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1. Introduction

Due to recent technological advancements, nonlinear evolution equations have become crucial in
modeling various physical processes across different fields, including fluid dynamics, pulse
propagation, optical media, and the telecommunication sector, to mention a few [1,2]. One notable
equation on which this study focuses on is the classical Boussinesq equation, introduced by Joseph
Boussinesq in 1871 [3]. This equation is renowned for representing the propagation of surface waves
in water under conditions of long wavelength and small amplitude. Additionally, it has been widely
utilized in literature to model concepts related to water, including coastal and harbor engineering, tide
and tsunami simulations, and others [4]. Moreover, several variants of the Boussinesq equation exist,
including the fourth-order Boussinesq equation [4], the sixth-order Boussinesq equation [4, 5], the
coupled variant of Boussinesq equations [6], the (2 + 1)-dimensional Boussinesq equation [7], and the
class of higher-order Boussinesq Burgers equations [8, 9], among others. In this context, it is worth
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noting that the Boussinesq equation is the first nonlinear evolution equation to mathematically explain
the concept of solitons, or solitary waves, which were first described in the 1830s by Scottish naval
architect and civil engineer John Scott Russell [10].

The exploration of nonlinear evolution equations cannot be completed without considering the
mathematical methods proposed to solve the governing equations. This requires a thorough
investigation of the inherent physical and significant theoretical features underlying these equations.
In light of this, many scientists have proposed different methods, including analytical, semi-analytical,
and numerical techniques, to solve various equations. The Kudryashov method [11], the modified
auxiliary equation method [12, 13], the modified direct algebraic method [14], the bilinear
transformation method [15, 16], the exponential ansatz method [17], and the modified tan method [18]
are examples of analytical methods. Additionally, some well-known semi-analytical methods include
the Adomian decomposition methods [19, 20], the modified decomposition approach [21], the
semi-inverse variational principle [22], the collective variable method [23], and the variational
iteration approach [24]. Relevant numerical approaches for evolution equations can be found
in [25-27].

The importance of the Boussinesq equations, specifically the sixth-order Boussinesq
equation [4, 5], has been discussed by several authors; see the work by Christov et al. [28], which
presents insightful research on the sixth-order Boussinesq equation, demonstrating its stability and
accuracy in modeling water wave propagation and nonlinear elastic crystal media evolution. This
study utilizes two promising analytical techniques, the Kudryashov method [11] and the modified
auxiliary equation method [12], to seek various exact wave solutions of the governing sixth-order
Boussinesq equation. The present study aims to expand the existing literature by providing additional
diverse exact solutions for computational validation, addressing a current gap in the research.
Additionally, references [29, 30] and the studies cited within them provide various investigations
related to the sixth-order Boussinesq equation, covering topics such as well-posedness, blow-up
phenomena, global roughness, and inversion dynamics, which do not concentrate on a range of exact
solutions. Additionally, complete solution sets for each approach will be determined for the model,
and several obtained wave solutions will be graphically illustrated, taking into account the fixed
parameter values of the model. Furthermore, the selection of these two methods is linked to their
reliability and effectiveness in revealing various wave solutions for a wide range of both real and
complex valued evolution equations; see [31-34]. The current paper is organized as follows: Section
2 presents the governing model, while Sections 3 and 4 outline the proposed methods. Section 5 is
devoted for the application of the adopted methods. Section 6 provides the graphical depictions and
discussion, and concluding remarks are given in Section 7.

2. Governing nonlinear equation

The current study aims to extensively examine the sixth-order Boussinesq equation. This equation
is free from ill-posedness and effectively models the propagation of water waves and the evolution of
lattice nonlinear elastic crystal media, to name a few. The explicit expression for the equation is given
as follows [4, 5]:

2
Uy — Uyx +ﬁuxxxx — Uxxxxxx T (l/l )xx = 0’ r> O’ (21)
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where (3 is a real constant. Certainly, this equation is among the famous evolution equations used in
modelling nonlinear lattice dynamics and the movement of water waves. The equation originates from
the classical Boussinesq equation [6], which is given by

Upp — Uxy — Uyyxx + (uz)xx =0, (22)

as introduced in 1871 by Joseph Boussinesq. It models the propagation of surface waves in water under
conditions of long wavelengths and small amplitude.

This equation has been highly examined by various scientists and subsequently modified to yield
several interesting models, such as the “good” fourth-order Boussinesq equation, proposed by Li et
al. [4], which is expressed as

Uy — Uy T Upxxx T (uz)xx =0, (2.3)

and the coupled Boussinesq-Burgers’ equations which are expressed as follows [8, 9]

U, — %vx + 2uu, =0,
2.4)

1
Vi = sl + 2(vu), = 0.

In this regard, Eq (2.1) is a higher-order equation, where higher-order equations are generally
characterized by several underlying physical assumptions. Therefore, the current study examines the
sixth-order Boussinesq equation expressed in (2.1) using two analytical techniques: the Kudryashov
method [11] and the modified auxiliary equation method [12]. Furthermore, this study aims to
contribute to the limited literature on diverse exact solutions for computational validation. Studies
in [28, 29] regarding the relevance of the sixth-order Boussinesq equation, including aspects such as
well-posedness, blow-up, global roughness, and inversion dynamics, focus on the model’s analysis.
Additionally, other researchers have examined several Boussinesq-like equations from different
perspectives [35,36] Complete solution sets for each of the employed approaches will be determined
and further graphically examined for some fixed parameters of interest, providing insight into the
effects of the involved parameters.

