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Abstract: In this paper, the pattern formation of a volume-filling chemotaxis model with bistable
source terms was studied. First, it was shown that self-diffusion does not induce Turing patterns, but
chemotaxis-driven instability occurs. Then, the asymptotic behavior of the chemotaxis model was
analyzed by weakly nonlinear analysis with the method of multiple scales. When the chemotaxis
coefficient exceeded a threshold value and there was a single unstable mode, the supercritical and
subcritical bifurcation of the model was discussed. The amplitude equations and the asymptotic
expressions of the patterns were obtained. When the chemotaxis coefficient was large enough, the two-
mode competition behavior of the model with two unstable modes was analyzed, and the corresponding
amplitude equations and the asymptotic expressions of the patterns were obtained. Finally, numerical
simulations were provided to further illuminate the above analytical results.
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1. Introduction

In the 1970s, Keller and Segel [1, 2] studied the morphogenetic development of many species of
cellular slime mold (Acrasiales), and proposed the first chemotaxis model which is called the Keller-
Seger model. Since then, a vast number of results [3, 4] have been developed for the Keller-Segel
models. Considering the size of the individual organism or cell, Hillen and Painter [5, 6] proposed
classical chemotaxis models with a volume-filling effect. Then, in [7], they summarized the derivation
and variations of the original Keller-Segel models, outlined mathematical approaches for determining
global existence, and showed the instability conditions. Wang and Hillen proved that solutions exist
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globally in time and stay bounded for a very general class of volume-filling models in [8]. The related
mathematical model with volume-filling effect can be written as

ot
% = d)Av + au — B,

{ = V(diVu - yu(l — u)Vv) + gu), (1)
where u(x,t) and v(x,t) are cell density and the chemical concentration at location x and time
t, respectively. d; > 0 and d, > O represent the cell and chemical diffusion coefficients,
respectively. yu(1 — u)Vv denotes the chemotaxis flux under a volume constraint, where 1 is defined
as crowding capacity and y > 0 is called the chemotaxis coefficient. au — fv with @, > 0 stands
for the dynamic term of the chemical substances, au implies that the chemical is secreted by cells
themselves, Bv is the degradation of the chemicals, and g(u) is the cell kinetics term. It is classified
into three cases by Mimura and Tsujikawa in [4]. (i) If g(0) = 0 and g(«) < O for any u > 0, it implies
that the cells become extinct. (ii) If g(0) = g(1) = 0 and g(u) > 0 for 0 < u < 1, the cell growth can
be described by the logistic model. (iii) If g(0) = g(6) = g(K) = 0 for some 0 < K < 1, g(u) < O for
0 <u<6,and g(u) > 0 for 6 < u < K, it belongs to the bistable type.

For model (1.1) with a logistic source term, many important conclusions have been drawn in the
last decade. Jiang and Zhang [9] studied the convergence of the steady state solutions of a chemotaxis
model with a volume-filling effect. Ou and Yuan [10] established the existence of a traveling wavefront
of a volume-filling model. Ma, Ou, and Wang [11] derived the conditions of the existence and stability
of stationary solutions for a volume-filling model. Wang and Xu [12] obtained the existence of patterns
by a bifurcation method. Ma and Wang [13, 14] established the global existence of classical solutions
and global bifurcation for another chemotaxis model with a volume-filling effect. Ma et al. [15]
investigated the emerging process and the shape of patterns for a reaction diffusion chemotaxis model
with a volume-filling effect. Han et al. [16] investigated the asymptotic expressions of stationary
patterns and amplitude equations near the bifurcation point for a volume-filling chemotaxis model. Ma,
Gao, and Carretero-Gonzalez [17] obtained the analytical expressions of stationary patterns formation
for a volume-filling chemotaxis model with a logistic growth on a two-dimensional domain.

In the present paper, we investigate the pattern formation for the following volume-filling model
with a bistable source:

W = V(dVu - yu(l —w)Vv) + pu(u — 0) (1 - &), x € Q.1 >0,

ot K

%:dzAv+0zu—ﬁv, x€Q, >0, (1.2)
o= o x€0Q,1>0,

M(X, O) = MO(X), V(x9 0) = VO(X)9 X € Q’

where Q is a bounded domain in R¥(N < 3) with smooth boundary dQ, and v is the outward unit
normal vector on 9Q. u is the intrinsic growth rate of the cell, K represents the carrying capacity with
0 < K < 1, and 6 denotes a critical threshold of the cell density, 6 > 0, below which the cell becomes
extinct. The homogeneous Neumann boundary conditions indicate that model (1.2) is self-contained
with zero flux across the boundary. The initial data uy(x) and vy(x) are non-negative smooth functions.

This paper is organized as follows. In Section 2, we discuss the stability of equilibria of model (1.2)
by local stability analysis. It is shown that the self-diffusion cannot induce spatial inhomogeneous
patterns. In Section 3, sufficient conditions of destabilization are given for the steady state solution
by local stability analysis. Section 4 is devoted to acquiring the process of pattern formation by
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weakly nonlinear analysis. We first derive the Stuart-Landau equations to capture the evolution of
the amplitude of the first admissible unstable mode both in the case of supercritical and subcritical
bifurcation, obtain an asymptotic expression for the stationary pattern, and show the coexisting
phenomenon by the bifurcation diagram in the subcritical case. Then we acquire the competitive
mechanism of the double unstable mode case. All these are verified by numerical simulation. In
Section 5, the conclusion is summarized. Finally, for the completeness of the calculation process,
some specific calculations are given in the two appendices at the end of this paper.

2. Linearization analysis for the semi-linear model

The local model corresponding to (1.2) can be written in the form
{ = pu(u - 60) (1 - %) = fi(w),
% =au—-Lv:= fr(u,v).

Obviously, (2.1) has three equilibria: the trivial equilibrium E, = (0, 0), and two non-trivial equilibria
Eq = (0,0a/B) and Ex = (K, Ka/B). In the phase plane, E\, Ey, and Eg are collinear. The Jacobian
matrices of (2.1) at Ey, Ey, and Ek are denoted as follows, respectively:

h:(i? o» h:(eﬁ—gﬂ o} h:(w—KW o)' 22)

2.1)

@ B

Based on the accord Jacobian matrices at the equilibria, for the given non-negative coefficients u, @, 3,
and K, the model (2.1) has the following conclusions that hold:

Theorem 2.1. (1) If 8 < 0, then the trivial equilibrium Ej is unstable and the positive equilibrium Ey is
stable; (i1) if 0 < 6 < K, then the trivial equilibrium E, and the positive equilibrium E are stable, and
another positive equilibrium Ej is unstable.

