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Abstract: An edge-coloring of a graph G with colors 1, ..., ¢ is an interval t-coloring if all colors are
used and the colors of edges incident to each vertex of G are distinct and form an interval of integers. A
graph G is interval colorable if it has an interval z-coloring for some positive integer ¢. For an interval
colorable graph G, the least and the greatest values of ¢ for which G has an interval #-coloring are
denoted by w(G) and W(G). Let G be a graph with vertex set V(G) = {uy,...,u,}, m > 2, and let
hn = (H))ie(1....my be a sequence of vertex-disjoint with V(H;) = {x(li), R xf,?}, n; > 1. The generalized

lexicographic products G[#,,] of G and h,, is a simple graph with vertex set U | V(H;), in which xg) is
adjacent to xf]’) if and only if either u; = u; and xg)xf;) € E(H;) or uu; € E(G). In this paper, we obtain
several sufficient conditions for the generalized lexicographic product G[#,,] to have interval colorings.

We also present some sharp bounds on w(Glh,,]) and W(G|h,,]) of G[h,,].

Keywords: generalized lexicographic product; interval edge coloring; path; empty graph; regular
graph
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1. Introduction

All graphs considered in this paper are finite, undirected, and simple graphs. Let V(G) and E(G)
denote the sets of vertices and edges of graph G, respectively. The degree of a vertex v in G is denoted
by dg(v), the maximum degree of G by A(G), and the complement of the graph G by G. We denote
by [a, b] the interval of integers {a, ..., b}, and by (x); the x (mod k), where x is an integer and k is a
positive integer. The terms and concepts that we do not define can be found in [3].

The notion of interval colorings was introduced in 1987 by Asratian and Kamalian [1]. This concept
was introduced for studying the problems that are related to constructing timetables without “gaps” for
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teachers and classes. Hansen [6] presented a similar scenario: a school can schedule parent-teacher
conferences in consecutive time slots if the bipartite graph, with parents and teachers as vertices and
meetings as edges, has an interval coloring.

A proper edge coloring of a graph G is a coloring of the edges of G such that no two adjacent edges
receive the same color. The chromatic index y’(G) of a graph G is the minimum number of colors used
in a proper edge coloring of G. If « is a proper edge coloring of G and v € V(G), we denote by S (v, @)
the set of colors of edges incident to v.

A proper edge coloring of a graph G with colors 1,...,7 is an interval z-coloring if all colors are
used, and for any vertex v of G, the set S(v,@) is an interval of consecutive integers. A graph G
is interval colorable if it has an interval 7-coloring for some positive integer . The set of interval
colorable graphs is denoted by 9. For a graph G € 9, the least and the greatest values of 7 for which G
has an interval #-coloring are denoted by w(G) and W(G), respectively.

The Vizing Theorem [19] states that y'(G) = A(G) or }'(G) = A(G) + 1. Graphs with y'(G) = A(G)
are said to be Class 1; graphs with y’(G) = A(G) + 1 are said to be Class 2. Asratian and Kamalian [1]
proved that if G € N, then }'(G) = A(G), that is, G is said to be Class 1. Not all Class 1 graphs
are interval colorable; even a simple graph such as wheel W,(n > 3) is not necessarily interval edge
colorable. Giaro et al. [4] proved that W, € 9 if and only if n = 4,7, 10; otherwise, W,, ¢ 9t. Asratian
et al. [2], Holyer [7], and Sevastjanov [16] proved that it is a NP-complete problem to decide whether
a regular graph or a bipartite graph has an interval coloring or not. For a graph G € 9, the exact values
of the parameters W(G) and w(G) are known only for paths, even cycles, trees, complete bipartite
graphs [1, 9], and Mobius ladders [12]. However, for some common interval-colorable graphs, such
as complete graphs and n-dimensional cubes [13], the exact upper and lower bounds on the number of
colors remain unknown.

We know that the generalized lexicographic product of graphs is one of the important tools for
constructing classes of graphs in graph theory. Common graph operations, such as the join of graphs
and the lexicographic product of graphs, are essentially special cases of the generalized lexicographic
product. However, to the best knowledge of the author, there are no studies related to the interval edge
coloring of generalized lexicographic products. This fact motivates us to begin an exploration of the
interval edge coloring of the generalized lexicographic product of graphs.

