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Abstract: Recently, in the field of periodic nonuniform sampling, researchers (Wang et al., 2019;
Asharabi, 2023) have investigated the incorporation of a Gaussian multiplier in the one-dimensional
series to improve its convergence rate. Building on these developments, this paper aimed to accelerate
the convergence of the two-dimensional periodic nonuniform sampling series by incorporating a
bivariate Gaussian multiplier. This approach utilized a complex-analytic technique and is applicable to
a wide range of functions. Specifically, it applies to the class of bivariate entire functions of exponential
type that satisfy a decay condition, as well as to the class of bivariate analytic functions defined on a
bivariate horizontal strip. The original convergence rate of the two-dimensional periodic nonuniform
sampling is given by O(N~7), where p > 1. However, through the implementation of this acceleration
technique, the convergence rate improved drastically and followed an exponential order, specifically
e N, where @ > 0. To validate the theoretical analysis presented, the paper conducted rigorous
numerical experiments.

Keywords: two-dimensional periodic nonuniform sampling; sinc approximation; Gaussian
regularization; entire functions of exponential type; error bounds
Mathematics Subject Classification: 30E10, 30D10, 30D15, 41A25, 41A80, 65B10, 65D05, 94A20

1. Introduction

The Bernstein space Bg(R) is a set of functions in L”(R) that can be extended to entire functions of
exponential type Q. According to Schwartz’s theorem [1, 2], Bf,(R) can be defined as the collection of

functions f in LP(R) such that the Fourier transform fis supported in the interval [-€, Q]. In simpler
terms, we can describe it as follows:

Bi(R) ={f e L’(®): supp f c [-Q.Q1}, (1.1)
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where frepresents the Fourier transform of f in the sense of generalized functions. Consider a set of
arbitrary points 0 < x; < x; <... < x;y < kJ in R, which are not necessarily equidistant. We define the
sampling points as follows:

Tink :=Xj+nkd, ne€Z,;j=1,...,J, (1.2)

where « € (0, 7/Q], Q is a positive number, and J is a positive integer. In this sampling scheme, the
points are grouped into sets of J points. The one-dimensional periodic nonuniform sampling theorem
states that if f belongs to the space B,(R), where 1 < p < oo, then f can be expressed in the following
form, as proved in [3],

) J
f@= > Y @ vinz@,  z€C (1.3)
n=-co j=1

where
sin (£(z = Teu))

J
Vine@) = sine (2= 1300) [ ] (1.4)

k=14 SID (ﬁ(xj - xk))

The sinc function is defined by
sin x
. —, x#0,
sinc (x) := X

1, x=0.

The series on the right-hand side of (1.3) converges uniformly and absolutely over R as well as on
any compact subset of C, as stated in [4]. The series (1.3) has garnered significant interest in both the
fields of mathematics and engineering. It has been the subject of extensive attention, as evidenced by
works such as [4-8] and other related references. The authors in [9] introduced a periodic nonuniform
sampling approach that involves derivatives. In a different context, the authors of [6] extended the
expansion given in Eq (1.3) to bandlimited functions in the fractional Fourier transform domains. In
a related work, [10] modified the series presented in Eq (1.3) by incorporating a Gaussian function
using a Fourier-analytic method. Additionally, in [11], Asharabi accelerated the series in Eq (1.3) by
incorporating a Gaussian function based on a complex-analytic approach, specifically for two classes of
analytic functions. The work in [11] is generalized in [12] for periodic nonuniform sampling involving
higher-order derivatives.
Consider the class Eq(¢), where Q > 0, defined as follows:

Eq(g) :={f : C - C| isentire and |f(2)| < ¢ (|R2]) exp(QTzl), z € C}, (1.5)

where ¢ is a continuous, non-decreasing, and non-negative function defined on R*. It is worth noting
that the space Eq(¢), introduced in [13], is larger than the Bernstein space Bg(R). Consider the class
Errr), wWhich consists of entire functions that belong to L”(R) when restricted to the real line. In [11],
the first author introduced the nonuniform sinc-Gauss localization operator G, jn : Eq(¢) — Eprg) for
every 1 < p < oo as follows:

J

Granl 1D = D 3 FEin) Wina(@) exp (=5 (2= Ty ) (1.6)

neZy(z) j=1
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where the function ¢, , is defined in (1.4), a := (m — hQ)/2, h € (0, 7/Q], and
Zn() = {n € Z: |LJ "W Rz +1/2] - n| < N}.

Using the complex analytic technique presented in [13], the first author established in [11] that if
f € Eq(¢, then the following estimate is valid:

J —-aJN
Vs

@ = Grunlfl@)| < 27! sin(—(z -~ xk)) ¢ (1Rz] + JA(N +2)) xns (Iz2) , (L7

| wlf1@)| ]k_l[ o N e

where |3z| < JhN, J is a positive integer, and & € (x;/J, 7/Q]. The function y is given by

2 eat2 /N e—2m eZat
Xn.(0) ~t g + =
hNradN (1= (t/JhNY?) (1= e RO (1 — e RN/

= 2coshat) + O(N'?), as N — co. (1.8)

The author in [11] relaxed the condition of f € Eq(¢) in the previous result and considered f to belong
to a class of analytic functions in an infinite horizontal strip D, := {z eC: |5z| < d}. This class is
denoted as A,(¢) and is defined as follows:

Ad@) :={f : Dy — C| is analytic in D, and |f()| < ¢(|R2]) . z€ D}, (1.9)

where ¢ is a continuous, non-decreasing, and non-negative function on R*. This class was initially
introduced in [13] and has been utilized in various studies, such as [14, 15]. In [11], an estimation for
the error | f@=GninSf | was derived when f belongs to the class A (¢). If f € Ay (¢), the following
estimate is valid:

e_%(JN_ﬁ)

¢ (I1Rzl + pn)) yv,s (B2/4d) W’

f@) - Gyl 1] < 2717 (1.10)

]Ii[sin(%(z - xk))

where z € D,y and py; := Jd(1 + %). The function yy, is given by

1[ 1 .\ 22
L—t[(1-e2NY  gvIN( +1)

The two-dimensional nonuniform periodic sampling series goes back to Butzer and Hinsen, as
mentioned in [16, 17]. First, we introduce the definition of the Bernstein space for functions of two
variables, denoted as BQ(RZ), where 1 < p < oo. This space encompasses all entire functions of two
variables that exhibit exponential type Q and belong to L”(R?) when their domain is restricted to R

Schwartz’s theorem, as presented in references such as [1, 2], provides further insights into this space.

=[O, as N

YN0

BL(R?) = {f € L’(R?) : supp f € [-Q. QT}, (1.11)

where f is the Fourier transform of f in the sense of generalized functions. Let 0 < xj; < x1, < ... <
X1y, < Jihand 0 < x31 < X2 < ... < Xxpy, < Joh be arbitrary points that are not necessarily equidistant
in R. We define the sampling points (7., Vi,ms) in R? as follows:

(le,nl,h’sz,nz,h) = (xlj, +I”l1]1]’l,)€2j2 +n2J2h) j] = 1,.. .,J], jz = 1,...,.]2, (112)

AIMS Mathematics Volume 9, Issue 11, 30898-30921.