In model (2.1), Ey is the saddle point if 6 < 0, so cells continue to grow away from E,. Ej is the
saddle point if 0 < 6 < K, so cells continue to grow away from E, toward Ex only when cell density
u > 6, and when u < 6, cell density continues to decrease away from E, toward E| until extinction.
Since Ej is unstable and plays the role of a separator between two stable equilibria Ey and Ek, in the
latter part, we are only concerned with Ex and Ey when 0 < 6 < K holds.

The model (2.1) reflects the dynamic properties of the cell growth and changes in chemical
concentrations, without considering diffusion effects. In model (1.2), let ¥ = 0, and we get a semi-
linear model as follows:

du :dlAu+,uu(u—9)(1—%), x€Q,1>0,

% = d),Av + au — By, xeQ, >0, (2.3)
%:%:O, xE@Q,t>O,
u(x, 0) = up(x), v(x,0) = vo(x), x € Q.

In order to discuss model (2.3) by local stability analysis, some properties about the negative
Laplace operator —A are given. Let X = H'(Q,R?) be a Sobolev space, and ¢(x) € X be one nontrivial
solution to —A¢ = w;p, x € Q, with the homogeneous Neumann boundary condition, where

O=po<p <pig <---<pp<--- (2.4)
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are its eigenvalues. E(y;) is the eigenspace corresponding to u; in H'(Q, R?), and its orthonormal basis
is {gylj=1,2,--- , dimE(u;)}.

dimE(y;) o0
X;={CojlCeRY), X, = P X; X=PXx. 2.5)
j=1 i=1
In particular, if Q = (0,/) C R, then
1 i=0
. = 1 2 | e oo . e ’ ’
/’ll (ﬂ-l/l) £ l O’ 1’ 27 £l ‘pl(x) { COS(ﬂlx/l),l > O. (2'6)

Combining (2.4) with (2.5) and (2.6), the equilibrium Ey is transformed to the origin by the
transformations it = u — K and ¥ = v — Ka/B. For convenience, we still denote & and ¥ by u and
v, respectively. The linearized system of (2.3) at Ex is

O(u)_[p@O-k-du 0 u\ o u
E(V)_( @ —,B—dzlli)(v)_lz(ﬂl)(v)' 2.7)

So, the characteristic equation of the model (2.7) is
A = Tr(L(ui))A + Det(L;)) = 0, (2.8)

where
Te(L() = =B — (di + do)p; — (K — 6),
Det(L(u:) = (B + do;) (dipi + w(K = 0)) .
If K > 6, then Tr(L(w;)) < O0foralli=0,1,2,--- and Det(L(;)) > 0. A similar result appears for
the trivial equilibrium Ey. Then we omit the details and summarize the results:

Theorem 2.2. The positive equilibrium Ex and the trivial equilibrium E, of model (2.3) are
asymptotically stable.

Remark 2.1. Theorem 2.2 implies that self-diffusion does not have a destabilization effect. Moreover,
since Tr(L(u;)) # 0, Hopf bifurcation cannot appear for model (2.3).

The following section will mainly discuss the effect of chemotaxis coefficient y at equilibrium Eg
in the chemotaxis model.

3. Turing instability in the chemotaxis model

In this section, we discuss chemotaxis-driven Turing instability of model (1.2). The linearized
problem of (1.2) at Ex is

ot

=0, xeoQ, t>0,

w _
{ =LO)W, xeQ, t>0, (3.1

where

(u [ di —xK( -K) [ O@-Ku 0
(o (T (0
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According to the properties of the negative Laplace operator —A, model (3.1) has solutions in the
form of
W = (Cl’ cz)Teik-x+/lt’

where K is the wave vector with wave number k = |k| and A is the temporal growth rate depending on
k2. Substituting this into (3.1), we have the dispersion relation

2+ p(k*)A + q(k*) = 0, 3.2)
where
p(k*) = B+ (K = O + (di + o)k, (3.3)
q(k*) = Bu(K = 0) + (d\ + dopt(K = 6) — yaK(1 — K)k? + didok*. '
Notice that characteristic equation (3.2) has two solutions:
1 2 2012 2
A2 = S (=p() £ \[p (k%) = 4q(k*)). (3.4)
From the local stability theory, the chemotaxis coefficient y is solved as
L~ B+ NEuE =) s 53)

aK(1 - K) Xes

2 _ HB(K —0) A2
k* = ’,—dldz = k.. (3.6)

Here, y. is called the critical value for chemotaxis and k. is the critical value for the wave number. If
X < X for all k > 0, then pz(kz) — 4g(k*) < 0 and the eigenvalues of (3.2) satisfy Re(1) < 0, and
therefore, the equilibrium Ey is locally stable. If y > ., then there exists modes k> such that (3.2) has
two real eigenvalues with different signs, which leads Re(1) > 0 to destabilization.

Especially, if g(k*) = 0, then

and (3.5) holds if and only if

B+ k(K + WK - 0))
- ak’K(1 — K)

2 Xes (3.7)

and the equal sign holds if and only if (3.6) holds.
Based on the above analysis, we obtain the following results.

Theorem 3.1. Let K, a,f,u,60,d;, and d, be fixed. If y = y., the equilibrium Ex of model (1.2) is
neutrally stable. If y > y. and there exists modes k* such that

K< k< k2, (3.8)

then the equilibrium Ex destabilizes in the case g(k*) < 0 and q(kiz) =0,i=1, 2, with

K = 5 (h — \[h? = 4Bdrud, (K - 0)),

2d d>

k2 = s—(h+ Jh: - 4Bdrud, (K - 0)), (3.9)

2dids
h=a(K - K*)x - fd, = do(K - 6).
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Now we discuss the case at stable equilibrium E,. The corresponding linearized operator is given

by
—0u — d,A 0
Lz( ﬂa —,B—dzA)'
Referring to the deducing process of (3.2), (3.3), and (3.4), we have the following results:
Theorem 3.2. The equilibrium E, of model (1.2) is always locally stable, where K, a, 8, i, 0, d;, and d,
are fixed. In this case, chemotaxis diffusion does not induce a pattern.
Remark 3.1. Let Q = (0, /), and wave number k = ”Tj,j =1,2,--- for model (1.2). For y > y., define

K, =1{k= ”leklz < k* < k3, j € N,} to be admissible wave number sets. When y is sufficiently greater
than y., then K, # ¢. Substituting k € K, into (3.7), we can define S, to be a set of all admissible
bifurcation values, where

_ (BP + dor® )i j + ulP(K = 6))
B an? 2PK(1 - K)
and y,, is the smallest admissible bifurcation value, y,, > x.. The equal sign holds if and only if there

exists jo € N, such that 7 jy/l = k. holds. In this case, k. is admissible, and then k. € K. On the other
hand, S, = @ and K, = @ when y < x..