The generalized lexicographic product of graphs is defined as follows [17]: let G be a graph with
vertex set V(G) = {uy,...,uy,}, m > 2, and let h,, = (H))ie1,..my be a sequence of vertex-disjoint
with V(H;) = {x(li), ... ,xﬁfi)}, n; > 1. The generalized lexicographic products G[h,,] of G and h,, is a
simple graph with vertex set U, V(H;), in which xf,,i) is adjacent to xf]j) if and only if either u; = u;
and x(pi)xfj) € E(H;) or uu; € E(G). If H; = H for every i € {l,...,m}, then G[h,] becomes the
lexicographic product of G and H, denoted by G[H]. If G = K5, then G[h,] denotes a join H; + H,
of vertex disjoint graphs H; and H,. If G = K,,, and every graph H; is the complement of a complete
convenience, we write G to denote Glh,].

Let GO = G[K,] and G® = U™, H;, then G can be decomposed into the union of two edge-disjoint
subgraphs GV and G?, that is,

G=GMuGo.
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Figure 1 shows the decomposition of G = W5[hs], where h; = (H))ie1
disjoint graphs, each with n vertices.

VAVANWAVANE
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(1) G=W, [h7] () The subgraph G(l) of G. (3) The subgraph G(z) of G.
Figure 1. Thi decomposition of G = W5[h;] and its decomposition (each double line denotes
the edges of G that join the vertices of H; to the vertices of H).

| is a sequence of vertex-

.....

Kamalian [10] proved that the complete bipartite graph K, , has an interval ¢-coloring if and only if
m+n—ged(m,n) <t <m+n— 1. Grzesik and Khachatrian [5] proved that complete tripartite graphs
K . are interval colorable if and only if gcd(m+1,n+1) = 1. Puning Jing et al. [8] extended the result
and obtained several sufficient conditions for a complete tripartite graph Kj,,, to admit an interval
coloring, where gcd(m, n) is the greatest common divisor of m and n. Petrosyan [14] investigated
interval edge colorings of lexicographic products and obtained the following two results.

Theorem 1.1. If G € N, then G[k,] € N, and w(G[k,]) < w(G)n, W(G[k,]) = (W(G) + D)n — 1.

Theorem 1.2. If G, H € Nt and H is a r-regular graph, then G[H] € N, and w(G[H]) < w(G)|V(H)| +r,
W(G[H]) = W(G)|V(H)| +r.

Yepremyan et al. [15] proved that if G is a tree and H is a path or a star, then G[H] € 0N. Tepanyan et
al. [18] proved that if G € I, and H is a regular graph, complete bipartite graph, or tree, then G[H] € .
They obtained the following results:

Theorem 1.3. For all positive integersn > 2, if G € N, then G[C,,] € N, and w(G[C»,]) < 2(W(G)n+1),
W(G[C2]) = QW(G) + Dn + 1.

In this paper, our goal is to find sufficient conditions for a generalized lexicographic product G to
admit an interval coloring. Moreover, we also hope to present some sharp bounds on w(G) and W(G),
where G is an interval colorable graph with m vertices and all graphs in 4, have n vertices, n > 4.

The following two lemmas will be used later:

Lemma 1.1. [/1] If a is an edge-coloring of a connected graph G with colors 1,...,t such that the
edges incident to each vertex v € V(G) are colored by distinct and consecutive colors and
min{a(uu;)luu; € E(G)} = 1, max{a(uu;)|luu; € E(G)} = t, then « is an interval t-coloring of G.

Lemma 1.2. Let « be an interval t-coloring of G, and let f(uju;) = t — a(uu;) + 1 for every edge
uu; € E(G), then B is also an interval t-coloring of G.

Proof. For any vertex u; € V(G), we assume that S (u;, @) = [a,a + d(u;) — 1]. By the definition of 3,
we have S (u;,8) = [t —a — d(u;) + 2,t — a + 1], that is, S is an interval #-coloring of G. O
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In Section 2, we obtained several su~ﬁicient cogditions for G[h,,] to admit an interval edge coloring,
and we shall present the bounds of w(G) and W(G).

2. Main results

Let G € M. If there exists a graph H; in A, that is not isomorphic to an empty graph, then let
w(Hy,) = max{w(H,)|H, € N, r = 1,...,m}. If H;is isomorphic to a path, then let H; = x(ll) . xf,’), if H;
is isomorphic to a cycle, then let H; = x(ll) cox)

We define the following three classes of graphs:

(i) Gi: each graph H; in h,, is isomorphic to a path or an empty graph;

(i1) G»: each graph H; in h,, is isomorphic to an empty graph or an interval-colorable regular graph,
but not all graphs in 4, are empty graphs;

(ii1) Gs: each graph H; in h,, 1s isomorphic to a path or a cycle or an empty graph of even order, and
Hy, is a cycle.

