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Abstract: A new nonlinear fourth-order sin-Gordon equation with actual physical background is first
created. Then, by introducing an auxiliary function, the nonlinear fourth-order sin-Gordon equation
is decomposed into the nonlinear system of equations of second-order derivatives of spatial variables.
Subsequently, the time derivative is discretized by using the Crank-Nicolson (CN) scheme to construct
a new time semi-discretized mixed CN (TSDMCN) scheme. Thereafter, the spatial variables in the
TSDMCN scheme are discretized by using a two-grid mixed finite element (MFE) method to construct
a new two-grid CN MFE (TGCNMFE) method with unconditional stability and second-order time
precision, which consists of a system of nonlinear MFE equations defined on coarser grids and a
system of linear MFE equations defined on finer grids with sufficiently high precision, and is very easy
to solve. The existence, stability, and error estimates of the TSDMCN and TGCNMFE solutions are
strictly proved theoretically, and the superiorities of the TGCNMFE method and the correctness of
theoretical results are verified by two sets of numerical experiments.
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1. Introduction

Let Q ¢ R? (d = 2,3) be a connected bounded domain with the boundary Q. We propose a new
nonlinear fourth-order sin-Gordon (NFOSG) equation, which is different from the standard sin-Gordon
equation in [1,2] and is defined as follows:
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Problem 1. Find w : [0,t,] — C*(Q), satisfying

wa(x,1) — Aw(x, 1) + A’w(x, 1) + sin(w(x,1) =0, (x,7) € Qx(0,1,),
w(x,t) = Aw(x,t) =0, (x,1) € 02 % (0,1,), (1.1)
w(x,0) = wy(x), @i(x,0)=m(x), x e Q,

where t, is a specified time upper bound,
d
wl‘l‘(x’ t) = a2w(x’ t)/at2’ X = (xlv-xZ"" ,Xd), A = Zaz/axl2
i=1

is the Laplace operator, both wy(x) and w(x) are sufficiently smooth known initial functions, and
w(x,1) = 0w(x,1)/ot.

The NFOSG equation is obtained by adding a fourth-order term A’w(x,f) to the standard
sin-Gordon equation. It is well known (see, e.g., [3-5]) that the fourth-order term A’w(x,?) can
describe the deformation of an object under the action of an external force such as seismic waves and
flying aircraft, while the nonlinear term sin(w(x, ¢)) can describe the nonlinear behavior of a moving
body/wave. Therefore, the NFOSG equation can not only describe the fluid mechanics of porous
media [6-8], groundwater dynamics [9], seepage mechanics and groundwater hydraulics [10-12],
etc., like the standard sin-Gordon equation, but also describe the nonlinear deformation behavior of
moving bodies/waves, such as the movement of seismic waves or the movement of flying aircraft.
Therefore, the NFOSG equation is an important mathematical physics model with a real application
background and has a wider range of applications than the standard sin-Gordon equation.

However, as a result of the NFOSG equation including a strong nonlinear term sin(w(x, 7)), it is very
difficult to solve analytically. A numerical method is the most effective choice to solve the NFOSG
equation. Fortunately, the numerical methods of the NFOSG equation play a pivotal role in simulation
of the earthquake wave, the motion of flying aircraft, as well as the fluid mechanics of porous media,
groundwater dynamics, seepage mechanics, groundwater hydraulics, and other phenomena. Therefore,
it is very important to study the numerical methods of the NFOSG equation.

A large number of numerical examples have showed that the two-grid finite element (FE) algorithm
is one of the best numerical methods for solving nonlinear partial differential equations (PDEs), which
consists of a nonlinear FE system of equations defined on coarser grids and a linear FE system of
equations defined on finer grids with sufficiently high precision. Hence, it can simplify computation
and enhance calculation efficiency. It was originally used to solve quasi-linear elliptic equations [13].
More recently, Shi’s and Liu’s teams have used it to solve some of the more complex nonlinear PDEs
(see [14-16]).

However, to our knowledge, at the moment, there has been no report on the Crank-Nicolson (CN)
mixed FE (MFE) (CNMFE) format for the NFOSG equation reduced with two-grid FE technique.
Therefore, the main task of this paper is to develop a new two-grid CNMFE (TGCNMFE) method
for the NFOSG equation (i.e., Problem 1). The TGCNMFE method has at least three benefits. First,
by introducing an auxiliary function ¢ = Aw, the NFOSG equation is split into two second-order
equations, which can be easily solved by lower degree FEs such as linear or quadratic FEs. Second, the
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TGCNMEFE method has unconditional stability and second-order time accuracy. Third, the TGCNMFE
method also consists of a nonlinear MFE equation defined on coarser grids and a linear MFE equation
defined on finer grids, which greatly simplifies the calculation and improves the calculation efficiency.

Although some single-grid FE methods for the standard sin-Gordon equation with only second-
order derivatives of spatial variables have been proposed in [10-12], they are completely different from
the TGCNMFE method for the NFOSG equation with fourth-order derivatives of spatial variables.
Both the TGCNMFE method and the NFOSG equation are far more complex than those in [10-12].
Therefore, both the establishment of the TGCNMFE method and the theoretical analysis of existence,
stability, and errors of the TGCNMFE solutions herein are more difficult and require more skills than
the single-grid FE methods in [10-12], but the NFOSG equation has a wider range of applications
than the standard sin-Gordon equation, as mentioned above. Hence, it is very valuable to study the
TGCNMEFE method for solving the NFOSG equation.

The rest of this paper consists of the following four sections. In Section 2, by introducing an
auxiliary function ¢ = Aw, we split the NFOSG equation into two second-order equations, and by
using the time CN scheme to discretize them, we design a new time semi-discretization mixed CN
(TSDMCN) scheme and discuss the existence, stability, and error estimates of the TSDMCN solutions.
In Section 3, by using the two-grid MFE method to discretize the TSDMCN scheme, we construct a
new TGCNMEFE method for the NFOSG equation and analyze the existence, stability, and errors of
the TGCNMEE solutions. In Section 4, we use two sets of numerical experiments to confirm the
correctness of the obtained theoretical results and show the superiorities of the TGCNMFE method.
Finally, we give the main conclusions of this article and future study prospects in Section 5.