3. Kudryashov method (KM)

The steps of the KM are summarized here. Consider a nonlinear partial differential equation
(NPDE) in the form
Q(V’ Vs Vis Vxts Vaxs ) = 0’ (31)

such that € is a polynomial in v and its partial derivatives.
Step 1. We start by applying the transformation

vix,t) =UE), &=kx—ct, (3.2)

where £ is a new variable and k, ¢ are constants. The transformation (3.2) converts the NPDE (3.1) to
the nonlinear ordinary differential equation (ODE) as follows

o, U”,..) =0, (3.3)
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and @ is a polynomial in U and its derivatives.
Step 2. The solution of Eq (3.3) is assumed to be in the form

U@ = pi ¢, (3.4)
i=0

where 7 is a positive integer, and p; are arbitrary constants (not all equal to zero) to be determined.
Moreover, ¢(¢) satisfies the following ODE

¢' (&) = $2&) — p(&). (3.5
Further, Eq (3.5) has the following solution

#(&) = (3.6)

1+ pet’
where p is a non-zero arbitrary constant known as the Kudryashov-index. In addition, when u > 0,
stable solutions are obtained; while for u < 0, one gets singular unstable solitons.

Step 3. Next, the value of n, which appears in the summation of (3.4), can be obtained using the
balancing principle.

Step 4. By substituting (3.4) together with (3.5) into (3.3) and putting all terms with the same power
of ¢(£) to zero, this yields a set of over-determined systems of algebraic equations for p;.

Step 5. Consequently, one then solves the obtained set of over-determined system of algebraic
equations for pg, p;, for j = 1,2, ..., n, to get hold of the possible solution sets for p;, for j =0, 1,2, ..., n.

Step 6. Lastly, the wave transformation in (3.2) is reversed, along with the application of Eq (3.1),
to derive the exact solutions for the governing nonlinear partial differential equations. In fact, such
procedures are implemented using Mathematica software in the present study.

4. Modified auxiliary equation method (MAEM)

We start by considering the nonlinear PDE expressed in (3.1) and proceed to apply the Step 1. in
the previous section.
Step 2. The solution of Eq (3.3) is assumed to be in the form

U@ = pi ¢, (4.1)
i=0

where p; are unknown constants (not all equal to zero, to be determined), and ¢(¢) satisfies the following
differential equation

¢ (&) = 1’ () + ag* (&) + ped’ (&), (4.2)

where 1, u4, and g are constants. The solution of Eq (4.2) takes the following forms:

Case 1. If u, > 0, then Eq (4.2) has solutions in the forms

61(6) = —H g sech?(\iz€)
1 12 = 2 (1 + € tanh(yié)?”

4.3)
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—Ha fy csch?(\i2€)
$:6) = 1| vime) (4.4)
My — M2 pe(1 + € coth( )
2e\oé
Hae
=4 , 4.5
#3& \/<e26 VI — dy1,)? — Gdyiagi 4>
where € = +1.
Case 2. If u, > 0, A > 0, then (4.2) has a solution in the form
2
P4(§) = ; (4.6)
€ VA cosh(2 vtz &) — pa
where € = 1 and A = i} — 4uops.
Case 3. If 4, < 0,A > 0, then (4.2) has solutions in the forms
2ur
¢s(&) = ; 4.7)
€ VA cos(2 V=113 €) — 4
2
¢6(£) = s (4.8)

e VA sin2 =11 é) - jus.

where € = +1 and A =y} — 4uops.

Step 3. Next, the value of n can be obtained using the balancing principle.

Step 4. By substituting (4.1) together with (4.2) into (3.3) and putting all terms with the same power
of ¢(¢) to zero, yields a set of over-determined systems of algebraic equations for p;.

Step 5. Consequently, one then solves the obtained set of over-determined systems of algebraic
equations for p;, where j=0,1,2,...,n.

Step 6. Finally, one can reverse the wave transformation used in Eq (3.2) and apply Eq (4.1) along
with the solutions from Cases 1-3 to derive the exact solutions for the governing nonlinear partial
differential equations.

5. Applications

This section shows the application of the Kudryashov and modified auxiliary methods for
constructing distinct types of solutions for the sixth-order Boussinesq equation. Thus, to begin with,
the wave transformation given in Step 1. is used on the governing sixth-order Boussinesq equation in
(2.1) to obtain the corresponding nonlinear ODE as follows

(=) U + U™ + KU + (U = 0. (5.1)
Based on the balance principle, the value of n is given by
n+6=2n+2, = n=4. (5.2)
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Therefore, with the determination of n = 4 above, the assumed solution from (3.4) and (4.1)
concerning the application of both the Kudryashov and modified auxiliary methods for the governing
Boussinesq equation takes the following solution form

U(&) = po + p19(&) + p2*(€) + p3¢™ (&) + pad* (&), (5.3)

where pg, o1, 02, 03 and p4 are constants to be determined later.

