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Abstract: Two new classes of self-mappings defined on a complete metric space (M, d) are introduced.
The first one, called the class of p-contractions with respect to a family of mappings, includes mappings
F : M — M satisfying a contraction involving a finite number of mappings S; : M X M — M. The
second one, called the class of (¢, I, @)-contractions, includes mappings F' : M — M satisfying a
contraction involving the famous ratio 1//(?813) where ¢ : [0,00) — [0, 00) is a function, I' is the
Euler Gamma function, and « € (0, 1) is a given constant. For both classes, under suitable conditions,
we establish the existence and uniqueness of fixed points of F. Our results are supported by some
examples in which the Banach fixed point theorem is inapplicable. Moreover, the paper includes some
interesting questions related to our work for further studies in the future. These questions will push

forward the development of fixed point theory and its applications.
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1. Introduction

A contraction is a self-mapping F defined on a metric space (M,d) satisfying the inequality
d(Fu, Fv) < &d(u,v) for every u,v € M, where ¢ € [0, 1) is a constant. The famous Banach fixed point
theorem [1], also called the Banach contraction principle, states that if (M, d) is a complete metric space
and F is a contraction defined on M, then F possesses a unique fixed point. Moreover, starting from
any element uy € M, the Picard sequence {F"u,} converges to the fixed point. This theorem provides
an important tool for studying the existence of solutions for various kinds of nonlinear problems such
as integral equations, differential equations, partial differential equations, and evolution equations.
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A natural question to ask is whether it is possible to obtain a similar result to that of Banach for non-
contraction mapping F' : M — M, where (M, d) is a metric space. For instance, if F is not continuous
on (M, d), then F is not a contraction. This question attracted the attentions of several mathematicians.
For instance, Kannan [2] considered the class of mappings F' : M — M satisfying the inequality

d(Fu, Fv) < &[d(u, Fu) + d(v, Fv)]

for every u,v € M, where ¢ € [0, %) is a constant. Namely, Kannan proved that Banach’s fixed

point result holds true for this class of mappings. Motivated by the work of Kannan, Chatterjea [3]
established the same result for the class of mappings F : M — M satisfying the inequality

d(Fu,Fv) < &[d(u, Fv) + d(v, Fu)]

for every u,v € M, where ¢ € [0, %) is a constant. Reich [4, 5] investigated the class of mappings
F : M — M satisfying the inequality

d(Fu, Fv) < &d(u,v) + &Ed(Fu,u) + Ed(Fv,v)

for every u,v € M, where &,&,&6 > 0and & +& + & < 1. In [6], Ciri¢ introduced and studied
the class of quasi-contraction mappings. Namely, the class of mappings F : M — M satisfying the
inequality

d(Fu, Fv) < émax{d(u,v),d(u, Fu),d(v, Fv),d(u, Fv),d(v, Fu)}

for every u,v € M, where & € [0, 1) is a constant. Berinde [7] introduced and studied the class of
almost contractions. Namely, the class of mappings F' : M — M satisfying the inequality

d(Fu, Fv) < éd(u,v) + Ld(Fu,v)

for every u,v € M, where ¢ € [0,1) and L > 0O are constants. In [8], Khojasteh et al. unified several
fixed point theorems by introducing the class of contractions involving simulation functions. In [9],
Gornicki established various extensions of Kannan’s fixed point theorem. Petrov [10] introduced and
studied the class of mappings contracting perimeters of triangles. Recently, Pacurar and Popescu [11]
investigated a new class of generalized Chatterjea-type mappings. We also refer to Branga and
Olaru [12], where new fixed point results for generalized contractions in spaces with altering metrics
were established.

Another kind of contribution was concerned with the study of fixed points when the set M is
equipped with a generalized metric, such as a b-metric [13], cone Ej,-metric [14], G-metric [15], F-
metric [16], hemi metric [17], non-triangular metric [18, 19], or suprametric [20].

Assume now that (M, d) is a metric space and F : M — M is a contraction. Then, for all p > 1 and
u,v € M, we have

dP(Fu, F*u) + d”(F*u, Fv) < [éd(u, Fw)]” + [£d(Fu,v)]”
= &P [dP(u, Fu) + d°(Fu,v)],

that is,
dP(Fu, F*u) + d"(F?u, Fv) < &, [d"(u, Fu) + d’(Fu,v)], (1.1)
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where &, = &7 € [0, 1) is a constant. We remark that (1.1) provides a new type of contractions. Notice
that a mapping F satisfying (1.1) is not necessarily a contraction (see Example 2.12). Based on this
observation, for a metric space (M, d), we introduce in Section 2 the class of mappings F : M — M
satisfying the inequality

k=1
d?(Fu, S (Fu, Fv)) + Z d’(S (Fu, Fv),S i1 (Fu, Fv)) + d”(S ((Fu, Fv), Fv)
k—ll:1
< &\dP(u, S 1(u,v)) + Z d?(S i(u, v), S i1 (u,v)) + d”(Si(u, v), v)

i=1

for every u,v € M, where ¢ € [0, 1) is a constant and {S,-}f:1 is a family of mappings S; : M XM — M.

A mapping F satisfying the above condition is called a p-contraction with respect to {S i}f:]. Notice
that in the special case k = 1 and S(u,v) = Fu for every u,v € M, a p-contraction with respect to
{S1} is a mapping F satisfying (1.1). A fixed point theorem for p-contractions with respect to a family
of mappings is established in Section 2. Our obtained result is a generalization of the Banach fixed
point theorem. The result is supported by some examples where the Banach fixed point theorem is
not applicable. We also provide an application to the study of fixed points for single-valued mappings
defined on the set of positive integers.

On the other hand, it is well known that special functions arise in numerous applications. Indeed,
various classical problems of physics can be solved by making use of such functions. In particular, the
famous Euler Gamma function is one of the most important special functions, which plays a crucial
role in various branches of mathematics; see, e.g., [21-23]. Motivated by this fact, in Section 3, we are
concerned with the study of fixed points for mappings F : M — M satisfying contractions involving

the ratio
I'ec+1)
’ t O’
v (r(r T a/)) ~

where (M, d) is a metric space, I is the Euler Gamma function, ¢ : [0,00) — [0, o) is a function
satisfying a certain condition, and « € (0, 1) is a constant. We call this class of mappings as the class
of (¢, T, @)-contractions. Our obtained result is supported by an example where the Banach fixed point
theorem is not applicable.

