
indicating the input delay.
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2.2. Some useful lemmas and assumptions

Assumption 1. [20] The desired trajectory vector x; = [y4, Va» yd]T € Q, belongs to the set 2;, where
Q, is defined as Q, = {xd LYR Y+ < Bo}. Additionally, the absolute value |y,| does not exceed B;.
Here, By and B, are known positive constants.

Assumption 2. [19] For the unknown disturbances D;({,y,t), where i = 1,2,...,n, there
exist unknown non-negative continuous functions A;;(-) and unknown non-negative continuous
monotonically increasing functions A, (-) such that the absolute value of the disturbances is bounded
by the sum of these two functions:

IDi(¢, y, Dl < Au(yl) + An(lIZ1D), (2.2)

where | - | denotes the Euclidean norm.

Assumption 3. [40] For the system described by / = Q((,y,1), the unmodeled dynamics ¢ are
exponentially input-to-state stable.

Assumption 4. [20] There is a known positive constant by, that satisfies the inequality O < |b,,| < bppax.
Lemma 1. [40] Suppose that V() is a Lyapunov function for the system { = Q((,y,t) that is
exponentially input-to-state practically stable. Then, for any constant ¢, € (0, ¢), initial time #, > 0,
initial state ¢y = £ (ty), initial radius r, > 0, and any A(|y]) > A(]y|), there exists a finite time T, =

1 ) . . )
max {0, M} > 0 and a non-negative function D (¢, 1), such that the dynamic signal satisfies:

c—=Cf
= —Csr+ Ay +d. (2.3)

Fort > to+ Ty, D(ty,t) = 0 and V,({) < r(¢)+ D(ty, t) hold. Without loss of generality, it can be assumed
that A(ly]) = A(lyD.

Lemma 2. [41] Consider the nonlinear system x = f(x). If there exists a smooth positive-definite
function V(x) and scalar parameters & > 0, 8 > 0, 1< g<1,0<C <oo,and 0 <v < 1 that satisfy:

V(x) < —aV(x) - BVi(x) + C, (2.4)

. . . . . . l_
then the system is practically finite-time stable, with a settling time Ty < —— In ~2/ 005

a(l-q) 1 .
o(755) T 0B
Lemma 3. [41] For any positive real numbers 771, . .., 7y and a constant m between 0 arL;d 10<m<1),

the inequality Y, 77" > (Zf\il m)m holds.
Lemma 4. [42] Let a and b be non-negative real numbers, and let p and g be positive real numbers
such that -+ - = 1 (where p,q > 1). Then Young’s inequality states that:

14 q
ws%+%. 2.5)

Lemma 5. [20] For any continuous real function f(x,y), there exist two smooth non-negative scalar
functions ¢((x) and ¢(y) such that the inequality

LfCe, Y < @o(x) + Bo(y) (2.6)

holds, where x is in R” and y is in R".
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2.3. Control objective

Our objective is to design a controller v and a quantizer g(v) that enable the system output y to
accurately follow a predefined desired trajectory y,. The approach aims to ensure that all signals in
the closed-loop system remain bounded within a finite timeframe and to minimize the tracking error.
We employ a first-order nonlinear filter and a dynamic surface control strategy to effectively address
uncertainties caused by unmodeled dynamics and input delays. Additionally, we seek to improve the
system’s handling of quantized inputs, thereby enhancing the overall response speed and stability of
the system.

3. Design of adaptive controller and stability proof

3.1. RBF neural network

Remark 1. The Radial Basis Function (RBF) neural network, a specialized type of artificial neural
network, is characterized by its use of radial basis functions as activation functions in the hidden layer,
as detailed in recent research [43,44]. This network structure typically includes an input layer, a hidden
layer where neurons utilize functions like the Gaussian for non-linear transformations, and an output
layer. RBF networks are particularly valued for their ability to universally approximate any continuous
function, making them highly effective in various function approximation tasks.

Define a compact set II, = {y||y |< My} C R%, where M, > 0 is a predetermined design constant.
If a RBF neural network ®¢;(y) is used to approximate an unknown continuous function f;(y) on the
compact set Iz, then

) = 07 0i) + 6i), (3.1)
where 0;(y) represents the approximation error, ¢;(y) is a vector composed of multiple RBFs,
specifically ¢;(y) = [@n(y),--- ,(piMl.(y)]T € RMi. Each radial basis function ¢;;(y) is defined as a
Gaussian function, defined by:

2
(y - ,Uij)

= (3.2)
ij

i1 (y) = exp|—

where u;; and b;; represent the center and width parameters of the Gaussian functions, respectively, for
I <i<nand1 < j< M, The term M, indicates the number of nodes in the i-th neuron. Additionally,
the ideal weights are defined as follows:

®; = arg min |sup |®iT<p,'(y) —f,(y)| . (3.3)
@[ERMi yer

According to the above formula, Eq (2.1) can be rewritten as

{=0¢y.n
X=Ax+ F'(y,qv(t - 1))0O + 6(y) + D((,y,1) , 3.4)
y=elx
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where,
ei» 0 0 O} 01(y) 07
¢T(y) = 0 0 > ®f: > 6()}) = P A= 0 761 ]’
0 0 ¢ 0, 0n(y) ]

qO(t = 1)), 6" ()

0 .
FT [y, qv(t—1)) = H (s—Dx(m+1) , 0= [ @? c R(m+1+N),
]

Im+1
1
n X1 Dl(g’y7 t) bm 0
s:n—m,N:ZMi-, x=| |, Dyt = : , b= |, e = :
i=1 Xn Dn(é/’ya t) bO O

Since only the system output y is measurable and the other states are unobservable, we have
designed the following filter to reconstruct the states of the system.