5.1. Application of Kudryashov method

Now, with the use of the present Kudryashov method, Eq (5.3) is substituted into (5.1) to obtain the
following over-determine system of algebraic equations

p1 — pik® + Bpik* + 2pop1 K — p1k* = 0,

—3c%p1 + 4Py + 6301k — 640,k — 158p1k* + 168p.k* +

402 K% — 6pop1 k> + 3p1k* + 8popak? — 4pyk* = 0,

2¢%p1 — 10c%ps + 9¢%ps3 — 602p1k°® + 13300,k° — 729p3k° + 5080, k*

— 1308p,k" + 81Bp3k* — 1007k + 4pop1k* — 2p1k* — 20pp02k>

+ 18p102k* + 10p2k* + 18pgp3k* — 9p3k* = 0,

6¢%0, — 21c%ps + 16¢%p4 + 21000, k% — 81060,k + 10101p3k° — 40960,k° — 60B8p, k* +
33080,k" — 525Bp3k" + 256Bp4k* + 6p7k* + 16p3k* + 12pop2k*—

42p1p2k* — 6p2k* — 42p0p3k* + 32p1p3k* + 21p3k* + 32popak* — 16p4k* = 0,

12¢%p3 — 36¢%ps — 336001 k° + 218400,k° — 489720:k° + 46116p4k° + 24B8p,k*

— 3368p,k" + 1164Bp3k* — 14768p,k* — 36p5k> + 24p10,k* + 24p0p3k*

— T2p1p3k* + 50p203k% — 12p3k* — T2p0pask? + 50p1p4k* + 36p4k* = 0,

20c%p4 + 25200,k — 29400p,k° + 113400p3k® — 195020p4k° + 1208p,k* — 1080B8p:k* +
30208p4k" + 20p3k* + 36p3k> + 40p, p3k* — 110p203k> + 40pgp4k* — 1100, 04k

+ 720204k — 20p4k> = 0,

— 7200,k + 19440p,k® — 13680003k° + 40920004k° + 3608p:k* — 26408p4k*

— 7803k + 60p,03k* + 60p1p4k* — 156204k + 98p304k* = 0,

— 50400,k° + 83160p3k° — 457800p,4k° + 840804k + 4203k + 64p5k>+
840204k* — 210p304k* = 0,  72k*p; — 60480k°0, = 0

— 20160p3k° + 262080p4k® — 136p3k* + 112p3p4k* = 0.

(5.4)

Hence, on solving the resulting algebraic system expressed in (5.4), one gets the following solution
set:

Set 1.
=368 + 1698 — 2197¢2 o 84082
pO_ 338ﬁ ’ pl - Yy pz_ 169 ’ (5 5)
1 8404 \B '
= ——(16808%), = , k=+——, c=
P = 155 (16808). o= =5 V3
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Therefore, with the above solution set, the governing one-dimensional sixth-order Boussinesq
equation admits the following solution

-368° + 1698 — 2197¢? 8402 168032 8405?
up,(x,t) = + - + , (5.6)
3388 169(1 + uet)?  169(1 + uet)?  169(1 + uet)*
where
ey 5.7)
V13

Remarkably, the solution set described above is not the only one uncovered by the adopted
Kudryashov method. However, it is considered the most physically relevant because it satisfies all the
underlying assumptions of the model. In fact, several complex-valued solutions were also revealed by
the method, but these complex-valued solutions violate the physical assumptions of the model.
Additionally, various solitonic solutions can be constructed using modified methods of the standard
Kudryashov method; see [31,32]. In this regard, the nonlinear ODE in (3.5) can be modified to
either [31].

¢' (&) = [6°(€) — p@]In(x), n#l, (5.8)
or [32]
$7(&) = ¢*(©) - 16"(©). (5.9)
The latter ODEs are admitted the following exact exponential solutions, respectively,
1
$(&) = T3 (5.10)
or 4
_ H
¢(&) = N 1 Lo E (5.11)

where { is a non-zero arbitrary constant, while u is the Kudryashov-index. Furthermore, based on the
modifications made to the Kudryashov method, the following supplementary solution sets are obtained.
Set 2.

_ —368° + 1698 — 2197¢? In*() _0 _ 8408°

po= 3388 R R T 512
1 8405° '
pr =~ (16808), pu= B o VB
169 169 V13 In(z)
Thus, the solution for the sixth-order Boussinesq equation is given by
-368 + 1698 — 2197 In? 8403° 16803° 8403°
uy, (x,1) = p+ 1096 ¢ In") + i - i + i , (5.13)
3388 169(1 + un?)?>  169(1 + une)®  169(1 + un®)*
where
£ = W and n# 1. (5.14)
V13 1n()
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Set 3.
—368° + 1698 — 8788¢> 1058%22 B
= ; =0, =0, =0, = , k== . (515

Po 3388 o1 02 03 P4 338 +2 N (5.15)

This gives the following solution

-364° + 1698 — 8788¢? 1344082%u*
1) = , 5.16
3. (%.1) 3388 T 1692t 1 e by (5.16)
where
&=+ L X —ct. (5.17)
2V13

Moreover, the solutions in (5.16) can also be seen as bright solitonic solution (see [32]), which are
significant in optical media.