We end this section by fixing some notations that will be used throughout this paper. By N (resp.
N*), we mean the set of nonnegative (resp. positive) integers. We denote by M an arbitrary nonempty
set. For a given mapping F : M — M, we denote by {F"} the sequence of mappings F" : M — M
defined by

Fou=u, F"'u=FF"u), neN

for all u € M. By Fix(F), we mean the set of fixed points of F, that is,
Fix(F)={ueM: Fu=uj.
Similarly, for a mapping S : M x M — M, we denote by Fix(S$) the set of fixed points of S, that is,
Fix(S)={ue M :Su,u) =u}.

AIMS Mathematics Volume 9, Issue 11, 30612-30637.
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2. The class of p-contractions with respect to a family of mappings

In this section, we introduce the class of p-contractions with respect to a family of mappings, and
study the existence and uniqueness of fixed points for such mappings.
Let (M, d) be a metric space. Let k € N*, p > 1 be constants, and {S ,-}i.‘:l be a family of mappings
S;:MxM—> M.
Definition 2.1. A mapping F : M — M is called a p-contraction with respect to {S,}*_, if there exists
¢ € [0, 1) such that
k=1
d?’(Fu,S(Fu, Fv)) + Z d?(S;(Fu, Fv),S 1(Fu, Fv))
i=1
+dP(S(Fu, Fv), Fv)
k=1

<&|dP(u, S (u,v)) + Z dP(S i (u,v), S i1(u,v)) + d’ (S i (u,v),v) (2.1

i=1
for every u,v € M.

Definition 2.2. We say that a mapping F' : M — M is weakly Picard continuous on (M, d) if the
following condition holds: If for u,v € M and

lim d(F"u,v) =0,

n—oo

then there exists a subsequence {F"/u} of {F"u} such that

lim d(F(F"u), Fv) = 0.

J—)OO

Remark 2.3. It can be easily seen that if F : M — M is continuous on (M, d), then F is weakly Picard
continuous on (M, d). However, the converse is not necessarily true, as demonstrated in the following
example.

Example 2.4. Let d be the Euclidean metric on [0, 1], that is,
du,v)y=lu-v|, u,vel0,1].
Suppose that F : [0, 1] — [0, 1] is the function defined by

2 ifo<u<l,
2

Fu = 1
—, ifu=1.
7 ifu

It is clear that F is not continuous at # = 1. Notice that for every n € N, it follows that

=, ifo<u<l,

n 2

F'u = 1

T fu=1,

which shows that
lim d(F"u,0) =0, wue€e]l0,1].

n—oo

Thus, F is weakly Picard continuous on ([0, 1], d).
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We recall below the famous Jensen inequality (see [24]) that will be used later.

Lemma 2.5. Let J : [0,00) — R be a convex function. Then, for every q € N* and {x, Xy, -+ , x,},

q
{lai,ar,--- ,a4) C [0, 00) with 3, a; > 0, we have
i=1

q q
Z a;Xx; Z a;J(x;)
J i=1 < i=1

q
Zl a; Z a;
=

2.1. Fixed point results

In this subsection, we give a fixed point theorem and several corollaries. Moreover, we provide
some nontrivial examples to illustrate that our results can be used, but that Banach fixed point theorem
is not applicable.

Our first main result is the following fixed point theorem.

Theorem 2.6. Let (M, d) be a complete metric space and F : M — M a mapping. Suppose that the
following conditions hold:

(i) F is a p-contraction with respect to {S ;}

=1

(11) F is weakly Picard continuous on (M, d).
Then:

(I) For every uy € M, the sequence {F"uy} converges to a fixed point of F;
(I) F possesses a unique fixed point u* in M;

k
(D) u* € ) Fix(S)).
i=1
Proof. (1) For an arbitrary u, € M, let us consider the sequence {u,} C M defined by
u, = F'uy, neN.

By (i), taking (&, v) = (up, u;) in (2.1), we obtain

d?(Fuo, S 1(Fug, Fuy)) + kz_i d’ (S i(Fuo, Fuy), S iv1(Fug, Fuy))
+ dP (S «(Fuy, Fuy), Fuy) -
< &|dP(uo, S 1(uo, ur)) + kz_ll d’(S i(uo, ur), S is1(uo, ur)) + d”(S i (uo, uy), up) |,
i=1
that is,

k-1

dP(uy, S 1(ur, up)) + Z dP(S i(uy, u2), S iv1 (U, u2)) + dP (S (uy, un), ur)

i=1
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k-1

< &|dP(ug, S 1(up, ur)) + Z d’ (S i(uo, ur), S i1 (uo, ur)) + dP(S i (ug, ur), ur)| . (2.2)

i=1
Repeating the same process with (u, v) = (u;, u,), we obtain

k-1
d(Fuy, $1(Fur, Fu)) + ) d"(S(Fuy, Fi), S 11 (Fuy, Fu))
i=1

+ dP (S (Fuy, Fuy), Fuy)

<é

k=1
dP(uy, S1(ur, uz)) + Z dP(S i(uy, uz), S iv1(u1, uz)) + dP (S (uy, up), Mz)] ,
p

that is,

k-1

dP(uy, S 1(ua, uz)) + Z dP(S (uz, u3), S iv1 (U2, uz)) + d’ (S k(uz, u3), u3)

i=1

k-1
<¢ [dp(ul’ Si(ui,up)) + Z dP(S i(ui, uz), S iv1(uy, un)) + dP (S (uy, uy), Mz)] . (2.3)
P

Thus, in view of (2.2) and (2.3), we have

k-1

d?(ua, S 1 (ua, uz)) + Z dP(S (uz, u3), S iv1 (U2, uz)) + dP (S k(uz, u3), us)

i=1

k-1
<& [a’”(uo, S 1(uo, ur)) + Z d?(S i(uo, u1), S i1 (uo, u)) + d? (S (uo, uy), M1)] .
=1