2. A new time semi-discretization CN scheme

The Sobolev spaces and norms used in this context are classical (see [5,17, 18]). Let
W =H)(Q) and ¢ = -Aw.
Thus, by Green’s formula, we can derive the following mixed variational format of Problem 1.
Problem 2. For any t € (0, t,), find (@, ¢) € W X W, meeting

(@, v) + (Vo, Vu) + (¢, v) = (f(@),v), Yv e W,
(Vw, V) = (¢, 1), Vi eW, 2.1)
w(x,0) = wo(x), @(x,0)=m(x), p(x,0) = —Awy(x), xeQ,

where (-,-) denotes the L?* inner product, and

f(@) = —sin(w@).

Using the proof method of Theorem 3.3.1 in [5] or the proof method of the following Theorem 1,
we can demonstrate the existence and stability of the generalized solutions for Problem 2.
In order to establish the TGCNMFE method, we first set up a new TSDMCN scheme. Therefore,
we assume that K > 0 is an integer,
At=1t,/]K
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is the time step, and @* and ¢* are the approximations to @(x, r) and ¢(x, ) at
t = kAt (0 < k < K),

respectively.
Using an implicit scheme of time to discretize the first equation in Problem 2 yields

1
R(w"“ - 2" + @ v) + (VL Vo) + (L ) = (F(@®),v), YveW. (2.2)
Using an explicit scheme of time to discretize the first equation in Problem 2 yields
1
R(WM -2 + @ v) + (VoL Vo) + (L) = (F(@ N, v), YveW. (2.3)

By adding formulas (2.2) and (2.3), we obtain the following brand-new TSDMCN format, which is
different from the existing time semi-discrete formats, including that in [1].

Problem 3. Find {@*, o*} € W x W (1 < k < K), meeting

k+1

1 1
(@ - 20" + &) + §(V(90k” + 1), Vo) + 5(90"” +¢v)

AP
1 k+1 k—1

:E(f(w )+ f(@ ),v), YveW, 1<k<K-1, (2.4)

(Va*, V) = (¢5,9), V9eW, 0<k<K,

o =w,, w' =+ Atw, 900 = —Awy, (,01 = o — AtAw,, in Q.

For Problem 3, we obtain the following results:
Theorem 1. Problem 3 has a unique series of solutions
(@, t,ok},f:1 CWxW
meeting the following boundness, i.e., stability:
IVa“llo + IV¢llo < cll@olli + llwll), 1 <k<K. (2.5)

The c used in this context is a generical positive constant independent of At. And, when wy(x) and

@ (x) are adequately smooth, the series of solutions {@*, ¢ }kK: | meets the error estimates

IV(@ () = @l + IV(p(t) = ¢O)llo < eAP, 1< k<K, (2.6)

where
@(ty) = w(x, 1) and @) = e(x, 1) (1 <k < K).
Proof. The demonstration of Theorem 1 consists of the following three parts.

(1) The existence and uniqueness of series of solutions of Problem 3.
Taking
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in the first subsystem of equations of (2.4), by the second subsystem of equations of (2.4), the Holder
and Cauchy inequalities, and the Lagrange differential mean formula (LDMF), we obtain

AP AP?
k+1 k112 k k—1112 k+1112 k—1112 k+1112 k=112
"™ — @5 - lo" — o |i; + 7(”90 5 = Nl ) + T(IIVW o = IVaig)

Ar? _ _
— T(f(’wjﬁ—l) +f(wk 1), wk+1 _ wk 1
< AP (|l - F + 1o - &R, 1<k<K-1. (2.7)

By summing (2.7) from 1 to k (k < K — 1) and using the third equation of (2.4), we obtain
At Ar?
" — @[ + 7(||90k+1||(2) + e l5) + T(IIVWJ‘”H% + IV |[)

k
AP? AP? . 4
1 0112 1112 0112 112 0112 2 1 2
<lw -y + - (eIl + lle™llg) + - IVl + IV lly) + cAt E ™ —@’|l;
=0

k
< AP (lwoll; + |l + cAP Z o™ — @5, 1 <k<K-1. (2.8)
j=0

When At is adequately small satisfying cA#> < 1/4, by simplifying (2.8), we obtain
&t = @|I§ + APl 15 + AP IV G
k=1
< AP (laoll + |l ) + cAP Z o™ —@|lj, 1<k<K-1. (2.9)
=0

By applying Gronwall’s inequality (see [5, Lemme 3.1.9]) to (2.9), we obtain

ket 1 ki1 2 k12 2 ket 172
la™ — @[y + Arlle™ [l + A IIVa™ |l

< cAP(||lwoll? + |l |?) exp(ckAr?) < cAP(||aol + la|?), 1 <k<K-1. (2.10)
Thereupon, we obtain
e lo + IVl < cllaolly + llmill), 1<k<K. (2.11)

Further, by the first and second subsystems of equations of (2.4), the Holder and Cauchy
inequalities, and LDMF, we obtain

V@' - a5 - V(@ - a* DI + A;(nwk“né — VeI
+ %tzakok“né — 7D = @' = 20" + 2L g -
+ ATIZ(V(QOHI + ‘Pk—l),v(wkﬂ _ QOk_l)) + %ﬂ(wk+l + QDk_l,QOkH _ <,0k_1)
= Ath(f(w"“) + f(@ ), ¢ = ¢ < cA(l*! - DG + 1t - IR
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+ ALl + 1R, 1 <k<K-1. 2.12)

By summing (2.12) from 1 to k (k < K — 1) and using the third equation of (2.4), we obtain
k1 e L AP ka2 s L AP o kij2
V(@™ — @)l + T(IIVQO 5 + IVe™(lo) + 7(”(# Ils + l"115)

k k
<cht Y llo = @+ cAP Yl IR + cAR(lmol} + ), 1<k <K -1 (2.13)
J=0 j=0

When At is adequately small satisfying cA#> < 1/4, by simplifying (2.13), we obtain

k+1 ky (12 210, A2 21 12
V(@™ = @)l + AV i + Arlle™ Il

k-1 k=1
< cAtZ @' — @*|2 + cAP Z ™ P + cAP(lwol? + | |?), 1<k<K-1. (2.14)
Jj=0 j=0

By applying Gronwall’s inequality (see [5, Lemme 3.1.9]) to (2.14), we obtain

V(@ = @5 + ALV G + ALl 5 < cAP(lwoll; + llwill}) exp(ckAr), 1<k<K-—1.
(2.15)