LetG =G UG, UG;. Andlet G € G., where z = 1,2, 3. If there exists an interval 7-coloring «
satisfying the condition I, then we say that G belongs to the subclass G! of G., otherwise, we say that
G belongs to the subclass G2 of G.. Clearly, we have

G.=GIUG,z=1,2,3.

Condition L. There exists an edge u;,u;, € E(G) with a(u;,u;,) = 1 or a(u;,u;,) = t, such that H;, = Hy,
or Hj = Hy,.

Since G € N, there exists an interval w(G)-coloring a; and an interval W(G)-coloring a, of G. For
any vertex u; € V(G), denote by 7;(e;) the min S (u;, @;), and by 7}(«;) the max S (u;, ), where [ = 1,2,
i=1,....m

We extend Theorem 1.1 from the lexicographic product of graphs to the generalized lexicographic
product of graphs and obtain the following result:

Theorem 2.1. If5 € G, then G e Moreover,
w(G) < w(G)n + 2(2)y + (A + 1)a(n)o, W(G) > (W(G) + D)n — A,

where, 1= 1ifGeGl, 1=2ifG € G

Proof. If H; is isomorphic to a path, then let H; = x(l’) ...x. For the proof, we consider the following

two cases:
Casel.G € G\.

Then Condition I holds and 4 = 1. By Lemma 1.2, we can assume that a/(u;,u;,) = 1. Obviously,
Hy, = Py, w(Gn + 2()2 + (A + Do(n)y = w(Gn +2,(W(G) + Dn— A= (W(G) + Dn — 1.

Now we prove that w(G) < w(G)n + 2. For this, we define an edge coloring 3 of the graph G in
the following two steps:
Step 1. For every edge xf,,l)x(qj) € E(GY), 1 < p,q <n,if (n), = 1, then let

(a1(uuj) —n+q+1, p=1

ﬁ(x(t) (/))_
(1(uu;))—n+(p+q-3),+3, 2<p<n
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Otherwise, let

B (xx) = {(al(uiu‘,) -bn+(p+qg-1,+2, p+qg#n+l;
WAy g ) =

a(wupn + 2, p+qg=n+1.

Step 2. For every edge xg)x;i) EEGP),1<p<n-1,let

+1

y (i (ti(@)) = Dn+(p+ 1)+ 1,(n)p =1,
M)\ _
P ) {(n(ao — Dn+ (pa + 1, () = 0.

Let us prove that §; is an interval edge coloring of the graph G.

First, we prove that the set S (xg), 1) is an interval for each vertex xg) € V(é), where 1 < i < m,
I<p<n.

If (n), = 1 and H;, is isomorphic to a path, by the definition of 5;, we have

SO, = {(Tia) = Dn+ 1+ 1,..., (7)) — Dn+n+ 1} U {(Tia)) - D + 1)
= [(ti(ay) — Dn+ 1, ti(a)n + 1];

SO B = (@) — Dn+3,...,(tH@) = Dn+ (n = 1) + 3}
Ul(ri(a) — Dn+ (p+ D2+ 1} U{(Ti(@1) — Dn+ (p)r + 1
=[(ti(a)) — Dn+ L,ti(a)n+2,2<p<n-1;

S(xs),ﬁl) ={(ti(a)) - Dn+3,...,(7(a)) - Dn+(n—1)+ 3} U{(ti(a)) — Dn+ (n+ 1), + 1}
= [(ti(ay) = Dn + 2, ti(a)n + 2];

If (n), = 1 and H; = K,, by the definition of S, we have
SO, = (@) = Dn+ 1+ 1,..., (7)) — Dn+n+ 1} = [(Tia) = Dn + 2, T)(a)n + 11;

SO, B = (Tl = Dn+3, ..., (@) - Dn+(n=1)+3} = [(t@) - Dn+3,7/(@)n+2],2 < p < n.
If (n), = 0 and H,; is isomorphic to a path, by the definition of 5;, we have

SO, B1) = SGP, ) = (@) = Dn+ 1+ 1,...,7i@)n + 2} U {(ti(a)) = Dn + 2}
= [(ti(ey) — Dn + 2, Ti(a1)n + 2];

S, B = {(Ta) = Dn+2,...,7i(a)n + 2}

Uf(tia) — Dn+(p— 1)+ 1} U{(7i(a)) — Dn+ (p)a + 1
= [(ri(a) = Dn+ Lti(a)n+2], 2<p<n-1.