Continuing in the same way, we obtain

k-1
4 (1, S 1 (1, 1) + ) A (S ity 1), S 11y 1))
i=1
+dp(Sk(una un+1)’ un+1)
< A" 2.4)
for every n € N, where

k-1

Ao = dP(up, S 1 (o, uy)) + Z dP(S i(uo, ur), S ix1(uo, ur)) + dP (S i (uo, uy), uy).
i=1

On the other hand, by the triangle inequality, we obtain that, for all n € N,

d(un’ un+1) < d(un, S l(un, un+1)) + d(S l(una un+l)’ SZ(un’ Mn+1)) +e

+ d(Sk—l(um un+l)7 Sk(un’ un+1)) + d(Sk(una un+l)’ un+1)’

AIMS Mathematics Volume 9, Issue 11, 30612-30637.
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which yields

k-1

4ty ty11) < [ A1t S 1y 1)) + > ACS it 010), S 111 (1, 1))

i=1

(S it ). )| -

Furthermore, since the function x +— x” is convex on [0, o), using Lemma 2.5, we obtain

k-1

d(”n, S 1 (un, Un+1 )) + Z d(Sl(un’ Un+1 )’ Si+1 (un’ Un+1 )) + d(Sk(una ul’H—l)’ un+1)
i=1

k-1

d(una S l(una un+1)) i Z d(St(un’ I/ln+1), Si+1(un’ un+1))
k+1 P k+1

+ d(Sk(un’ un+1)a un+1)]p
k+1

= (k + 1)P[

k-1

|7ty S 1@ty 0010) + D (S 0ty 1), S 1 s 1)

i=1

< (k+ 1)
k+1

+ d(S ity Uner)s Uit |,
which implies by (2.5) that

dp(un’ Up+1 )
k-1

< (k + l)p_l [dp(un, S 1 (un, un+])) + Z dp(Si(um un+l)’ Si+] (um un+l))

i=1

+ AP (S Wty U1 ) |-

The above inequality yields

I ) 4
(k+ 1)p_1d (l/tn, un+1)

k-1
< AP (1, S 1ty i) + > A (S ity 1), S 11 (1, 1)
i=1
+ dp(Sk(un’ un+l)’ un+1)-

Thus, it follows from (2.4) and (2.6) that

1
d(ty, ) < [AoCk+ 17" &, neN,

where
0<é& =& < 1.

(2.5)

(2.6)

(2.7)

(2.8)
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Next, thanks to (2.7) and (2.8), we obtain by the triangle inequality that, for all n € N and any
m € N,
d(una un+m) < d(una un+l) +oee+ d(un+m—l > un+m)

1

< [/lo(k + 1)17-1]" (g; ot g;;“"—l)
RTINS Bl
[/lo(k + 1)1’-1]%

1-¢,
which implies that {«,} is a Cauchy sequence. Then, due to the completeness of (M, d), we infer that
there exists u* € M such that

& — 0 (n— o),

lim d(F"uy, u”) = lim d(u,,u") = 0, (2.9)
and by (ii) it follows that there exists a subsequence {F"uy} of {F"uy} such that

lim d(uy 41, Fu®) = lim d(F(F"ug), Fu®) = 0. (2.10)
J— Jj—oo

Thus, in view of (2.9) and (2.10), we have u* = Fu*, that is, u* € Fix(F). This proves part (I) of
Theorem 2.6.

D) By (D), it follows that u* € Fix(F). If there still exists v* € Fix(F), then by (2.1), we obtain

k-1
d"(Fu', S \(Fu', Fy") + ) d"(Si(Fu', Fyv"), S i1 (Fu', Fv')
i=1
+dP (S (Fu*, Fv®), Fv")

k-1
<¢ {d”(u*, Si(u”,v)) + Z dP (S, v), S i (', V) + dP (S (u”, v7), v*)] ;
i=1

that is,

k-1
d’(u, S 1(u",v")) + Z dP(S(u",v), S i1, v)) + dP (S (u”,v¥),v")

i=1
k-1
<¢ {d”(u*, Si(u”,v)) + Z d’ (S, v), S i, v)) + dP (S (u",v"), v*)] :
i=1
Since ¢ € [0, 1), the above inequality implies that
dw", S (u",v)) =d(S (u",v),So",v)) = -+ =d(S 1 (u", V"), S (", v"))
=d(Su*,v),v") =0,

which yields u* = v*. Consequently, F admits a unique fixed point " in M, which proves part (II) of
Theorem 2.6.
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(IIT) From (II), we know that F' admits a unique fixed point u* € M. Taking (u,v) = (u*,u") in (2.1),

we obtain
k-1
dP(Fu S ((Fu' Fu')) + ) d"(S(Fu',Fu), S s (Fu', Fu'))
i=1
+d?(S(Fu*,Fu®), Fu")
k-1
< é‘: [d[’(u*, S l(u*’ l/{*)) + Z dp(Si(u*a u*)a Si+l(u*’ u*)) + dp(Sk(l/l*, M*), M*)] 5
=1
that is,

k-1

d’(u*, S (u*,u")) + Z dr(S(u',u), S i (', u")) +dP (S (u', u"), u")
i=1 .
<& [dp(u*, S, u”)) + Z dP(S;(u*,u), S, u) +dP (S (u”, u), u*)] .

i=1

Since ¢ € [0, 1), the above inequality implies that

dw", S (u',u") =d(S (", u"), Sr(u", u")) = ---
=d( S, u”), S, u™) =dS(u,u”), u") =0.

Consequently, we obtain

u' =S u) =S u) =" =S, u),

k
that is, u* € () Fix(S;). This proves part (IIl) of Theorem 2.6.
i=1

O

We now discuss some special cases of Theorem 2.6. Taking k = 1 in Theorem 2.6, we obtain the

following result.

Corollary 2.7. Let (M, d) be a complete metric space, p > 1 a constant, and S1 : M XM — M a

mapping. Suppose that F : M — M is a mapping satisfying the following conditions:
(1) There exists a constant ¢ € [0, 1) such that

d?(Fu,S(Fu, Fv)) +d"’(S (Fu, Fv), Fv)
< EMdP(u, S 1(u,v)) +dP(S (4, v),v)]
for everyu,v e M;
(i1) F is weakly Picard continuous on (M, d).

