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Abstract: In this paper, we considered some systems of rational difference equations of higher order
as follows

un+1 =
vn−6

1 ± vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1 ± unvn−1un−2vn−3un−4vn−5un−6
,

where the initial conditions u0, u−1, u−2, u−3, u−4, u−5, u−6, v0, v−1, v−2, v−3, v−4, v−5 and v−6 were arbitrary
real numbers. We obtained a closed form of the solutions for each considered system and also some
periodic solutions of some systems were found. We presented some numerical examples to explain the
obtained theoretical results.

Keywords: difference equations; periodic solutions; stability; recursive sequences; system of
difference equations
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1. Introduction

Difference equations are a very important topic in our real life as they describe many natural
phenomena as mathematical models. They also arise naturally as discrete analogues and as numerical
solutions of differential as well as delay differential equations having applications in many fields like
physics, biology, ecology, population biology, economics, probability theory, genetics, psychology
and many other fields. See, for example [1,8–12,19,20].

There are many populations in ecosystems that do not reproduce continuously but rather
seasonally. Discrete-time models of difference equations are therefore important tools to study
populations with nonoverlapping generations. For example, Elaydi and Yakubu [9] investigated cycles
and dispersal in discrete population models, while Franke and Yakubu [15], Friedman and
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Yakubu [16], and Yakubu [29] used discrete-time models to understand infectious diseases. The
Beverton-Holt model is a classic discrete-time population model which gives the expected number
xn+1 (or density) of individuals in generation n + 1 as a function of the number of individuals in the
previous generation, xn+1 =

Axn
B+xn

; this model was introduced in the context of fisheries by Beverton &
Holt [7].

Kulenovic and Ladas [22] considered the difference equation un+1 =
α+βun+γun−1
A+Bun+Cun−1

, n = 0, 1, ... and
many of its special cases for study and investigation, where they believe that the results about the
rational difference equations are of paramount importance in their own right and, furthermore, also
believe that these results offer prototypes toward the development of the basic theory of the global
behavior of solutions of nonlinear difference equations of order greater than one.

The difference equation xn+1 =
a+bxn
A+xn
, n = 0, 1, ... is in optics and mathematical biology and is known

in the literatures as the Riccati difference equation; see Saaty [27]. When a = 0 and b > A, this equation
has been proposed by Pielou in her books [25, 26] as a discrete analogue of the delay logistic equation
dN(t)

dt = rN(t)[1 − N(t−τ)
P ], t ≥ 0. The equation xn+1 =

1+xn
xn−1
, n = 0, 1, ... was discovered by Lyness [24]

while he was working on a problem in number theory.
Asiri et al. [4] provided a description and interpretation of the solutions of the system

un+1 =
vn−2

1 − vn−2un−1vn
, vn+1 =

un−2

±1 ± un−2vn−1un
,

where they obtained the closed form of the solutions for some different cases of the considered system
and shown that some of these solutions are periodic of period six and others of period twelve.

Kurbanli et al. [23] presented a closed form of the following system of difference equations:

un+1 =
un−1

vnun−1 − 1
, vn+1 =

vn−1

unvn−1 − 1
, wn+1 =

un

vnwn−1
,

and then studied the boundedness and the global stability of the solutions for the considered system.
Elsayed and Alharbi [14] obtained a closed form to the solutions for the systems

un+1 =
unvn−1

un + vn
, vn+1 =

vnun−1

un + vn
,

and proved that the same system has periodic solutions of period twelve. Also they presented some
qualitative results for the solutions of the considered system.

Touafek and Elsayed [28] highlighted the solutions and the periodic solutions of the following
systems:

un+1 =
un−3

±1 ± un−3vn−1
, vn+1 =

vn−3

±1 ± vn−3un−1
.

El-Metwally and Elsayed [13] considered the systems

un+1 =
vn−2

±1 ± vn−2un−1vn
, vn+1 =

un−2

±1 ± un−2vn−1un
,

and studied four different cases of this system where they obtained a closed form of the solutions in
every case. They also discussed the periodic nature and analyzed the solutions of the systems.

Akrour et al. [2] found the closed form of the following system of difference equations:
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un+1 =
avn−2un−1vn + bun−1vn−2 + cvn−2 + d

vn−2un−1vn
, vn+1 =

aun−2vn−1un + bvn−1un−2 + cun−2 + d
un−2vn−1un

.

For more studies for nonlinear difference equations and systems of rational difference equations,
see [3,5,6,17–21].

In this paper, we are concerned with solving and studying the qualitative behavior of the solutions
of the systems:

un+1 =
vn−6

1±vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1±unvn−1un−2vn−3un−4vn−5un−6
,

}
(1.1)

where the initial conditions u0, u−1, u−2, u−3, u−4, u−5, u−6, v0, v−1, v−2, v−3, v−4, v−5, and v−6 are arbitrary
real numbers.