[=Al+Ly, (eR G353)
Q" = A Q" + F'(y,q0(t - 1)), Q € Rm+1+N) '
Let L = [l},---,1,]" and 4 = A — LelT, where both are Hurwitz matrices that satisfy the equation

PAy + AP = —hl. Here, P is a positive definite symmetric matrix (P = P" > 0),and h > O is a
design constant.

Define the matrix Q" = [v,, -+, vo, 2], size R™™ !N and vectors vi(j = 0,1,--- ,m) follow
the equation

v, = AL, (3.6)
Ale, = e, , (3.7)
Vi =Agv;+ e, jqv(t — 1)), (3.8)

where Aé represents the j-th power of the matrix Ay. In accordance with Eq (3.4), the matrix = must
meet the following conditions:
E=AE+ ¢ (). (3.9)

The following equation can be obtained from Eq (3.6):

A1
vij =[x, 100 8 ], (3.10)
/li+j
wherei =0,1,--- ,m,j=1,2,--- ,n, 44, =0,k >n
Design the following state observer:
F=T+0Q70. (3.11)
The observer error is defined as:
e=x-2% (3.12)
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Taking the derivative of this error gives:
&=Aoe+00)+ D, y,1). (3.13)

In summary, the general form of the filter is expressed as follows:

'=AyY + Ly, T € R"
=A)E + ¢1(y),E € RN . (3.14)
= Apd + e,q(v(t — 7)),A € R"

a1l =

Based on the above analysis, the expression for the system state x, can be derived as follows:

Xo =X+ &
=T, +QO+eg (3.15)

= b2 + &+ [0, V12, 5 V02, 2] © + €2,

where Q(Tz) denotes the second row of the matrix Q7 E(2) denotes the second row of the matrix Z, T, is
the second element of the column vector Y, and &; is the second element of the column vector . Using

Eqgs (3.4) and (3.15), we obtain the following:
)7 = bmvm,z+T2+wT®+82+61(y)+D1({,y, l). (316)

Here, @’ = [0, Vim-12 " » V02, 2) + ¢(Tl)], where ¢(Tl) represents the first row of the matrix ¢”. By
combining Eqs (3.6) and (3.8), the following description of a system of order p can be derived:

Y =bpma + T2+ @ O+ &5+ 61(y) + Di(,y, 1)
Vini = Vet = iVl =2, , 5 =1 . (3.17)
vm,s = CI(V(t - T)) T Vins+l — lsvm,l

3.2. Design of quantizer

Remark 2. The quantizer presented in this study combines features from both hysteresis and uniform
quantizers to enhance system performance, as noted by Linde in his seminal work [45]. Hysteresis
quantizers, known for their ability to reduce signal chattering through variable transition thresholds,
limit frequent switching, enhancing signal stability. Uniform quantizers, on the other hand, keep
quantization errors within a predictable upper bound throughout the operation, crucial for maintaining
system reliability. The integration of these two quantizer types in the new design not only improves the
system’s dynamic responses but also stabilizes the quantization error, thereby increasing the overall
system efficiency and reliability as further explored by Sun [46].
In this section, the new quantizer is described as follows:

(3.18)

o) = { qn i) + Int |22 + & (vy) | 5, ] = v,
qn(v), V[ < v,
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where,
visgn(v), T <P <v,v <0, or
vi(L +6)sgn(v), v; <P <75,v>0
Dy < 22D G5 0
@) = s S , (3.19)
0, 0<f< 3, or
qdh (V (t_)) s ‘{mTlg < |V| < Vminav >0
v=0
L gn (i) < v
Kk (Vi) = , 3.20
& { 0, gn(vim) = v (3-20)

where, each v; is defined as p'~ vy, wherei = 1,2,...and vy, > 01is a positive constant. The parameter
0 < p < 1 s crucial as it regulates the dead zone size in the function ¢, (u), with 6 = i;—i reflecting the
quantization density. The function g,(v) assigns values within the set U = 0, £v;, +v;(1 + ). Int[a] is
the greatest integer less than or equal to a. The term v > |g;, (vy,) — vy represents a design parameter
that controls the quantization density for the uniform quantizer. v,,, another positive design constant,
determines the switching threshold for the hysteresis and uniform quantizers. This framework leads
to the derivation of the expression for quantization error, enhancing our understanding of quantizer
behavior and error dynamics

<" M= v (3.21)
6Vth + (1 - 6)Vmir1a |V| < Vi

Clearly, the quantization error A, of the new quantizer is bounded for any v, meaning there exists a
positive constant d such that |Aq| < d, where d is defined as d = max {V, 0vy, + (1 — 8)vin}. Based on
the definition A,(v) = g(v) — v, we can derive:

qv) = v+ Ayv). (3.22)

3.3. Design of controller

Develop an auxiliary function to mitigate the effects of quantization delay. This function aims
to refine and enhance the data processing workflow, effectively minimizing or removing the delays
associated with data quantization and processing.