30901

where (n;,n,) € Z2, h € (0,7/Q], Qis a positive number, and J;, [ = 1,2, are positive integers. Butzer
and Hinsen established the two-dimensional nonuniform sampling iterated expansion in [16, 17], and
the two-dimensional nonuniform periodic sampling series is a special case of this expansion. We can
express this special case in a new form as follows, as mentioned in [17, p. 78]. If f € Bg(Rz) with
1 < p < oo, then f can be represented as follows:

Ji1 h

f@) = ZZZNM,QT,2n29>ﬂwj,n,g<zl> = (a1.2) € C2, (1.13)

nez? j1=1 j»=1

where n = (n,n,) and the function ¥, is given in (1.4). The series on the right-hand side of (1.13)
converges uniformly and absolutely over R? as well as on any compact subset of C?, as stated in [17].

The convergence rate of the expansion in (1.13) is relatively slow, on the order of O(N~7) with
p > 1 (see Section 2 below). As far as we know, no previous research has focused on accelerating
the convergence of this expansion by incorporating a bivariate Gaussian kernel. By applying this
acceleration technique, the convergence rate significantly improves to an exponential order, specifically
e N, where @ > 0. In this study, we build upon the technique proposed in [11] to accelerate the
convergence of the two-dimensional periodic nonuniform sampling series (1.13) by incorporating
a bivariate Gaussian multiplier. The approach employed in this paper utilizes complex-analytic
techniques and is applicable to a broad range of functions. Specifically, it applies to two classes of
functions. The first class includes bivariate entire functions of exponential type that satisfy a decay
condition. The second class comprises bivariate analytic functions defined on a bivariate horizontal
strip.

The remaining sections of this paper are structured as follows. In Section 2, we establish the
convergence rate of the two-dimensional periodic nonuniform sampling series (1.13). Section 3 is
dedicated to accelerating the convergence of the series (1.13) by incorporating a bivariate Gaussian
multiplier for a broader range of bivariate entire functions of exponential type that satisfy a decay
condition. We relax the condition imposed on f in the previous section and consider it to belong to
a class of bivariate analytic functions in a two-dimensional horizontal strip. In Section 5, we present
numerical examples to illustrate the applicability and effectiveness of the proposed approach. Finally,
Section 6 provides a summary and conclusion of the paper.

2. Convergence rate

This section is dedicated to examining the rate at which the sampling series (1.13) converges. We
demonstrate that the series in (1.13) has a slow convergence rate, which is of order O(N~'/?) where
P > 1. To illustrate our approach, we examine the truncation error of the series in (1.13) based on
localized sampling without a decay assumption. To achieve this, we truncate the series in (1.13) as
follows:

I b

Thnnl1@) = Y > 3 f@mg r,znm)]—[w],%(zl) xi=(x,m) eR:,(210)

neZ? 5 (%) J1=1 j2=1

where 0
Z3,(x) = {(m,n) € 7 : -N < sz ~m <N, 1=1.2). (2.2)
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That is, if we want to estimate f, we only sum over values of f on a part of (7/Q)Z? near x. In the
following two lemmas, we introduce auxiliary results that will be utilized to estimate the upper bound

of | £(x) = Ts,.5,w[f1(x)| for (x,y) € R,

Lemma 2.1. Let p,q > 1 such that 1—17 + é =1 and let Q > 0. Then, we have

a\/4

2
n W, 5(X1)

=1

2,

neZ?\Z2 (x)

2
<Cpa | o, (2.3)
=1

for all x = (x1, x,) € R% Here C ».0 1S a positive constant dependent only on p, Q) and the constant 6,
[ =1,2, is defined as

Ji 1
8y = (2.4)

k=1/k#j |SIN (%(xlj - xlk))’

Proof. It is evident from definition (2.2) of ijv(x) that

2
Z 1_[ Wi, 5 (X1)

=1

q )
q q
< D Whma@l" Y Wi ()]
ny=-o0

neZ2\Z2,(x) 22 o>
[se]
q q
+ > Wima @) D W ()] (2.5)
Q%;]—n]‘>N m==-c

The following inequality was derived by the first author in [11, Eq (16)]:
1/q

> Wima@|'|  <cpady, N xeR, (2.6)

Qx;
s —I’L[‘>N

where ¢, o 1s a positive constant dependent only on p and €, and the constant ¢, is defined in (2.4).
In [4, Lemma 2.2], the authors derived the subsequent inequality:

(&) 1/q
[ Z |lﬂj1,nl,g(xz)|q] <pd;, x€ER 2.7)
nj=—00
Combining (2.7), (2.6), and (2.5), we get (2.3) and the proof is complete. O

Lemma 2.2. For f € Bg(Rz) with 1 < p < oo, we have the following inequality:

J1 D
2, 2| 2 T )

J1=1 jo=1 \nez?

1/p
”] < Apasnllflp, 2.8)

where Apq j, 5, is a constant that depends only on p, Q, Ji, and J>.
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Proof. For g € Bg(R), defined as (1.1), and for any increasing sequence 4,,, with the condition 4,,—4,, >
0 > 0, we have, as demonstrated in [18, Theorem 6.7.15], the following inequality:

D gl < d g sl (2.9)
where a,q s is a constant that depends solely on p, Q, and 6. As f € Bg(Rz), the function g(y) :=
J(Tjm.5,Y) also belongs to the space Bg(R). Consequently, we can utilize (2.9) to obtain the following
result:

p P P
= ap,Q,lelf(T./.lynl,%’ )”LP(R)’ (210)

(o)
Z |f(T.1'1J11,6 ’ sz,nz,é)

np=—00
00 1
where we have employed 4, := 7, ,, . Given that f € Bg(Rz), the function ( f_ LG y)Ipdy) & also

belongs to the space By (R). By applying (2.9) once again to the function ( [f, y)|de)1/ " we
obtain the following inequality:

> f @z dy <o, lIf1D, (2.11)

nj=—o00

where a,q j, is a constant that depends solely on p, Q, and J;. By combining (2.11) and (2.9), we
arrive at the following inequality:

(o) o0
[Z Z |f(Tj1,n1,6’szﬂz,6)

n|=—00 np=—00

1/p 2
”) <[ [apaslisil, (2.12)

=1
Finally, by summing over j; and j,, we deduce (2.8). O

In the following theorem, we demonstrate that the convergence rate of the sampling series (1.13)
cannot be faster than O(1/N).

Theorem 2.3. Let f be a function in the Bernstein space Bg(Rz) with 1 < p < oo. Then, the following
inequality holds:

2
£ = T, WA < Dy, | | il N2, (2.13)

I=1
for all x € R?, and Dya.0,.5, 15 a constant that depends only on p, Q, J,, and J,.