Similarly, it is worth to mention the strong connection - or rather similarity- between the employed
Kudryashov method used here and the tanh-coth method [37-39], which is an important analytical
method primarily used to construct various periodic and dark solitonic solutions. In fact, both methods
complement each other when manipulating the constant coefficients {{;, {», {3} of the associated Riccati
equation, expressed as ¢'(&) = 1 + Hd(€) + G*(€). For further details, we refer interested reader(s)
to the work of Kudryashov and Shilnikov [40], which deeply analyzed all the possible of the involving
Riccati equation to reveal various exact analytical solutions.

5.2. Application of modified auxiliary equation method

Accordingly, substitution of (5.3) together with (4.2) into (5.1) and putting the coeflicients of ¢(&)
to zero gives the following system of algebraic equations

Bouts + oty — pri + 2000142 — prjta = 0,

1680115 + 4¢*papty — 6402125 + 4014 + 8popapty — 4papir = 0,

8180343 + 20B8p1ftapts + 9% pspts + 267t — 7293113 — 182p afl

+ 18p102110 + 18p0pspta — Ypspta + 4popipta — 2p1u4 = 0,

256804115 + 12080511442 + 16¢*papts + 6 popts — 40964413 — 2016511448

+ 16p34 + 3210342 + 3200442 — 16papts + 6pips + 1200024t — 6popts = 0,
24Bp1u5 + 408Bpsops + 127 ppts — 840p 1 piopt

+ 5002032 + S0p1papty — 11172p550s + 24p1po24ts + 24p0p3its — 12p3ps = 0,
1208015 + 1040804214 + 2067 papts — 6720pap0115 + 3603102 + 120204112

+ 20p34s — 42560p4i3 15 + 40p1p3pis + 40popats — 20papy = 0,

360Bpspts — 720p1443 — 29880p3p1o115 + 60p20314 + 60p10apts + 98030412 = 0,
840Bpap; — 5040pas; — 97440puprpsy + 420344 + 84popapuy + 64051, = 0,
112p3p414 — 20160p34; = 0,

72244 — 60480p418 = 0.

(5.18)

Consequently, solving the above system gives the following set:
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Set 1.

Po = (—6‘2 - 576#% + 1),/01 =p2=p3=0,04 = 840#421»,3 =525, 6 = 0,k = 1. (5.19)

N =

Hence, on substituting these values into Eq (5.3) through (4.3)—(4.5) as enshrined in the modified
auxiliary method procedure, various exact solutions can be contracted as in the following cases:
Case 1. If u, > 0, then Eq. (2.1) has solutions in the form

1
(1) = 5 (—c* = 576 13 + 1) + 84043 sech* (Vi (x - cf)) , (5.20)
1
un(x, ) = 5 (—c2 — 576 1% + 1) + 84043 csch* (Vi (x — ct)), (5.21)
1 215040 p2 p2 ¢* Vml=en
us(x, 1) = 5 (=2 = 5763 + 1) + arLal (5.22)
2 (ez Vi (x—ct) _ 4,u4)4
Case 2. If u, > 0, A > 0, then Eq. (2.1) has a solution in the form
1 3360 12 12
us(x, 1) = 5 (~2 =576 13 + 1) + el . (5.23)
2 (14 cosh (2 yia(x = b)) — us)
Case 3. If u, < 0,A > 0, then Eq. (2.1) has solutions in the form
1 3360u22
use, 1) = 5 (=2 = 5763 + 1) + Holls : (5.24)
2 (14 cos (2 y=ma(x = 1)) — p1s) 2
1 3360u22
us(,1) = 5 (<2 = 57608 + 1) + Hols (5.25)

(,u4 sin (2 Vo (x — ct)) - ,u4) 2’

Notably, the application of the modified auxiliary method revealed some interesting solutions,
including bright solitonic solutions, exponential function solutions, and periodic function solutions.
Indeed, by fully implementing the method, one can derive a wealth of exact solutions; see [12] for
more details on the diverse solutions provided by the method. Additionally, the implementation of the
classical auxiliary method, which reveals fewer exact solutions, can be enhanced by considering the
right-hand side of (4.2) as a polynomial of order 2 while maintaining the same procedure.

6. Graphical depictions and discussion
This section provides the graphical representation and discussion of the exact analytical solutions
obtained for the governing sixth-order Boussinesq equation. The Kudryashov and modified auxiliary

methods have yielded several exponential, periodic, and solitonic solutions, which are reported and
examined in this section.
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6.1. Depictions and discussion of Kudryashov method’s solutions

Three sets of solutions are obtained, in which both the modified and enhanced Kudryashov methods
were deployed to construct more exact solutions for the governing sixth-order Boussinesq equation. In
this regard, Figures 1-7 depict various graphical illustrations, consisting mainly of the two-dimensional
(2D) and three-dimensional (3D) depictions. To begin with, Figure 1 gives the 3D illustration for the
exponential solution (u;, ) obtained in (5.6), which is a kink shape. In addition, Figures 2 and 3 show
the corresponding 2D plots for solution (u;,) in 5.6 with variation in the temporal variable and the
Kudryashov-index parameter, respectively. Indeed, Figure 2 examines the evolution of the solution
(u1,) in (5.6) with time variation, where it is noted that an increase in time accelerates the movement of
the wave in the governing medium. Moreover, Figure 3 analyses the impact of the Kudryashov-index
1 on the solution (5.6), where it is observed that an increase in the index decelerates the propagation of
waves. Additionally, when 8 = —1, one obtains solution (#;_) from (5.6), which is a complex-valued
solution; see Figure 4 (a), (b) for the graphical depiction of both the real and imaginary components of
the solution.