The auxiliary function is described as follows:

{/'li:/liH_Ci/li(i:1,"'75_1) (3.23)

As = =¢ A, + gt = 1)) = g(v)

To design an adaptive controller, the following coordinate transformation is performed:

=y =Ya— A
{ L= Vi wi— A G2

where w; is the output of a first-order filter with a;_; as its input, fori = 2,--- , s.
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To simplify the design process, several notations are defined:

Ioz=la s 3= e

sig(-)" =|-["sgn(-), 6 = ||W;i

~ A AT ~ A
Hi:[el""agi:l ’ lsiss’z'sjss’ 91':91'_91'7 bm:bm_bm’

©)

—0-0, Vi=V,+V,+—.
Ao

In the adaptive controller design, specific variables are designated as follows: 8;, b,,, and © are the
time-dependent estimates of 6;, b,,, and ©, respectively, at time 7. Additionally, for each corresponding
index j, y; is defined as w; — a;_;.

The design includes the definition of a Lyapunov function candidate:

V. =&l pe. (3.25)

Here, V. is a function intended to demonstrate the stability of the adaptive control system, where € is a
vector of error terms, and p is a positive definite matrix.
The time derivative of V, is given by:
V, = é‘Tps + sTpé‘

=g’ (pAO + Agp) e+2&" ps+2e" pD (3.26)

< —(h=2)e"& + IplPI6I + IpIPIDIP,
where A, denotes the nominal system matrix, while ¢ signifies the uncertainties or disturbances
impacting the system, and D captures modeling inaccuracies or other deviations. The expression
pAo + A| p is associated with the Lyapunov equation, which is integral to determining the stability

of the system, emphasizing the system’s ability to return to equilibrium in the face of perturbations.
Based on Assumption 2 and Lemma 4, we can obtain

Vo< —(h-2"e+ Y IpIP o]+ D 1pIP (A + Apcliél)
=1 j=1

< (-2 e+ 3 IpIP oI +2 D plP (A% D + AL (D)
J=1 j=1

- - 3.27
<—(h-2"e+ » IpIP ol +2 > IplPAd iy 327

=1 =1
+IpIP@o(r) + lIpI* 8o (D (10, 1)

n 2 n .
< =(h=2"s+ > IpIP |6, +2 > IpIPAL D) + IpIPeo(r) + IpIPD;,

=1 =1

where the functions ¢((-) and ¢(-) are unknown continuous functions that are central to the system’s
dynamic behavior. Hence, there exists a constant i, such that the inequality:

Po (D (1o, 1)) < Oy, (3.28)
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Step 1. Defining the first dynamic surface
2=y = Ya A1,

where z; represents the error between the actual output y and the desired output y,.
The time derivative of z; is:

21 :)"—)"d—/:fl
:bm(zZ+y2+a1 +ﬂz)+§2+w’T®+82+51+D1—yd—/12+CyT1.

Take Lyapunov function

1 1 1
—67 + =2, + =07,

V. —12+
zl — Z1 2 2m 2

2
The derivative of V,; about ¢ is obtained:

Vzl =711 — élél - Bmém - é(:)

=27 [bm (+m+a +0) +H+W O+ e +6+ Dy — g -1, +C1/Tl]

Using Young’s inequality and based on Assumption 4, we derive the following:

2

bnz1zs < Za"z? +2.
2
max _2
bnziyz < 4 G + 5.
IZZ 2
le/Tz < —+ bmax'
Lz <1+ ﬁ

2Dy < zi [An(yl) + A12(||§||)]
< Z2[An(y) + Ao @ (r+ Do)” + ~

The Eq (3.32) can be transformed into:

2

. T . max 2
Va <z |bpay +H+@ O+ 83+ 0) —Ya+ oy + > Fhu

5 ~ A ~ A ~ A
+21 [An (YD) + Az 0 @ (r + Do)!| + 5 + bl + 33 + 23 — 8101 — bub,, — 9.