Thereupon, we obtain
IV llo + 11" llo < cllwolls + llaill), 1<k<K-1. (2.16)

Thus, when
wy = w; =0,
by (2.11) and (2.16), we obtain
=t =0.
This signifies that Problem 3 has at least one series of solutions {@*, ¢* }2’: -

If Problem 3 has another series of solutions {&*, c})k}szl, it should satisty the following system of
equations:

1

At
1 e

= 5(f(wk“) + f(@& ), YveW, 1<k<K-1, 2.17)

(V&' Vo) = @.9), YoeW, 0<k<K,

& = w,, Coo = —Awy, @' =w, (,ZJ1 = o — AtAw, in Q.

k—1

1 1
@& - 2&" + & v) + §<V<¢"” + @), Vo) + 5(@"” + @ v)

Let

Ef =o' —&" and & = -3~
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Subtracting (2.17) from (2.4) yields

1 1 1

~ (Ek+1 —2EF + EF1, v) + 5 (V(e’“rl + e, Vv) + 5 (ek“ + e, v)
1 3 e

=5 (f@ D+ f@ ) - f@ ) - f@ D), VweW I<k<K-1. (55

(VE", Vﬁ) = ("9, V9eW, 0<k<K,

E°=FE'=0, ®=¢'=0, in Q.

Taking . .
v=E" -E"

in the first equation of (2.18), by the second equation of (2.18), the Holder and Cauchy inequalities,
and the LDMF, we obtain

2(1E" = EMlg = IE* = E'II5) + APl 1 — 1l 115) + A (IVES1I5 — IVE*|3)

N (f(wkﬂ) _f({D_kH) +f(wk—l) _ f(zb_k—l)’EkH _ Ek—l)

- AP (Ek+1f/(§k) + Ek—lf/(fk_l), Ek+l _ Ek—l)

< cAP(IEM — EMR + IEF - EF YD), 1<k<K-1, (2.19)

where & lies between @' and W' (i = k, k — 1).
Summing (2.19) from 1 to k (k < K — 1) and noting that

E'=e'=E'=¢" =0,
we obtain
EMT = EXIE + A2(IEIS + 1€N13) + AZAIVER IS + IVEXIS)

k
< cAP Z IEF —E'R, 1<k<K-1. (2.20)
i=0

When At is adequately small, satisfying cAr> < 1, by simplifying (2.20), we obtain
k=1

|EF! — EFI2 + A2 |2 + AZIIVER2 < cAf? Z IEF' —E5, 1<k<K-1. (2.21)
i=0

By applying Gronwall’s inequality to (2.21), we obtain
IEF! — ENB + A2 5 + APIIVEF 2 <0, 1<k<K-1. (2.22)

Thereupon, we obtain
& =& and ¢ =¢" (1 <k<K).
Hence, Problem 3 has a unique series of solutions {w*, ¢*}¥ .

(2) Discuss the boundness, i.e., stability of solutions {w", ¢*}£_ of Problem 3.
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When Problem 3 has a unique series of {w*, ¢* },Ile ,by (2.11) and (2.16), we claim that it is bounded,
i.e., stable, namely (2.5) holds.

(3) Estimate the errors of solutions {@*, ¢*}X | of Problem 3.

k=1
Via the Taylor expansion, we obtain
AP r Att
V(teer) = v(ty) + Atv’(tk) + TV”(Z‘]() + ?V’”(lk) + gv”'(tk) + -, (2.23)
’ Atz ’’ At3 244 At4 24
V(te-1) = v(te) — Atv' (1) + - (t) — e (f) + 7" (t) + -, (2.24)

1

fOte1) = fO0E) + [V(Ers1) — v 1 (v(te)) + E(V(tkﬂ) =Vt f () + (2.25)
1

fOt-1) = fOt) + [v(Et-r) = v 1f (v(t) + E(V(tk—l) — V() f () + - (2.26)

Therefore, we obtain

@(tee1) = 2@ (1) + @(tie1) AP

@ (1) = AL + gwm(ﬂk), l-1 < Gk St (2.27)
o(t) = Pl ; Pl _ APE"(6h), Bt < Sk < B (2.28)
Fw(t) = f(@(te)) + f(@(t-1) APR(x. 1), (2.29)

2

where R(x, t) is a bounded remainder function, which is obtained by (2.23)—(2.26).
Thereupon, subtracting the first equation of (2.4) from the first equation of (2.1) after taking t = #;
and setting
o =w(x,n) - @ and ' = e(x, 1) - &,

we obtain the following system of error equations:

Aiﬂ (Qk+1 _ 2Qk +Qk—1,v) + %(V(ékﬂ +§k—1)’ Vv) + % (§k+1 n @k_l,v)
= % (f(w(l/m)) — f(@) + f(@(t)) - f(wk‘l),u)
+ AP (R(x,0),v),YveW, 1<k<K-1, (2.30)
(Vo' V9) = @ .9, v9eW, 0<k<K 2.31)
mei=di=a=0 (2.32)

where R(x, ?) is also a bounded remainder function, which is determined by substituting (2.27)—(2.29)
into (2.1).
Taking
v = o1 = gk
in (2.30) and using Eq (2.31), the Holder and Cauchy inequalities, Green’s formula, and the LDMF,
we obtain

K+l _ k2 ak k=12 A_tz k12 =k=12 A_tz Vol 12 — (Vo 1|12
llo ollg—lle" —o g + > 2" Iy = 110" 1lg) + > (Vo™ llg = IVe* )
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AP _ _ _
= S (@) = f@) + f@) - f@ .0 =) + A (R, 0.0 - o)
< eAH([l0"! = O IB + llo* — o) +eA, 1<k<K-1. (2.33)
Summing (2.33) from 1 to k (k < K — 1), and noting that