In the following, we consider the following four different cases of system (1.1):
Case I.

un+1 =
vn−6

1 + vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1+unvn−1un−2vn−3un−4vn−5un−6
,

 . (1.2)

Case II.
un+1 =

vn−6

1 + vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1−unvn−1un−2vn−3un−4vn−5un−6
,

 . (1.3)

Case III.
un+1 =

vn−6

1 − vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1+unvn−1un−2vn−3un−4vn−5un−6
,

 . (1.4)

Case IV.
un+1 =

vn−6

1 − vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1−unvn−1un−2vn−3un−4vn−5un−6
,

 . (1.5)

In the following, we set u0 = a, u−1 = b, u−2 = c, u−3 = d, u−4 = e, u−5 = f , u−6 = g, v0 = h, v−1 = k,
v−2 = l, v−3 = p, v−4 = q, v−5 = r , and v−6 = t.

2. Dynamics of Case I

In this section, we obtain a closed form for the solution of the following system of difference
equations

un+1 =
vn−6

1 + vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1 + unvn−1un−2vn−3un−4vn−5un−6
,

 (2.1)

where the initial conditions u0, u−1, u−2, u−3, u−4, u−5, u−6, v0, v−1, v−2, v−3, v−4, v−5, and v−6 are arbitrary
real numbers.

Theorem 2.1. Assume that {un, vn}
∞
n=−6 is a solution of system (2.1). Then for n = 0, 1, 2, ..., the

following formulas provide the solution for system (2.1):
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u14n−6 =

g
2n∏
j=1

[7( j − 1)acegkpr + 1]

2n−1∏
j=0

[(7 j + 1)acegkpr + 1]
,

u14n−5 = f
2n∏
j=1

[(7 j − 6)bd f hlqt + 1]
[(7 j − 5)bd f hlqt + 1]

,

u14n−4 = e
2n∏
j=1

[(7 j − 5)acegkpr + 1]
[(7 j − 4)acegkpr + 1]

,

u14n−3 = d
2n∏
j=1

[(7 j − 4)bd f hlqt + 1]
[(7 j − 3)bd f hlqt + 1]

,

u14n−2 = c
2n∏
j=1

[(7 j − 3)acegkpr + 1]
[(7 j − 2)acegkpr + 1]

,

u14n−1 = b
2n∏
j=1

[(7 j − 2)bd f hlqt + 1]
[(7 j − 1)bd f hlqt + 1]

,

u14n = a
2n∏
j=1

[(7 j − 1)acegkpr + 1]
[(7 j)acegkpr + 1]

,

u14n+1 =

t
2n∏
j=1

[7 j)bd f hlqt + 1]

2n∏
j=0

[(7 j + 1)bd f hlqt + 1]
,

u14n+2 = r
2n∏
j=0

[(7 j + 1)acegkpr + 1]
[(7 j + 2)acegkpr + 1]

,

u14n+3 = q
2n∏
j=0

[(7 j + 2)bd f hlqt + 1]
[(7 j + 3)bd f hlqt + 1]

,

u14n+4 = p
2n∏
j=0

[(7 j + 3)acegkpr + 1]
[(7 j + 4)acegkpr + 1]

,

u14n+5 = l
2n∏
j=0

[(7 j + 4)bd f hlqt + 1]
[(7 j + 5)bd f hlqt + 1]

,

u14n+6 = k
2n∏
j=0

[(7 j + 5)acegkpr + 1]
[7 j + 6)acegkpr + 1]

,
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u14n+7 = h
2n∏
j=0

[(7 j + 6)bd f hlqt + 1]
[7( j + 1)bd f hlqt + 1]

,

v14m−6 = t
2m−1∏

j=0

[(7 j)bd f hlqt + 1]
[(7 j + 1)bd f hlqt + 1]

,

v14m−5 = r
2m−1∏

j=0

[(7 j + 1)acegkpr + 1]
[(7 j + 2)acegkpr + 1]

,

v14m−4 = q
2m−1∏

j=0

[(7 j + 2)bd f hlqt + 1]
[(7 j + 3)bd f hlqt + 1]

,

v14m−3 = p
2m−1∏

j=0

[(7 j + 3)acegkpr + 1]
[(7 j + 4)acegkpr + 1]

,

v14m−2 = l
2m−1∏

j=0

[(7 j + 4)bd f hlqt + 1]
[(7 j + 5)bd f hlqt + 1]

,

v14m−1 = k
2m−1∏

j=0

[(7 j + 5)acegkpr + 1]
[(7 j + 6)acegkpr + 1]

,

v14m = h
2m−1∏

j=0

[(7 j + 6)bd f hlqt + 1]
[(7( j + 1)bd f hlqt + 1]

,

v14m+1 =

g
2m∏
j=1

[(7 j)acegkpr + 1]

2m∏
j=0

[(7 j + 1)acegkpr + 1]
,

v14n+2 = f
2n∏
j=0

[(7 j + 1)bd f hlqt + 1]
[(7 j + 2)bd f hlqt + 1]

,

v14n+3 = e
2n∏
j=0

[(7 j + 2)acegkpr + 1]
[(7 j + 3)acegkpr + 1]

,

v14n+4 = d
2n∏
j=0

[(7 j + 3)bd f hlqt + 1]
[(7 j + 4)bd f hlqt + 1]

,

v14n+5 = c
2n∏
j=0

[(7 j + 4)acegkpr + 1]
[(7 j + 5)acegkpr + 1]

,
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v14n+6 = b
2n∏
j=0

[(7 j + 5)bd f hlqt + 1]
[(7 j + 6)bd f hlqt + 1]