4 max

Let
1
H; (X)) ==y +cd; + E/T%Zl +z1 [An(y) + Apoa (r+ Do)] + 1z,

where Xl = [Zhyda yd’;{la;[2a r]T'

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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Then )
X b
Vi <21 |bpai + &+ @ O + &3 + 61 + I;ale + W,y (X)) + By (X))
s (3.40)
3 b + Y3+ 25— 0,0, = bb, — OO — |7,
According to Young’s inequality, we can see that:
X 2 Z20 aZ

aWil v (X)) < W KOIP 2,61, ) (3.41)

2a% 2’

where a; is a positive constant which is strategically chosen as part of the design of the control system.
Given the importance of this design constant, Eq (3.40) can then be transformed as follows:

: b2, XDII 216
V. <2y |bway + To + W O + &) + 6 + 227, + I 1)|2| 2B (X))
2 2a;
) (3.42)
5 ~ A ~ A ~ . a
+q b+ Y2+ 25— 0,0 = bb, — OO — |7,* + 51
A virtual control law is designed as follows:
by . XDII? 10
) = - (b + 32+ + 70 4 WLEI L6 1)|2| 7. (3.43)
b2 +p 2a;
The adaptive law is designed as follows:
A X 2 Z2 A
b= Il ( 12)|| L od (3.44)
2a;
by = 2101 = Yibs (3.45)
0 = mz - 7,0, (3.46)
where the constants k;, o1, 8, 1, and y, are all set to positive values.
Substituting the Eqs (3.43)—(3.46) into the Eq (3.42), we get:
’ brznax 2 ZIIB
Va <uBi (X)) -k - L +z1E + 2101 — = ki +3)z1 T,
2 b2 +p
A XOIPz60,\ 5 o .
'O - W) a1t b2 +vi+ 2%+ 0.000) + Db, (3.47)
ay

2
60 24, 4 3,2
+ Y2 ="+ 57 21

where there exists a non-negative continuous function S (zl, 0, 5m, 01,0, 2, Apeo, Vds r,/Tz), such that:

B
b2 +p

<S (z1 , @, @m, 01,7, 2, Asos Vds r,/iz) .

5 - W)

2
2a N

(—(k1 +3)z5—Tr—0"6-

(3.48)
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There exists a non-negative continuous function K; (zl,yd,yd, r,/Tz) such that the absolute value of

B; (X)) is bounded by K (Z] >, Vds Vds r,/Tz). According to Young’s inequality:

1
2 <77+ Zs%. (3.49)
2 1o
B (X)) <z + ZKI. (3.50)
1
28 <71+ ZSZ. (3.51)
Utilizing Eq (3.49) through (3.51), Eq (3.47) can be reformulated as:
’ brznax 2 5 2 2 2 Vol 7 7
Vzl <- k] - T 7] + Z +bmax -I-y2 +Z2 +0'19191 -I-‘ylbmbm
5 (3.52)
~ A 2y 4 1, 1, 1,
+’)/2®®—|Z1| +3+181+1K1+—S .
According to Young’s inequality:
0,0, < —%éf + %ef
1—a. } (3.53)
< —aquef + %9% - lgef.
Applying Lemma 4 with x = éf",y =1l,a= é >1,and b = ﬁ, we obtain:
1
7' <q(B) +(1-¢g) G54
= g6} + (1 - g).
Therefore
o o0 1-
- 0'1%92 <-—h+ alt 5 D, (3.55)
Substitute Eq (3.55) into Eq (3.53) to obtain:
- ~q. o1, 6! o(1-gq)
0,6, < —oy——67 + —67 — . .
016,0) < -0 R 3 7 (3.56)
Similarly, it can be proved:
- 1-q., v, vibi (-9
< - b - : :
71bmbm S Y1 2 bm + 2 bm 2 + 2 (3 57)
. 1-q- 6% 1-
7200 < -y — 162 + %@2 - 722 £ . D (3.58)
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Therefore, Eq (3.52) is rewritten as

. b> 5 1—¢g-
Vzls—(kl— max)z§+_+b2 eieg-o S m . D

2 4" max 2
724 72q
oty -9 1-q; i, vbh  nl-9 (3.59)
- + - b, + =b, — + :
2 2 Ny TP 2
l-g~ 7. ?’2@2q Y2(1 = q) 2 a% 1, 1, 1,
- @+ Le? - N R L Sy € Y £
TR T ThlTrgrgair Kty

Ifv, = V8+VZ1+A—”O,then:
V=V Vo
1 — Ve z1 /10

n ) n .
<—(h=2)"e+ Y lIpI 6, +2 ) IpIPAL () + IplPeotr) + IpIPH;
j=1 j=1

Bru) o S l—q o1, 08 o(l-g)
—(kl— > )zf+4—1+bfnax+y§+z§—o-179f+79%— 21 L

1-g- bat 1- 1-q~
il Yy 1 g q)_y2 g2 4 V22
2 2 2 2 2 2 (3.60)
(o 1- al 1 1, e A d '
7 +)’2( Q)—|z1|2q+—l+—sf+—K12 —g2_ T (|Y|)+_
2 2 2 4 4 4 Ay Ao Ao
9 1-q,, 0167
< —(h=Z)e e+ IpIPS) — k2 — [l — o — 287 - = 4 )3+ 2
4 2 2
l—q-, vyib l-qg~, v0* 1 , 1., ér
- b, — - o - +-Ki+-S"——+ 00,
V1 5 Om ) V2 3 2 28Ty A oy, r)
A Ay -9, Ap2 4 nd-9 rg, r»l-49, @ + i
4 2 2 2 2 2 2 2
where B
: 2 C AdlyD
0, 1) = > MpIP|o,{]” +2 >, IpIPAZ (yD) + lIplPeo(r) + :
Using Lemma 4, we derive the following:
9 h—2 h-2
—(h->|efTe<——2—&Tpe— —2£Tpe
( 4) 2 T D) o
0 :
<_ h-3 (e7 pe)’ (h_Z)(l_q)_ h-3 & pe
— 2nx(p)g 2max(P)q 2Amax(P)
cr cr cr
= 2 24
RPN B3 e
2/10q 2/10q 2/10
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Then, Eq (3.60) can be transformed into