@ =0'=0"=0"=0,

we get
N B A
llo**! = Il + T(IIQ"”H% +112°115) + T(HVQIM”(Z) +IVo“II)
k
<cAr Y g™ - QIR+ ckAT, 1 <k<K-1. (2.34)
i=0
Thus, when At is adequately small, satisfying cAr < 1/4, by simplifying (2.34), we get

k-1
10! = &MU + AP + APIVE IR < cAr Y llg™! = @'l + A, T<k<K-1. (235
i=0

By applying Gronwall’s inequality to (2.35), we obtain
0" = 0I5 + APIBIZ + APV IS < cAf® exp(ckAt) < cAf®, 1 <k< K- 1. (2.36)
Thereupon, we obtain
() = @1l + IV (@ (1) — @)llo < AP, 1 <k <K. (2.37)
Further, by (2.30) and (2.31), the Holder and Cauchy inequalities, and the LDMEF, we obtain
219" = g5 = V" = 5D + A2AVAIE = VA HIE) + A~ IiE = 187" 11D)

— (pk+l _ 2pk +pk—l ﬁk+1 _ﬁk_l)
+ Atz(v(ﬁkﬂ +[~)k—1)’ V(pkﬂ _ﬁk—l)) + Atz(ﬁkﬂ +ﬁk—l’ﬁk+l _ﬁk—l)
= AP (f(@(tin)) — (@) + f(@(tie) — f(@ ), 7% = 1) + A R(x, 1), p = p1)
< cA(IVET = FHIR +1IVEE = 5DIR) + ACQETR + 1571 1R) + eA, 1<k<K—1. (2.38)

By summing (2.38) from 1 to k (k < K — 1) and noting that

o =0'=0"=0"=0,

we obtain

20V @ = pOlG + ALAIVEIG + 1IVAMIG) + A= 1IG + 1151115

k k
< cAtZ V@™ = IR + cAP Z P72 + ckAr, 1<k<K-1. (2.39)
=0 j=0

AIMS Mathematics Volume 9, Issue 11, 31470-31494.



31479

Thus, when At is adequately small, satisfying cAr < 1/2, by simplifying (2.39), we get
IV@* = BN + ARIVE G + AP

k-1 _
< CAIZ V@™ = p)IZ + cAP Z P2 + A, 1<k<K-—1. (2.40)

j=0 Jj=0
By applying Gronwall’s inequality to (2.40), we obtain
V@ = N5 + A2IVEIG + AP IG < cAf® exp(ckAr) < cAf®, 1<k<K-1. (241)
Thereupon, we obtain
IV(e(2) = @Mlo + llp(t) = ¢Hllo < cArt, 1<k <K—1. (2.42)
Combining (2.37) with (2.42) yields (2.6). Theorem 1 is proved. O

Remark 1. Theorem 1 shows that the TSDMCN solutions are stable and their H' norm error estimates
can reach second-order accuracy, which is the optimal order error estimates.

3. The TGCNMFE method

In order to construct the TGCNMFE format, it is necessary further to discretize the spatial variables
in Problem 3 by using the two-grid MFE method. To this end, we assume that 3 is a coarse grid
of quasi-uniform partition on Q, which is formed by two-dimensional triangles or quadrangles and
three-dimensional tetrahedrons or hexahedrons, and H denotes the maximum diameter of all elements
in J5. Thus, the FE space defined on the coarse grids is expressed by

Wy = {vH e C(Q)N'W : vylz € PAE), VE € SH},

where P)(E) (I > 1) denotes the space of polynomials with degree < [ defined on the coarse grid
element E € J5.

Further, we assume that J, is a fine grid of quasi-uniform partition on Q and & denotes the maximum
diameter of all elements in J;, (h < H). Likewise, the FE space defined on the fine grids J, is denoted
by

W = {vi € CQ) NW 2 vyl € Bi(e), Ve € Ty}

Thereupon, a new TGCNMFE formulation can be created as follows.

Problem 4. Step 1. Find
(@, ¢h) € Wy x Wy (1 <k < K)

defined on the coarse grid 3y, satisfying the nonlinear system of equations:

k+1 k+1 k+1

AF?
(wy 2wH + wH ,UH) + —(V(goH + gaH ) Vuy) + —(cpH + <,0H ,UH)

= 5(f( @) + f(@y ), ), Yo € Wy, 1 <K< K = 1, 3.0)
(lefq, Vﬁﬂ) = (. 9m), YIpeWpy, 0<k<K,

w(l)i = Rywy, w}{ = Ryw,, (p?, = RHgoo, go}{ = RHgol, in Q.
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Step 2. Find
(@}, ) € W, x W), (1 <k<K)

defined on the fine grid 3,, satisfying the linear system of equations:

_ At _ At -
(@ = 2@ + @ o) + (V@ + ). Vo) + (@ + 7w

At ) )
= 7(f(wll<{+1) + (@ N =y + f@y ), m), Yu, e Wy, 1 k<K -1, 32)
(VW’Z, Vﬁh) = (g %), VI eW, 0<k<K,

0 _ 1 _ 0 _ 0 1 _ 1
w, = Rywy, @, =Rywi, ¢,=Rwp’, ¢,=Rup, in Q.

The above operators Rs: W — Wy (6 = H, h) denote the Ritz projection; i.e., for any ¢ € W, there
exist two unique Rsp € W satisfying

(V(p — Rsp), VI5) =0, Vs e Wy, 6=H,h, (3.3)

and the following error estimates:

lo — Rsepl, < C8™'", ife WNH" (Q), 6=H, h,r=-1,0,1. (3.4)

For Problem 4, we obtain the following results:
Theorem 2. Problem 4 has a unique set of solutions
(@ ei)lics © Wi X Wy
defined on the coarse grid 3y and a unique set of solutions
(@ elics © Wi X W

defined on the fine grid 3, respectively, meeting the following unconditional boundness, Ii.e.,
unconditional stability:

@yl + eyl + i@l + llgyllo < clll@oll + llall), 1<k <K (3.5)

The c that appears here and after is also a positive constant independent of H, h, and At. Further,
when

h = 0(H1+l/l),

they meet the following error estimates:

() — @hllo + lle(t) — @iyllo + HIV(@(t) — @il + HIV(et) — @5pllo < c(AP + HY),  (3.6)
llw(t) — @illo + lle(t) = @hllo + hlIV(@(t) — @))llo + AlIV(e(t) — gpllo < c(AF + A, (3.7)

where 1 < k < K.
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Proof. The demonstration of Theorem 2 consists of the following two parts:
(1) Prove the existence and unconditional stability of TGCNMFE solutions.

(1) Consider the existence and unconditional stability of the TGCNMFE solutions defined on the
coarse grid Jy.