Proof. Given that f belongs to the Bernstein space Bg(RZ), we can utilize the expansion (1.13). By
combining it with (2.1) and applying the triangle inequality, we derive the following expression:

J1 D

) = Trmal 10 < YT S

N=1 2= nez?\72 (x)

2
F@imgoTrmg) | | wima)|. (2.14)
=1

The reason for being able to interchange the sums in the last step is the absolute convergence of the
series in (1.13). By applying Holder’s inequality, we acquire the following result:

1/p
p

< Z |f(Tj/,n/,6 ’ sz,nz,ﬁ)

nezZ?\Z2 (x)

2
> @i i) | [ Wiz )
=1

nezZ?\Z2 (x)
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a\1/4
] , (2.15)

with p,g > 1 and 1/p+1/q = 1. Substituting from (2.3) and (2.8) into (2.15), we obtain the following:

2
l—[ Wi, 5 (X1)

=1

P

neZ?\Z2 (x)

2 2
> @iz thmd) | [ims@o| < Coa | | 61apanlifI,N?. (2.16)
neZ?\7Z2 (x) I=1 =1
By combining (2.16) with (2.12), we obtain (2.13), and thus the proof is concluded. O

3. Bivariate nonuniform sinc-Gauss formula

In this section, we modify the two-dimensional periodic nonuniform sampling series (1.13) by
incorporating a bivariate Gaussian multiplier using the complex-analytic approach. We consider the
class Eé(cp) defined as follows:

2
Ei(p) = {f : C* = C| isentire and | f(z)| < <p( ) exp [O‘Z ISZIIJ}, (3.1)
=1
where 7 := (z1,22) € C?. The function ¢ is continuous, non-negative, and non-decreasing in both
variables |?%z j| Jj = 1,2. This class was first introduced in [15] and used in some studies, cf. e.g., [19].
It is important to note that the space Eg(¢), introduced in [15], is larger than the Bernstein space
Q(Rz). The class EQ(C ), with C being a constant, encompasses entire functions of exponential type
Q that may not necessarily belong to L?(R?) when restricted to R?. Additionally, we consider the class
&1z, Which consists of entire functions of two variables that belong to L”(R?) when their real domain
is considered. Consider the bivariate localization sampling operator G, 5, s, v : Eé(go) — &) defined
as follows:

i D2 ”‘( l”/’lvnlﬁ)z

Grnanlfl@= > > > f(r,lmh,r,znzm]_[w,,mhm)e e (3.2)

nezZz(z) 1=l jo=1

where n := (n;,n,) and z := (z;,2,) € C2. The function W 18 defined in (1.4), @ := (7 — hQ)/2,
h e (0,7/Q], and

Z3@) ={neZ?  |LI;'h ' Ry + 1/2) = n| <N, 1=1,2}.

On the class EZ o(¢), the first author and Prestin introduced the following two-dimensional uniform
sampling operator, cf. [15]:

cx(zj - njh)2

T (3.3)

Ginlfi@) = ). fouh, nnh)nsmc (wh™'z; = njw)exp| -

nez2 (2)

The operator (3.3) can be considered as a special case of the operator in (3.2) when J; = J, = 1 and
x11 = x21 = 0. Now, let us denote the periodic nonuniform sampling expansion (1.3) as Lq j, 5, f, Where
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Loy, By (Rz) — By, (Rz). The key question here is: What is the relationship between the operators
Loy, and Gy g, 5, n7 The following lemma addresses this question and is specifically applicable to
the Bernstein space BY, (Rz).

Lemma 3.1. For any f € B}, (Rz), we have
Al,l_f)folo Grnnnf =Lannf =1

Proof. By setting h = 7/Q in the operator (3.2) and taking the limit as N — oo, we obtain the right-
hand side of the expansion (1.13) because @ = 0 and limy_, Z3(z) = Z*. Since f € Bj (RZ), this
expansion converges uniformly on any compact subset of C?, and we have Lg ;, ., f = f. O

Consider the kernel function

azy-g)*

SO Iliye M
[T (& =2 [T sin (ﬁ((l - Tj],nl,h))

where ¢ = ((1,0), 2 = (21,22), 2 € C\N(Tjymms Tl Jji = 1,...,J;, 1 = 1,1. The points
(T o T jzm,h) are given in (1.12) and the function S; is defined as

KO = (3.4

J] JZ
1 . T 1 . T
Sz(g) = Sin (Zl - Tj]J’llJ’l) sin (‘:2 - sz,nz,h)
. Jih . Joh
Ji=1 J2=1
J1 J2
1 . T 1 . T
+ sin ((1 - le,n],h) sin (ZZ - sz,nz,h)
: Jih L Joh
J1=1 Jj2=1
J] JZ
[ sin | = W T sin{ 2o = 7400 0)
- sin 21 = Tjinh 2 7 Tjanp,h) |-
1 J]h J111 th J2.n2,h

j1= J2=1
The kernel K.({), as a function of variables ¢; and >, has a singularity of order one at all points
belonging to the sets {(z;,C),(C,z) : 21,20 € C} and {(le,nl,h,C),(C, sz,,,z,h) :(n,m) € Zz} where
ji=1,...,J;, 1 =1,2. These sets are subsets of C> and can be interpreted as the Cartesian product of
the {;-planes for [ = 1, 2.

In the following result, we demonstrate that the difference between a function f € Eé(go) and the
operator Gy ;, s, n[f] can be expressed as the integration of . f over a hyperrectangle [], R.,. Here,
R, is a rectangle in the {;-plane, oriented positively and defined by its vertices at +J;A(N + 3/2) +
JIhN i + (37 + JihAN), where N, := | Rz + 1/2] and [ = 1,2. The hyperrectangle H,zzl R,, depends
on the point z = (z1, 22).

Lemma 3.2. Forall z € C* and f € E3(p), we have

1
W ﬁzz ﬁq Wz(f)f(év) ag, z# (le,m,h’sz,nz,h) >

@) = Gunnnlflx) = (3.5)

0, <= (le,nl,h’ sz,nz,h) >

where { = ({1,(), and Hle R, represents the hyperrectangle described earlier.
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Proof. By replacing the values of 7;,,, », as defined in Eq (1.12), in the function ¢, ,, », we obtain

0, k#I,
l//jl,"17h(Tjk7”kah) = (3.6)

1, k=1L
Substituting z = (ijm,h,‘z'jzm,h) into (3.2) and using (3.6), we obtain Gy j, s, N[ f] (le,nl,h,sz,nz,h) =

f(le,nl,h,sz,nz,h) for all (ny,n,) € lev(z), Ji=1,...,J5, j = 1,2. Hence, the second part of the equality
in (3.5) holds. To establish the first part of the equality in (3.5), we will apply the residue theorem. For
convenience, let us define F({) := Kz({) f({). We can denote the residue of the function ¢} — F({y,{,)
at {1 = A4; € C, where ¢, is a complex parameter, as Res | F(4;,{>). Assuming that Res | F(4;, () has
already been defined, we can define the residue of the function ¢, — Res F(4,,{;) at { = 1, € C by
Res,F(A;, A,). Calculating the residue Res ,F, we obtain, for all 7 := (z;,2,) € C?,