Concurrently, Figure 5 analyses the variation of 77 in the u,, solution in (5.13), where it is noted from
the figure that n decreases the wave profile. Moreover, when 1 = e, where e is the Euler’s constant,
the modified Kudryashov method [31] reduces to the classical Kudryashov method. Furthermore,
Figures 6 and 7 examine the 3D and 2D plots, respectively, for the obtained solution u3, in (5.16),
which further differs from the classical Kudryashov method’s solution due to the parameters 7 and (.
This solution is specially posed by an enhanced version of the Kudryashov method that works with
two parameters 1 and ¢ [32]. Thus, in light of this, Figure 6 shows a kink-type profile while Figures
7 (a),(b) examine the effects of these added parameters. Certainly, one notes from Figure 7 (a) that an
increase in u, the Kudryashov-index opposes the wave’s movement, while an increase in { positively
alters the propagation of the wave.

Figure 1. 3D plot for u,, (x, t) determined in (5.6) whenf=1,c=kand u = 4.

AIMS Mathematics Volume 9, Issue 11, 30972-30988.



30982

—t=1 |
—t=2 H
— t=3 |

uy, (X, 1)
=
=
T

0.05F

0.00F

—0.05F

~0.10Fs

-15

-10

-5

0

5 10

15

Figure 2. 2D plot for the u;, (x, ) determined in (5.6) with variation in x when 8 =1, c =k

and u = 4.

u(x, 1)

0.05F
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—0.05F

~0.10f
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‘R{ML(X, )}

AIMS Mathematics

X
Figure 3. 2D plot for u; (x, t) determined in (5.6) with variation in x for different values of
Kudryashov-index y when 8 =1,c =k, t=1and u = 4.

S{ML(X, t)}

(a) 3D plot for R{u;_(x,1)}in (5.6).
(b) 3D plot for J{u;_(x,1)} in (5.6).

Figure 4. 3D plots for the real and imaginary parts of u;_(x,?) determined in (5.6) when
B=-1l,c=kandu=4.
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>_<‘::.‘-'

Figure 5. 2D plots for the u,, (x, ) determined in (5.13) for different values of  when ¢ =
I,B=1,c=kand u =4.

u3+ (-xs t)

0.20 — ] 0_205-' ' ' ' — =3 |
015_ — u=2 0_15;— — =5
< 010f — u=3 < oa0f — =T §
) ; ] = : ]
e ] = 0ot ]
= o_ooi \ = 0_002 / \
NN TN
—0_1of—| - . , - - —0-105-, . . ¥‘
15 -10 -5 0 5 10 15 15 -10 -5 0 5 10 15
X
(a) 2D plot for us, (x,1) in (5.16) when (b) 2D plot for usz, (x,t) in (5.16) when u = 4.
£=1

Figure 7. 2D plots for the us, (x, ) determined in (5.16) for different values of Kudryashov-
index u in (a) and different values of { in (b) when 8 =1,7=1and c = k.
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6.2. Depictions and discussion of modified auxiliary method’s solutions

This subsection graphically examines some of the obtained solutions for the model with the help of
the modified auxiliary method [12]. This method revealed several exponential, periodic, and
hyperbolic (solitonic) function solutions; see (5.20)—(5.25). Thus, Figures 8—10 show 3D plots for the
selected solutions in (5.20)—(5.25), and their 2D plots can be obtained as in the case of the
Kudryashov method. Therefore, without much delay, the bright solitonic solution u;(x, ) determined
in (5.20) is plotted in Figure 8, which happens to be a kink-type shape. Further, Figures 9 and 10
show the obtained periodic solitonic solutions, earlier determined in (5.24), and (5.25), respectively,
for us(x, 1) and ug(x, 7). In the same way, one may equally plot the remaining solutions put forward by
the modified auxiliary method. Moreover, upon implementing the full generalized auxiliary
method [12, 13], several other exact solutions can be determined which shed more light on unearthing
the governing model’s dynamics; besides, these exact solutions can be used to ascertain both the
experimental and numerical results.

Figure 8. 3D plot for u;(x, t) determined in (5.20) when ¢ = 1 and u, = 1/52.

Figure 9. 3D plot for us(x, t) determined in (5.24) when ¢ = 2, y, = 1/52 and puy = 1.
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Figure 10. 3D plot for u4(x, t) determined in (5.25) when ¢ = 2,k = 1, up = —1/52 and
Ha = 1.