,

and

v14n+7 = a
2n∏
j=0

[(7 j + 6)acegkpr + 1]
[7( j + 1)acegkpr + 1]

.

where u0 = a, u−1 = b, u−2 = c, u−3 = d, u−4 = e, u−5 = f , u−6 = g, v0 = h, v−1 = k, v−2 = l, v−3 = p,
v−4 = q, v−5 = r and, v−6 = t.
Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n−1, that
is,

u14n−20 =

g
2n−2∏
j=1

[7( j − 1)acegkpr + 1]

2n−3∏
j=0

[(7 j + 1)acegkpr + 1]
,

u14n−19 = f
2n−2∏
j=1

[(7 j − 6)bd f hlqt + 1]
[(7 j − 5)bd f hlqt + 1]

,

u14n−18 = e
2n−2∏
j=1

[(7 j − 5)acegkpr + 1]
[(7 j − 4)acegkpr + 1]

,

u14n−17 = d
2n−2∏
j=1

[(7 j − 4)bd f hlqt + 1]
[(7 j − 3)bd f hlqt + 1]

,

u14n−16 = c
2n−2∏
j=1

[(7 j − 3)acegkpr + 1]
[(7 j − 2)acegkpr + 1]

,

u14n−15 = b
2n−2∏
j=1

[(7 j − 2)bd f hlqt + 1]
[(7 j − 1)bd f hlqt + 1]

,

u14n−14 = a
2n−2∏
j=1

[(7 j − 1)acegkpr + 1]
[(7 j)acegkpr + 1]

,

u14n−13 =

t
2n−2∏
j=1

[7 j)bd f hlqt + 1]

2n−2∏
j=0

[(7 j + 1)bd f hlqt + 1]
,

u14n−12 = r
2n−2∏
j=0

[(7 j + 1)acegkpr + 1]
[(7 j + 2)acegkpr + 1]

,

u14n−11 = q
2n−2∏
j=0

[(7 j + 2)bd f hlqt + 1]
[(7 j + 3)bd f hlqt + 1]

,
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u14n−10 = p
2n−2∏
j=0

[(7 j + 3)acegkpr + 1]
[(7 j + 4)acegkpr + 1]

,

u14n−9 = l
2n−2∏
j=0

[(7 j + 4)bd f hlqt + 1]
[(7 j + 5)bd f hlqt + 1]

,

u14n−8 = k
2n−2∏
j=0

[(7 j + 5)acegkpr + 1]
[7 j + 6)acegkpr + 1]

,

u14n−7 = h
2n−2∏
j=0

[(7 j + 6)bd f hlqt + 1]
[7( j + 1)bd f hlqt + 1]

,

and

v14n−20 = t
2n−3∏
j=0

[(7 j)bd f hlqt + 1]
[(7 j + 1)bd f hlqt + 1]

,

v14n−19 = r
2n−3∏
j=0

[(7 j + 1)acegkpr + 1]
[(7 j + 2)acegkpr + 1]

,

v14n−18 = q
2n−3∏
j=0

[(7 j + 2)bd f hlqt + 1]
[(7 j + 3)bd f hlqt + 1]

,

v14n−17 = p
2n−3∏
j=0

[(7 j + 3)acegkpr + 1]
[(7 j + 4)acegkpr + 1]

,

v14n−16 = l
2n−3∏
j=0

[(7 j + 4)bd f hlqt + 1]
[(7 j + 5)bd f hlqt + 1]

,

v14n−15 = k
2n−3∏
j=0

[(7 j + 5)acegkpr + 1]
[(7 j + 6)acegkpr + 1]

,

v14n−14 = h
2n−3∏
j=0

[(7 j + 6)bd f hlqt + 1]
[(7( j + 1)bd f hlqt + 1]

,

v14n−13 =

g
2n−2∏
j=1

[(7 j)acegkpr + 1]

2n−2∏
j=0

[(7 j + 1)acegkpr + 1]
,

v14n−12 = f
2n−2∏
j=0

[(7 j + 1)bd f hlqt + 1]
[(7 j + 2)bd f hlqt + 1]

,

v14n−11 = e
2n−2∏
j=0

[(7 j + 2)acegkpr + 1]
[(7 j + 3)acegkpr + 1]

,
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v14n−10 = d
2n−2∏
j=0

[(7 j + 3)bd f hlqt + 1]
[(7 j + 4)bd f hlqt + 1]

,

v14n−9 = c
2n−2∏
j=0

[(7 j + 4)acegkpr + 1]
[(7 j + 5)acegkpr + 1]

,

v14n−8 = b
2n−2∏
j=0

[(7 j + 5)bd f hlqt + 1]
[(7 j + 6)bd f hlqt + 1]

,

v14n−7 = a
2n−2∏
j=0

[(7 j + 6)acegkpr + 1]
[7( j + 1)acegkpr + 1]

.

Now, we want to prove u14n−6, so from system (2.1) we have

u14n−6 =
v14n−13

1 + v14n−7u14n−8v14n−9u14n−10v14n−11u14n−12v14n−13

=
1

(1/v14n−13) + v14n−7u14n−8v14n−9u14n−10v14n−11u14n−12

=

g
2n−2∏
j=1

[(7 j)acegkpr + 1]

2n−2∏
j=0

[(7 j + 1)acegkpr + 1] + g
2n−2∏
j=1

[(7 j)acegkpr + 1]v14n−7...u14n−12

.