Res,F(z) = f(z), (3.7)
and for all (n,n,) € Z%(2),

o)’
N
Res 2F (le ntLhe T]2 n, h) f(le nLho sz ny, h) | | ‘//][ n/h(zl)e Nk . (38)

Therefore, we have

Ji1 D

(27T )2 é § . ({)f({) d( Res 2F(Z) + Z Z Z Res o F le arhs o, h) (39)

nez2 (z) =1 jo=1

where 7 € Cz\{(le,n,,h,sz,nz,h)}, and j; = 1,...,J;, 1l = 1,2. By combining (3.7), (3.8), and (3.9), we
obtain the first part of the equality in (3.5). O

We can extend the condition of Lemma 3.2 by relaxing the requirement of f € Eé((p) to a broader
class of functions. Instead, we consider functions that belong to a class of analytic functions defined
in an infinite bivariate horizontal strip given by

Sii={ceC: |3y <d. 1=1.2}. (3.10)
In particular, let A,(¢) be the class defined as

Ax) = {f: 8> C| isanalyticin S2and [f)] < ¢

). zeSi. (3.11)

where ¢ is a continuous, =1,2.
The class Az(go) was 1n1t1a11y 1ntroduced n [15] and has been utilized in various studies, Cf e.g., [19].
Within the class Afl(go) we define the special case of the operator G, ;, 5, v With specific parameters,
where we set h := h; = d/J;N and « := x/2. In this case, the operator (3.2) takes the form:

Ji N (1 /1n1h/)

g%JlJLN[f](Z) Z Z Z f(le ahis T, hz) rl '70][ n, h/(Zl) e 20 . (312)

nez2 (z) =1 j2=1
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The general operator Gy, ;, ;,.v allows for independent selection of parameters N and . However,
in the specific case G 4N these parameters become correlated, implying that their values are
interdependent.

In the following result, we demonstrate that the difference between a function f € Aé((p) and
the operator G 4 7,.,n CaN be represented as the integration of Kzf over a hyperrectangle denoted as
]_[,2:1 R.,. Each R, corresponds to a rectangle in the {;-plane and is positively oriented. The vertices of
R., are determined by the expressions +J;h;(N+3/2)+JihyNz 5, +1J,d and £J,h (N +3/2)+ AN, 5,0, +
i(dJ,—3z), where N,, := | Rz;+1/2] with [ = 1, 2. The proof will not be presented because it is similar
to the proof of Lemma 3.2.

Lemma 3.3. Forall z € Sfl and f € Afl(go), we have

1
W ﬁzz ﬁl (](z({)f(g) dg’ Z# (leanl,hl’ ij,nzshz) 4

J@)=Ga 5,1 = (3.13)

0, <= (leanlyhl d ijynz,hz) >

where { = ({1,(>), and [1-, R., represents the hyperrectangle described earlier.

The operator G, 5,y provides a piecewise analytic approximation for functions from the class
Eé(cp) or the class Afl(go) on each of the bivariate strips defined as follows:

1 1
{z eC?: (j, - 5)h,J, <Rz < (j, + E)hljl, l= 1,2}. (3.14)

4. Error bound for EZ(p)-functions

In this section, we will derive bounds for the error | @D =Gnsnn f| when f belongs to the
class Eé(cp). We will consider special cases based on the characteristics of ¢, which are commonly
encountered in practical situations. These cases correspond to three familiar growth patterns of ¢:
Constant, polynomial, and exponential. The main result of this section is presented in the following
theorem.

Theorem 4.1. For f € Eé(cp) with Q > 0, and |3z| < J;hN for | = 1,2, the error between f and
G5, NLf] can be bounded as follows:

—aJiN

2
/@) = Ghinnnlf1@)] < so(n(z»;2"‘1e9'f‘z3-"wh,1,<zl>xN,J,(5a>—m

2 —aJiN
+ 257 (Tz)———, 4.1
sO(U(Z))l;[ s @xn s (32 N 4.1)

where n(z) := (B1,(z1), B1,(22)) and B,,(z)) = |Rz|+hJ(N+2), 1 = 1,2. Here, ¢ is the previously defined
function, yn y, is given in (1.8), and wy, ;,(z)) is defined as

Ji

(7
wp,,(z7) = l_[ sin (E(Zl - le,)) , =12 4.2)

Ji=1
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Proof. Expanding the integral in (3.5) using the definition of K in (3.4), we have the following
expression:

2
_azy=¢)

R 2_ N2 ],
95 SE KOFO A = wny () 55 95 @bl
., JR. Ry IRy [T (G =2 15 sm(ﬁ(gl —le]))

22 1

a(z-g)*

[0 e Ve dg
+ wpy(22) 5 T
Ry IRy [ iy (& =z [T5,_, sin (ﬁ(é’z - ijz))

o)’

2 2 o TN (g
_ nthk(Zk)SE . f(&1,8) FJqu 4 43
k=1 Rey IRy [Tpmy (G —z) [T, sin (ﬁ((l - ij,))

where wy, j, 1s defined in (4.2), R,, for [ = 1,2 denotes the rectangles that were described previously,
and d{ := d{,d{,. Applying the Cauchy integral formula in one dimension, we can express the integral
in (4.3) as follows:

a(z-0)°

TNt g
95 95 KD f(Od wnr, @) f(gla‘]ZZ) e. 4
Ry IR, Ry (&1 —z) [T5,2, sin (ﬁ(gl _ xljl))

2
o(z-0)

fz, L) e M di

+ wh,"Z (ZZ) 7 -
Ry (=22 [T5,-, sm(ﬁ(gz - ijz))
2 ) _“(21*{12)2
, - NI ]
- 1—[ wh,Jk(Zk)gg . fénd) I}I—l 6.3 4 @44
k=1 Rey IRy [T2y (G =z [T, sin (ﬁ(fl - le,))

Given that f belongs to the class Eé(go), according to (3.1), we can conclude that for any point ({1, ()
within the hyperrectangle ]_[,2:1 R, the following holds:

2
F&. 0 <e@@) | |, (4.5)
=1

where 7(z) was defined earlier. Additionally, when either z; or z, is a fixed point, the following results
hold:
£z, 0] < @ ((2) 2% e, 7 e Ry, (4.6)

1f (&1, 22)| < @ ((2)) e 2l 7y e R, 4.7)

These results are derived from the assumption that the function ¢ is non-decreasing with respect to all
variables {;, [ = 1, 2. Substituting (4.5)—(4.7) into (4.4), we can deduce that:

_am-0)?
Q341 o N2

Ry (G = 2 T, sin (25 = xj))

95 95 KON < oM@ e w() da|
R, Jr,
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_a(x-0)*
Q| Q3L o7 TNn
+ o) e Wiy (22) - 6]
R, |(L2 = 22) [T sin (m(fz - ijz))
_az-q)?
QU341 o N2
@) wh ) 56 - i
Ry (&1 = 2) T, sin (252 — x1)
on-0)°
130l o
X wh,Jz(Zz)SE - |dal. (4.8)
R, |(L2 = 22) [T sin (m((z - ijz))

The integrals in (4.8) can be approximated by dividing the contour integral over R, into four individual
integrals along line segments and converting them into ordinary integrals, using a similar approach as
demonstrated in [11, Eq (32)].