Sy ={lx L j=12 ) xm = mjinSX, (3.10)

Remark 3.2. Suppose y > x., and if at least one mode k? is admissible for the domain Q and zero-
Neumann boundary conditions, then a spatial pattern appears.

Remark 3.3. Since p(k*) # 0, Hopf bifurcation cannot appear at the positive equilibrium Eg of
model (1.2).

8.86

8.855 -
2 2

+ k‘ ork2 ]
x=x()

8.845 O X

8.85 1

8.84 + * * * *
* * *
~<8.835
8.83
8.825 -
8.82 * * ¥
* *

8.815

8 10 1‘2 01‘4‘ 1‘6 1‘8 2‘0 22
k2(j),j:10,11,12,13,14

Figure 1. Left: Plot of y = y(k*(j)). The yellow line represents the curve g(k*(j),x) = 0,

the horizontal and vertical coordinates of the points * are, respectively, y € §, and unstable

modes k*(j), k(j) € K, and j € IN,. Right: The surface of ¢ = g(k*(}), ). The red line, blue

line, and dashed line on the surface represent y = x., ¥ < X and y > x., respectively. See

Example 4.3 for details of the parameters.

8.81

Relations of mode k%(j), wave number k(j), and the coefficient of chemotaxis y are shown in
Figure 1. It notes the admissible wave numbers and bifurcation values, critical wave number k., and
bifurcation value y., as well as borderline curve y = y(k?), and surface g = g(k?, ).
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The linear stability analysis mainly discusses the behavior of the model near the equilibrium. In the
following sections, we will discuss how the model may appear to have new behaviors when it leaves
the equilibrium and loses stability.

4. A stationary pattern for the chemotaxis model

In this section, we will discuss the pattern solution of model (1.2) when the chemotaxis
coeflicient y exceeds the critical value y. by weakly nonlinear analysis. The amplitude equations
of the spatiotemporal patterns are established using a multiple-scale perturbation approach, and the
asymptotic expressions for the stationary patterns are determined by analyzing the amplitude equations.
For simplicity, let Q = (0,/) C R.

4.1. Multiple-scale analysis

Given the linear transformations U = u — K, V = v — KB/6, and W = (U, V)T, model (1.2) is
rewritten as follows:
ot

=0, x€dQ, >0,

w
{ LOW+NW, xeQ, t>0, @1

where

u(U20-2K - U))
K

NW = +x(QK +2U — HDVUVV + x(UK + U — 1)AV, 0.

We expand y, W, and ¢ as follows:

t:t(Tl’TZ’T39"')’ Ti:‘gita = 172539"' s
X=XatEX1 +EX2+ X3 +EYa+Exs +-1, (4.2)
W =eW, +82W2+83W3+84W4+85W5+"' .

where W; = (U;, V)T, T;,i = 1,2, - - - represent different time scales, y, is the bifurcation value, and &
is a control parameter that implies the distance from y to the bifurcation point y,.
Substituting (4.2) into (4.1), collecting terms at each order in &, and comparing the coefficients of

terms &, &%, &°, &*, and & on both sides of the equation, we get a sequence of coefficient equations.
O(e) : Lix)W, =0, 4.3)
0(?) : L)W, = F(Wy), (4.4)
O(&") : Li)Ws = G(W1, Wy), (4.5)
O(e") : L&)Ws = HW1, Wa, Wy), (4.6)
0() : LoWs = P(Wi, Wa, W3, W), (4.7)

where F' = (FlaFZ)T9 G = (GI’G2)T7 H = (HI’HZ)Ta and P = (PI’PZ)T'

aT)

F,=%

{ Fy = Q0 4 sCKOUE L (1= 2K)V(U,VV)) + xa (1 — K)V2V,
aT
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and
Wa g 0y KAGOKIO) |y 5 ((1 = 2K) (U Vs + UaVVy) - U2V,
V(1= 2K) (U;YV)) + (1 = K)KVV)) + xa(1 = K)KV2V,
G 19V2 %
6T| oT, "

G, =

The explicit expression of H, P and all the detailed calculations are given in Appendix I.

4.2. A stationary pattern under small perturbations

Since Eqs (4.3)—(4.7) satisfy the Neumann boundary conditions, let k, € K, and y, € S, be the first
admissible wave number and the smallest admissible bifurcation value, respectively, so we consider
the solution of (4.3) as the following:

M
Wi = A(Ty, T)cos(k,x)p, p :( 1 ), (4.8)

where M = MTzk‘z‘, p € Ker(L(y,)), and A is the amplitude function depending only on the time scales
Ti,i=12,---
Substituting W, into F(W;) , leads to

F,= MCQS(k x) + M XIA(K _ Kz)kg COS(kax)
AZM((4K2 ZK)ka/\,’a-huM(ZK 9))cos(2k X
+ 2K ’
F> aT 2 cos(kyx).

Let L* be the adjoint operator of L(y,). A fundamental solution of L*w* = 0 is given as follows:

[04
f= (M, 1) cos(ky,x), M= : 4.9
w' = (M", 1) cos(k,x) K= dR (4.9)

According to the Fredholm theorem, the solvability condition of (4.4) is

! jr
fF w'dx=0,1=—, jeN,,
0 ka

and then we obtain
0A _ x1(K - KZ)M*kfl

T, 1+ MM~
Since A is the amplitude of the slow change in the time scales T4, T5,---, but the solution of (4.10)
increases rapidly with 7'y, then we take y; = 0 and 7'; = 0, so that 6‘9;‘1 = 0, and it implies independence
between solutions and time scales 7. From this, the solution of (4.4) can be represented in the form

(4.10)

W, = Az(a21’ bZI)T + Az(azz’ bzz)T cos(2k,x). 4.11)

By substituting (4.11) into (4.4), the following expression is obtained:

_ M*0-2K) _ 2 _  aM*QK-9) _
@1 = Fxk-g > 922 = M(4d2ka +,8) S, by = —Fgrg > b2 = Mas,

(4K2-2K )2y o +1M(2K—6)
2K((4d2k2+B) (4d k2 +pu(K—0))—4a(K—K?)k2xa)

S =—
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Combining (4.8), (4.11), and (4.5), noting y1 =0, T} =0, g—;‘: =0, and 37”; = 0, then G is rewritten as
follows:
{ G, = g—;‘zM cos(k,x) + (AGy; + A3G ) cos(k,x) + A3G 3 cos(3k,x),

A
Gy = 5 cos(kyx),

Q
I

(K - K>k,
G12 = #(/JM(?)MZ + 4(2K - 9)(2(121 + (122)) + Kkg)(a(él-[( - 2)(2Mb21 + 2(121 - Cl22) + MZ)),
Gz = #(3[(/{3)(“((4]( — 2)(az — 2Mbs;) + M?) + Mu(4a, (2K — 0) + M?)).