Noting that the system of Eq (3.1) has the same form as the system of Eq (2.4), by using the same
approach as proving Theorem 2, we can demonstrate that the nonlinear system of Eq (3.1) has a unique
set of solutions

(@, I, c Wy x Wy,

satisfying
IVallo + V@i llo < clll@oll + ll@ilh), 1<k <K. (3.8)

(i1) Consider the existence and unconditional stability of the TGCNMFE solutions defined on the
fine grid J,,.
Let

Ar? Ar? Ar?
A(@.9), (0.0) = (@,0) - (¢,9) + (Vo V) + - (V, Vo) - Tt(f’(w’ifl)w, v) + 7’«0, v),

k k=1 AP AP
F.9) = (2@} - @ v) = =~ (V™. Vo) = —-(¢ . 0)
Atz k+1 / k+1 k+1 k—1
+ _2 (f(wl-] )= f (ZD'H Yoy + f(wh ), V).

The linear system of equations (3.2) can be rewritten into as follows:
Find
(@}, @) € Wy x W, (1 <k < K)

satisfying the following linear system of equations:

{ A(@, G, (O, vn) = FOhvp), YO pvp) €Wy X W, 1 <k <K -1, 59)

@), = Rywo(x), @, = Ri@(x), ¢, = Rig’(xX), @, = Rug'(x), x€Q.
By Poincaré’s inequality, we claim that there is a constant 6, > O such that
190 < 19111 < GollVOly (Y € W = Hy(Q2))

and
If (@] = | = cos(@H < 1.

Thereupon, when At is adequately small meeting
AP0, < 4,

there exists a constant
@y = min{Ar*/2, 1 — Ar*6y/4}/6;
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satisfying

AP AP AP '
A((@, ¢), (@, 9) = (@,¢) — (p,w) + (Vo, Vo) + T(Vso, Vo) + 7(% ®) — 7(cos(w,,)w, ®)

4
2 Cl'()”(w, SD)||29 V(w, QD) € Wh X Wh’ (310)

At6 At At At
> (1 - 0) IVl + 119l + S llelly ~ -l

where

@, @l = Al ll} + el

is the norm in W X W. Thus, A((w, ), (¢, v)) is positive definite, and the bilinear functional

A((@, ), (¥, v)) and the linear functional F(v, ) are evidently bounded in W, x W, for given w’;j !

w}, wy !, and ¢} !, Thereupon, by the Lax-Milgram theorem (see [5, Theorem 1.2.1]), we assert that

the linear system of Eq (3.9), namely Step 2 for Problem 4, has a unique set of solutions
(@ gl Wy x W,
satisfying
IVa,llo + IV&,llo < clll@olly + llall), 1<k <K (3.11)
This signifies that the series of solutions

(@}, @OV, Cc W, x W,

for Problem 4 defined on the fine grid J,, is unconditionally bounded, namely it is unconditionally
stable. Combining (3.8) with (3.11) yields (3.5).

(2) Estimate the errors of the TGCNMEFE solutions of Problem 4.
(a) Estimate the errors of the solutions { (w’;l, go’l‘f)}f:] of Problem 4 defined on J .
By subtracting (3.1) from (2.4), and taking

v=vy and ¢ = ¥y,
as well as setting
Ey=w -y, py=0"-Ryw', oy =Ry — o). Ey=¢' —¢jy. Py =¢' — Rug

and
Oy = Rue* — ¢y,

we obtain
1 krl k k-1 1 Fkrl | k-1 1 =i, mie
E(EH _2EH+EH ,‘UH)+§(V(EH +EH ),VUH)+§(EH +EH ,UH)
1
=5(f<w"*‘)—f<w’;;‘>+f<w’<“>—f(w’;;‘xvﬁ), Vg e Wy, 1<k<K-1, (3.12)
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(VEX,VOy) = (EX,0y), VOy e Wy, 1<k<K,
E}, = @y — Rywy, E =@ — Rywy, E} =¢o—Rugo, E} =@ —Rugp.

(3.13)
(3.14)

By (3.2)-(3.4), (3.12), (3.13), Taylor’s formula, LDMF, and the Holder and Cauchy inequalities,

when
h = 0(H1+l/l),

we obtain
S VCE ~ BRI - ||V<Ez ~ B+ SUVER ~IVES 1)
+ = (||E"“||0 —ES'I) = (V(p"“ 205 +p5 ). Vil -
+ @(Elgl _ 2E];1 + Ek I’ngrl Qk—l)
+ %(V(pgl +ﬁ1;11) V(pk+l ~k 1)) + = (V(EI;IH +Ek 1) V(~k+1 ~k 1))
+ 1(E“1;;1 +Ek 1“5/;;1 ~k 1)+ (E/;{+1 +Ek l’éllc;l @1;11)
Atz(V(p"” 20 + 05 DV =o'
+ (V(pk+l ~k 1) V(pk+1 _ﬁ];-ll)) + %(EI;_IH +Ek 1”51;;-1 —ﬁk 1
+ (f(w"“) f@y )+ f@ ) = f@ .8y -8

< —(||V(Efi,“ — Exlls + IV(Ef; = Eg DIIG) + cAtH*
+ At ESE+N1ES D, 1<k<K-1.

By summing (3.15) from 1 to k (k < K — 1), and using (3.4) and (3.14), we obtain

1
—IIV(E"” Epllg + (IIVEk+1||0+|IVE 15 + 5 (IIE"”||0+||E [

<x Z IVEE" = ELZ + cHY + CAIZ IEZR, 1<k<K-L.
i=0

Thus, when At is adequately small, satisfying cAr < 1/4, by simplifying (3.16), we get
1 - -
—IIV(E'},+1 — EWIS + IVEGIS + I1ES o
k— —
<% Z IVCE}" = E}IR + cHY + cAt Y IE'E, 1<k<K-1.
i=0 j=

By applying Gronwall’s inequality to (3.17), we obtain

E||V(E’<+1—E’;,)||0+||V1f5k+1||0+||E’<“||0 cH exp(ckAr), 1 <k<K —1.