_azg=g)?

56 Q3] NIp2 , (52) e~ @JIN
: il < 2% myn g, (B21) ——, (4.9)
Ry |G = 2) T, sin (£ - xi) ’ VradiN

where the function yy , is defined in (1.8) and [ = 1,2. Substituting from (4.9) into (4.8) and using
Lemma 3.2, we finally get (4.1). O

The bound presented in inequality (4.1) exhibits an exponential order and is directly affected by
the characteristics of the functions yy.j,, Wn.s, e%al and @. To illustrate how different characteristics
of ¢ can impact this bound, we present three specific cases based on its growth patterns: constant,
polynomial, and exponential. These cases are useful in practical applications and provide insights into
the behavior of the bound.

Case I. This corresponds to the case where the function ¢ exhibits constant growth, meaning
go( ) := C for all z € C2. In this case, the growth condition in (3.1) becomes:

2
f@lsc]]e™, zectc>o, (4.10)

which implies that f is an entire function of exponential type Q. The space E? o(C) is more inclusive
than the Bernstein space B (Rz) because the functions defined in (4.10) are not necessarily required to
belong to L”(R?) when restrlcted to R2. The following corollary illustrates this particular case.

Corollary 4.2. If f belongs to the space E> o(C) with C as a positive constant, then for all z € C? and
|3z)| < N for 1 = 1,2, we have the following bound for the error:

—aJiN

I/ @) = Gna.nnlf1@] < CZQJI e 550y, 1 (@ n s (F2) —= —

—aJyN

e
+ 22w @O v () ——— 4.11)
11:[ 1, Ji \Zk )X N, J k \/W

where the functions y ., and wy, j,(z;) are given in (4.2) and (1.8), respectively.
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Proof. This result can be immediately deduced from Theorem 4.1. O

In the real domain, the bound in inequality (4.11) will be uniform. This is because y ., and wy,,
are bounded functions on the real domain. The following corollary provides a uniform bound for the

error | £(x) = Gy, [ f1(x)| for all x € R2.
Corollary 4.3. For all x € R?* and f € EL(C) with C > 0, the following uniform bound holds:

(L/]]N —aJiN
+| 2% 0 ,
{—a/.][ l—[ /\/NJk( ) '—aJkN

where the function y,j, is defined as previously mentioned.

F@) = G F1)| <CZZJ’ (O —— (4.12)

Case II. This deals with the case where the function ¢ exhibits polynomial growth, which means that
cp( ) = CTI, (1 +|Rz])" for all z € C?. In this case, the growth condition specified
in (3.1) can be reformulated as follows:

2
F@I<C[ [ +1Ral)" e, (4.13)
=1

where 7z := (z1,22) € C?, C > 0, and v; € N,. The subsequent corollary demonstrates this specific case.

Corollary 4.4. Let g belong to the space B, (R?), and define f(z) = [1,(1 + 2)"'g(z), where z € C?
and v, is a non-negative integer. Then f € E S(©)(R?) for all Q > Q' and the following estimate holds:

—aJiN

@) = Grd QI < clzl]zf' e (@) P (B2) s

—aJyN

+ 125 w20 An s (20— 4.14
lk_ll w7 (2 ) AN, ( Zk)\/TkN (4.14)

where the function wy, ;,(z;) is given in (4.2), and the function Ay, is defined as
ﬂN’JI(Z) = (1 + |%Z1| + th(N + 2))y1 . (415)

Proof. Considering f(z) = lezl(l +2)"g(z) and g € B, (R?), it is straightforward to find a positive
constant C such that:

2 2
F@I < gl | (1 +1ah"e® < llgls | (1 +1R2D" (1 + [Tz e
=1 =1

2
< O] a+1Ra)" e,

for all Q > Q'. Hence, f is an entire function of polynomial growth on the real domain, and f €
E2(9)R?) with (x) = [Ti(1 + x2)", x := (x1,x,) € R2. By substituting p(x) = [i(1 + x2)"
into (4.1), we obtain (4.14). O
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Case III. This pertains to the situation where the function ¢ exhibits exponential growth on the real
domain, which means ¢ (|Rz)|,|Rz[) = C l—[§=] eMBal > 0, C > 0, for all z € C2. In this situation,
the growth condition specified in (3.1) can be expressed as follows:

2
f@l < C[ [e™aam, zecc>o, (4.16)

I=1
where « > 0 and Q > 0. The subsequent corollary addresses this particular case.

Corollary 4.5. Suppose f is an entire function that satisfies the exponential growth condition (4.16).
For h € (0,7/(Q + 2k)) and |3z)| < J;hN with | = 1,2, the following estimate holds:

2 . 2 " —(a—Kkh)I)N
lf(@) = Grnnnlfl < C S 27 wp g (2N (B2) ——
f na N l;[ ; . (ZOX N, (D2 Ny
—(a—kh)JyN

2
-1 _«R
+ Cl};[yk lex Zklwh,Jk(Zk)XN,Jk(SZk)Wa

where the functions x ;N and wy, j, are defined in (1.8) and (4.2), respectively.

(4.17)

Proof. By considering the function ¢(x) = C H12:1 e with x := (x;, x2) € R? in Theorem 4.1, we can
readily deduce (4.17) by restricting 4 to the interval (0, /(€ + 2«)). O

5. Error bound for Afi(go)-functions

In this section, our main objective is to estimate the error |f(z) =G4 ;1 o y[f]| for functions f

belonging to the class Alzi(ga), as defined in (3.11). The operator G 4 1N is precisely defined in (3.12).
In this section, we will represent the function wy, , given in Eq (4.2) by the notation w 4 when £ is
equal to d/J|N.

Theorem 5.1. For f € A%(y), the following inequality holds:

2 -2 (J’N_ ZI?IZ”
Ji+1/2 e
f@) - Q‘N’,J],JZ,N[f](Z)‘ < ¢ (p(2) ; 27 Pwa (@)yng (3z/d) TN
2(n—- 25

2
+ ) [ |2 Pwy Gy (Szld) (5.1)

I=1 VN
where 7 € 85/4, and p(z) = (|?%z1| + Jid(1 + %), |Rzo| + Jod(1 + %)) The function yy,, is defined
as (1.11).