By the Fredholm solvability condition fol G-wdx=0,1[= i—”, j € N, and the cubic Stuart-Landau
equation of amplitude A is obtained as follows:

dA

— =cA- LA, 4.12
T, 4.12)
where
o= (1-K)KM*x, k2
M*(IAéIkAZ/I*HALK—; 2Mby+2a1— 2 402 2K-0)+3M? (4.13)
L= Xa(( )( 21+2az1 —an)+M*)+uM(4(2ay; +axn)2K-0)+3M7))
- AK(MM*+1) .

Obviously, o > 0, and we obtain the following result.

Theorem 4.1. Let u,a,p,0,K,d;, and d, be fixed. If L > 0, then (4.12) is supercritical. If L < 0,
then (4.12) is subcritical.

Due to the complexity of the L expression, it is very difficult to analyze its positivity or negativity
in the parameter space. Figure 2 gives supercritical and subcritical bifurcation diagrams on the phase
planes (u, K) and (6, K), respectively, for a given parameter. In the following, we respectively derive
asymptotic expressions about the evolution of the spatiotemporal pattern for the supercritical and
subcritical cases.

10F T T T T ) 1ol

K 6
—_—— —0=K
o8| 1 081 — L =0
—L<0
L<O0
06 B 0.6
L=0
L L>O 4 04
04 \\L=O\ <0
L<0
< 1 ool L>0
e ————————
L<0
00k IJ i 0.0‘ . . K

L L L L L L L J
0.0 0.2 0.4 06 08 1.0 0.0 0.2 0.4 06 08 1.0

Figure 2. The L > 0 regions represent the supercritical case, the L < 0 regions correspond
to the subcritical case, and the red curves are the bifurcation lines. The parameters are taken
asdy; = 1.5,d, = 0.1, = 35, and a = 35. The left figure is the u — K phase diagram, and the
right figure is the K — 6 phase diagram with parameters 6 = 0.1 and u = 0.1, respectively.
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4.2.1. The supercritical case

Since ‘%‘ = 0, the amplitude A in (4.12) only depends on time scale 7,. Considering the cubic

Stuart-Landau equation (4.12) subject to initial data A(0) = A, we have
1

20T, [ L _ L L
\/e (A% o + o

Substituting A(T»), (4.8), and (4.11) into (4.2), one can express the spatiotemporal pattern W(t, x) at
O(&%) as follows:

A(T>) =

ﬂWJﬁwM%7%m%@+§fm($ zﬁ&méhJ+0@) (4.14)

It is easy to verify that the unique positive equilibrium Vo /L is asymptotically stable when o > 0
and L > O:
lim A(T,) = Vo/L 2 A
Tr—+o00

Base on the above analysis, we get the following conclusion.

Remark 4.1. Consider model (1.2) in Q = (0, /) and parameters (u, @, 3,6, K, d, d,) are fixed. Assume
X > X and there is only one admissible wave number k, € K, when the control parameter &* =
(¥ — Xa)/xa 1s small enough. If L is positive, then we have the second-order asymptotic expression of
the stationary pattern near the equilibrium E as follows:

u(x) — K M 2 az daxp
(V(X)) - (%) * SAOO( 1 )COS(kQX) te Am( by b )(COS(ZkaX)

Remark 4.2. Substituting o, L, and xy» = (y — x.)/&* into Vo /L = A., we have the supercritical
bifurcation curve as follows:

)+0@%. (4.15)

LIMM™ + 1)82A2
K(1 - K)M*k2 ="
Its bifurcation diagram is shown in the red curve on the left of Figure 3.

X =Xat

Supercritical bifurcation curve Subcritical bifurcation curve

25 . .

ok /
15F !
\,

Xs B istab'ra\ Xm

8 S | 8
< ° < ° /
05 Stable Unstable j 05| Stable v Unstable
Ak o
-1r = 'l'
i
A5f
450 .
2F \’\‘
- ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 25 . . . . , ;
82 84 86 88 9 92 94 96 98 10 82 84 86 88 9 92 94 96 98 10

X X

Figure 3. Left: The red curve is the supercritical bifurcation curve. Right: The blue curve
represents the subcritical bifurcation curve, and (yy, x») 1s the bistable interval.
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Example 4.3. We choose coefficients in model (1.2) as follows:
u=07,6=0.1,=35d =15,d,=0.1, a=35, K=0.5, [ =2n.

It is easy to obtain the positive equilibrium Ex = (0.5,0.5), the chemotaxis critical value y. =
6.28033 ¢ S, and critical wave number k. = 2.84304 ¢ K,. Set y = 6.29603 and xy = 6.3413, the
corresponding control parameters are € = 0.05 and € = 0.1, respectively, the conditions of Theorem 3.1
holds, and E destabilizes. Further, we take the bifurcation value y, = 6.28954 and the first admissible
wave number k, = 3, and then y, = X;f“, o > 0,and L > 0, so Example 4.3 belongs the supercritical
case. The corresponding second-order asymptotic expression of the stationary pattern is given as

follows:

u(x) = 0.491287 + 0.062227 cos(3x) — 0.0008055 cos(6x) + O(&?),
v(x) = 0.491287 + 0.060667 cos(3x) — 0.0007304 cos(6x) + O(&?),

{ u(x) = 0.478676 + 0.097351 cos(3x) — 0.0021095 cos(6x) + O(&?),

e =0.05, y = 6.29603,

v(x) = 0.478676 + 0.095967 cos(3x) — 0.0020108 cos(6x) + O(&?), =01 x=634313.

To illustrate the correctness of the asymptotic expression, we give numerical solutions for
Example 4.3. In Figure 4, we have a comparison between the numerical solution and the weakly
nonlinear asymptotic solution of Example 4.3. Of these, the absolute deviation (JWNS-NS|) is
approximately less than 1.5%.
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Figure 4. Comparison between the weakly nonlinear solution (WNS) and the numerical
solution (NS) of Example 4.3, i.e., [WNS-NS|. The initial data is set as a 0.1% random small
perturbation of the (K, Ka/pB).

4.2.2. The subcritical case

If L < 0, the unique equilibrium A = 0 of the cubic Stuart-Landau equation (4.12) is unstable.
The amplitude equation lacks a saturation term to limit the amplitude development, so a higher-order
perturbation term should be introduced for analysis.

Therefore, we push the weakly nonlinear expansion to O(¢’), and get the quintic Stuart-Landau
equation for the amplitude as follows:

A _ i}
Z—T =GA - LA® + OA°, (4.16)
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where
Gg=0+¢&0d, L=L+¢&L, 0 =¢0, 4.17)

and o and L are given in (4.13). W3, Wy, &7, L, and Q are deduced at the same time. The detailed
calculations are given by (A.3), (A.6), and (A.9) in Appendix I.