Then:

(I) For every uy € M, the sequence {F"uy} converges to a fixed point of F;
(II) F possesses a unique fixed point u* in M;
() u* € Fix(§).

(2.11)
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Taking S |(u,v) = Fu for every u,v € M, we deduce from Corollary 2.7 the following result.

Corollary 2.8. Let (M, d) be a complete metric space, p > 1 a constant, and F : M — M a mapping.
Suppose that the following conditions hold:

(1) There exists a constant ¢ € [0, 1) such that
d?(Fu, F?u) + d”(F?u, Fv) < é[d”(u, Fu) + d”(Fu, v)] (2.12)

for everyu,v e M;
(i1) F is weakly Picard continuous on (M, d).

Then:

(I) For every uy € M, the sequence {F"uy} converges to a fixed point of F;
(I) F possesses a unique fixed point u* in M.

Taking k = 2 in Theorem 2.6, we obtain the following result.

Corollary 2.9. Let (M, d) be a complete metric space, S1,S, : M X M — M two mappings and p > 1
a constant. Suppose that F : M — M is a mapping satisfying the following conditions:

(i) There exists a constant ¢ € [0, 1) such that

dP’(Fu,S (Fu, Fv)) +d’(S1(Fu, Fv),S,(Fu, Fv)) + d’(S,(Fu, Fv), Fv)
< f [dp(u’ S 1 (I/t, V)) + dP(S 1 (l/l, V)7 SZ(M’ V)) + dp(SZ(Ma V), V)]

for every u,v € M;
(i1) F is weakly Picard continuous on (M, d).

Then:

(I) For every uy € M, the sequence {F"uy} converges to a fixed point of F;
(Il) F possesses a unique fixed point u* in M;
(III) u* € Fix(S1) N Fix(S»).

If F is continuous on (M, d) (see Remark 2.3), then we deduce from Theorem 2.6 the following

result.

Corollary 2.10. Let (M, d) be a complete metric space and F : M — M a mapping. Suppose that the
following conditions hold:

(i) F is a p-contraction with respect to {S i}f.‘zl;

(i1) F is continuous.

Then:

(I) For every uy € M, the sequence {F"uy} converges to a fixed point of F;
(Il) F possesses a unique fixed point u* in M;

(D) u* € () Fix(s,).
i=1
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We now show that Theorem 2.6 includes the Banach fixed point theorem.

Corollary 2.11. (Banach fixed point theorem) Let (M, d) be a complete metric space and F : M — M
a mapping. Suppose that there exists a constant ¢ € [0, 1) such that

d(Fu, Fv) < &d(u,v) (2.13)

for every u,v € M. Then, F possesses a unique fixed point u* in M. Moreover, for every uy € M, the
sequence {F"uy} converges to u”.

Proof. Letk=p=1and S, : M X M — M be the projection mapping defined by
Siu,v)y=u, m,v)eMxM.
In this case, (2.1) reduces to
d(Fu,Fu)+d(Fu, Fv) < ¢[d(u,u) +d(u,v)],

that is, (2.13). This shows that, if F satisfies (2.13), then F satisfies (2.1) with k = p = 1 and S is
the mapping defined above. On the other hand, due to (2.13), the mapping F is continuous. Thus, by
Corollary 2.10, the desired result is completed. |

We provide below three examples illustrating our obtained results. In all the presented examples,
the Banach fixed point theorem is not applicable.

Example 2.12. Let F : [0, 1] — [0, 1] be the mapping defined by

0, ifO<uc<l,
Fu = 1
vk ifu=1.

We consider the Euclidean metric on [0, 1], that is,
du,v)=lu-v|, u,vel0,1].

Notice that F is not continuous at # = 1, which implies that F is not a contraction. Thus, the Banach
fixed point theorem is not applicable in this example. Let us now estimate the ratio
d(Fu, F*u) + d(F?u, Fv)

Ruv) == FordFayy > Vel

We distinguish four cases as follows.
Case I. 0 <u,v < 1. In this case, we obtain

d(Fu, F*u) + d(F?u, Fv) = d(0, FO) + d(FO0, 0) = 2d(0,0) = 0.
Case 2. u =v = 1. In this case, we have

Reuv) - d(F1,F?1) + d(F*1,F1) _d(;,0)+d0,3) 1
YT AL FD v d(FL D) 4 hvdd 3
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Case3. 0<u<1andv=1.Inthis case, we have

d(Fu, Fu) + d(F?u, F1) _ d(0,F0) +d(FO.F1) _d(0,0)+d(0,5) 1
d(u, Fu) + d(Fu,1) —  d(u,0)+d0,1) u+1 T4

R(u,v) =

Case4. u=1and 0 <v < 1. In this case, we have

R(u.v) = d(F1,F?1) + d(F*1,Fv) _ d(;,0)+d(0,0)  §
T d(LFD+d(FLy)  d(Lh+dd vy T 3+dd,y

<

W =

3
4
Generally speaking, from the above estimates, we deduce that

d(Fu, F*u) + d(F*u, Fv) < % [d(u, Fu) + d(Fu, v)]

for every u,v € M, which shows that F' satisfies (2.12) with p = 1.
On the other hand, for all u € [0, 1], we have

which shows that F is weakly Picard continuous. Consequently, Corollary 2.8 applies. Notice that
Fix(F) = {0},
which confirms Corollary 2.8.
Example 2.13. Let M = {m;,m,,m3} and F : M — M be the mapping defined by
Fmy =my, Fmy, = my, Fmz = ms.
Let d be the discrete metric on M, that is,

Coitis
d(m;,m;) = ntrg (2.14)
0, ifi=j.

Notice that

d(Fmy, Fmz)  d(my,my) |
dmi,mz) — d(my,mz)
which shows that there is no & € [0, 1) such that (2.13) holds for every u,v € M. Consequently, the
Banach fixed point theorem is not applicable in this example.
Let us introduce the mapping S| : M X M — M defined by

S](mia mi) = m, Sl(mi,mj) = Sl(mj’ mi)a l’.] € {1’2? 3}
and
Si1(my,my) = §1(my,mz) = my, Si(my,m3) = mo.