Proof. By expanding the integral in (3.13) and utilizing the definition of )X in (3.4) with @ = 7/2 and
h := h; = d/J;N, we can apply the Cauchy integral formula in one dimension, resulting in the following
expression:

N (-p)*

, a4
¢ b ool < o e |—LeDE L
Rey YRy Ry |(Q1 —z) [T Sln(;:—d(&—xul))

J1=1

A
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WN(x-0)

oo | L T _d
41 .
! Ry |({2 — 20) Hﬁzl sin (%(52 - x2j2))

) N

o) 2: wd g
+ nwg,jk(Zk)gg gg 5 f(g“]_ & l_il le, N _5 |-
k=1 Ry IRy [Tz (&= 20) Hjlzl sin (J]d(gl 'xlj]))

(5.2)

Since f belongs to the space Afl(cp), then f satisfies the growth condition in (3.11). Therefore, we have

2

FOI<ep@), Ce]]R (5.3)

=1

By combining (5.2) and (5.3), we get the following result:

— 2 (7 -1)?
2Jyd? d
95 95 KOFON < @ p@)wy ) 95 c i
%, JR, R [ = 2) T, sin (2254 - x1))
— I (-5
2J5d" d
+ 90(/3(2))0);5,11(22)56 CJ . N(z
R, (G2 = 22) TP, sin (24 - x25,))
_ nNz(Z1_§])2
2Jyd d
+ o)Wy, @) 95 ¢ v
R, |G =20 T, sin (254 - xp))
e_zgt]zz (Zz—éz)zdgz

(5.4)

X Wd 1(Z )56 ’
VI IR, (@ - o) T sin (256 - 1))

The integrals in Eq (5.4) can be estimated by dividing the contour integral over R, into four separate
integrals along line segments and converting them into ordinary integrals, following a similar approach

as shown in [11, Eq (44)],
e 2 e
- ldg| < 2" yn (8z/d) ——=—,
SER (& = 2) T, sin (& - x)) VN

where the function yy j, is defined in (1.11) and / = 1,2. By substituting the expression from (5.5)
into (5.4) and utilizing Lemma 3.3, we eventually arrive at Eq (5.1). O

_2\32[\

N 2
s (z—4p) ‘%(JIN d

(5.5)

The bound presented in inequality (5.1) in the complex domain is influenced by the behavior of the
functions wy;,(z)), yn; (3z1/d), and ¥4, as well as the growth of the function ¢ within the domain
S j ,4- However, in the real domain and ¢ is a constant function, the bound in inequality (5.1) will
be uniform. This is because wy ,(z;) and yy; (JIz/d) are bounded functions on the real domain. It
is clear that the bound in (5.1) will be of an exponential order within the real domain and will only
depend on the growth of the function ¢. The following corollary provides a uniform bound for the

error ‘ f) =G gl f](x)‘ for all x € R? and f € A%(¢) where g is a constant function.
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Corollary 5.2. Forall x € R?> and f € AEI(C ) with C > 0, the following uniform bound holds:

—nJiN/2 -nJiN/2

2
e e
[ ]2 yn:0) (5.6)
=1

2
1+1/2
) =Gyl F10) sc;z’ PO —+C[ —

where the function yy, is defined as previously mentioned.
6. Numerical experiments

In this section, we utilize the bivariate nonuniform sinc-Gauss sampling operator Gy, j, s, n[f] tO
approximate five different functions from diverse classes. In the first example, we compare the
approximations of a function belonging to the Bernstein space Bg(R2). This comparison is made using
both the two-dimensional periodic nonuniform sampling series (1.13) and its modification in (3.2),
the sampling operator G, ;, 5, n. As expected from theoretical analysis, the sampling operator G, 5, s, v
offers a substantial improvement over the original series (1.13). Achieving this improvement is one
of the main goals of this study. Each of the last four examples corresponds to a specific case that was
presented in Sections 4 and 5. The second example deals with Case I, where f is an entire function of
exponential type Q and is bounded on the real domain R?. In the third example, we consider Case II,
where f is an entire function of exponential type with polynomial growth along both axes in R?. The
fourth example focuses on Case III, where f is an entire function satisfying a specific condition with
exponential growth along the axes of R*. Lastly, we approximate an analytic function f € A%(¢) in
the fourth example. The numerical results are summarized in tables and illustrated using figures. It
i1s worth noting that the accuracy of our formula G, ;, 5, y[f] improves as we fix N and decrease #,
without incurring any additional cost, except for the fact that the step size AJ becomes smaller. All
computations were performed using Mathematica 13 on a personal computer. In the examples, we
denote the bound in Eq (5.1) by By, j, j, v and use the notation R, ;, s, x to represent the relative bound
associated with the bound 8, , ;, v, 1.€.,

Rt N L1 = Bigy w10/ f(x), x€R.

During this section, we let x;; := (X1, Xp,...,x;,) where x;;, is defined as (1.12) and (., ;) =
((k - %) hJq, ( j- %) th) where (k, j) € N2, Let 7 7,.,.NLf1denote the truncated version of the classical
expansion in (1.13), defined as

N N J1 N 2
Trnnl 1@ = Y 3 3 fCmzThma) | |Wima@.  z=G@mec (61
ny=—N n1=—N j1=1 jr=1 =1

This truncated series will be applied in Example 6.1.

Example 6.1. Consider the function f(z) = H?zl sinc (,/1 +z§), where 7 = (z1,20) € C?>. This

function belongs to the Bernstein space B%(Rz), which allows us to approximate f using both the two-
dimensional nonuniform periodic sampling series (1.13) and its modified version in (3.2), the sampling
operator Gy, 1,.n- lable 2 provides a comparison of the approximations of f at points (T i sz,nz,h),
where x5, = (0.1,0.6,1.2) and x;;,; = (0.2,0.8,1.3) with h = 1 and N = 6, using both the truncated
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original sampling series (6.1) and its modification in (3.2). Furthermore, Figures 1(a) and 1(b) as well
as Table 1 visually demonstrate the comparison of the approximations. The numerical results confirm
the substantial improvement achieved by the sampling operator G, , j, N, aligning with our theoretical
predictions.

Table 1. The absolute errors associated with approximating f in Example 6.1 at the points
(£}, &) with parameters j,k = 1,5,9, h = 1, J; = J, = 3, and N = 6, using the truncated
series from (6.1) and its modification in (3.2).

G l)  [fQO = T336l 1] D = Gr336lf10)

(£1,41) 9.30909x107> 1.19794x10710
(¢1,45) 5.25264x10™ 3.88436x10710
({1, o) 3.31706x10™* 2.29679x10710
ls, &) 2.62136x10™* 2.70596x1071°
(&5, 45) 9.06053x107° 7.28933x107!!
(L5, &o) 3.02992x107° 1.88964x107!
(&9, 1) 1.74133x10™* 1.55210x10710
(£9,{5) 5.30675x107° 7.25985x107 12
(9, &o) 1.35891x107° 1.06303x1071

h=1, N=6 h=1, N=6

(a) (b)
Figure 1. Illustrations related to Example 6.1. The figure in (a) illustrates the error f({) —
T336[f1(0) with £ € [0, 10]%. The figure in (b) illustrates the error f(¢) — G336 1) with
, € [0, 10]*. We used the same parameters h = 1, J; = J, = 3, and N = 6, to generate the
figures in (a) and (b).