Substituting Wy, W,, W3, Wy, and A(¢) into Eq (4.2), we obtain the explicit approximation of the
spatiotemporal pattern W(x, £) at O(&>):

W(t,x) = eW; + W, + W5 + Wy + O(&)

M a, a 1
=cA ka + 2A2 21 22
¢ ( 1 )COS( Ve ( by1 by ) \cos(2k,x)

A’ay, a cos(k,x)
LA T AAn as a (4.18)
& b31 + A2b32 b33 A2 COS(3kaX)

1
(e v )| st Jow
where all coefficients are expressed in Appendix I.

In this subcritical case, since & > 0 and L > 0, when Q < 0, it is easy to prove that quintic
Stuart-Landau equation (4.16) has a globally asymptotically stable solution:

e _ |L-[FZ450
Aw = TEIPOOA(T) = \/ 0 . (4.19)

By substituting A, into (4.18), the fourth-order weakly nonlinear asymptotic expression of the
stationary pattern is given:

(zgg) = (g) + lim W(x, 1) + O(E). (4.20)
B

Example 4.4. Choose coefficients in model (1.2) as follows:
u=02,60=02,d =2,d,=04, a =20, =20, K=0.6, [ = 10n.

Then, Ex = (0.6,0.6), y. = 881140452 ¢ S, k. = 1.18921 ¢ K,, and y,, = 8.81148148. We take
Xo = 8.81714876, k, = 1.2, y = 8.89951, and € = 0.1. All conditions of Theorem 3.1 are satisfied,
and the positive equilibrium Eg is unstable. Further & = 2.39871, L = —8.75287, and Q = —2.16447.
Eq (4.16) has a stable equilibrium A, = 2.07401, so this case is the subcritical. One can reduce the
Example 4.4 to the form of (4.18).

By solving for y(A.) from (4.19), the subcritical bifurcation curve can be written in the form:
y(As) = 8.81148148 — 0.299801A42, + 0.0741941A% .

The right of Figure 3 illustrates that there exist two extreme points y,, and y, where y,, is the root
of Y(As) = 0 and y is the root of L? — 45Q = 0. According to the calculation, we have

Xs = 8.50862505, y,, = 8.81148148.
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In the example, there are two stable branches coexisting at y € (y, ), Which are called bistability.
The two essential ingredients for bistable behavior are nonlinearity and feedback [18]. Suppose that
x is increased from some value less than y,. For any given small amplitude perturbation around E¥,
the steady state remains until y = y,,, where the Ex loses stability. Namely, while y,, is exceeded,
the solution jumps to the stable equilibrium with large amplitude. By the same method, for the stable
branch with larger amplitude, the jump exists at y = y,. In this way, a bistable interval is given, as
depicted in Figure 3. The solution around equilibrium sensitively depends on the initial conditions. We
respectively take initial perturbations of different amplitudes A = 0.1 and A = 0.2 at y = 8.735059 €
(X5 Xm),» which induce different patterns. The left of Figure 5 shows a critical case of the uniform
equilibrium rapidly turning to the spatiotemporal pattern at a given small amplitude initial perturbation.
The right of Figure 5 shows that stationary pattern W expressed by (4.18) is reached at a given initial
perturbation of large amplitude. According to the analysis, we have the following result.

u(xt u(xt

2000 ) 07 2000 ) 08
1800 065 1800 0.75
1600 1600 0.7
06
1400 1400 065
0.55
1200 1200 08
1000 05 £ 1000 0.55
800 045 800 05
045
600 5 600
04
400 400
035
035
200 200
0.3 03
0 0
20 25 30 20 25 30

0 5 10 15 0 5 10 15
Space x Space x

Figure 5. Two equilibriums coexist at y = 8.735059 € (s, x») in the Example 4.4. Left:
The initial value uy = 0.6 + 0.1 cos(1.35x). Right: The initial value uy = 0.6 + 0.2 cos(1.35x).

Time t
Time t

4.3. A stationary pattern for large perturbations

Previously, we discussed the stationary pattern of model (1.2) when the equilibrium Ek loses
stability if given bifurcation parameter y > y., and y deviates y, small enough to have a unique
unstable mode k, € K,, i.e., control parameter ¢ is small enough. In this section, we derive how
the unstable modes interact and how to determine the shape of the stationary pattern while € is large
enough to have two unstable modes for model (1.2) with Q = (0,/). According to Theorem 3.1 and
Remark 3.1, we have the following conclusion.

Theorem 4.2. Set x,,, € Sy, 1 = 1,2,3,---,and xc < Xm = Xy < Xmy < Xmy < -++. If ¥ > xm,, then
there exist at least two unstable modes for given chemotaxis coefficient y.

Proof. By the definition of S, since x,, € S, then there exists a j; € IN, such that

oo dm B dm (i + pl (K~ 6)
AT A an? PPK(1 - K)

2 —
s q(kh’)(m) - 0'
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Similarly, for y,,, € S, there exists a j, € IN, such that

PO (B + dor® )i i + ulP(K ~ 0))
J2 s sz a/ﬂ'z‘]%lzK(l ~ K)

l s q(ki’/\/mz) = O

Soif ¥ > x.,, wave numbers k;, and k;, are in sets Ky, i.e., q(k3 , x) < 0 and (k3 , x) < 0. This implies
that k3 and k> are unstable modes of y. o

Based on the above analysis, we investigate the competitive law between unstable modes k% and k3
by deriving their amplitude equations. Then we set the solution of (4.3) in the following form:

Wi = Ai(My, )" cos(kix) + Ay (M, 1) cos(kyx), (4.21)
where A;’s only depending temporal variable is the amplitude of modes k7 with i = 1,2 and

+ drk? + drk?
l:ﬁ 219 Mzzﬁ 22'
a o

Substituting (4.21) into (4.4) and (4.5), and combining with the Fredholm theorem, we obtain the
following ODE model of the amplitude:

dA
{ e TIAI - L]Ai’ + Q1A1A§7 (422)

T
% = 1A, — LA} + hAA7,

where the explicit expressions of 7;, L;, and Q;, i = 1,2, are presented in Appendix II. Obviously,
7, >0, i = 1,2. Under the conditions L; > 0, i = 1,2 and

Lt - 0112 <0, Lit,—0r1 <0, LiL,-010,<0. (4.23)

Model (4.22) has four non-negative equilibria in the first quadrant:

T T, Lyt — 011 Lty — Oy
E1 (0,0), E2 (\/L:l,o), E3 (\/L:Z,O), E4 (\/L1L2 _ Qle’ \/L1L2 - Q1Q2 )