If (n), = 0 and H; = K,,, by the definition of S, we have
S B =S, B) = {(Tila) = Dn+ 1+2,...,7i@)n + 2} = [(ta) = Dn + 3, 7)(a)n + 2];

SO, B ={(Ta) = Dn+1+2,...,tj@)n+2} = [(t(ar) - Dn+3,7j(@)n+2,2<p<n-1.
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Second, note that

(ti(ay) —ti(a)n +n, H; = K.
a’g(xg)) = dH(xg)) + dG(x(pi))n =) —ti(a)n+n+1,H; = P,,andp = 1 or p = n;
(@) —ti(@))n+n+2,H; = P,,and2 < p<n-— L.

Clearly, we have
max S (x,81) —min S (x, B1) = dz(x{) - 1,1 < p < n.

This implies that §; is a proper edge coloring of G.

Finally, we show that in the coloring 3, all colors are used. Clearly, there exists an edge x\.¢ x'©

po p0+1 €

E (G) such that 3, (x("’) ("’) 1) = 1, since in the coloring «; there exists a vertex u;, such that 7, (a;) = 1,
and since S, (x{”x{") = (T,O(al) — Dn+ 1 when (n); = 1 and £,("x\”) = (7;,(@1) = Dn + 1 when
(n), = 0. Similarly, there exists an edge x(“)x;’ll) € E(G) such that ﬁl(x('l)xff]')) = w(G)n + 2, since
in the coloring a; there exists an edge u; u; € E(G) with a;(u; u;) = w(G), and since S, (x(”) G 1)) =
(1 (uyu;,) — D+ (n+2-3),+3 = w(G)n +2 when (n), = 1 and 8 (x"x") = (a1 (uj,u;,) — Dn +
(n+1-3),+3 =w(G)n+2when (n), =

Now, by Lemma 1.1, we have that 3, is an interval (w(G)n + 2)-edge coloring of the graph G.

__ Next, we prove that W(G) > (W(G) + 1)n — 1. For this, we define an edge-coloring 3, of the graph
G in the following two steps:
Step 1. For every edge xg)xf;) € EGV), 1< p,g<n,let

Bz(x(l) (1)) — ((uuy) —Dn+p+q, p+q#2n
@ (uiun, p+q=2n.

Step 2. For every edge x\)'x (’) LEEGY), 1<p<n-1,let
Br(xy'x), ) = (ti@) = Dn+ pp=1,--- ,n = 1.

Let us prove that 3, is an interval edge coloring of G.
First, we prove that the set S (xg), f2) is an interval for each vertex xg) € V(G), wherei =1,...,m,

p=1,....n
If H; is isomorphic to a path, by the definition of 3,, we have
SO, By) = ((ril@a) = Dn+ 1+ 1,...,(7i@) — Dn+n+ 1} U {(1i(@y) — Dn + 1)
= [(ti(a) — Dn + 1, Ti(a)n + 1];

S, B) = {(ti@a) — Dn+ p+1,...,(7}(@2) — Dn+ p +n}
U{(ti(@2) = Dn+ p -1} U{(Ti(a) - Dn+p
=[(tia) - Dn+p-1,7(a)n+pl,2<p<n-1,
SO, By) = {ria)n, ..., (T (@) — Dn+n+n—1}U{(ti(az) — Dn+n -1}
= [ri(@2)n, (ti(az) + Dn - 1];
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If H;, = E, by the definition of §,, we have
SV B) ={(ri—-Dn+1+1,.... (7= Dn+n+1} = [(t; = Dn+2,7/n + 1];

S, B) ={(Ti(@) — Dn+p+1,...,(7{(a2) - Dn+ p +n}
= [(Ti(a'z) - l)n + P + l,T;(az)n +p],2 < p <n-— 1’

S, Bo) = {ri@)n, ..., (T(@2) — Dn+n+n— 1} = [ti(@)n, (Ti(az) + Dn - 1];

Second, note that

(T(@2) = (@) + n, H; = Ky
dg(xg)) = dH(xg)) + dG(xg))n ={(Tar) —Tti(a))n+n+1,H; = P,,and p =1 or p = n;
(@) —ti(ax)n+n+2,Hi=P,,and2 < p <n-1.

Clearly, we have
max S (x,8,) —min S (x, B2) = dz(x{)) - 1,1 < p < n.

This implies that 3, is a proper edge coloring of G.

Finally, we show that in the coloring 3, all colors are used. Clearly, there exists an edge o) ytio)

Po p0+1 €

E (G) such that ﬁ2(x§,’g> g“l]) = 1, since in the coloring «, there exists a vertex u;, such that 7, (a,) =
@i1) (1)

and since 3, (x(l’(’)xz())) = (1j,(ap) — Dn + 1. Similarly, there exists an edge x,,’x;," € E(5) such that

B> (x(”)x(q]l‘)) = (W(G) + n — 1, since in the coloring a» there exists an edge u; u; € E(G) with
@ (u;,u;,) = W(G), and since ﬁz(x('])lefl)) = (aa(usyu;) — Dn+2n =1 = (W(G) + Dn — 1.