Example 6.2. Consider the function f(zi,2,) = cos(zy + z2), where (z1,20) € C2. Obviously
|cos(z)| < ePaH¥l for every z = (z1,22) € C2. Thus the function belongs to the space E%(¢) and
has a growth constant with ¢ = 1. Therefore, we will apply Corollary 4.2 by employing the sampling
points (le,nl,h, sz,nz,h), where xi;,7 = (0.1,0.6,1.2,1.9) and x;;,; = (0.2,0.8,1.3,1.8) withh = 3/2, 1 and
N = 6. Table 2 presents a comparison of the approximations of the function f at points ({;, {i) using the
periodic sinc-Gauss sampling formula Gy, j, j, n with h =3/2,1, J; = J, = 4, and N = 6. Additionally,
Figures 2(a) and 2(b) illustrate the comparison of the approximations of the function f using G, 1,.N
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with h = 3/2 and h = 1, respectively, on the interval [0,10]>. By chance, the values of the bound
By j1..N happen to be the same at the points ({i,{;) for all k, j = 1,5,9 when h is held constant, as
shown in Table 2. This coincidence may lead to a misleading perception of the bound. Consequently,
Figures 3(a) and 3(b) demonstrate the accurate behavior of the bound to avoid any misconceptions. In
this example, we will denote the real-valued bound of Case I, expressed in Eq (4.11), as:

2 —(l’J[N 2 e—(l.’]N
By nlfl0) = ; 27 1 (XN, ]l(o)—m + 1,__1[ 211—]a)h,j,(xl)XN,J,(O)—ﬂ_a/JlN,

where x € R* and the functions ., and wy, ;,(z;) are provided in (1.8) and (4.2), respectively.

Table 2. Absolute errors associated with approximating f in Example 6.2 and their bounds
at the points ({j, {x) with j,k = 1,5,9 and parameters N = 6 and h = 3/2, 1.

(Gel) Q= Grasel A  Braas@ O -Grassl /IO Braasd

(10D 7045191070 51421 x107°  1.94289x10° 3 1.1191x10°2
(Zs,01)  7.89457x10710 51421 x107°  1.43774x107*  1.1191x10712
(Lo, 1) 1.07908x 107 5.1421 x10°  1.37446x1073  1.1191x10"12
(C1,65)  6.58279x10710 51421 x107°  2.67564x10°3  1.1191x10°12
((s,05)  5.88276x1071! 51421 x10™°  5.58442x10°  1.1191x10°12
(L0,05)  4.67437x10711 5.1421x107°  5.04041x107*  1.1191x107'2
(1,0 1.12024x107 5.1421x107°  3.13416x10™3  1.1191x1072
((s,lo)  3.98303x10°!!  5.1421 x107°  6.12843x10°4  1.1191x10°12
(Lo,lo)  5.04961x10711 51421 x107°  2.90878x10°#  1.1191x107'2

h=3/2, N=6

(@ (b)
Figure 2. Illustrations related to Example 6.2. The figure in (a) shows the error f({) —
G/2446[f1(0) with £ € [0,10]*, while the figure in (b) depicts the error f({) — G1446[f1).

also with £ € [0, 10]%. Both figures use the same parameters J; = J, = 4, and N = 6, except
that 7 =3/2in(a) and & = 1 in (b).
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h=3/2, N=6 h=1, N=6

(a) (b)
Figure 3. The figure in (a) illustrates the bound 8B}, 4 46(¢) in Example 6.2, where ¢ € [0, 472,
with parameters J; = J, = 4, N = 6, and h = 3/2, while the figure in (b) presents the same
bound with identical values for J;, J>, and N, but with 7 = 1.

Example 6.3. Consider the function f(zi,z2) = (1 + z})(1 + 25)cos(z1 + z2), where (z1,2,) € C~
This function exhibits polynomial growth along the axes of R* and fulfills the conditions specified in
Corollary 4.4 with Q =1,v,=v,=1,and C = 1. In this example, we will denote the real-valued
bound of Case II, expressed in Eq (4.14), as:

Nv1—1/2 e—(YJlN

VraJ;N

Nvl—1/2 e—a];N

2
Bl 1) = 27wy () Ay 5 (0)
=1

2
+ 277 w1 () Ay 1 (0) ———,
2 h,J\ A N,J; m

where x € R* and the functions Ay, and wy, ;,(z)) are provided in (4.15) and (4.2), respectively. Since
the function f is an increasing function on the axes of R2, we utilize the relative error and the bound
Rigy o NLF1X) = By, o n[f1(X)] flx], where x € R? instead of the absolute error and the bound
Bh.g,.5,nLf] to describe the approximation results. In this example, we will use the sampling points
()i Tinmnn) With x15,7 = (0.4,1.6,1.7) and xi,) = (03,0.9,14), h = 1, Q = 1.1, and N = 6,9.
The numerical results are presented in Table 3 at the points ({y, (), k,l = 1,3, 5, and are illustrated in
Figures 4(a) and 4(b).
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(a)

h=1, N=8

(b)

Figure 4. The figure in (a) illustrates the error f({) — G1336[f1({) in Example 6.3, where
. € [0,4]?, with parameters J; = J, = 3, N = 6, and h = 1, while the figure in (b) shows the
same relative error with identical values for J;, J,, and &, but with N = 8.

Table 3. Relative errors associated with approximating f in Example 6.3 and their relative
bounds at the points ({;, {) with j,k = 1,3,5 and parameters 7 = 1 and N = 6, 8.

N9 w Ri336() W Ri3358)

(&1,41)  6.64752x1071%  5.63904x10™°  1.15453x107'2  1.06100x107"!
(&3,41)  7.04764x10710 1.92038x107°  1.30941x107'2  3.55420x107'2
(&5, &) 9.82559x10710 1.43331x10™°  1.83733 x10712  2.61379%x107"2
(£1,43)  1.50094x10710 2.09183x107°  1.29913x107 13 3.85316x107!2
(&3,43) 23641010710 7.7962x10710  3.75806x10713  1.41688x107!2
(&5, 3)  3.79282x10710  6.6780x10710  6.41416x1071°  1.19889x10712
(&1,45)  2.41005x1071%  1.67440x107°  6.36655x10713  3.03417x107"2
(&,45)  5.91103x107!1 7.1697x10710  1.07359%x10713  1.28464x10712
(&5, &s)  2.50180x10710  8.2529x10710  3.33395x10713  1.46346x107'2

Example 6.4. Consider the function f(zi,z2) = cosh(z; + z»), where (z1,2,) € C%. It is evident that
| cosh(z)| < eRal+Rz] forall z = (z1,72) € C%. This function belongs to the space Eg(go) and satisfies the
exponential growth condition (4.16) on R%. Therefore, we apply the Corollary 4.5 withC = 1, k = 1,
and Q = 0. In this example, we will denote the real-valued bound of Case IlI, expressed in Eq (4.17),
as:

2 2

= l_[ ekl

e—((z—Kh)J/N

B g N[ f1(x) 27 w1, Gy, (0)
]

el = vraJ;N
2 ~(@—«h)J;N
211 gl 0)¢
+ "y g (2N (0)—,
i naJ;N

where the functions x;y and wy, are defined in (1.8) and (4.2), respectively. In this case, since
the function f is increasing on the positive axes of R%, we will use the relative error and the bound
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Rigr 1o NLF1X) 1= By 1, NLF1(X)/ f[x], where x € R2, to describe the approximation results. For this
example, we will utilize the sampling points (le 1o sz,nz’h) with x;,; = (0.4, 1.2) and x(;,, = (0.4,0.9)
and h = 1/2. The numerical results are presented in Table 4 at the points (xi, x;), k,l = 3,5,7, and are

illustrated in Figures 5(a) and 5(b).

Table 4. Relative errors associated with approximating f in Example 6.4 and their relative
bounds at the points ({},{x) with j,k = 3,5,7 and parameters h = 1/2, J; = J, = 2, and

N =35,8.
FTO-G1 ,,[f1D FTO=-G1 ,, 1D

(gk» gl) # R%,z,z,s (f) # R%,z,z,g({)

(&3, 83)  5.31600x107%  1.63621x107>  3.10988x107'2  1.99919x103
((s,83)  5.21026x107%  1.63613x1075  4.24068x107'2  1.99928x103
((7,83)  5.20833x107%  1.63613x107>  4.25930x107'2  1.99928x108
((3,05)  5.21026x107%  1.63613x1075  4.24068x107'2  1.99928x1078
((s,05)  5.20833x107%  1.63613x107>  4.26155x107'2  1.99928x103
(&7,05)  5.20829x1078  1.63613x107°  4.26076x107'2  1.99928x1078
((3,87)  5.20833x107%  1.63613x107>  4.26133x107'2  1.99928x1078
((s,¢7)  5.20829%x107%  1.63613x107>  4.26149x107'?2  1.99928x1078
((7,¢7)  5.20829%x107%  1.63613x107>  4.26071x107'2  1.99928x103

h=1/2, N=5 h=1/2, N=8

(a) (b)
Figure 5. The figure in (a) illustrates the relative error ( fO-G 1 20l f]({)) [f(&) in
Example 6.4 with parameters J; = J, = 2, N = 5, and h = 1/2, while the figure in (b)
shows the same relative error with identical values for J;, J>, and A, but with N = 8.

Example 6.5. The function f(z) = m, where 7 = (z1,22) € C?, is an analytic function defined
1 2

on the 2-dimensional horizontal strip S; as specified in Eq (3.10). Therefore, f belongs to the class

A%(go), allowing us to utilize Theorem Theorem 5.1 with the parameters d = 2 and N = 6,8, and the
sampling points (le’,,hh, sz,nz’h) with x;,) = (0.1,0.2) and x(;,; = (0.1,0.3). In this example, we will
denote the real-valued bound of Theorem 5.1, expressed in Eq (4.17), with ¢ = 4 as:
2 _MIN
e 2
43 27wy Gyn (0) —=
=1

Ba g nnf1x) = o~

AIMS Mathematics Volume 9, Issue 11, 30898-30921.



30919

nJ|N

2 _
2
+ 4 127 2wy, (x)ywna (0) £ - ,
1,:_1[ Wi ’ T VN

where the functions yy,, and w a4, are defined as (1.11) and (4.2), respectively. In this case, since the
function f is decreasing on the positive axes of R?, we will use the relative error and the bound the
bound R% 2N = By g NU1(X)/ f1x], where x € R2, to describe the approximation results. In
Table 5, we present a summary of the approximations of the function f at intermediate points ({;, (),
where k,l = 1,2,3. Additionally, visual representations of the results are provided in Figures 6(a)
and 6(b).

Table 5. Relative errors associated with approximating f in Example 6.5 and their relative
bounds at the points ({;, ) with j,k = 1,2,3 and parameters d = 2, J; = J, = 2, and

N =6,8.
TOG1 5,010 TOG1 5,570

Cel) |—— — Ri1526) — Ri1225)

(G, 4) 5.32426x1077  3.55458x10% 9.69024x107'% 7.64733x107'!
(5, 1) 3.94306x107°  3.75070x107%  1.37515x10°""  7.88538x10!!
(&G, 4) 3.10719x107°  4.14293x107% 1.49181x107'"" 8.36148x107!!
(&1,8) 8.08044x10™° 3.75070x107% 1.18241x107'"" 7.88538x107!!
(&, 0) 1.46201x107°  3.95764x1078 1.58860x10~"" 8.13084x10~!"
(&G,05) 2.29787x107° 4.37151x107® 1.70515x10°""  8.62175x10~1
1,0y 1.12048x107°  4.14293x10°8  1.19993x10°'!  8.36148x10~"!
(&2, 8) 2.50168x107°  4.37151x10™® 1.60607x10~'"" 8.62175x107!!
(&, 8) 3.33754x107°  4.82866x10% 1.72268x107'"  9.14231x107'!

(a)

h=1/8, N=8

(b)

Figure 6. The figure in (a) illustrates the relative error ( () - g%,z,z,zv[ f]({)) /f(&) in
Example 6.5 with parameters J; = J, = 2, N = 6, and d = 2, while the figure in (b)
shows the same relative error with identical values for J;, J,, and d, but with N = 8.
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7. Conclusions

In recent times, there has been significant exploration into enhancing the convergence rate of
the one-dimensional periodic nonuniform sampling series through the incorporation of a Gaussian
multiplier. Notable contributions in this field have been made by Wang et al. (2019) and Rasdad (2022).
Building upon these advancements, this paper takes it a step further and focuses on accelerating the
convergence of the two-dimensional periodic nonuniform sampling series by introducing a bivariate
Gaussian multiplier. The two-dimensional periodic nonuniform sampling series goes back to Butzer
and Hinsen (1989). The convergence rate of the Butzer-Hinsen expansion is relatively slow, on
the order of O(N7) with p > 1. By applying this acceleration technique, the convergence rate
significantly improves to an exponential order, specifically e ", where @ > 0. The approach employed
in this paper utilizes complex-analytic techniques and is applicable to a broad range of functions.
Specifically, it applies to two classes of functions. The first class includes bivariate entire functions of
exponential type that satisfy a decay condition. The second class comprises bivariate analytic functions
defined on a bivariate horizontal strip. To support the theoretical analysis, numerical experiments are
conducted to validate the effectiveness of the approach. Moreover, this technique holds the potential for
future research in expediting the convergence rate of multidimensional classical and Hermite periodic
nonuniform sampling series, opening up promising possibilities for further enhancing the efficiency of
these sampling methods.
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