We claim that F satisfies (2.11) with p = 1 and & = 3, that is,

1
2’
d(Fmi,Sl(Fmi, FmJ)) + d(Sl(Fmi, ij), ij)
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[d(miasl(mi’mj)) + d(Sl(mi»mj),mj)] (2.15)

N =

<

for every i, j € {1,2,3}.
Indeed, notice that for all i € {1, 2, 3}, we have

d(Fm;, S \(Fm;, Fm;)) + d(Fm;, S ((Fm;, Fm;))
= a’(Fm,-, Fm;) + d(Fm,-, Fm;) = 0,

which shows that (2.15) holds for all i = j € {1, 2, 3}.

On the other hand, due to the symmetry of S, we just have to show that (2.15) holds for (i, j) €
{(1,2),(1,3),(2,3)}. For this purpose, we divide it into three cases below.

Case 1. (i, j) = (1,2). In this case, we have

d(Fm;, S \(Fm;, Fm))) + d(Fmj, S (Fm;, Fm;))
=d(Fmy,S(Fmy, Fmy)) + d(Fmy, S (Fm,, Fm,))
=d(my, S 1(my,my)) + d(my, S (my,my))
= d(my,my) + d(my, my)
=0,

which shows that (2.15) is satisfied for (i, j) = (1, 2).
Case 2. (i, j) = (1,3). In this case, we have
d(Fmi,Sl(Fm,-, ij)) + d(ij,S](le’, Fm]))
d(m;, S 1(m;, m))) + d(m;, S (m;, m;))
_d(Fmy, S (Fmy, Fm3)) + d(Fms, S ((Fmy, Fm3))
d(my, S (my,m3)) + d(ms, S (m;, m3))
_ d(my, S 1(my, my)) + d(my, S (my, my))
d(my, S 1(my, m3)) + d(ms, S {(my, m3))
_ d(my, my) + d(my, my)
d(my, my) + d(ms3, my)
1
=3

which confirms (2.15).
Case 3. (i, j) = (2,3). In this case, we have
d(Fm;, S {(Fm;, Fm])) + d(ij, S1(Fm;, ij))
d(m;, S ((mj, mj)) + d(m;, S {(m;, m;))
_d(Fmy, S ((Fmy, Fm3)) + d(Fmg3, S ((Fmy, Fm3))
d(my, S ((my, m3)) + d(ms, S (my, m3))
_ d(my, S ((my,mp)) + d(my, S {(my, my))
d(my, S ((my, m3)) + d(ms, S {(my, m3))
_ d(my,my) + d(my, my)
d(my, my) + d(ms3, my)
1

=5
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which shows that (2.15) is also satisfied for (i, j) = (2, 3).

From the above discussions, we deduce that (2.15) holds for every i, j € {1, 2, 3}.

Since F is continuous (because M is a finite set), then F is weakly Picard continuous on (M, d).
Consequently, Corollary 2.7 applies. Notice that

Fix(F) = {m:}

and
Si(my,my) = my,

which confirms Corollary 2.7.

Example 2.14. Let us consider the mapping F : [0, 1] — [0, 1] defined by

%e’”, if 0<u<l,
Fu=4 ] ]
75 if u=1.

Let d be the metric on [0, 1] defined by
du,v)=lu-v|, u,vel0,1].

Notice that F is not continuous at # = 1, which implies that F' is not a contraction. Then, the Banach
fixed point theorem is not applicable in this case.
Let us introduce the mapping S : [0, 1] x [0, 1] — [0, 1] defined by

S(u,v) =Fu, u,vel0,1].

We consider the following four cases.

Case 1. 0 <u,v < 1. Taking into consideration that

d (1 _
dx \2°

and F([0, 1)) c [0, 1), we obtain by the mean value theorem that

0<x<l1 (2.16)

d(Fu,S (Fu, Fv))+d(S (Fu, Fv), Fv)
= |Fu— F(Fu)|+ |F(Fu) — Fv|

1
< |u—Fu|+§|Fu—v|

(e = S (u, )| + 1S (u, v) = V)

— N =N =

=5 (d(u, S (u,v)) + d(S (u, v),v)) .

Case2. 0 <u<1,v=1.1Inthis case, on the one hand, using that F1 = F0 and (2.16), we obtain
by the mean value theorem that

d(Fu,S (Fu, F1)) + d(S (Fu, F1), F1)
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= |Fu — F(Fu)| + |F(Fu) — FO|

1
< |u—Fu|+§|Fu—O|

(d(u, S, 1)) + Fu).

| =N =

On the other hand,
2Fu=¢e" <1,

which implies that
Fu<l-Fu=|Fu-1=dSu,1),1).

Consequently, we have

d(Fu,S(Fu,F1))+d(S(Fu,F1),F1) < % (d(u,S(u, 1)) +d(S(u,1),1)).

Case3. u=1,0<v<1. Inthis case, we obtain

d(F1,S(F1,Fv)) +d(S(F1,Fv), Fv)
=|F1 - F*1| +|F*1 - Fv|
= |FO — F(FO)| + |F(F0) — Fv|

1

IA

N =N =]

(I0—=FO| + |[FO —v|)

(F1+|F1-v])

(F1+d(S(1,v),v)).

Moreover, we have
1
Fl= 3 =1-F1=d(,5(1,v)).

Consequently, we arrive at

d(F1,S(F1,Fv))+d(S(F1,Fv),Fv) < % d(1,S(L,v) +d(S(1,v),v)).

Case4. u=v =1.Inthis case, we have

d(F1,S(F1,F1)) +d(S(F1,F1),F1)
=d(F1,F?1) +d(F*1,F1)
= 2d(F0, F(F0))
1
<2-—|0-F
< 2|0 0l
= FO
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_ %(d(l,S(l, 1) +d(S(1, 1), 1))

Thus, from the above discussion, we deduce that F satisfies (2.11) with p = 1, §; = S, and &€ = %
Furthermore, for all u € [0, 1], we have {F"u} C [O, %]. Then, by the continuity of F on [0, %], if for
some u,v € [0, 1] we have

lim d(F"u,v) = 0,

n—oo

sov € [0,1], and
lim d(F(F"u), Fv) = 0.