Now, by Lemma 1.1, we have that 3, is an interval (W(G)n + 1)n — 1)-edge coloring of the graph
G.
Case2.G € G

Then Condition I holds and 2 = 2. By Lemma 1.2, we can assume that a(u;,u;,) = 1. It is easy to
see that w(G)n + 2(A); + (A + 1),(n), = w(G)n + (n),, (W(G) + I)n — A = (W(G) + Dn - 2.

Now, we prove that w(G) < w(G)n + (n),. For this, we define an edge-coloring 85 of the graph G in
the following two steps:
Step 1. For every edge xg)xf;) € E(GY), 1 < p,q <n,if (n), =1, then let

B3 (x(t) (J)) — (a1 (u; ”/) Dn +gq, p=1
(@1(uiu) = Dn+(p+q-3),+2, 2<p<n,
if (n), = 0, then let

By(xPxy = ((wu))—Dn+(p+qg—1, p+q#n+l;
3 =
r ai(uujn, p+tg=n+1l.

Step 2. For every edge x\)'x (’) L €EEGP), 1<p<n—1,1let

(ti(a@) — Dn+ (p+ 1), (n) = 1,
(l) (i) —
PGy %) = {(Ti(a’l) - Dn—(p+1),(n),=0
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Let us prove that 85 is an interval (w(G)n + (n),)-edge coloring of the graph G.

First, for any edge xg)x(q’) € E(a), by the definitions of colorings ; and s, if (n), = 1, then
B3 (xg)xgj)) ﬂl(xg)xf]j)) 1, otherwise,,83(x() (J)) B (xg)xflj)) 2. Since 3 is an interval edge coloring
of G, the coloring 5 is a proper edge coloring of G and the color set of each vertex forms an integer
interval.

Next, we show that in the coloring 83, all colors are used. Clearly, there exists an edge xﬁ,’g)x;’o") €
E(G) such that ,83(x(l°)x;{)°)) = 1, since in the coloring a; there exists a vertex u;, such that T,O(cxl) =1,
and since ﬁg(x("’) (]O)) (tiy(@1) — Dn + 1. Similarly, there exists an edge x(”)x;’ll) € E(G) such
that S3; (x(”)xé’l')) w(G)n + (n),, since in the coloring «; there exists an edge u; u; € E(G) with
a(uyu;,) = w(G), and since B3(xVx") = (w(G) —Dn+n+1=wGn+1when (n), = 1 and
B VxIY) = @y (uyuj)n = w(G)n when (n), =

Now, by Lemma 1.1, we have that 5 is an 1nterva1 (w(G)n + (n),)-edge coloring of the graph G.

Next, we prove that W(G) > (W(G) + 1)n — 2. For this, we define an edge-coloring 4 of the graph
G in the following two steps:

Step 1. For every edge x\'x € E(GV), 1 < p,q < n, let

IB(X(’) (J))_ (az(uu,) 1)n+p+q—1 p+q#2n
@ (uujn — p+q=2n.

Step 2. For every edge x)'x (’) L EEG?), 1<p<n—1,let
Ba(x)x)) ) = (ri@a) = n+ p = 1.

Let us prove that 3, is an interval (W(G) + 1)n — 2)-edge coloring of the graph G.
((INE))

First, for any edge x, x,;” € EG), by the definitions of colorings 8, and 5,4, we have ,34(x§,’)x5/)) =
ﬁz(xg)xff) ) — 1. Since 3, is an interval edge coloring of G, the coloring B, is a proper edge coloring of
G and the color set of each vertex forms an integer interval.

Next, we show that in the coloring £, all colors are used. Clearly, there exists an edge xgg)x,%") €
E(a) such that ,84(x§,’3)x(qg°)) = 1, since in the coloring «, there exists a vertex u;, such that T,O(a’z) =1,
and since ,84(x1’°) "’)) = (15, (a/z) — Dn + 1. Similarly, there exists an edge x(”)xf]]l') € E(G) such that
B (xf;]‘)qu‘)) (W(G) + 1)n — 2, since in the coloring «a, there exists an edge u; u; € E(G) with
@ (uyuj,) = W(G), and since By(x™ xJ") = (@a(uy,u;,) — Dn +2n -2 = (W(G) + Hn -2

Now, by Lemma 1.1, we have that g, is an interval (W(G) + 1)n — 2)-edge coloring of the graph G.