7. Conclusions

In conclusion, the Kudryashov method and the modified auxiliary equation method have been used
due to their analytical precision in deriving several exact wave solutions for the sixth-order
Boussinesq equation. These approaches have produced a wealth of valid solution sets, resulting in a
diverse of exact wave solutions. Additionally, the study provides graphical illustrations based on
specific fixed parameter values. Given the limited literature on the governing model, this research
significantly expands the existing knowledge. It also offers insights into the global and local
roughness, blow-up, and well-posedness of the model’s valid solutions when appropriate initial and
boundary conditions are applied. The obtained solutions could serve as benchmark solutions for
numerical examinations of the model. Finally, due to the high precision of the employed analytical
methods, this study recommends their use for higher-order evolution equations when seeking
efficiency, reliability, and robustness.

Acknowledgments
This research was funded by Taif University, Saudi Arabia, project No (TU-DSPP-2024-87).
Conflict of interest

The author declares that there is no conflicts of interest.

References

1. M. J. Ablowitz, Nonlinear dispersive waves: Asymptotic analysis and solitons, Cambridge:
Cambridge University Press, 2011. https://doi.org/10.1017/CB0O9780511998324

AIMS Mathematics Volume 9, Issue 11, 30972-30988.


http://dx.doi.org/ https://doi.org/10.1017/CBO9780511998324

30986

N

10.

11.

12.

13.

14.

15.

L. Akinyemi, H. Rezazadeh, S.-W. Yao, M. A. Akbar, M. M. A. Khater, A. Jhangeer, et al.,
Nonlinear dispersion in parabolic law medium and its optical solitons, Results Phys., 26 (2021),
104411. https://doi.org/10.1016/j.rinp.2021.104411

J. Boussinesq, Theorie de I'intumescence liquide, applelee onde solitaire ou de translation, se
propageant dans un canal rectangulaire, C. R. Acad. Sci., 72 (1871), 755-759.

S. Li, M. Chen, B. Zhang, Wellposedness of the sixth order Boussinesq equation with non-
homogeneous boundary values on a bounded domain, Phys. D: Nonlinear Phenom., 389 (2019),
13-23. https://doi.org/10.1016/j.physd.2018.09.006

H. Yang, New traveling wave solutions for the sixth-order Boussinesq equation, Fundam. J. Math.
Appl., 6 (2023), 1-11. https://doi.org/10.33401/fujma.1144277

K. A. Khalid, R. I. Nuruddeen, K. R. Rasla, New hyperbolic structures for the
conformable time-fractional variant Bussinesq equations, Opt. Quant. Electron., 50 (2018), 61.
https://doi.org/10.1007/s11082-018-1330-6

N. Naila, M. N. Rafiq, U. Younas, D. Lu, Sensitivity analysis and solitary wave solutions to
the (2+1)-dimensional Boussinesq equation in dispersive media, Mod. Phys. Lett. B, 38 (2024),
2350227. https://doi.org/10.1142/S0217984923502275

A. Wazwaz, A variety of soliton solutions for the Boussinesq-Burgers equation
and the higher-order Boussinesq-Burgers equation, Filomat, 31 (2017), 831-840.
https://doi.org/10.2298/FIL1703831W

A. M. Mubaraki, R. I. Nuruddeen, K. K. Ali, J. F. Gomez-Aguilar, Additional solitonic and other
analytical solutions for the higher-order Boussinesq Burgers equation, Opt. Quant. Electron., 56
(2024), 165. https://doi.org/10.1007/s11082-023-05744-2

J. S. Russell, Report on Waves: Made to the Meetings of the British Association in 1842—1843,
London: Richard and John E Taylor, 1845.

N. A. Kudryashov, One method for finnding exact solutions of nonlinear
differential equation, Commun. Nonlinear Sci. Numer. Simul., 17 (2012), 2248-2253.
https://doi.org/10.1016/j.cnsns.2011.10.016

E. Yomba, A generalized auxiliary equation method and its application to nonlinear Klein-
Gordon and generalized nonlinear Camassa-Holm equations, Phys. Lett. A, 372 (2008), 1048—
1060. https://doi.org/10.1016/j.physleta.2007.09.003

Y. L. Ma, B. Q. Li, Doubly periodic waves, bright and dark solitons for a coupled monomode step-
index optical fiber system, Opt. Quant. Electron., 50 (2018), 443. https://doi.org/10.1007/s11082-
018-1692-9

A. R. Seadawy, Nonlinear wave solutions of the three-dimensional Zakharov-Kuznetsov-
Burgers equation in dusty plasma, Phys. A: Stat. Mech. Appl., 439 (2015), 124-131.
https://doi.org/10.1016/j.physa.2015.07.025

Y.-L. Ma , B.-Q. Li, Mixed lump and soliton solutions for a generalized (3+1)-
dimensional Kadomtsev-Petviashvili equation, AIMS Mathematics, S (2020), 1162-1176.
https://doi.org/10.3934/math.2020080

AIMS Mathematics Volume 9, Issue 11, 30972-30988.