v h=3 ooy hmi oo (o Bhw) o o
<-4 _ |, ~
YN (¢"pe) TSR L T R
. ’
l-g., 016 , l-q., vibY 1—q~,
- o~ Tyt - by, - - @
(o) 5 I 5 Yo+ =7 5 D > Y> 5
72®2q 1, 1., c cr
_ +-K;i+-5° - a_ =T 4 N+Cy,
R T A
e > (1-9) (1-g) (1-¢)
(oa o1l —q Yi,»  vill—gq Y2 - Y2l —¢q
C:_+b2 _92 —+—b +—+_®+
KA 2 2T T 2 2
2 4 (h=-3)0-9 &1-
NP ek Sl I (T B
2 A 2dn(p) 2109

For i = 2, the first-order filter is designed as follows:

. . 2g9—1 . .
Ti0; = sig(a — w)™ +sig(@im) — w) — ;

2g-1

1 1
— [wil™ sgn (yi) + — lyil sgn (y;)
T Ti

4p-2

IA

Ly
v

1

iy
Tl.zyi 2’

where 7; > 0 is a design constant.
Step i (where 2 <i < s — 1), define the i th dynamic layer as:

Zi = Vi — Wi — ;.
The time derivative of the dynamic layer z; is expressed as:
Zi = Vi — Wi — W '—/Tl-
= Ziel T Vil + @ — LV — 0 + cw; — ;.
A Lyapunov function is selected as

1 1., 1
Vi=Vii+ =z + =07 + =y~
1 2Zl 2[ 2yl

Take the derivative of V; about t and get:
Vi = Vi + zizi = 00; + yii
= Viet + 2 @it + Yiet + @ = vy — @ + ciw; =) = 0:0; + yiy.

Based on Egs (3.70) and (3.71), we can further simplify Eq (3.69):

. . 1 1
4p=2 2
Vi < Vit + 2i|Zis1 + Yir1 + @i — vy + 2 lyil™ —Vi

i i

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)
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Applying Young’s inequality, we find:

1
2 2
Zili+1 S Zzi + Zi+1’

< 1, 5
ZiYir1 = 7% T Viy-

Using Lemma 5 Young’s inequality, Eq (3.69) can be transformed as follows:

. . 1
4p-2
Vi<Vii+z (Zi+1 + Yie1 T @ = Ly + = lyil ™"

; 2
i
|4p—2

. 1 1
<Vii+z (Ezi +a@; = Ly, + ) lyi 5

1, 1
+§yi+—+cﬂ,-

1

~ A . 2 2
=00, +yiyi + 75, + Vi

Let ! | 1
Hi (X)) = 5 il + 507 + 5 + el + =
T T 2

1

where X; = [z, yi, /l,-]T, then

) X 1
Vi<Viag+z (EZi +a; =iy + W*T% (X)) + B; (X))

hi

z A . 2 2 2
=60, + yiyi + Ziy + Vi — il ™

Using Young’s inequality as shown in Eq (3.74), we can transform Eq (3.73) into:

lly; (XD 226; N a;

2a? 2’

i

ZiW*Tlﬁi (X)) <

hi

1, 1 - A .
+§yi+—+cﬂi — 0,0 + yiyi

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

where a; > 0 serves as a design constant that helps balance the trade-off between the growth of the

Lyapunov function due to the nonlinearity in the system and the control effort.

||Wi (Xi)||2 Zi0;
2

a;

. . 1
Vi<V +z (EZi +a; — liVm,l + + B; (X))

2

z A . 2 2 20, 4
= 0i0; + yiyi + ziy + Vi — ™+ bR

The virtual control law is designed as follows:

Il (XoII* z:6;
24> '

1

5
a; = — (k, + E)Zi + livm,l

The adaptive law is designed as follows:

A ,'Xi zZ‘2 N
5 lwoors

i > i
2a;

(3.75)

(3.76)

(3.77)
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where k; > 0, 0; > 0 is the design constant.
Substituting the Eqs (3.76) and (3.77) into the Eq (3.75), we get

2

oL A a
Vi < Viy + 2B (X)) + a800; + yyi + 20,y + v, — |zl + EI -2z
2
: . 2 2 2, % 2
< Vit + zBi (Xo) + yiyi + Ziy + Yiy — lzl™ + 5~ 2z;
l—q~ o1, &7 o(l-gq)
—o— P+ 2P - — 4 )
2 ! 2! 2 2

There is a nonnegative continuous function K; (z;, y;, 4;), which makes |B; (X;)| < K; (z;, i, 4i).