This shows that F is weakly Picard continuous on ([0, 1], ). Finally, by Corollary 2.7, we deduce that
F has one and only one fixed point u* ~ 0.3517. Figure 1 confirms our conclusion.

WA
NO.5
w=u
,,,,,,,,,,,,,,,,,,,,,,,, ) The fixed point of F
l —u
w=ge
0.1 ‘
ol 0.1 u’ 0.5 u

Figure 1. The unique fixed point of F.

2.2. An application: A discrete fixed point result

In this subsection, as an application of Theorem 2.6, we obtain sufficient conditions under which a
mapping F : N* — N* admits a unique fixed point.

Theorem 2.15. Let F : N* — N* be a mapping satisfying the inequality
2FOIEIT _ F(n) - F(m) < (27" = n—m) (2.17)

for every n,m € N* with F(n) # F(m), where & € [0, 1) is a constant. Then, F possesses a unique fixed
point.

Proof. Let us consider the mapping S : N* X N* — N* defined by

2mm it n + m,

n, ifn=m.

Sl(n’m) = {

We claim that
|[F(n) — S1(F(n), Fm)| + |S 1(F(n), F(m)) — F(m)|

(2.18)
<&(n—Si(n,m)| +1S(n,m) — m|)
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for every n,m € N*. To this end, we discuss two cases.
Case 1. F(n) = F(m). In this case, by the definition of S|, we obtain

|F(n) = S1(F(n), Fm))| + 1S 1(F(n), F(m)) — F(m)|
= [F(n) = S1(F(n), Fm)| + |S1(F(n), F(n)) — F(n)|
=2|F(n) = S1(F(n), F(n))|
=2|F(n) — F(n)|
=0,

which shows that (2.18) holds in this case.

Case 2.  F(n) # F(m). In this case, n # m. By the definition of §;, we obtain

|[F(n) = S1(F(n), F(m))| + IS 1(F(n), F(m)) — F(m)|
= |F(n) — 2F(n)+F(m)| + |2F(n)+F(m) — F(m)|
— F+F(m) _ F(n) + 2Fm+Fm) _ F(m)
— 2F(n)+F(m)+l _ F(I’l) _ F(m),

which implies by (2.17) that

|F(n) = S 1(F(n), F(m)| + IS (F(n), F(m)) = F(m)| < &(2"*"*" = n - m). (2.19)
Note that
2n+m+1 —n—m= 2n+m —n+ 2n+m —-m
— |2n+m _ 7’l| + |2n+m _ m|’
that is,

27— —m o= - S (n,m)| + IS | (n, m) — ml. (2.20)

Thus, by (2.19) and (2.20), we get (2.18). Consequently, F satisfies (2.11) withk = p = 1, M = N,
and
dn,m)=|n—m|, n,méeM.

On the other hand, since F is defined on N*, then F is continuous on (M, d), which shows that
condition (ii) of Corollary 2.7 is satisfied. Therefore, by Corollary 2.7, we obtain that F' possesses
a unique fixed point. This completes the proof of Theorem 2.15. O

We now illustrate Theorem 2.15 by an example in which the Banach fixed point theorem is not
applicable.

Example 2.16. Let us consider the mapping F : N* — N* defined by

1, ifn=1,
F(n) = .
n—1, ifn>2.

First, notice that

. |Fm)—F() . n-2
Iim ————— = lim =1,
n—oo n—1 n—oon — 1

AIMS Mathematics Volume 9, Issue 11, 30612-30637.



30629

which shows that there is no £ € [0, 1) such that
|[F(n) — F(m)| < &ln —m|

for every n,m € N*. Consequently, F is not a contraction on (N*, d), where d(n, m) = |n — m| for every
n,m € N*. Thus, the Banach fixed point theorem is not applicable in this example.

Now, we show that F satisfies (2.17) for every n,m € N* with F(n) # F(m). Notice that for every
n,m € N*, we have

Fn) # Fim) = (n,m)e VUV’,

where
V={n,m)eN"xXN":n=1,m>3; orn>m>2}

and
V' ={(n,m) e N* xN*": (m,n) € V}.

Due to the symmetry of (2.17), without restriction of the generality, we may assume that (n,m) € V.
So, we have two possible cases.
Case l. n=1and m > 3. In this case, we have

DF+Fm+L _ F(py — F(m)  2FMHFm+L _ BTy — F(m)
2n+m+l —-n—m 21+m+l —1=-m
2m _m
=3 i—m
_ 22 _2dm
S 2(2m2 — 1 —m)

<

| =

Case 2. n > m > 2. In this case, we have

2F(n)+F(m)+1 _ F(I’l) _ F(I’I’l) B 2n+m—1 —n—-m+2

2n+m+l —-n—m 2n+m+l —-n—-m
2 —2n —2m + 4

- 2(2n+m+1 —n—m)

IA
S

From the above estimates, we deduce that
1
RFWFEmAT _ By — F(m) < 5 (2’”’"+1 -n-— m)

for every n,m € N* with F(n) # F(m). Thus, F satisfies (2.17) with & = %, and Theorem 2.15 applies.
On the other hand, we have Fix(F) = {1}, which confirms Theorem 2.15.
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3. The class of (i, I', a)-contractions
Before introducing the class of (i, I', @)-contractions, let us briefly recall some properties related to

the Euler gamma function. For more details, we refer to Abramowitz and Stegun [21].
The Euler gamma function is the function I' defined by

I'(s) = f rle7'dr, s>0.
0
An integration by parts shows that
I'(s+1)=sl(s), s>0. (3.1)

In particular, when s = k € N*, we obtain

[k+1) =k
For all n € N, we have
r(n + %) = g”i: Vr. (3.2)
The function I is In-convex, i.e.,
T(as+ (1 —a)) <T*SI@1), s,t>0, ae(0,1). (3.3)

Let us denote by ¥ the set of functions ¢ : [0, c0) — [0, 00) satisfying
Y(t) >ct', t=0, (3.4)
where ¢, 7 > 0 are constants. Remark that by (3.4), if ¢ € 'Y, then
u() >0, t>0. (3.5)

Notice that no continuity assumption is imposed on ¢ € ‘.