http://dx.doi.org/https://doi.org/10.1016/j.rinp.2021.104411
http://dx.doi.org/https://doi.org/10.1016/j.physd.2018.09.006
http://dx.doi.org/https://doi.org/10.33401/fujma.1144277
http://dx.doi.org/https://doi.org/10.1007/s11082-018-1330-6
http://dx.doi.org/https://doi.org/10.1142/S0217984923502275
http://dx.doi.org/https://doi.org/10.2298/FIL1703831W
http://dx.doi.org/https://doi.org/10.1007/s11082-023-05744-2
http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2011.10.016
http://dx.doi.org/https://doi.org/10.1016/j.physleta.2007.09.003
http://dx.doi.org/https://doi.org/10.1007/s11082-018-1692-9
http://dx.doi.org/https://doi.org/10.1007/s11082-018-1692-9
http://dx.doi.org/https://doi.org/10.1016/j.physa.2015.07.025
http://dx.doi.org/https://doi.org/10.3934/math.2020080

30987

16

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

. S. T. Rizvi, A. R. Seadawy, N. Farah, S. Ahmad, A. Althobaiti, The interactions of dark, bright,
parabolic optical solitons with solitary wave solutions for nonlinear Schrodinger-Poisson equation
by Hirota method, Opt. Quant. Electron., 56 (2024), 1162. https://doi.org/10.1007/s11082-024-
07008-z

C. Park, R. I. Nuruddeen, K. K. Ali, L. Muhammad, M. S. Osman, D. Balean, Novel hyperbolic
and exponential ansatz methods to the fractional fifth-order Korteweg—de Vries equations, Adv.
Differ. Equ., 2020 (2020), 627. https://doi.org/10.1186/s13662-020-03087-w

S.  Shukri, K. Al-Khaled, The extended tan method for solving systems of
nonlinear wave equations, Appl. Math. Comput., 217 (2010), 1997-2006.
https://doi.org/10.1016/j.amc.2010.06.058

H. O. Bakodah, M. A. Banaja, A. A. Alshaery, A. A. Al Qarni, Numerical solution of dispersive
optical solitons with Schrodinger-Hirota equation by improved Adomian decomposition method,
Math. Probl. Eng., 2019 (2019), 2960912. https://doi.org/10.1155/2019/2960912

M. A. Banaja, A. A. Al Qarni, H. O. Bakodah, Q. Zhou, S. P. Moshokoa, A. Biswas, The investigate
of optical solitons in cascaded system by improved adomian decomposition scheme, Optik, 130
(2017), 1107-1114. https://doi.org/10.1016/j.ijle0.2016.11.125

H. O. Bakodah, A. A. Al Qarni, M. A. Banaja, Q. Zhou, S. P. Moshokoa, A. Biswas, Bright and
dark thirring optical solitons with improved Adomian decomposition method, Optik, 130 (2017),
1115-1123. https://doi.org/10.1016/].ijle0.2016.11.123

R. T. Algahtani, M. M. Babatin, A. Biswas, Bright optical solitons for Lakshmanan-
Porsezian-Daniel model by semi-inverse variational principle, Optik, 154 (2018), 109-114.
https://doi.org/10.1016/j.ijle0.2017.09.112

R. Alrashed, R. B. Djob, A. A. Alshaery, S. A. Alkhateeb, R. I. Nuruddeen, Collective variables
approach to the vector-coupled system of Chen-Lee-Liu equation, Chaos, Solitons Fract., 161
(2022), 112315. https://doi.org/10.1016/j.chaos.2022.112315

J. Biazar, H. Aminikhah, Exact and numerical solutions for non-linear Burgers equation by VIM,
Alex. Eng. J., 47 (2009), 1394—-1400. https://doi.org/10.1016/j.mcm.2008.12.006

A. Alsisi, Analytical and numerical solutions to the Klein-Gordon model with cubic nonlinearity,
Alex. Eng. J., 99 (2024), 31-37. https://doi.org/10.1016/j.ae].2024.04.076

M. A. Alqudah, R. Ashraf, S. Rashid, J. Singh, Z. Hammouch, T. Abdeljawad, Novel numerical
investigations of fuzzy Cauchy reaction-diffusion models via generalized fuzzy fractional
derivative operators, Fractal Fract., 5 (2021), 151. https://doi.org/10.3390/fractalfract5040151

R. Shakhanda, P. Goswami, J.-H. He, A. Althobaiti, An approximate solution of

the time-fractional two-mode coupled Burgers equations, Fractal Fract., 5 (2021), 196.
https://doi.org/10.3390/fractalfract5040196

C. L. Christov, G. Maugin, M. G. Velarde, Well-posed Boussinesq paradigm with purely spatial
higher-order derivatives, Phys. Rev. A, 54 (1996), 3621. https://doi.org/10.1103/PhysRevE.54.3621

J. Zhou, H. Zhang, Well-posedness of solutions for the sixth-order Boussinesq equation
with linear strong damping and nonlinear source, J. Nonlinear Sci, 31 (2021), 76.
https://doi.org/10.1007/s00332-021-09730-4

AIMS Mathematics Volume 9, Issue 11, 30972-30988.