From Young’s:

1
zB; (X)) < Z% + Z 12

Based on Egs (3.79) and (3.78) can be reformulated as:

2

. . a”
Vi< Via+yyi+ Z,-2+1 + y,-2+1 — |zl + El - Z? - kiZ,-z
l—q., o, 087 ol-gq |1
— 00+ =6 - —— + — + —K>
Ty TR Ty 2 4
h-2 h-2 1 ¢ er

<-——1 ETpsq——48Tp8+—S2— rt— —
2/1max(p)q ( ) 2/1max(p) 4 2/109 2/10

1-q, byl 1-gq. 6%
+ 00 ) = y1— B - T gy e N

2 2 2 2 ‘
j=2
B2 i 2 i 1—q. i O.jé%q i1
_(kl_ r;ax)z%—ij — O'jTQ?— TJ+Z(ZKJ2+CJ)
j=1 j=1 j=1 j=1
i—1
1 2 1 1 )
+ ) =il - (— - 2)Y§ + Z’ﬁ + YiVi + G+ Vi Vs
T 7
where )
a;, o oi(l —¢q)
Ci= = +—6 + ———=.
2 2! 2

The first-order nonlinear filter is introduced as follows:

1 . B 1 .
@ = ——sig(y)* ™ — —sig(y),
T Ti

1

(3.78)

(3.79)

(3.80)

(3.81)

where 7; is a positive design constant, @;_; and w; are the input and output of the first-order

filter, respectively.

Assuming the existence of a non-negative continuous function 7, (Zi, Vi, 0,,b,,0, Vas Va> Vas T 7‘1,-), it

can be stated that: :
|—aii| < 7 (Zi, Yis 0is b, ©, Ya, Yas Vs 1, /11') )

(3.82)
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yivi = yi(w; — 1)

N
—;i|)’i| —T_i)’i—J’ia’i—l (3.83)

1 1 1
- il — ;y? +y7 + Zn?-

1

IA

Substituting the Eq (3.83) into the Eq (3.80)

h-2 (67 pe)' h-3 Jlepoe e
i K———— & pg) ————E pe+-85° - rf — —
Daac)g T T 20 T E T 200" T 20
b4 l1-g y,0%
+ —bz —~ 0 - kizs
O, 1) = > 3 Y2 > 2 JZ;‘ i<
; ; > ; 3.84)
i i 02q i (
2q ~ O-] j 1 2
(=)= Y- Y - 3 1 v
=1 =1
+Z——| 2q———2 JRIE] B B
Y 7 4771' Ziv1 T Vig1-
Here is a reformulated expression of your description of a first-order filter:
Tyws = sig (a1 — w)* " + sig(a, | — wy)
ol 1 .
= ;S |ys| sgn (ys) + ;S |ys| sgn (ys) — Wy (385)
| 1 1
< p—2 2 + =

where w; is the output of the first-order filter with a,_; as input, and 7, > 0 is a design constant.
Step p: Define the p th dynamic surface

Zp = Vimp — Wp —Ap. (3.86)
The derivative of z, with respect to time 7 is

Zp = Vmp — Wp — Ay

. (3.87)
= Vipr1 = LoV — @, + ¢, + g(v).
Select a Lyapunov function as:
1, 1, 1,

Vp = Vp 1+ 22 + ng Eyp (388)

The design control law is as follows:

2,
H'ﬁp (XP)H Zp6p

- (kp + 3) Zp ~ Vimp+l + lpvm,l - . (389)

2
2ap
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An adaptive law is designed as follows:

6, = H% H By (3.90)
pYp» .

where k, > 0, and o, > 0 are design constants.
The proof process of p step is similar to the previous one, so I won’t repeat it here. Therefore, the
derivative of V, is

v <——h_421 (eSTps)q——h_‘21 sTps+152— ¢ rq—Z
r= 2/lmax(p)q 2/lmax(p)

l=g7 yib 1-gqa, 707 K,
+ 1) — b, — —Y——0" - —— - > ki
Q0.1 = n——by - = . FZZ,ZJ
P g4 o (3.91)
max | _2 2q 1 - q g; J 1 2
_(kl— 2 ) 1_Z|ZJ| - JTQJ—Z 2 +Z(ZK]+CJ)
j=1 j=1 j=1 j=1
P
1| 24 1 , 1,
Sl
j=2
3.4. Stability analysis
The compact set € is specified by the vector components:
— T
Q= { Zps Vs Ops by O, 1, s] :V=V,< P}, (3.92)

where P represents any positive constant. On the compact set Q X €, the non-negative continuous
function n;(-) attains a maximum value of M;. The non-negative continuous function K;(-) reaches a
maximum value of N; on the same set, and the non-negative continuous function S achieves a maximum
value of N, on this set.