O

From Theorem 2.1, one can easily see that if (n), = 0 and H; = k_,,, then Theorem 2.1 can obtain the
same upper bound on w(G) as Theorem 1.1.

We extend the result of Theorem 1.2 from the lexicographic product of graphs to the generalized
lexicographic product of graphs and obtain the following result:

Theorem 2.2. If G € G,, then G € . Moreover, w(G) < w(G)n + w(Hy,), W(G) = W(G)n + w(Hy,).

Proof. For the proof, let @ be an interval 7-coloring of G, and we consider the following two cases.
Casel. G €G,.
Then Condition I holds, and by Lemma 1.2, we can assume that a(u; u;,) = 1.
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Let
Ci={wH)+1,...,w(Hy) +mn}; Co={L,...,w(H)};

CY = (W(Hy,) — W(H) = 1),...,w(H)}i € {1,...,m\{ko).

Obviously, C; N Cy = @, CY € C», and [CY] = w(H)).

Now, we construct an edge coloring 5 of G as follows.

First, we define the following edge-coloring 8; of the graph G with nt colors in C;. For every
edge x\'x/ € E(GV), 1 < p, g <n, let

8102 = {w(Hk0> +(@@u) = Dn+(p+q=1),, p+q#n+]l;
p gl

w(Hy,) + a(uujn, p+qg=n+1l.

Second, we define the following edge-coloring 8, of the graph G®. If H; = H,,, we color the edges
of Hy, with w(Hy,) colors in C, such that the colors on the edges incident to any vertex are consecutive;
if H; # Hy,, we color the edges of H; with w(H;) colors in C;i) such that the colors on the edges incident
to any vertex are consecutive.

Finally, for every edge e € E (G), let

_|Bie), e E(GD;
Al = {,82(6), e € E(G?).

L_et us prove that S is an interval (m + w(gko))—edge coloring of G. It is easy to see that the set
S (x?, B) is an interval for each vertex xﬁ,’) € V(G), since both S (x\”, B;) and S (x'?, B,) are intervals, and

since min S (xﬁ,’),ﬁl) = max S(xﬁ?,ﬁz) + 1.

Next, we show that in the coloring § all colors are used. Clearly, there exists an edge xgg)x(qj(}” € EG)
such that ﬁ(xgg)xé{)")) = 1, since in the coloring « there exists an edge u;,u;, € E(G) with a(u;,u;,) = 1,

and since ,B(x(li‘))x(lj())) = (a(u;uj,) — )n + 1. Similarly, there exists an edge x(p"})x;’;‘) € E(é) such that

ﬁ(xg:)xg')) = tn + w(Hy,), since in the coloring « there exists an edge u;, u;, € E(G) with a(u; u;,) = t,
and since B(x"x") = a(u;,u; )n + w(Hy,) = tn + w(H,,).

Therefore, § is an interval (tn + w(H,)-edge coloring of G. By the definition of 5, we have w(G) <
w(G)n + w(Hy,), W(G) = W(G)n + w(Hy,).
Case2. G € G2

Let

Dy ={1,....mn}; Dy ={tm+1,...,tn+w(Hy)}
DV = {tn+ w(Hy,) — WH) = 1),...,tn+w(H,)}i € (1,...,m\{ko}.

Obviously, D; N D, = @, DY € D,, and |DY| = w(H,).

Since G € N, there exists an interval 7-coloring @ of G. Now, we construct an edge coloring 8’ of G
as follows.

First, we define the following edge-coloring 85 of the graph GV with nt colors in D;. For every
edge xﬁj)xﬁlj) € EGV), 1 <p,g<n,let

(a(uiuj)—Dn+(p+qg-1), p+qg*n+l;
a(uujn, p+g=n+1.

mﬁ#h{
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Second, we define the following edge-coloring S, of the graph G®. If H; = H,,, we color the edges
of Hy, with w(H,,) colors in D, such that the colors on the edges incident to any vertex are consecutive;
if H; ¢ Hy,, we color the edges of H; with w(H;) colors in Z)g) such that on the edges incident to any
vertex are consecutive.

Finally, for every edge ¢ € E(G), let

o [Bi@. € EGOY.
po= {ﬁ4(e>, ¢ € EGO).

It is easy to see that 8’ is an interval (fn + w(Hy,))-edge coloring of the graph G. Its proof is
similar to the proof of case 1. By the definition of ', we have w(G) w(G)n + w(Hy,), W(G) >
W(G)n + w(Hy,). O

It is not difficult to see that if H; is a r-regular graph and H; € 9 for any i = 1,...,m, from
Theorem 2.2, we can directly derive Theorem 1.2.