By linearization analysis, we know that E; is an unstable node, E, and Ej5 are stable nodes, and E,
is a saddle point. These points divide the first quadrant of the phase plane of the amplitude A;, A, into
four regions when (4.23) holds. Outgoing trajectories in these areas point to one of two. So we have

Al = \/2:1. and Aye = Z—i Let W, = (U,, V»)!, and U, and V, satisfy

U, = A%(Fll + F5 cos(2k 1 x)) + A%(FB + F14 cos8(2krx)) + ArA 1 (F5 cos((k) — ky)x)
+F 16 cos((ky + k2)x)),

V, = A%(Fgl + F5 cos(2k1x)) + A%(FB + Fp4c08(2kyx)) + ArA1(Fops cos((ky — kr)x)
+F56 cos((ky + k2)x)),

(4.24)

where the coeflicients are given in Appendix II (B.2). Therefore, the second-order stationary pattern
with amplitude (A}, As) for the double unstable modes is as follows:

(”(x)) - ( ,ﬁ) + lim (6W) +82Ws) + O(8). (4.25)
B

v(x)
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Example 4.5. The coefficients of the given model (1.2) are chosen the same as in Example 4.3 except
e =0.04.

According to Theorem 4.2, we have y,,, = 6.28193 with j,,, = 6, y,», = 6.28954 with j,, = 5, and
Xmy = 6.30463. Set y = 6.29961 > y,,,. So two unstable modes k? = 2.5% and k3 = 3 are obtained.
According to the formulas given by Appendix II (B.1)-(B.3), we have

T =7.58515, L, = 5.3335, O, = -21.6646, 1, = 10.9226, L, = 28.3028, Q, = —7.18535,

and the four non-negative equilibria are E; (0,0), E, (1.19319,0), E; (0,1.23366),
E, (0.563221,0.521921). Their stability is consistent with the above analysis. Then, A, = 1.19319
and Ay, = 1.23366. If we take the initial data (1.2, 0.8), which corresponds to the P point in Figure 6,
and its trajectory is attracted to the equilibrium E, (A;.,0). The stationary pattern, the detailed
comparison between the numerical solution of model (1.2), and weakly nonlinear solution (4.25)
are presented in Figure 7. While the trajectory of the initial point Q = (0.6, 1.2) is attracted to
the equilibrium E5 (0, Ay), and corresponds to the stationary pattern, the comparison between the
numerical solution of model (1.2) and the weakly nonlinear solution (4.25) are presented in Figure 8.

When the bifurcation parameter y is far enough away from the critical value y., there exists a
competition among two unstable modes. If we perturb the equilibrium Ex by different initial data,
different stationary patterns are induced. However, after a long period of evolution, one of the unstable
modes will be reduced to extinction, and another will perform a critical role in the competition of
unstable modes.

0.5

0.0

Figure 6. Some trajectories in the A;OA, plane and equilibria of the amplitude
equations (4.22) with the coefficients of Example 4.5.
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Figure 7. Left: The spatiotemporal pattern of the transition from initial amplitude P point to
the stable state (A, 0). Right: The lower panel is the initial condition u = Ex + W, where
(A1, Ay) = (1.2,0.8) is attracted to the equilibrium (A, 0), denoted by P in Figure 6. The
higher panel is the comparison between the weakly nonlinear solution (4.25 WNS) and the
numerical solution (NS) of Example 4.5 about point P.
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Figure 8. Left: The spatiotemporal pattern of the transition from initial amplitude Q point to
the stable state (0, A,.,). Right: The lower panel is the initial condition u = Ex + W, where
(A1,Ay) = (0.6,1.2) is attracted to the equilibrium (0, A,.), denoted by Q in Figure 6. The
higher panel is the comparison between the weakly nonlinear solution (4.25 WNS) and the
numerical solution (NS) of Example 4.5 about point Q.

5. Concluding remarks

The mechanism of the emerging process in the pattern formation has been systematically analyzed
for the model (1.2) in this paper. It has been verified that some chemotaxis flux can induce pattern
formation, while self-diffusion does not. The dynamics of model (1.2) is similar to the logistic
model [16] if 8 < 0, where the model develops a Turing pattern when the chemotaxis coefficient y > y..
Whereas if 0 < 6 < K, two stable constant steady state solutions, E, and E, are separated. When the
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cell density u < 6, E is attractive and chemotaxis cannot induce a Turing pattern, so the cells tend to
extinction. When u > 6, a Turing pattern occurs in the model as the chemotaxis coefficient increases
until y > y.. Decreasing the threshold 8 of cell density and increasing the chemotaxis coefficient are
important methods to keep the cells growing and to induce a Turing pattern, respectively.
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Appendix 1. The single unstable mode case

This appendix aims to give the parts omitted in the derivation of the Stuart-Landau equation and

spatiotemporal pattern from the previous sections. According to the derivation of the F,G (4.7) in
Section 4, we obtain the expressions of H and P as follows:

_ 90Uy | Uy |, 0Uy |, K(U3+2U1U3)Q2K-6)+3U2U7)
Hi=5n+5, t o *

K
+xo(1 = 2K)V(U,VV; = 2U0,U,VV, + U,VV, + UsVV, = UTVV,)
+x1V((1 = 2K) (U VV, + U, VV)) + (1 = K)KVV3 = UVV)) (A.1)
+1:V((1 = 2K)U,VV; + (1 = K)KVV,) + y3(K — K*)V?V,

— 0V 9V, | 9V
H2_8T1 +6T2+8T3'

P, = s | 9Us | 0Uy | 0Uy pQ(U2U3+U 1 Us)QK=0)+3U,(U3+U U3))
ary " 9T, " oT; ' 8Ty K
+X1V((K - KZ)VV4 + (1 -2K)(U,VV;5; + U,VV, + UsVV}) — U%VVZ -2U0,U,VV})
+12V((K = K)VV; + (1 = 2K)(U,VV, + U,VV)) — U12VV1)
+13V((K = K)VV, + (1 = 2K)U,VV)) + (K — K*)y.VVV, (A.2)
+y . V(1 =2K)(U,VV4 + U,VV3 + UsVV, + Uy VVY)

—U12VV3 -2U0,U,VV, — (U% - 2U,U5)VV)),
p, =% 9V 0y | OV)
2= o1, Tor, T o1 T oTs-

According to the quintic Stuart-Landau equation (4.12), we can display the solutions of Eq (4.6) as

follows:

W, = (A(““) + A3(“32)) cos(k,x) + A3(“33) cos(3k,x). (A.3)
b3 b3, b33
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By substituting Wy, W,, and W3 into (4.6), and comparing the coefficients on both sides, the
coeflicient of the equation is obtained and solved as follows:

(1-K)Ky2k2 (dok2+B)
= (@k2+p) (@ ke u(K—60)) +a(K—1)KkZx,”
bs, a(1-K)Kyak2
(d2k2+ﬁ)(d1k2+u(K 0))+a(K-1)Kk2xa”
(ak2+B) (Kk2xa(4QK-D)M V21 +2Q2K - 1)Uz —Un)+M? ) +puM(4Q2U21 + U2 ) 2K-0)+3M?))

as

asz = —

4K ((dok2+B)(d k2+1(K—0) ) +a(K—1)Kk2x o) ’ A4
by = a(Ki2xa (42K -1)M V2 +22K 1)U ~Up)+M? ) +uM (4Q2U21 +U2) 2K -6)+3M?)) (A.4)
2= 4K((dok2+B) (dik2+u(K—0) ) +a(K—1) KKy, ) ’
_ (92k2+B) (3K (8K MV  +4K Ugy + M2 —4M V) —2U ) +1uM(8K Upa + M2 —40U7,))
433 = 4K((9d212+B) (91 I2+1(K—) ) +9a(K—~ DK K2x ) ’
s = _ a(3Kkgxa(8KMVa 1 +4K Uny + M ~4M V1 ~2Un ) +uM (8K Unp + M~ 49U22))
33 =

4K ((9d2k2+B) (91 K2 +1u(K—6) ) +9e(K—)Kk2x )
Combining W, W,, W3, (4.12), and (4.6), taking y; = 0 and %—VTVI' = 0, we have

= (2ay; + 2ax cos(2k, x))A— + —M cos(kyx) + A(K? — K)y3k? cos(k,x)
+A His cos(4ker) (A4H15+A2H14)c0s(2kax) + A 11;1.2 + A2Hy, (A.5)

K b
H, = (2b,y; + 2by, cos(2k, x))A— + 5 cos(k X),

where

Hy = M(2K — O)uas;,

Hiy = 4y (aza(8KM = 40M) + Uy (Una(4K = 20) + 3M?) + U3 (8K — 46) + 6M>Uny),

Hiy = 2KMK2x, (bs3(6K = 3) + MVay) + 1 Un (8KK2y, (4K — 2)Vay + M) + 3uM?)
+axs (2KQK — D2y, + pMQ2K - 6)) + uU% (K - 9),

Hyy = Kk (b31(2K — DMy, + x2 (2K — DM + 4(K — 1)K V»))
+az, (K(zK — D2y q + uMQ2K — 9)) :

His = 2b3u K MKy, + 6b33 KMy, — by K MKy, — 333 KMK2x o + 8K2Us Va1 k2xa
+2KM U k2xq — 4K Up Varkix + 4KuUs Uy + 3uM* Uy + 3uM* Uy, — 20uUs Ux
+2KM*Vy 1 k2x, + (KK — Dkx ) as — azs) + uM(2K — 0)(az + az3).

According to the solvability conditions, we have fol H-w'dx=0,l= jn/k,, j€ N,, and

0A  (AK — KDKM x3
oTy 1 + MM*

Since the solution of the above equation cannot predict the evolution of the amplitude, we take 75 = 0
and y; = 0.
Furthermore, the solution of Eq (4.7) can be written in the form:

W, = Az(“‘“) + A4( ) + (A2( ) + A“( )) cos(2k,x) + A4( )cos(4kax). (A.6)
b4y ba by3 Das bss
Substituting Wy, W,, W5, Wy, and (4.12) into (4.7), taking y1 = y3 =0,T, =T5 =0, g;v =0, and
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ow

oy = 0, and combining the solvability condition fol H - w*dx = 0, we have

a3 M(0-2K) by = aazi M(6-2K) _ 4aypM(0-2K)-2(2U3 +UZ, ) (2K-0)-3M>(2U2 +Un)

aa1 = “gx-e) ° BKK-6) > G427 IK(K—0)
bar = a(4axnMQK-0)+2(2U3,+U2, ) 2K—0)+3M>(2U21+U22))
2= 4BK(K—6) ’

_ (4ak2+B)(KQK-1)k2xa(az +b3) M)+ Ky k2 (K- 1)M+4(K— 1)K Va1 )+az1 uM(2K—06))
daz = K((4d212+B) (4dy 2+ p(K—0) ) +4a(K— DK k2x o ) ’
bax = a( KQK-Dk2xa(az1+b31 M)+ Ky 2k2(QK-D)M+4(K—1)K Va1 )+az uM(2K—6))

8= K((4d:k2+B) (41 2+p(K—0) ) +4a(K—1)KKZxs ) ’
o 1(4d2k2+B)(2(az2+a33) MK -0)+4U2 U (2K—-0)+3M>(Uz1 +Un))
Gag = gy 2K((4d2kf,+ﬁ)(4d1k§+y(K—9))+4a(K—1)KkZXa§ ’
b — b, _ (1/1(2(6132+a33)M(ZK—9)+4U21U22(2K—9)+3M2(U21+U22)
44 44 2K((4d212+B) (41 iZ+u(K—0) ) +4a(K-DKKZxa)  °
o, u(16d:k3+8) (a33(BKM—49M)+ U (Una (4K -20)+3M?))
Qa5 = a5 = ~4R((16d:k24B) (16d1 ko (K—6))+16a(K—D)Kkogs)

_ (1(8](](62,/\/“((2[(— 1 )(a33+2U22 Vo1 )+M(b33(6K—3)+U22)+M2 Vo1 )+;1(a33 (8KM—4M)+U22(U22(4K—29)+3M2)))

—4K((16d2k2+B)(16d k2 +uK—0))—16a(K—1)KkZy 4
_ 2KK2xa((2K—1)(az2—a33+4U21 Va1 )+ M((b32+3b33) 2K~ 1)+2U21)+2M? V31 )

2K (4d2k2+B) (4, k2 +pu(K—0) ) +4a(K-1)Kk2x >
20Kk xa((K-1)(as—ass+4Uz Va1 )+ M((b3y+3b33)(2K—1)+2U21)+2M? V31 )
- 2K ((4dxk2+B) (4d k2 +pu(K—0) ) +4a(K—1)Kk2y o) ’
, 2k2xa(16d2k2+B) (2K = 1)(a33+2U22 Va1 )+ M(b33 (6K =3)+Un)+ M V21 )
N (16d2k2+B) (1641 k2+1(K—0) ) +16a(K—1)Kk2x ’

and A
— =GA-LA>+ 0A>,
o, Q

where

_ U=K)KM Kb3ixatxa)=o(as M* +by1)

Qe

L=

2

9

MM*+1 >
M (a31 (1(8U21 QK —0)+ Uy (8K—40)+9M? ) —4K L) +4((2a41 +a4a)uM (2K —0)+3a3, Ko) ) +4K (3b3y =31 L)