Now, we see that

v14n−7u14n−8v14n−9u14n−10v14n−11u14n−12 = a
2n−2∏
j=0

[(7 j + 6)acegkpr + 1]
[7( j + 1)acegkpr + 1]

×k
2n−2∏
j=0

[(7 j + 5)acegkpr + 1]
[7 j + 6)acegkpr + 1]

× c
2n−2∏
j=0

[(7 j + 4)acegkpr + 1]
[(7 j + 5)acegkpr + 1]

×p
2n−2∏
j=0

[(7 j + 3)acegkpr + 1]
[(7 j + 4)acegkpr + 1]

× e
2n−2∏
j=0

[(7 j + 2)acegkpr + 1]
[(7 j + 3)acegkpr + 1]

×r
2n−2∏
j=0

[(7 j + 1)acegkpr + 1]
[(7 j + 2)acegkpr + 1]

= acekpr
2n−2∏
j=0

[(7 j + 1)acegkpr + 1]
[7( j + 1)acegkpr + 1]

.

Again,

2n−2∏
j=0

[(7 j + 1)acegkpr + 1] + g
2n−2∏
j=1

[(7 j)acegkpr + 1]v14n−7...u14n−12

AIMS Mathematics Volume 9, Issue 11, 30320–30347.
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=

2n−2∏
j=0

[(7 j + 1)acegkpr + 1]{1 +
acegkpr

[7(2n − 1)acegkpr + 1]
}

=

2n−2∏
j=0

[(7 j + 1)acegkpr + 1].
[7(2n − 1)acegkpr + 1] + acegkpr

[7(2n − 1)acegkpr + 1]

=

2n−2∏
j=0

[(7 j + 1)acegkpr + 1].[(14n − 6)acegkpr + 1]

[7(2n − 1)acegkpr + 1]

=

2n−1∏
j=0

[(7 j + 1)acegkpr + 1]

[7(2n − 1)acegkpr + 1]
.

Then,

g
2n−2∏
j=1

[(7 j)acegkpr + 1]v14n−7...u14n−12

= acegkpr
2n−2∏
j=1

[(7 j)acegkpr + 1]
2n−2∏
j=0

[(7 j + 1)acegkpr + 1]
[7( j + 1)acegkpr + 1]

=

acegkpr
2n−2∏
j=0

[(7 j + 1)acegkpr + 1]

[7(2n − 1)acegkpr + 1]
.

Thus,

u14n−6 = g
2n−2∏
j=1

[(7 j)acegkpr + 1] ÷

2n−1∏
j=0

[(7 j + 1)acegkpr + 1]

[7(2n − 1)acegkpr + 1]

=

g
2n−2∏
j=1

[(7 j)acegkpr + 1].[7(2n − 1)acegkpr + 1]

2n−1∏
j=0

[(7 j + 1)acegkpr + 1]

=

g
2n−1∏
j=1

[(7 j)acegkpr + 1]

2n−1∏
j=0

[(7 j + 1)acegkpr + 1]
=

g
2n∏
j=1

[7( j − 1)acegkpr + 1]

2n−1∏
j=0

[(7 j + 1)acegkpr + 1]
.

Again, from system (2.1), we can obtain that

v14n−6 =
u14n−13

1 + u14n−7v14n−8u14n−9v14n−10u14n−11v14n−12u14n−13

=
1

(1/u14n−13) + u14n−7v14n−8u14n−9v14n−10u14n−11v14n−12
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= =

t
2n−2∏
j=1

[(7 j)bd f hlqt + 1]

2n−2∏
j=0

[(7 j + 1)bd f hlqt + 1] + g
2n−2∏
j=1

[(7 j)bd f hlqt + 1]u14n−7...v14n−12

.

Now, we see that

u14n−7v14n−8u14n−9v14n−10u14n−11v14n−12 = h
2n−2∏
j=0

[(7 j + 6)bd f hlqt + 1]
[7( j + 1)bd f hlqt + 1]

×b
2n−2∏
j=0

[(7 j + 5)bd f hlqt + 1]
[7 j + 6)bd f hlqt + 1]

× l
2n−2∏
j=0

[(7 j + 4)bd f hlqt + 1]
[(7 j + 5)bd f hlqt + 1]

×d
2n−2∏
j=0

[(7 j + 3)bd f hlqt + 1]
[(7 j + 4)bd f hlqt + 1]

× q
2n−2∏
j=0

[(7 j + 2)bd f hlqt + 1]
[(7 j + 3)bd f hlqt + 1]

× f
2n−2∏
j=0

[(7 j + 1)bd f hlqt + 1]
[(7 j + 2)bd f hlqt + 1]

= bd f hlqt
2n−2∏
j=0

[(7 j + 1)bd f hlqt + 1]
[7( j + 1)bd f hlqt + 1]

.