(3.15)

(3.16)

(3.17)

(3.18)
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Thereupon, we obtain
IVEyllo + IE}llo < cH', 1<k<K. (3.19)

By the Nitsche technique (see [5, Theorem 1.3.9]) and (3.19), we immediately obtain the following
error estimates:

" = @bl + HIV(g* = @llo < cH™', 1<k <K. (3.20)

Further, by (3.2), (3.3), (3.12), (3.13), Taylor’s formula, the LDMF, the Holder and Cauchy
inequalities, we obtain

R(IIE"+1 — Eglly = |E}; — E5'lI9) + 5 (IIEk“Ilo —IE5I0) + 5 (IIVEk”Ilo ~IVER'II5)

~ Lo B L Loty — 288+ B -
Ut e
+ B+ B R =P + 5 (V(pH + 05D Vol =i
+ = (E[k_1+l +Ek 1,@/1(;—1 ~k 1)+ (V(Ek +Ek 1) V(Qk+1 Qllc-l—l))

1
== — (B = 2E, + Ef L ol = ol + (V(pH + k), Vel -

bVl + i .Vl ol )+ 5@~ f(@h) + ) ~ fy ).y~ ol
c ~
< A—t(nEjz,+1 — ENIZ +1IEY, — ESMRY + cAtHY + cAt(IEST R + 1ES R, 1<k<K—-1. 3.21)

By summing (3.21) from 1 to &, and using (3.4) and (3.14), we obtain

Ar2” Ey' - Eylig + (IIE"+1||0+IIE )+ 5 (||VE’;;1||O+||VE [

Z IE" — ELIR + cHY + CAIZ IESZR, 1<k<K-1. (3.22)

i=0

Thus, when At is adequately small, satisfying cAr < 1/4, by simplifying (3.22), we get

1 -
k+1 k2 k+1p2 k12
—ZIIEH+ — Eyllo + I1IE Il + IVE 1lo

k—1 k-1
<+ Z IE;" = Ell5 + cH? + cAt Y NEG'IR, 1 <k<K-1. (3.23)
i=0

By applying Gronwall’s inequality to (3.23), we obtain

Atank“ — EGIIS +IE G + IVESIIS < cH* exp(ckAt), 1<k<K-1. (3.24)

Thereupon, we obtain

IV(@* - @*)llo < cH', 1<k<K. (3.25)
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Further, by the Nitsche technique, we can obtain the following error estimates:
la* — @yl + HIV(@* — @)pllo < cH™', 1<k<K. (3.26)

Combining (3.20) and (3.26) with Theorem 1 yields (3.6).

(b) Estimate the errors of solutions (wﬁ , (,0’,2) (1 € k < K) of Problem 4 defined on the fine grid J,,.
Subtracting (3.2) from (2.4), taking

v=uv, and =1y,
and setting

k _ k k k _ k k k _ k k k _  k k ~k _ k k
E,=w -w, p,=w -Ro, 0,=Rw@ -, E,=¢" —¢,, p,=¢ —Rwp

and
3y = Rup* — ¢},
we obtain
1 k+1 k k—1 1 rok+ k—1 1 rk+1 rk—1
—Z(Eh —-2E, +E, ,u,) + E(V(Eh +E,), Vu,) + E(Eh +E,,up)
(f( N — @) + f(@ ) = floy) = (@ @k + 1 — @y ), m),

Yu,eW,, 1<k<K-1, (327)
(VEF, V9,) = (EF, 9, V9yeW,, 1<k<K, (3.28)
E) = @y - Rywy, E, =@ - Ryw, E) =¢o—Rupo, E} =¢' —Rup'. (3.29)

By (3.3), (3.4), (3.27), (3.28), Taylor’s formula, the LDMF, the Holder and Cauchy inequalities,
and (3.6) or (3.26), when
h = 0(H1+1/l),

we obtain

. (P L 1 -
E(IIV(E"+1 EDIG—IIV(E, — E;DIIG) + —(IIVEk“IIS —IVE; ') + —(IIE’Z“II?) —IEMI)

A;z(V(Pk” 205+ 01D V(o = Pl + (V(p"”+ﬁ’2 D, V@, =5

. B B 1 _
+ E(E/]T-l +E/]; l’pﬁ+l k— l)+ (Ek+l _2Ek+Ez I,Qicz+l Qﬁ l)

AZ
+ l(V(EY?‘ ETN V@ -g7) + (V(E" BN, V@ - 87
AtZ(V(pk+1 204+ 057D, Vol = o) + 5 (V(pk” + . V@ - A7)
+ i(EZH +E',§ 1’pllz+1 ~k 1)_ —(f( k+1 1;l+1 mk+1) ket ~k ,

+ %(f(wk+l)—f(w'}j])+f(wk ) f(th), g — gk
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2 _
< E(IIV(Ef,+l — EDIIG + IV(E; — E3DIR) + cAth?
+ cAIE I+ IEID), 1 <k< K -1

By summing (3.30) from 1 to k (k < K — 1), and using (3.4) and (3.29), we obtain
1 k+1 NI 12 k2 L Lo kel 2 Fk |2
E”V(Eh - Eh)HO + E(HVE}, ”o + ”VEhllo) + E(”Eh ||0 + ”EhHO)

k k
2 i+1 ey (12 20+2 Fitl))2
< A—t;”V(Eh —EDl +cH +cAt;||Eh 2, 1<k<K-1.

Thus, when At is adequately small, satisfying cAt < 1/4, by simplifying (3.31), we obtain

1 _ -
A—tZIIV(E';i+1 — EDlig + IVEL 15 + I1EL115

k—1 k-1
2 [ ~
<< SIVCES ~ EDIR + cH™ + et Y IESIR, 1 <k< K- 1.
i=0 i=0

By applying Gronwall’s inequality to (3.32), we obtain
1 _ -
EHV(E’;“ — EDIB + IVEFE + IEFIZ < ch? exp(ckAt) < ch®, 1<k< K- 1.

Thereupon, we obtain

IV(* = eDllo < ch!, 1<k<K.

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

By the Nitsche technique (see [5, Theorem 1.3.9]), we easily obtain the following error estimates:

" = @illo + AlIV(E* — @Dl < ch™', 1 <k < K.