We extend Theorem 1.3 from the lexicographic product of graphs to the generalized lexicographic
product of graphs, and obtained the following results:

Theorem 2.3. If Ge G5, then G e N Moreover,
(i) I G € G, then w(G) < w(G)n +2, W(G) > W(Gn + 2 + 1;
(ii) If G € G2, then w(G) < w(G)n, W(G) > W(G)n + % — 1.
Proof. For the proof, we consider the following two cases:
Casel. G € G:.
Then Condition I holds, and by Lemma 1.2, we can assume that a(u;,u;,) = 1. Now, we prove that

w(G) < w(G)n + 2. For this, we define an edge-coloring 3, of the graph G in the following two steps:
Step 1. For every edge x\'x € E(G"), 1 < p,q < n, let

Br(xx (J>)_{(“1(WJ) Dn+(p+q-1,+2, p+g#n+1;

a(uujn + 2, pt+tq=n+1.
Step 2. For every edge x\)'x (’) L EEGP),1<p<n—1,let
Br(xx) ) = (xian) = Dn+ (p)a + 1;
if H; is isomorphic to a cycle, for the edge (x\'x}’) € E(G?), let
B2y = (Ti(ay) = Dn + 1.

Let us prove that 5; is an interval edge coloring of the graph G.

First, we prove that the set S (x ,B1) 1s an interval for each vertex x ) e V(G) where i = 1,.
p=1,...,n

IfH =K, by the definition of 8, we have

S, B = {(Tia) — Dn+3,...,7i(a)n +2}.
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If H; is isomorphic to a path or a cycle, by the definition of 8;, we have

S, = {(Tia) — Dn+3,...,7i(a)n + 2}
U{(ti(a) = Dn+ (p— 1 + U {(ti(@)) — Dn+ (p)2 + 1
=[(te)) = Dn+ L,ti(e)n+2,2<p<n-1;

and when H; is isomorphic to a path, we have

S, =S, B1) = {(tiar) = Dn+3,...,T)(@)n + 2} U {(ti(@) — Dn+ 1+ 1)
= [(ti(a1) = Dn + 2, 7i(an + 2],

when H; is isomorphic to a cycle, we have

S, B1) = S, 81) = ((ril@y) = D+ 3., 7i(a)n +2)

U{(ti(a) = Dn+ 11U {(ti(a) - Dn+ 1+ 1}
= [(ri(ay) — Dn+ 1, 7i(a))n + 2].

Second, note that
(t)(ar) — Tia))n + n, H; = Ky

dg(x) = dy(x)) + do(x)n = { (t)(@1) = t(@)n+n+ L, H; = P,and p = 1 or p = n;
(tia) —tla)n+n+2,H;=CyorHi=P,and2 < p<n-1.

Clearly, we have
max S (x,81) —min S (x, B1) = dg(x) - 1,1 < p <n.

This implies that 3, is a proper edge coloring of G. o N
Finally, we show that 3, all colors are used. Clearly, there exists an edge X0 o) e B(G) such

. . Po po+1
that 3, (xfp’g)x;’gll) = 1, since in the coloring «; there exists a vertex u;, such that 7;(a;) = 1, and
since ﬁl(x(ll())x(z"” ) = (1;,(a1) — )n + 1 = 1. Similarly, there exists an edge xgll)x(qjll) € E(G) such that

ﬁl(ng)xf;{l)) = w(G)n + 2, since in the coloring a; there exists an edge u; u;, € E(G) with a(u; u;,) =
w(G), and since B (x\"x") = a(u;,u; )n +2 = w(G)n + 2.

Now, by Lemma 1, we have that 5, is an interval (w(G)n + 2)-edge coloring of the graph G.

Now, we prove that W(G) > W(G)n + 5 + 1. For this, we define an edge-coloring 3, of the graph G
in the following two steps:
Step 1. For every edge x\'x\” € E(G"), let

(@x(wiuy) —n+p+q+1, 1<p<5andl <q<3;
Bo(xVx) = S(o(uup) + Dn+3-p-gq, 2+1<p<nand+1<gq<n;
a(uun+5+2—1|p—ql, otherwise;

Step 2. For every edge xg)xgll EEG?),1<p<n—1,let

BrxPx ) = Bl x) ) = (@) = Dn+p+1,1<p<

n‘
2’
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if H; is isomorphic to a cycle, for the edge (x(li)x,f)) € E(G?), let
B xD) = (rilay) = Dn + 1.