http://dx.doi.org/https://doi.org/10.1007/s11082-024-07008-z
http://dx.doi.org/https://doi.org/10.1007/s11082-024-07008-z
http://dx.doi.org/https://doi.org/10.1186/s13662-020-03087-w
http://dx.doi.org/https://doi.org/10.1016/j.amc.2010.06.058
http://dx.doi.org/https://doi.org/10.1155/2019/2960912
http://dx.doi.org/https://doi.org/10.1016/j.ijleo.2016.11.125
http://dx.doi.org/https://doi.org/10.1016/j.ijleo.2016.11.123
http://dx.doi.org/https://doi.org/10.1016/j.ijleo.2017.09.112
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2022.112315
http://dx.doi.org/https://doi.org/10.1016/j.mcm.2008.12.006
http://dx.doi.org/https://doi.org/10.1016/j.aej.2024.04.076
http://dx.doi.org/https://doi.org/10.3390/fractalfract5040151
http://dx.doi.org/https://doi.org/10.3390/fractalfract5040196
http://dx.doi.org/https://doi.org/10.1103/PhysRevE.54.3621
http://dx.doi.org/https://doi.org/10.1007/s00332-021-09730-4

30988

30

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

@ AIMS Press

. J. Liu, X. Wang, J. Zhou, H. Zhang, Blow-up phenomena for the sixth-order Boussinesq equation
with fourth-order dispersion term and nonlinear source, Discrete Contin. Dyn. Syst. S, 14 (2021),
4321-4335. https://doi.org/10.3934/dcdss.2021108

A. Kilicman, R. Silambarasan, Modified Kudryashov method to solve generalized Kuramoto-
Sivashinsky equation, Symmetry, 10 (2018), 527. https://doi.org/10.3390/sym10100527

A. M. Elsherbeny, A. H. Arnous, A. Biswas, O. Gonzalez-Gaxiola, L. Moraru, S. Moldovanu, et al.,
Highly dispersive optical solitons with four forms of self-phase modulation, Symmetry, 9 (2023),
51. https://doi.org/10.3390/universe9010051

S. Althobaiti, A Althobaiti, Analytical solutions of the extended Kadomtsev-Petviashvili equation
in nonlinear media, Open Phys., 21 (2023), 20230106. https://doi.org/10.1515/phys-2023-0106

A. Kashif, A.R. Seadawy, S. T. R. Rizvi, N. Aziz, A. Althobaiti, Dynamical properties and
travelling wave analysis of Rangwala-Rao equation by complete discrimination system for
polynomials, Opt. Quant. Electron., 56 (2024), 1081. https://doi.org/10.1007/s11082-024-06894-7

B.-Q. Li, A.-M. Wazwaz, Y.-L. Ma, Two new types of nonlocal Boussinesq equations in
water waves: Bright and dark soliton solutions, Chinese J. Phys., 77 (2022), 1782-1788.
https://doi.org/10.1016/j.cjph.2021.11.008

Y.-L. Ma, B.-Q. Li, Bifurcation solitons and breathers for the nonlocal Boussinesq equations, App!.
Math. Lett., 124 (2022), 107677. https://doi.org/10.1016/j.aml1.2021.107677

A. Wazwaz, The tanh method for traveling wave solutions of nonlinear equations, Appl. Math.
Comput., 154 (2004), 713-723. https://doi.org/10.1016/S0096-3003(03)00745-8

A. Wazwaz, The tanh—coth method for solitons and kink solutions for
nonlinear parabolic equations, Appl. Math. Comput., 188 (2007), 1467-1475.
https://doi.org/10.1016/j.amc.2006.11.013

A. M. Mubaraki, H. Kim, R. I. Nuruddeen, U. Akram, Y. Akbar, Wave solutions and numerical
validation for the coupled reaction-advection-diffusion dynamical model in a porous medium,
Commun. Theor. Phys., 74 (2022), 125002. https://doi.org/10.1088/1572-9494/ac822a

N. A. Kudryashov, K. E. Shilnikov, A note on “The tanh-coth method combined with the Riccati
equation for solving nonlinear coupled equation in mathematical physics, J. King Saud Uniyv. - Sci,
24 (2012), 397-381. https://doi.org/10.1016/j.jksus.2012.06.001

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 11, 30972-30988.


http://dx.doi.org/https://doi.org/10.3934/dcdss.2021108
http://dx.doi.org/ https://doi.org/10.3390/sym10100527
http://dx.doi.org/https://doi.org/10.3390/universe9010051
http://dx.doi.org/https://doi.org/10.1515/phys-2023-0106
http://dx.doi.org/https://doi.org/10.1007/s11082-024-06894-7
http://dx.doi.org/https://doi.org/10.1016/j.cjph.2021.11.008
http://dx.doi.org/https://doi.org/10.1016/j.aml.2021.107677
http://dx.doi.org/https://doi.org/10.1016/S0096-3003(03)00745-8
http://dx.doi.org/https://doi.org/10.1016/j.amc.2006.11.013
http://dx.doi.org/https://doi.org/10.1088/1572-9494/ac822a
http://dx.doi.org/https://doi.org/10.1016/j.jksus.2012.06.001
http://creativecommons.org/licenses/by/4.0

	Introduction
	Governing nonlinear equation
	 Kudryashov method (KM)
	Modified auxiliary equation method (MAEM)
	Applications
	Application of Kudryashov method
	Application of modified auxiliary equation method

	Graphical depictions and discussion
	Depictions and discussion of Kudryashov method's solutions
	Depictions and discussion of modified auxiliary method's solutions

	Conclusions