Theorem 1. Consider a closed-loop system composed of system Eq (2.1), control law Eq (3.89),
virtual control laws Eqgs (3.76) and (3.43), along with adaptive laws Eqs (3.44)—(3.46), Eqgs (3.77)
and (3.90). If Assumptions 14 hold, and the initial condition satisfies V(0) < P, by appropriately
choosing positive constants k;, T;, 07;, v1, Y2, h, ¢, the boundedness of all signals within the closed-loop
system can be ensured. Furthermore, the design constants k;, 7;, 07, ¥1,¥2, h, €, the boundedness of all
signals within the system can be ensured, achieving practically finite-time stability.

klzb‘;dxl-'_ao h> O-t>05)/1>O’E>0,72>0,i:1,---,p
kjz %, ;22J—2 e

h-3 c . .
@y < min {Cﬂ'(l - q), U—“(p)m(l ). 72(1-9). 5.+ - 2} (3.93)
Po < min {24 2o, 2ma (p)q’y12 ’),221—(]’ E/;q_ ’ Tl 2q}

The Lyapunov function is defined as follows:

P P
1 1.
V:Vp:V8+/l—ro+ E Ezf+ E §9f+
i=1 | i

i=1

Q2. (3.94)
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The time derivative of V is

h - % ( T )q h - 2 T E q E‘I’
S——————\& pg) — gpe——rt— —
Q/Tmax(p)q 2Z—-max(p) Q/qu 2;[O
1-q.- bl 1-gq= 0 &
£ 00—y by = T -y, =62 - I Y ke

o)
1 2q 2 1 2 1 )
+; __i|YI| _(_1—2) I+ZMI +ZN0 (3.95)
P 2 9
b h—3 cr 1-qg-
< |= klz—k— max | 2 4 T o b2
B Z;‘ i ( 2)1 o). PE 720 V2 O
1-4gq0 l-g5 p(l )2 h_% T\
2 a i~ 0 — —=2|yi|+ |5 |& pe
2 Z 22] 7 S © 79
- 7.2q 229 P P 92(1 o 1
_C . by yOT FE S/ o B SN I,
v 5 > ; |l ; 2 ; - lyil oW, r),
where
C‘i N+ C +ilM2+1N2 (3.96)
= - 4 i i - 4 i 4 0 .

If V(r) < P, then the variables z,,,, 9p,f9m,®, r,g,y are all bounded. From the equation z; =
y — yq —Aj, it is evident that1; is bounded. Furthermore, according to Eq (3.26), 4; is confirmed to be
bounded. Based on Eq (3.17), it is known that  and = are bounded as well. From system Eq (2.1) and
the third expression in Eq (3.17), it can be seen that

1= STV L2+ 41, {d”y S dly

L(s)B(s) drm & dr

[fi) + di(€,y, l)]} - (3.97)
Given that L(s) = |s] — Ag| = s" + I;s" ' +--- + [,_;5 + I,, and considering that f(y) and d;(&,y,t) are
smooth functions, it follows that the values Ay, - - - , 4,41 are bounded. In conjunction with Eq (3.13),
this ensures that the variables v, 1, V12, ..., Vo2 are also bounded. From Eq (3.43), we can see that
) 1s bounded. With v,,» = 2z + y» + @ + 4y, it is clear that v, , is bounded. Referring to Eq (3.89), we
find that the control law is also bounded. Consequently, Eq (3.95) can be simplified as follows:

V < —ayV —ByVi+C+ Q@,r). (3.98)

Given that Q(y, r) is a non-negative continuous function and the variables y and r are bounded, it
follows that Q(y, r) is likewise bounded. Consequently, there is an unknown positive constant y such
that Q(y, r) < uy. Hence, Eq (3.98) can be simplified as follows:

Where

C=C+ Mo-
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IfV=Pandqy > %, then V,, < 0. If at the initial time V(0) < P, then for any # > 0, V() < P. Multiply

both sides of Eq (3.98) by ¢*’ and then integrate over the interval [0, 7] :

C
0<V(@)<—+
@

V(0) - a%] e, (3.99)

According to Egs (3.94) and (3.99), and Lemma 2, the settling time 7)) can be estimated as less than or

l-q
equal to ——1 @V T(x0)+vfo
q @0(1=9) " 4(C/(1-)80)" " " +vB0

the system’s state to reach a predefined neighborhood of the equilibrium under the specified conditions.
2C

|z1] < \/ —+2
Qo

To assess the efficacy of the control strategy introduced in this research, we explore a particular
scenario: An output feedback nonlinear system characterized by unmodeled dynamics and quantized
input delays. Through detailed analysis of this system, we aim to comprehensively evaluate the
performance of the proposed control approach in real-world settings.