Definition 3.1. Let (M, d) be a metric space and F : M — M a mapping. We say that F is a (., T, @)-
contraction, if there exist @, 8 € (0, 1) and ¥ € ¥ such that

(F(d(Fu, Fv) + 1)) < (F(a’(u, V) + 1))
I'(d(Fu,Fv)+a)] I'd(u,v) + a)

(3.6)

for every u,v € M with Fu # Fv.
Our second main result is the following fixed point theorem.

Theorem 3.2. Let (M, d) be a complete metric space and F : M — M a mapping. Suppose that the
following conditions hold:

(1) Fisa (Y, T, @)-contraction;
(i1) F is weakly Picard continuous on (M, d).
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Then:

(I) For every uy € M, the sequence {F"uy} converges to a fixed point of F;
(I) F possesses a unique fixed point.

Proof. (1) For an arbitrary uy, € M, let
u, = F'uy, neN.

We distinguish two cases as follows:
Case 1. There exists m € N such that

Um = Umt1-
In this case, we obtain u,, = Fu,, and
U, =U,, n=m,

which shows that u,, € Fix(F) and {u,} converges to u,,.
Case 2. For all n € N, we have
Uy * Un+1,

that is,
d(Fu,_,Fu,) >0, neN".

In this case, using (3.6) with (u,v) = (uy, u;), we obtain

(F(d(Fuo,Ful) + l)) < (F(d(uo,ul) + 1))
T'(d(Fug, Fu;) + @) <B T(d(ug,uy) + )]’

that is,
I'(d(uy,up) + 1) I'(d(uo, ur) + 1)
‘”(Nd(ul, ) + a)) =P (r(dwo, )+ a)) | G-D
Again using (3.6) with (u,v) = (u;, u,), we obtain
(F(d(Ful,Fuz) + 1)) - (F(d(ul,uz) + 1))
T'(d(Fuy, Fu,) + )] ~ B T'duy,up) + )]’
that is,
U'(d(up, uz) + 1) L(d(uy, up) + 1)
(Nd(uz, ws) + a)) =P (r(d<u1, ) + a)) ' G8
Then, it follows from (3.7) and (3.8) that
w(?(d(uz, us) + 1)) < ﬁzw(F(d(uo, u)+1) ) .
(d(uz, u3) + @) ['(d(up, u1) + @)
Repeating the same argument, we obtain by induction that
I'(d(up, ups1) + 1) oo (T (d(uo, up) + 1)
(nd(un, ) + a)) =P ”/(r(dwo, )+ a))’ mer G2
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On the other hand, by (3.4), we have
F(d(un’ un+1) + 1) > F(d(una un+1) + 1) ’
>c 5
r(d(un’ un+1) + a’) I_‘(d(un’ un+1) + (l’)
which implies together with (3.9) that
Tdy i) + 1) |1 (T(d(uo, ur) +1)
L(d(uy, upy) + @) c \I'(d(ug, u1) + )
Furthermore, by the In-convexity of I (see (3.3)), for any n € N, we have
F(d(um un+l) + Ck) = F((l - a’)d(un, un+1) + a’(d(un, un+1) + 1))
< T (d (s e DT (@t 1) + 1),

1
=

, neNl. (3.10)

(3.11)

Subsequently, by (3.1), we have
D(d(uy, ttys1) + 1) = d(uty, )V (d(Uy, hy11)),
which yields
T (d s tn 1)) = [d Wty )] Tty i) + 1),
Hence, from (3.11), we deduce that
T(d(ttn, 1) + @) < [d (s )] T (s thng1) + DI (s 1) + 1)
= [d(ttn, tns )] T( (U tns1) + 1),
which implies that

T(d(u,, ) + 1) .
= A7 ). N. 3.12
L(d(uy, 1) + @) (Un, Uny1), NE ( )

Now, using both inequalities (3.10) and (3.12), we obtain
1 (F(d(uo, uy) + 1))

1
p=

1- n
d a(un’ un+l) SﬁT b n € N9

¢ \I'd(ug, uq) + @)

which is equivalent to
d(uty, Uns1) < 0", n €N, (3.13)

where
o =BT €(0,1)

and 1
T(1-a)

|1 (T, u) + 1)
Yo =17 T(d(uo, uy) + @)

Next, using (3.13) and the triangle inequality, we obtain that for all » € N and g € N*,

d(un’ un+q) < d(um un+l) tee+ d(un+q71a un+q)
< (" -t 0" gy
_ o'l -0

l1-0

I o,
-
which shows (since 0 < o < 1) that {u,} is a Cauchy sequence. Then, by the completeness of (M, d),

we infer that there exists u* € M such that

Yo

<
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lim d(F"up,u™) = 0.

Thus, using the weakly Picard continuity of F and proceeding as in the proof of Theorem 2.6, we
obtain that u* € Fix(F). This proves part (I) of Theorem 3.2.

(IT) From part (I), we know that u* € Fix(F). Assume that there exists another different v* € Fix(F)
(so, d(Fu*, Fv*) > 0). Then, using (3.6), we obtain

<

(F(d(Fu*, Fv*) + 1))

I'dw*,v)+ 1))
I'(d(Fu*, Fv*) + @) ’

I'{d(u*,v*) + @)
that is,

< (F(d(u*, V) + 1))

N Cdw*,v)+a))

(3.14)

(F(d(u*, V) + 1))
I'{d(u*,v*) + @)

Moreover, since
I'dw,v)+1)

> 0,
I'{du*,v*) + a)

it follows immediately from (3.5) that

T(d v + 1)
‘”(r(d(u*,v*) T a)) > 0.

Then, from (3.14), we reach a contradiction with 8 € (0, 1). Therefore, u* is the unique fixed point
of F. This proves part (II) of Theorem 3.2. O

In the special case when F is continuous on (M, d), we deduce from Theorem 3.2 the following
result.