HK+KMM*)
KMy 2k2(—4b3(K—K?)+8KM Va1 —(4-8K)Uz1 4K Upp+ M?~4M V2 +2U7;)
+ AK+KMM*)
KM*k2xa(2M(a31+2b44 (2K - 1)+2(2K—1)(2a31 Va1 +2a41 —asa+2b31 Uz  —b3 Uny) +b31 M?)
+ A(K+KMM*) ’
uM* (—3(3(132+a33)M2—2M(—2(2a42+a43)9+6U§1 +6Ux» Uz +3 U§2)+46(2a32 Uy +(a32+a33)U22))

Q= HK+KMM")
+ KM K2y o (AK=2)(2(azy—a33) Va1 +2as—da3+2b43 M—(b3,—-3b33)Uzp)+2a30 M—2a33 M)
HK+KMM")
KM k2xa(—4U21 (b32(1-2K)-2M V31 +Unp)+b3o M2 +3b33 M? +4U3, +2U2, )
+ A4(K+KMM~)
4K(3L(azy M +b32)=2uM" ((2agz +a43)M+2a3; Uz +(az2+a33) Uz))
A4(K+KMM*) :

+

Since T; = &'t, the derivative of amplitude is given by

A _ 08 (@04 04 A
dt " aT, oT, oT; oTy’

where 77 = 0 and 75 = 0. So we obtain
dA

2~ FA3 o AAS
— = A— LA + QAY),
5 —f@ QA”)

where
Gg=0+&d L=L+&L,0=¢0.

Let T = &%, and then dT = £%dt. So we obtain the amplitude equation (4.16).

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)
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B. Appendix II. The double unstable mode case

In this section, the derivation of double unstable mode case is given. Let k% and k% be unstable
modes of model (1.2). We presume that w* is a fundamental solution of L*w* = 0, where L* is the
adjoint operator of L(y.).

w* = (M7, )T cos(k;x) + (M, 1)" cos(kyx) (B.1)
where

_ (04 M = a
AR+ uK -6 dik+ K - 6)

Substituting (4.21) into F = (Fy, F»,)T, we have

A2 cos(2k1x)(M1(2k2K(2K Dy +uM (2K-6))) A%(K#Mf—%eyM,?)

Fy =

K
+A2 cos(2k2x)(M2(2k2K(2K Dy +uMr(2K-6))) + A%(K;zMz—i()pMZ)

K
LAk COS(k1X—k2X)(k1(k1—kz)(ZKz—K)MzXa+2M1 (Mo (4K pu—20)— (ki —k )k K(2K—=1)x4))

2K
A1Ay cos(k1x+k2x)(M1(k2(k1 +k2)K(2K— I)XG+M2(4K,L¢—29/J))+/<1 (kl +k2)K(2K—l)M2)(a)
2K
aA' ar M cos(k; x) + 2M2 cos(kyx),

F, = 5A1 cos(klx)+ cos(kzx)

+

So we assume that Eq (4.4) has solutions as in (4.24). Substituting W;, W,, and (4.24) into (4.4),
combining the solvability condition for (4.4), i.e., fol F -w*dx = 0, and setting y = 0 and 7 = 0, then
we obtain (4.24) and its coefficients as follows:

F M}(2K-0) Fo, = (B+4dr12 ) (22 2K>~ K)M o +uM3 (2K —0))
= 72KEK=0) 712 7 7 BakA(K-1)K 2 xa+ K (B+4di? ) (81 2 +2u(K—0) )’
F _M§(2K—6) Foi=— (B+4d2k3 ) (2K32K* - K) Moy o +uM3 (2K —6))
13 2K(K=0) ° © 14 T T RURK-DK o+ K(Br4d2k2 ) (B k2 +2u(K—0) )’
F _ (Brda(ki—k2)*) (2uM1 Mo (2K~6)~ (ki —k2) (2K =K ) xalka M1 ~k1 M2))
B etk ko (K=K 2y + K (Brda (ki —k2)?) (241 i~k P +2u(K=6))
Foo— (B+da (k1 +k2)? ) (k1 +h2) (2K =K )y alka My +hy M) +2uM M2 (2K—06))
16 = 2a(ki+k2)2(1-K)K2x g+ K (——da (k1 +k2)? ) (21 (ky +ko 2 +2u(K—6)) (B.2)
F _ aM{2K-9) Foy — a(2k3(K-2K> )M xa—uM}(2K-6)) ’
2 2BKEK=0) ° 122 T BakP (K- DKo+ K(B+4dol2) (8d1 12 +21(K~0)) °
F _aMg(ZK—e) Fo, = a(2k3 (K- 2K2)M2Xa—pM (2K-0))
23 2BK(K=0) > * 24 T BaUI(K—1)K2 o+ K (B+4d2k2) (8d112+2u(K-6))

Fos = a((k1—kz)K(1-2K)x u (ki M-k M)+ M1 ( UM (6-2K)))

T (k—k)?(dy (B+dr (k1 —k2)?)—a(K2+K )y o ) +(K—0)(Bu+dy (ky —kp) 1)
al((k1+k2) (2K =K )y a ko My +ky Mo)+2uM1 Mo (2K—6))

= K(f-da (ki +K2)?) (24 (ks +ho)2+ 2K —0)) 20kt 2 (K3—K2) g

By substituting W, and W, into G = (G, G»)?, and combining the solvability condition for (4.5),
i.e., fol F-w'dx =0,l=2n/k;,i =1,2,(4.25) is given. Since the expressions are too long, we omit it
and just give the integral result, i.e., the amplitude equations of the double unstable modes (4.22). The
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coeflicients of the equation are as follows:

7 = _ ki Mi(K-K?) 7 = _ My (K-K?)
L+M M} L+MM;
L= MR K(1=2K)Ya(—2F 0 KM =2F 11+F12)+ M3 (K2 Kxa+3uM ) +QF 11 +F12)uM1 (8K—46))
L= 16K2(1+M, M}) ’
I, = M2k K(1-2K)xa(—2F 2 KM —=2F 13+ F 14)+ M3 (K3 Kx o +3uMa ) +(2F 13+ F 14)uM> (8K —46))
2 16K2(1+ M2 M) ’

01 = s WQF M + FisMa + FisMo)AK = 26) + 3MM3)
+xaki K((1 = 2K) (M (ky(Fos — Fae) — ki (Fas + Fe)) + (Fi6 — Fis)k, = 2F 3k1) + ki M3)),
h
0, = WM(H((Flle + FigM + 4F\ | M>)(4K — 26) + 3M,M?)

+xako K((1 = 2K) (M (ki (Fas5 — Fag) — ko(Fas + Fa)) + (F16 — Fis)ki — 2F11ky) + ko M?)).

(B.3)
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