Again,

2n−2∏
j=0

[(7 j + 1)bd f hlqt + 1] + t
2n−2∏
j=1

[(7 j)bd f hlqt + 1]u14n−7...v14n−12

=

2n−2∏
j=0

[(7 j + 1)bd f hlqt + 1]{1 +
bd f hlqt

[7(2n − 1)bd f hlqt + 1]
}

=

2n−2∏
j=0

[(7 j + 1)bd f hlqt + 1].
[7(2n − 1)bd f hlqt + 1] + bd f hlqt

[7(2n − 1)bd f hlqt + 1]

=

2n−2∏
j=0

[(7 j + 1)bd f hlqt + 1].[(14n − 6)bd f hlqt + 1]

[7(2n − 1)bd f hlqt + 1]

=

2n−1∏
j=0

[(7 j + 1)bd f hlqt + 1]

[7(2n − 1)bd f hlqt + 1]
.

Thus,

v14n−6 = t
2n−2∏
j=1

[(7 j)bd f hlqt + 1] ÷

2n−1∏
j=0

[(7 j + 1)bd f hlqt + 1]

[7(2n − 1)bd f hlqt + 1]
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=

t
2n−2∏
j=1

[(7 j)bd f hlqt + 1].[7(2n − 1)bd f hlqt + 1]

2n−1∏
j=0

[(7 j + 1)bd f hlqt + 1]

=

t
2n−1∏
j=0

[(7 j)bd f hlqt + 1]

2n−1∏
j=0

[(7 j + 1)bd f hlqt + 1]
.

Therefore, similarly the other relations can be proven. The proof is completed.

3. Dynamics of Case II

We examine in this section the solutions of the system of two difference equations of the following
form

un+1 =
vn−6

1+vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1−unvn−1un−2vn−3un−4vn−5un−6
,

}
(3.1)

where the initial conditions u0, u−1, u−2, u−3, u−4, u−5, u−6, v0, v−1, v−2, v−3, v−4, v−5 and v−6 are arbitrary
real numbers.

Theorem 3.1. Assume that {un, vn}
∞
n=−6 is a solution of system (3.1). We observe that the solutions to

the system (3.1) are periodic solutions of period fourteen and take the following forms:

u14n−6 = g,

u14n−5 = f ,

u14n−4 = e,

u14n−3 = d,

u14n−2 = c,

u14n−1 = b,

u14n = a,

u14n+1 =
t

bd f hlqt + 1
,

u14n+2 = −r(acegkpr − 1),

u14n+3 =
q

bd f hlqt + 1
,

u14n+4 = −p(acegkpr − 1),

u14n+5 =
l

bd f hlqt + 1
,

u14n+6 = −k(acegkpr − 1),

AIMS Mathematics Volume 9, Issue 11, 30320–30347.



30331

u14n+7 =
h

bd f hlqt + 1
,

v14n+1 = −
g

acegkpr − 1
,

v14n+2 = f (bd f hlqt + 1),

v14n+3 = −
e

acegkpr − 1
,

v14n+4 = d(bd f hlqt + 1),

v14n+5 = −
c

acegkpr − 1
,

v14n+6 = b(bd f hlqt + 1),

and
v14n+7 = −

a
acegkpr − 1

,

Proof. By using mathematical induction, the result holds for n = 0. Suppose that the result holds for
n − 1

u14n−20 = g,

u14n−19 = f ,

u14n−18 = e,

u14n−17 = d,

u14n−16 = c,

u14n−15 = b,

u14n−14 = a,

u14n−13 =
t

bd f hlqt + 1
,

u14n−12 = −r(acegkpr − 1),

u14n−11 =
q

bd f hlqt + 1
,

u14n−10 = −p(acegkpr − 1),

u14n−9 =
l

bd f hlqt + 1
,

u14n−8 = −k(acegkpr − 1),

u14n−7 =
h

bd f hlqt + 1
,

and

v14n−20 = t,

v14n−19 = r,
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v14n−18 = q,

v14n−17 = p,

v14n−16 = l,

v14n−15 = k,

v14n−14 = h,

v14n−13 = −
g

acegkpr − 1
,

v14n−12 = f (bd f hlqt + 1),

v14n−11 = −
e

acegkpr − 1
,

v14n−10 = d(bd f hlqt + 1),

v14n−9 = −
c

acegkpr − 1
,

v14n−8 = b(bd f hlqt + 1),

v14n−7 = −
a

acegkpr − 1
,

From system (3.1), we have

u14n−6 =
v14n−13

1 + v14n−7u14n−8v14n−9u14n−10v14n−11u14n−12v14n−13

=
−

g
acegkpr−1

1 + −a
acegkpr−1 · −k(acegkpr − 1) · −c

acegkpr−1 · −p(acegkpr − 1)
· −e

acegkpr−1 · −r(acegkpr − 1) · −g
acegkpr−1

=
−

g
acegkpr−1

1 − acegkpr
acegkpr−1

= g.

Also,

v14n−6 =
u14n−13

1 − u14n−7v14n−8u14n−9v14n−10u14n−11v14n−12u14n−13

=

t
bd f hlqt+1

1 − h
bd f hlqt+1 · b(bd f hlqt + 1) · l

bd f hlqt+1 · d(bd f hlqt + 1)
·

q
bd f hlqt+1 · f (bd f hlqt + 1) · t

bd f hlqt+1

=

t
bd f hlqt+1

1 − bd f hlqt
bd f hlqt+1

= t.