Let us prove that 3, is an interval (W(G)n + 5 + 1)-edge coloring of the graph G.
First we prove that the set § (xg), [3») is an interval for each vertex xg) € V(G), wherei=1,...,m,
p=1,...,n
If H; is isomorphic to a path or a cycle, by the definition of §8,, we have
. ; , n n
SO B0 = S, B = {Ti@) = D+ p+ 2, wilean+ 5 +2=Ip = 5 = 1]}
Ul(ti(a2) — Dn+ pt Ul(Ti(ar) — Dn+ p + 1}

= [(ri(@) = Dn + p.rian+p+ 11,2 < p < 3

and when H; is isomorphic to a path, we have

SG,B1) =S, B) = {(ri@r) — D+ 3,..., Tia)n + 2} U{(ti(@) — Dn + 2}
= [(ti(@2) — Dn + 2, Tj(ax)n + 2];

when H; is isomorphic to a cycle, we have

SO, B81) = S, B1) = ((ri@) — Dn +3,..., Ti(a)n + 2}
U {(ri(@) — Dn + 2} U {(t(@y) — Dn + 1}
= [(ti(@p) — Dn+ 1, Ti(ax)n + 2];

If H;, = E, by the definition of §,, we have

SOD.B) = S(x) B = {(T@) = Dn+p+2,...,Ti@n+p+1},1<p<

n .
2 b
Second, note that

(ti(a2) — ti(a2))n + n, H; = K.
dg(xg)) = dH(xg)) + d(;(xg))n ={(Tar) —Tti(a))n+n+1,H;=P,and p=1orp=n;
(ti(ar) = ti(ax)n+n+2,H;=Cy,or Hi= P,and2 < p<n-1.

Clearly, we have
max S (x\, 8,) — min S (x9, 8,) = dg(xY) - 1,1 < p < n.

This implies that 3, is a proper edge coloring of G. o

Finally, we show that in the coloring 3,, all colors are used. Clearly, there exists an edge x(I’O)xg,'“) €
E(G) such that _ﬁl();(l‘O)xﬁl’O)) = 1, since in the coloring a, there exists a vertex u;, s_uch_that Tio(oiz) =1,
and since ﬂz(x(l"))x,(j())) = (1;(a2) — Dn + 1. Similarly, there exists an edge xf,,’})x(qjl]) € E(G) such
that ﬁz(xgl‘)x(q’l‘)) = WGin+3+ 1, sipce in the coloring a» there exists an edge u; u; € E(G) with
@ (u;uj,) = W(G), and since So(xi"x5") = (W(G) - Dn+ L+ 1= W(Gn + & + 1.

Now, by Lemma 1.1, we have that §, is an interval (W(G)n + 5 + 1)-edge coloring of the graph G.

AIMS Mathematics Volume 9, Issue 11, 30597-30611.



30609

Case 2. G € G2
Now, we prove that w(G) < w(G)n. For this, we define an edge-coloring S5 of the graph G in the
following two steps:

Step 1. For every edge x\x” € E(G"), let

(ai(uuj)—n+(p+qg—-1),, p+g#+n+l;
a(uu)n, p+qg=n+1.

M@ﬁh{

Step 2. For every edge xg)x(pil] €EEG?P),1<p<n-1,let

Ba(xPx8) ) = (xilan) = Dn = (p + 1);
if H; is isomorphic to a cycle, for the edge (x(li)xf,i)) € E(G?), let
Bs(x"x)) = (ri(@) = Dn — 1.
Similar to the coloring B, in case 1 to discuss. It is easy to see that 35 is an interval w(G)n-coloring
of G.
Now, we prove that W(G) > W(G)n + 5 — 1. For this, we define an edge-coloring g, of the graph G

in the following two steps:

Step 1. For every edge x\'x/ € E(G"), 1 < p,q < n, let

Bo)x]) = Balx)x)) - 2:

Step 2. For every edge xg) xf;) € E(G?),1<p,g<n,let

Ba(xyx) = Bo(xPxD).
It is easy to see that g, is an interval (W(G)n + 5 — 1)-coloring of G. O

It is not difficult to see that if H; is isomorphic to a cycle for any i = 1,...,m, from Theorem 2.3,
we can directly derive Theorem 1.3.
From Theorems 2.1-2.3, we can see that G, c 9,z = 1,2, 3.

3. Conclusions

In this paper, we studied the interval edge coloring of the generalized lexicographic product G of an

.....

,,,,,

or an empty graph; (ii) each graph H; in h,, is isomorphic to an empty graph or an interval-colorable
regular graph, but not all graphs in 4, are empty graphs; (ii1) each graph H; in A, is isomorphic to a
path or a cycle or an empty graph of even order, and Hy, is a cycle. Moreover, we obtain the bounds
on w(G) and W(G).
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