Corollary 3.3. Let (M,d) be a complete metric space and F : M — M a mapping. Suppose that the
following conditions hold:

(1) Fisa (Y, I, @)-contraction;
(i) F is continuous.

Then:

(I) For every uy € M, the sequence {F"uy} converges to a fixed point of F;
(I) F possesses a unique fixed point.

We now give an example to illustrate Theorem 3.2.

Example 3.4. Let M = {g1,q,,q3} and F : M — M be the mapping defined by
Fqi=qi, Fg:=q3, Fqs = qi.
Letd : M x M — [0, o) be the mapping defined by
d(qi»q) =0, d(gi,q)) = d(q;,q), i,j€{l,2,3}
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and
d(qla qZ) = 15 d(qla QB) = 25 d(an CI3) = 3 (315)

Observe that
d(qi,q2) = 1 <5 =d(q1,q3) +d(gs,q2),

d(qi,q3) =2 <4 =d(q,q2) +d(q2, q3),
d(q»,q3) = 3 =d(q2,q1) + d(q1, q3),

which shows that d is a metric on M.

Notice that
dFq,Fq) d(q1,q3) _

d(g.q)  d(qi,q)
which shows that there is no & € [0, 1) such that

2>1,

d(Fqi, Fq;) < &d(qi,q;)

forall i, j € {1, 2, 3}. Consequently, the Banach fixed point theorem is not applicable in this case.
Consider now the function ¢ : [0, c0) — [0, c0) defined by

2
R A P
2 n
3 2 8
=3 —1t, if —<t<——,
Y(1) 2 V- W
5
—ﬁt + § if > 8
32 2 3\m
It can easily be seen that
S5+
H>——t t>0,
Y(o) 2 »
. . : . 5+/n
which shows that ¢ € ¥ (indeed, ¢ satisfies (3.4) with ¢ = > and 7 = 1).
From the definition of F, for all i, j € {1, 2, 3}, we have
d(Fq;, Fq;) >0 = (i, )) €{(1,2),(2,1),(2,3),(3,2)}. (3.16)

Moreover, by (3.15), the definition of i, and (3.2), we obtain
(F(d(Fch,FCIz) + 1)] [ I'(3) )

Mg Fey+H) _"re«d) v(sp) 1
(nd(ql,qz)q)) w[ re) ) v(Z) 2
I'(d(q1,92) + 3) I'(l+3)
and
T(d(Fgy, Fqs) + 1) re+h) ()

T(d(Fgs, Fgz) + 1 I3
w(((fh Q3)+)) l//( ())

(F(d(612,6]3)+ 1)) ) )
[(d(q2, q3) + %)
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Then, by (3.16), the above calculations, and the symmetry of d, we deduce that for all i, j € {1,2, 3}
1
d-< 1,
an 7S B <

o F(d(Fgi Fqy) + 1) C(d(giq) + 1)
d(Fq; Fqj) >0 = ‘”(Hd(Fq,-, Fq,>+%>] = (Hd(q,-, q.,->+%>)’

1 1
which means that F satisfies (3.6) with @ = 3 and ) < B < 1. Furthermore, since M is a finite set of

elements, then F is continuous on M with respect to the metric d. This shows that Theorem 3.2 (or,
more precisely, Corollary 3.3) applies. On the other hand, we have

Fix(F) = {q:},

which confirms Theorem 3.2.
4. Conclusions

The Banach fixed point theorem is a very important result in fixed point theory that has numerous
applications in nonlinear analysis. However, when the mapping does not belong to the class of
contractions, the theorem is inapplicable. Thus, the development of fixed point theory for non-
contraction mappings is of great importance. Motivated by this fact, two new classes of self-mappings
defined on a complete metric space (M, d) are introduced in this work. The first one is the class of
p-contractions with respect to a family of mappings {S i}le, where §; : M X M — M. For such
a class of mappings, a fixed point theorem was established (see Theorem 2.6). Namely, we proved
that, if ¥ : M — M is weakly Picard continuous on (M, d) and F' is a p-contraction with respect to
{S;}%,, then F possesses a unique fixed point, which is also a common fixed point of the mappings S
(i=1,2,---,k). Moreover, for any u, € M, the Picard sequence {F"uy} converges to this fixed point.
We also proved that our obtained result recovers the Banach fixed point theorem. The second class
introduced in this work is the class of (¢, I, @)-contractions, where I' is the Euler gamma function,
Y : [0,00) — [0, o0) satisfies condition (3.4), and @ € (0, 1). A fixed point theorem was proved for this
class of mappings (see Theorem 3.2). Namely, as for the previous class of mappings, we proved that,
if F: M — M is weakly Picard continuous on (M, d) and F is a (¢, I, @)-contraction, then F admits a
unique fixed point, and for any uy € M, the sequence {F"u,} converges to this fixed point.

Some questions related to this work need to be investigated. For this purpose, we provide below

some interesting questions for further studies:
I. Consider the class of mappings F : (M, d) — (M, d) satisfying the inequality

I'(d(Fu, Fv)+ 1) < I'(d(u, Fu) + 1) N I'dv,Fv)+1)
I'(d(Fu, Fv) + a)] — B I'(d(u, Fu) + a) I'ddyv, Fv) + a)

for all u,v € M with d(Fu, Fv) > 0, where @ € (0,1) and 8 > 0O are constants. Is it possible to
obtain sufficient conditions on 8 and ¢ so that ' admits one and only one fixed point?
IT. We reiterate the previous question for the class of mappings F : (M, d) — (M, d) satisfying

(F(d(Fu, Fv)y+1) I'{d(u, Fv)+ 1) I'dv, Fu)+ 1)
I'(d(Fu, Fv)+ @) I'{d(u, Fv) + @) - I'idQv, Fu) + a)

<
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III. It would be also interesting to study the multi-valued version of Theorem 3.2 by considering
the class of multi-valued mappings F' : M — CB(M), where CB(M) denotes the family of all
nonempty bounded and closed subsets of M, satisfying the inequality

(F(H(Fu, Fv) + 1)) 3 (F(d(u, V) + 1))
I'H(Fu,Fv)+a)] ~ B rdu,v)+a))’

where H is the Hausdorff-Pompeiu metric on CB(M).
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