Similarly, we can prove other relations and the proof is completed.

4. Dynamics of Case III

In this part, we deal with the solutions of the following system of difference equations:
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un+1 =
vn−6

1 − vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1 + unvn−1un−2vn−3un−4vn−5un−6
.

 (4.1)

Theorem 4.1. Suppose that {un, vn}
∞
n=−6 is a solution of system (4.1). We observe that the solutions for

system (4.1) are periodic solutions of period fourteen and take the following forms:

u14n−6 = g,

u14n−5 = f ,

u14n−4 = e,

u14n−3 = d,

u14n−2 = c,

u14n−1 = b,

u14n = a,

u14n+1 = −
t

bd f hlqt − 1
,

u14n+2 = r(acegkpr + 1),

u14n+3 = −
q

bd f hlqt − 1
,

u14n+4 = p(acegkpr + 1),

u14n+5 = −
l

bd f hlqt − 1
,

u14n+6 = k(acegkpr + 1),

u14n+7 = −
h

bd f hlqt − 1
,

v14n−6 = t,

v14n−5 = r,

v14n−4 = q,

v14n−3 = p,

v14n−2 = l,

v14n−1 = k,

v14n = h,

v14n+1 =
g

acegkpr + 1
,

v14n+2 = − f (bd f hlqt − 1),

v14n+3 =
e

acegkpr + 1
,

v14n+4 = −d(bd f hlqt − 1),

v14n+5 =
c

acegkpr + 1
,
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v14n+6 = −b(bd f hlqt − 1),

and
v14n+7 =

a
acegkpr + 1

,

Proof. For n = 0, the result holds. Now, suppose that n > 0 and that our assumption holds for n−1, that
is

u14n−20 = g,

u14n−19 = f ,

u14n−18 = e,

u14n−17 = d,

u14n−16 = c,

u14n−15 = b,

u14n−14 = a,

u14n−13 = −
t

bd f hlqt − 1
,

u14n−12 = r(acegkpr + 1),

u14n−11 = −
q

bd f hlqt − 1
,

u14n−10 = p(acegkpr + 1),

u14n−9 = −
l

bd f hlqt − 1
,

u14n−8 = k(acegkpr + 1),

u14n−7 = −
h

bd f hlqt − 1
,

v14n−20 = t,

v14n−19 = r,

v14n−18 = q,

v14n−17 = p,

v14n−16 = l,

v14n−15 = k,

v14n−14 = h,

v14n−13 =
g

acegkpr + 1
,

v14n−12 = − f (bd f hlqt − 1),

v14n−11 =
e

acegkpr + 1
,

v14n−10 = −d(bd f hlqt − 1),
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v14n−9 =
c

acegkpr + 1
,

v14n−8 = −b(bd f hlqt − 1),

v14n−7 =
a

acegkpr + 1
.

Next, one can obtain from system (4.1) that

u14n−6 =
v14n−13

1 − v14n−7u14n−8v14n−9u14n−10v14n−11u14n−12v14n−13

=

g
acegkpr+1

1 − a
acegkpr+1 · k(acegkpr + 1) · c

acegkpr+1 · p(acegkpr + 1)
· e

acegkpr+1 · r(acegkpr + 1) · g
acegkpr+1

=

g
acegkpr+1

1 − acegkpr
acegkpr+1

= g.

and

v14n−6 =
u14n−13

1 + u14n−7v14n−8u14n−9v14n−10u14n−11v14n−12u14n−13

=

−t
bd f hlqt−1

1 + −h
bd f hlqt+1 · −b(bd f hlqt + 1) · −l

bd f hlqt+1 · −d(bd f hlqt − 1)
·

−q
bd f hlqt−1 · − f (bd f hlqt − 1) · t

bd f hlqt−1

=

−t
bd f hlqt−1

1 − bd f hlqt
bd f hlqt−1

= t.

Accordingly, the remaining relations can be proven in a similar way. Hence, the proof has been
achieved.

5. Dynamics of Case IV

This section is allocated to determine formulas for the solutions of the following nonlinear system
of difference equations:

un+1 =
vn−6

1 − vnun−1vn−2un−3vn−4un−5vn−6
,

vn+1 =
un−6

1 − unvn−1un−2vn−3un−4vn−5un−6
.

 (5.1)

Theorem 5.1. Assume that {un, vn} is a solution for system (5.1). Then, for n = 0, 1,..., we have

u14n−6 =

−g
2n∏
j=1

[7( j − 1)acegkpr − 1]

2n−1∏
j=0

[(7 j + 1)acegkpr − 1]
,
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u14n−5 = f
2n∏
j=1

[(7 j − 6)bd f hlqt − 1]
[(7 j − 5)bd f hlqt − 1]

,

u14n−4 = e
2n∏
j=1

[(7 j − 5)acegkpr − 1]
[(7 j − 4)acegkpr − 1]

,

u14n−3 = d
2n∏
j=1

[(7 j − 4)bd f hlqt − 1]
[(7 j − 3)bd f hlqt − 1]

,

u14n−2 = c
2n∏
j=1

[(7 j − 3)acegkpr − 1]
[(7 j − 2)acegkpr − 1]