(3.35)

Further, by (3.3), (3.27), (3.28), Taylor’s formula, the LDMF, the Holder and Cauchy inequalities,

and (3.6) or (3.26), we get

1 _ 1 - ~h 1 _
A—tz(llEﬁ+1 - Ells — IE; — E;”'1I9) + E(IIEﬁ“IIS —IE1IE) + E(IIVE'Z“II(Z) ~IVE;ID)

1 _ _ 1 - Lo e
tz(Egﬂ 2E£ Eﬁ 1’ z+1 I;Z 1) 2(EIZ+1 EIZ 1, ﬁ+1 I;l 1
1 _ _ 1 _ _
Z(V(pz j;cl 1)’ V(,Diﬂ :2 l)) tz(Ezﬂ 2E}l§ Ez 1, ];;H l;l 1

1 . O e 1 _ _
+ §<Eﬁ“ +ESN o -+ 5<V<E’,§“ +EfN, Yok — o ™)
1 B _ 1 - P e
— Atz(Ezﬂ —2E§+Elh< l’pl;l+l _pl; 1)+ E(EEH +E£ l’p§+l _pz 1

1 _ - 1, -
+ 5V + 7V = o) = S @i Y@ - i e - o

AIMS Mathematics Volume 9, Issue 11, 31470-31494.



31487

1
+ U@ = f@h + [@ ) - f@h e - el

c _ ~ =
< E(IIE’;,” — EX IR+ IEY, — ESYB) + cAth® + AW EXR + IES'R), 1<k<K-1. (3.36)
By summing (3.36) from 1 to k (k < K — 1), and using (3.4) and (3.29), we obtain
1 1 . . 1
EIIE’;+1 — EjIl5 + i(IIE,’j“II% +|EXIIR) + E(IIVE’g“II% +|IVESID)

k k
C ; .
<5 ; IV(E" ~ EDIE + cH™ + cAt; IEFIE 1 <k<K-1. (337)

Thus, when At is adequately small, satisfying cAr < 1/4, by simplifying (3.37), we obtain
1 -
EIIV(E';+1 — EDIG + IVESG + IE 1

k-1 i—1
C ; -
<N Z(; IVE," = Ellg + cH™™ + cAt go IESE, 1<k<K-1 (3.38)

By applying Gronwall’s inequality to (3.38), we obtain
AitzHV(E’,;“ — EDI + IVEFIS + IEFIZ < ch exp(ckAt) < ch”, 1<k< K- 1. (3.39)
Thereupon, we obtain
IV(@* — @))llo < ch', 1<k<K. (3.40)
By the Nitsche technique (see [5, Theorem 1.3.9]), we easily deduce the following error estimates
@ — @llo + AlIV(z* — @})llo < ch™', 1<k<K. (3.41)

Thereupon, inequality (3.7) is obtained by combining (3.35) and (3.41) with Theorem 1. This
completes the proof for Theorem 2. O

Remark 2. Theorem 2 shows that the TGCNMFE solutions are unconditionally stable and their
theoretical errors reach optimal order. In Section 4, we use the numerical tests to verify the
correctness of the obtained theoretical error estimates.

4. Two sets of numerical experiments

In this section, we provide two sets of numerical experiments to verify the correctness of our
theoretical results and show the superiorities of the TGCNMFE method.
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4.1. Two-dimensional numerical experiments
For the two-dimensional case, we take
Q=10, 11x[0, 1]cR?
and the initial functions
wo(x) = wi(x) = 4sin(mxy) sin(mwx,)

in the NFOSG equation (i.e., Problem 1), in which it may be considered that there is an earthquake
focus at center (0.5, 0.5) of the region Q2.
The fine grid division J, is composed of squares with diagonal

h = V2/1000
and all squares parallel to the coordinate axis. When / = 1, in order to satisfy
h — 0(H1+1/l),
i.e.,
h = O(H?),

the coarse grid division J is composed of the squares with diagonal
H = V2/V1000

and all squares also parallel to the coordinate axis. According to Theorem 2, the L? norm error
estimates of the TGCNMFE solutions of the NFOSG equation can theoretically reach O(107%) when

At = 1/1000.

We first find the TGCNMEFE solutions @} and ¢} by the TGCNMFE format at # = 10, and their
contours are respectively shown in Figures 1a and 2a.
In order to show the advantages of the TGCNMEFE format, we also find single-grid CNMFE

(SGCNMEFE) solutions fv';l and gb’,j at t = 10 by the following SGCNMFE format, and their contours

are respectively shown in Figures 1b and 2b.
X2
4 1 4
3.5 3.5
0.8
3 3
25 ' 25
2 2
1.5 : 1.5
1 1
0.2
0.5 0.5
0 0 0
0 0.2 0.4 0.6 0.8 1 X1

(a) (b)

Figure 1. (a) The contour of the TGCNMEFE solution of @ at ¢t = 10; (b) The contour of the
SGCNMEE solution of @ at ¢ = 10.

=)
o

o
~

0 0.2 0.4 0.6 0.8 1 X1
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‘7
35 1 4
35
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25
0.6 25
2
P
15
0.4 15
4 1
0.2
Bos 05
0 0 0
0 0.2 0.4 0.6 0.8 1 x

0 0.2 0.4 0.6 0.8 1 X

(a) (b)
Figure 2. (a) The contour of the TGCNMEFE solution of ¢ at ¢t = 10; (b) The contour of the
SGCNMEE solution of ¢ at t = 10.

Problem 5. Find
(&, @5 e W, x W), (1 <k < K)

defined on the single fine grid 3,, satisfying the nonlinear system of equations:
. . e At _ e At nde
(wl,i” - 2w’,§ + w’fl ! vh) + ?(V(d,j” + ‘p';l h, Vu,) + 7((/)’,‘1” + go’,j L)
At
= (@D + @) v), Yoy € Wy, | <k <K -1,

(4.1)
(V& Vo) = @, 90, VO e Wy, 0<k<K,

&) = Rymo(x), @) = R, @) = Ry (x), xeQ.

By comparing the contours of each pair of graphs in Figures 1 and 2, it can be easy to see that the
TGCNMEE solutions are very close to the SGCNMEFE solutions at # = 10.

To truly showcase the benefits of the TGCNMFE format, we record the CPU running time for
finding the TGCNMFE and SGCNMFE solutions and their errors when ¢ = 2.0, 4.0, 6.0, 8.0, and 10.0,
where errors are estimated respectively by ||@} — @\ |lo +ll¢} — ¢k Hlo and [|&5} — &5 |lo + 15 — &5 lo,
shown in Table 1.