. This formula provides an upper bound on the time required for

V() - E] el (3.100)

@y

4. Numerical examples

{=-20+ysint+0.5
X1 =x + X1€_0'5x1 + O.leg sin (x;1)

Xy = xlx% + (3 = cos (x1x2)) gq(v(t — 7)) + 0.12% cos (0.5x,1) @D
y=x
Select the desired signal as
va = 0.5 sin(z) + 0.5 sin(0.57). 4.2)
The design of k filter is as follows
T] =-LT+7Ty+ lly
Tr = —LY1 + by
Ei=| =L 1[E+| 6T O
.-_1 1 = ¢1 () 1T><M1 . 4.3)
oy = —lz 0=+ 01><M2 ¢1 (y)
/.ll =—-LA + A,
A = =ha; + q(v(t — 1))
The auxiliary system is described as follows:
A =2 — ey
. . 4.4
{ T = sty + q(v(i — 1) — (V) @b

The coordinate change design is as follows:

2=y —ya—
A . 4.5
{ 22 = Vmp — Wy —Ay *3)
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A virtual control law a; is designed as follows:

by, . X)I?z,0
) = —= (k1+3)Z1+T2+wT®+”wl( 1)|2| <101 ) (46)
b2 +p 2a;
The control law v is designed as follows:
X0\ 2,0
y=-— (kz + 3) 22— Voot ZQVOJ — M (47)
2a2
The adaptive law of design parameters is as follows:
A X 2 Zz A
0, = w — 6. (4.8)
2a1
b = 2101 = V1. (4.9)
0 = @z — 1,0. (4.10)
A X 2 22 A~
b, = by (XDII” 25 b @.11)

2
2a2

In this study, we examine two dynamic systems X; = [z, Ya, Va» A1, A2, r]T and X = [z2, )2, /lz]T.
The dynamic signal of the system is given by the following equation:

i=-r+1.5x}+0.8. (4.12)

For the simulation and analysis of the system, we set a series of initial conditions and parameter
values. The initial state is set to: x,(0) = 0.1, x,(0) = 0.1,8,(0) = 0,8,(0) = 0, w,(0) = 0.1, 7(0) = 0.1,
41(0) = 0,42(0) = 0,£1(0) = 0.1,£(0) = 0.1, E1,(0) = 0,E2)(0) = 0,4,(0) = 2,(0) = 0. The design
parameters are selected as follows: a; = a, = 1,00 = 0, = 0.001,7, = 0.25,y;, = y, = 0.001,
g=06n =n =10,y =L =10,8=0.3,¢;, =38, =2,p = =,5,,(0) = 3, Vi = 0.2, vy, = %,
6 = T2 Viin = P Vmin, i = 1,2, 00,k = 15,k = 30.

The simulation results depicted in Figures 1-4 demonstrate various aspects of the system’s
performance. Figure 1 shows the actual output y (solid line) closely mirroring the desired trajectory
vq (dotted line), with slight discrepancies indicating the system’s capability to approximate the target
trajectory effectively. In Figure 2, we compare the original control signal v(¢ — 7) (dotted line) against
its quantized version g(v(z — 7)) (solid line), where the quantized signal reveals notable abrupt changes,
underscoring the effects of quantization. Figure 3 displays the tracking error e;, which fluctuates
around zero, suggesting competent tracking despite transient peaks. Last, Figure 4 illustrates the raw,
unquantized control signal v(# — 7), characterized by intense fluctuations and spikes, indicative of the
system’s responsiveness to dynamic changes and corrective actions in real-time.

3
17°
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Yy Ya
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4t i
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6+ i

-1
8 | | 50 , 55 | 60
(o} 10 20 30 40 50 60
t/s

Figure 1. Output y (solid line) and expected trajectory y, (dotted line).

40
40 ———v(t—171)
30 |- 20 ith —q(v(t—71))|
0]
20 - it _
0 ii-20 hi |
i I
N 40 | I |
« 10 i n
| 0 20l il
\g/ [ | | 'I | ‘ ’i ' )
= o ~ - ‘ o - s i
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|
= 10t §
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-40 I I I
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t/s

Figure 2. Control signal v(t — 1) (dotted line) Quantizes control signal g(v(¢ — 7)) (solid line).
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12 14

-1 10 L 20 I I
0 10 20 30 40 50 60
t/s
Figure 3. Tracking signal e;.
40
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AIMS Mathematics

Figure 4. Control signal v(t — 7).
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5. Conclusions

We introduce a novel adaptive dynamic surface control approach designed for nonlinear systems
with complex attributes such as unmodeled dynamics, quantized input delays, and dynamic
uncertainties. We integrate dynamic signal processing methods to tackle the unmodeled dynamics,
thus enhancing the adaptability and robustness of our control strategy. Furthermore, the incorporation
of Young’s inequality and neural networks into our strategy bolsters its ability to manage inequality
constraints and adapt to dynamic uncertainties effectively. An auxiliary function has also been
introduced to mitigate the effects of quantized delays, thereby maintaining system performance.
Theoretical analysis alongside simulation results affirm that our control strategy ensures all signals
remain within bounded limits, showcasing robust control performance amidst complex dynamics.
Looking ahead, we plan to extend our research by exploring the integration of more advanced
filtering techniques and enhancing the neural network models to increase the control strategy’s
efficiency and reliability.
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