,

u14n−1 = b
2n∏
j=1

[(7 j − 2)bd f hlqt − 1]
[(7 j − 1)bd f hlqt − 1]

,

u14n = a
2n∏
j=1

[(7 j − 1)acegkpr − 1]
[(7 j)acegkpr − 1]

,

u14n+1 =

−t
2n∏
j=1

[7 j)bd f hlqt − 1]

2n∏
j=0

[(7 j + 1)bd f hlqt − 1]
,

u14n+2 = r
2n∏
j=0

[(7 j + 1)acegkpr − 1]
[(7 j + 2)acegkpr − 1]

,

u14n+3 = q
2n∏
j=0

[(7 j + 2)bd f hlqt − 1]
[(7 j + 3)bd f hlqt − 1]

,

u14n+4 = p
2n∏
j=0

[(7 j + 3)acegkpr + 1]
[(7 j + 4)acegkpr + 1]

,

u14n+5 = l
2n∏
j=0

[(7 j + 4)bd f hlqt − 1]
[(7 j + 5)bd f hlqt − 1]

,

u14n+6 = k
2n∏
j=0

[(7 j + 5)acegkpr − 1]
[7 j + 6)acegkpr − 1]

,

u14n+7 = h
2n∏
j=0

[(7 j + 6)bd f hlqt − 1]
[7( j + 1)bd f hlqt − 1]

,

and

v14n−6 = −t
2n−1∏
j=0

[(7 j)bd f hlqt − 1]
[(7 j + 1)bd f hlqt − 1]

,
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v14n−5 = r
2n−1∏
j=0

[(7 j + 1)acegkpr − 1]
[(7 j + 2)acegkpr − 1]

,

v14n−4 = q
2n−1∏
j=0

[(7 j + 2)bd f hlqt − 1]
[(7 j + 3)bd f hlqt − 1]

,

v14n−3 = p
2n−1∏
j=0

[(7 j + 3)acegkpr − 1]
[(7 j + 4)acegkpr − 1]

,

v14n−2 = l
2n−1∏
j=0

[(7 j + 4)bd f hlqt − 1]
[(7 j + 5)bd f hlqt − 1]

,

v14n−1 = k
2n−1∏
j=0

[(7 j + 5)acegkpr − 1]
[(7 j + 6)acegkpr − 1]

,

v14n = h
2n−1∏
j=0

[(7 j + 6)bd f hlqt − 1]
[(7( j + 1)bd f hlqt − 1]

,

v14n+1 =

−g
2n∏
j=1

[(7 j)acegkpr − 1]

2n∏
j=0

[(7 j + 1)acegkpr − 1]
,

v14n+2 = f
2n∏
j=0

[(7 j + 1)bd f hlqt − 1]
[(7 j + 2)bd f hlqt − 1]

,

v14n+3 = e
2n∏
j=0

[(7 j + 2)acegkpr − 1]
[(7 j + 3)acegkpr − 1]

,

v14n+4 = d
2n∏
j=0

[(7 j + 3)bd f hlqt − 1]
[(7 j + 4)bd f hlqt − 1]

,

v14n+5 = c
2n∏
j=0

[(7 j + 4)acegkpr − 1]
[(7 j + 5)acegkpr − 1]

,

v14n+6 = b
2n∏
j=0

[(7 j + 5)bd f hlqt − 1]
[(7 j + 6)bd f hlqt − 1]

,

v14n+7 = a
2n∏
j=0

[(7 j + 6)acegkpr − 1]
[7( j + 1)acegkpr − 1]

.
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Proof. By using mathematical induction, the result holds for n = 0. Suppose that the result holds for
n − 1

u14n−20 =

−g
2n−2∏
j=1

[7( j − 1)acegkpr − 1]

2n−3∏
j=0

[(7 j + 1)acegkpr − 1]
,

u14n−19 = f
2n−2∏
j=1

[(7 j − 6)bd f hlqt − 1]
[(7 j − 5)bd f hlqt − 1]

,

u14n−18 = e
2n−2∏
j=1

[(7 j − 5)acegkpr − 1]
[(7 j − 4)acegkpr − 1]

,

u14n−17 = d
2n−2∏
j=1

[(7 j − 4)bd f hlqt − 1]
[(7 j − 3)bd f hlqt − 1]

,

u14n−16 = c
2n−2∏
j=1

[(7 j − 3)acegkpr − 1]
[(7 j − 2)acegkpr − 1]

,

u14n−15 = b
2n−2∏
j=1

[(7 j − 2)bd f hlqt − 1]
[(7 j − 1)bd f hlqt − 1]

,

u14n−14 = a
2n−2∏
j=1

[(7 j − 1)acegkpr − 1]
[(7 j)acegkpr − 1]

,

u14n−13 =

−t
2n−2∏
j=1

[7 j)bd f hlqt − 1]

2n−2∏
j=0

[(7 j + 1)bd f hlqt − 1]
,

u14n−12 = r
2n−2∏
j=0

[(7 j + 1)acegkpr − 1]
[(7 j + 2)acegkpr − 1]

,

u14n−11 = q
2n−2∏
j=0

[(7 j + 2)bd f hlqt − 1]
[(7 j + 3)bd f hlqt − 1]