Table 1. The errors of the SGCNMFE and TGCNMFE solutions and CPU running-time at
t=2,4,6,8, and 10.

t SGCNMEE solutions TGCNMEE solutions SGCNMFE method TGCNMFE method
errors errors CPU running-time CPU running-time

2.0 2.2316 x 107° 3.0273 x 107° 215.332s 112.056 s

4.0 2.4187 x 107° 3.1438 x 107° 216.662 s 113.112's

6.0 2.5665 x 107 3.2662 x 107° 217.153 s 114.224 s

8.0 2.7782 x 107° 3.3861 x 107° 218.709 s 115.451s

10.0 2.8864 x 107° 3.4861 x 107° 219.618 s 116.872's

The data in Table 1 show that the numerical errors of TGCNMFE and SGCNMEE solutions reach
O(107%) when ¢ = 2.0, 4.0, 6.0, 8.0, and 10.0, which coincide with the obtained theoretical errors, but
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the CPU running time for finding SGCNMEFE solutions is almost twice as long as that for finding
SGCNMEE  solutions. Therefore, the TGCNMFE method is visibly superior to the
SGCNMFE method, and the TGCNMFE method is feasible and effective to solve the NFOSG
equation.

4.2. Three-dimensional numerical experiments

For the three-dimensional NFOSG equation, we take
Q=1[0, 11x[0, 1]1x[0, 1] c R’

and the initial functions

wo(x) = @ (x) = sin(rx;) sin(mwx,) sin(rx;),

where it may be considered that there is an earthquake focus at center (0.5, 0.5, 0.5) of the region Q.
The fine grid division J, is composed of cubes with diagonal

h = V3/1000
and all cubes parallel to the coordinate axis. When / = 1, in order to satisfy
h — O(H1+l/l),

1.e.,

h = O(H?),

the coarse grid division J is composed of cubes with diagonal
H = 3/ V1000

and all cubes also parallel to the coordinate axis. According to Theorem 2, the L? norm errors of the
TGCNMEE solutions of the NFOSG equation can also theoretically reach O(10~°) when

At = 1/1000.

We find the TGCNMFE solutions w’;l and go’,; by the TGCNMFE format at ¢ = 1, and their contours are
respectively shown in Figures 3a and 4a.

To show that the TGCNMFE method is superior to the SGCNMFE method, we also find the
SGCNMEE solutions z%’;l and g?)fl at ¢t = 1 by the SGCNMEFE format above (Problem 5), which are
respectively shown in Figures 3b and 4b.
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[ :
-6
-8.3e+00

(a) (b)

Figure 3. (a) The TGCNMFE solution of @ at ¢ = 1. (b) The SGCNMFE solution of @ at
t=1.

3.4e+00

(a) (b)

Figure 4. (a) The TGCNMFE solution of ¢ at t = 1. (b) The SGCNMFE solution of ¢ at
t=1.

By comparing the each pair of graphs in Figures 3 and 4, it can also be easy to see that the
TGCNMEE solutions are almost same as the SGCNMFE solutions at t = 1.

To truly showcase the benefits of the TGCNMFE format, we also record the CPU running time for
finding the TGCNMFE and SGCNMEFE solutions and their errors when ¢ = 0.2, 0.4, 0.6, 0.8, and 1.0,

where errors are also respectively estimated by ||@} —@t [l +ll¢k—¢f ! lo and [|&7f —ark g +I@E — &5 lo,
shown in Table 2.
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Table 2. The errors of the SGCNMFE and TGCNMMEE solutions and CPU running-time
att=0.2,0.4,0.6,0.8, and 1.0.

t SGCNMEFE solutions TGCNMEE solutions SGCNMFE method TGCNMFE method
errors errors CPU running-time CPU running-time

0.2 2.5781 x 107° 3.1563 x 107° 422.562 s 211.731's

0.4 2.6436 x 107° 3.2253 x 107° 424.826 s 212.813s

0.6 2.7841 x 107 3.3265 x 107° 426.716 s 213.832s

0.8 2.8862 x 1076 3.4453 x 107° 428.261 s 214.764 s

1.0 2.9631 x 1076 3.5626 x 107° 429.142 s 215.635s

The data in Table 2 also show that when ¢ = 0.2, 0.4, 0.6, 0.8, and 1.0, the numerical errors of the
SGCNMFE and TGCNMEFE solutions coincide with the theoretical errors O(107%), but the CPU
running time for finding SGCNMFE solutions is also almost twice as long as that for finding
SGCNMEFE solutions. It is further shown that the TGCNMFE method is indeed better than the
SGCNMFE method, and the TGCNMFE method is indeed feasible and effective to solve the NFOSG
equation.

5. Conclusions and prospect

Above, we have proposed a new NFOSG equation, a new TSDMCN scheme, and a new TGCNMFE
method for the NFOSG equation, and have strictly proved the existence, stability, and error estimates
of the TSDMCN and TGCNMEFE solutions theoretically. We have also employed the two sets of
numerical experiments to confirm the correctness of the obtained theoretical results and showed the
superiorities for the TGCNMFE method. The TSDMCN scheme and the TGCNMFE method for the
NFOSG equation are first proposed in this paper. They are completely different from the existing
methods in [10-12]. Therefore, they are original and indeed fire-new.

Although we only study the TGCNMFE method for the NFOSG equation, the method of this
paper can be extended to the more complex nonlinear PDEs, for example, the nonlinear Cahn-Hilliard
equation and the Schrodinger equation in [19, 20], in addition to the actual engineering nonlinear
problems. Therefore, the TGCNMFE method has a wide range of applications.

Although the TGCNMFE method here can greatly simplify calculation, save CPU operating-time,
and improve computational efficiency, when it is applied to settling practical engineering computations,
it usually contains many (often more than tens of millions) unknowns and needs to take a long-time to
obtain results on a computer. Thus, after a long computer operating time, owing to the accumulation
of computing errors, the obtained TGCNMEFE solutions could deviate from right solutions, or could
even generate floating-point overflow, resulting in erroneous calculation results. Hence, in future study,
we will use a proper orthogonal decomposition method (see [5,21,22]) to lessen the unknowns of the
TGCNMEFE method and develop some new reduced-dimensionality methods for the NFOSG equation.
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