,

u14n−10 = p
2n−2∏
j=0

[(7 j + 3)acegkpr + 1]
[(7 j + 4)acegkpr + 1]

,

u14n−9 = l
2n−2∏
j=0

[(7 j + 4)bd f hlqt − 1]
[(7 j + 5)bd f hlqt − 1]

,
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u14n−8 = k
2n−2∏
j=0

[(7 j + 5)acegkpr − 1]
[7 j + 6)acegkpr − 1]

,

u14n−7 = h
2n−2∏
j=0

[(7 j + 6)bd f hlqt − 1]
[7( j + 1)bd f hlqt − 1]

,

and

v14n−20 = −t
2n−3∏
j=0

[(7 j)bd f hlqt − 1]
[(7 j + 1)bd f hlqt − 1]

,

v14n−19 = r
2n−3∏
j=0

[(7 j + 1)acegkpr − 1]
[(7 j + 2)acegkpr − 1]

,

v14n−18 = q
2n−3∏
j=0

[(7 j + 2)bd f hlqt − 1]
[(7 j + 3)bd f hlqt − 1]

,

v14n−17 = p
2n−3∏
j=0

[(7 j + 3)acegkpr − 1]
[(7 j + 4)acegkpr − 1]

,

v14n−16 = l
2n−3∏
j=0

[(7 j + 4)bd f hlqt − 1]
[(7 j + 5)bd f hlqt − 1]

,

v14n−15 = k
2n−3∏
j=0

[(7 j + 5)acegkpr − 1]
[(7 j + 6)acegkpr − 1]

,

v14n−14 = h
2n−3∏
j=0

[(7 j + 6)bd f hlqt − 1]
[(7( j + 1)bd f hlqt − 1]

,

v14n−13 =

−g
2n−2∏
j=1

[(7 j)acegkpr − 1]

2n−2∏
j=0

[(7 j + 1)acegkpr − 1]
,

v14n−12 = f
2n−2∏
j=0

[(7 j + 1)bd f hlqt − 1]
[(7 j + 2)bd f hlqt − 1]

,

v14n−11 = e
2n−2∏
j=0

[(7 j + 2)acegkpr − 1]
[(7 j + 3)acegkpr − 1]

,

v14n−10 = d
2n−2∏
j=0

[(7 j + 3)bd f hlqt − 1]
[(7 j + 4)bd f hlqt − 1]

,

v14n−9 = c
2n−2∏
j=0

[(7 j + 4)acegkpr − 1]
[(7 j + 5)acegkpr − 1]

,
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v14n−8 = b
2n−2∏
j=0

[(7 j + 5)bd f hlqt − 1]
[(7 j + 6)bd f hlqt − 1]

,

v14n−7 = a
2n−2∏
j=0

[(7 j + 6)acegkpr − 1]
[7( j + 1)acegkpr − 1]

.

Now, from system (5.1) we get

u14n−6 =
v14n−13

1 − v14n−7u14n−8v14n−9u14n−10v14n−11u14n−12v14n−13

=
1

(1/v14n−13) − v14n−7u14n−8v14n−9u14n−10v14n−11u14n−12

=

−g
2n−2∏
j=1

[(7 j)acegkpr − 1]

2n−2∏
j=0

[(7 j + 1)acegkpr − 1] + g
2n−2∏
j=1

[(7 j)acegkpr − 1]v14n−7...u14n−12

.

Now, we see that

v14n−7u14n−8v14n−9u14n−10v14n−11u14n−12 = a
2n−2∏
j=0

[(7 j + 6)acegkpr − 1]
[7( j + 1)acegkpr − 1]

×k
2n−2∏
j=0

[(7 j + 5)acegkpr − 1]
[7 j + 6)acegkpr − 1]

× c
2n−2∏
j=0

[(7 j + 4)acegkpr − 1]
[(7 j + 5)acegkpr − 1]

×p
2n−2∏
j=0

[(7 j + 3)acegkpr − 1]
[(7 j + 4)acegkpr − 1]

× e
2n−2∏
j=0

[(7 j + 2)acegkpr − 1]
[(7 j + 3)acegkpr − 1]

×r
2n−2∏
j=0

[(7 j + 1)acegkpr − 1]
[(7 j + 2)acegkpr − 1]

= acekpr
2n−2∏
j=0

[(7 j + 1)acegkpr − 1]
[7( j + 1)acegkpr − 1]

.

Again,

2n−2∏
j=0

[(7 j + 1)acegkpr − 1] + g
2n−2∏
j=1

[(7 j)acegkpr − 1]v14n−7...u14n−12

=

2n−2∏
j=0

[(7 j + 1)acegkpr − 1]{1 +
acegkpr

[7(2n − 1)acegkpr − 1]
}

=

2n−2∏
j=0

[(7 j + 1)acegkpr − 1].
[7(2n − 1)acegkpr − 1] + acegkpr

[7(2n − 1)acegkpr − 1]
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=

2n−2∏
j=0

[(7 j + 1)acegkpr − 1].[(14n − 6)acegkpr − 1]

[7(2n − 1)acegkpr − 1]

=

2n−1∏
j=0

[(7 j + 1)acegkpr − 1]

[7(2n − 1)acegkpr − 1]
.

Then,

g
2n−2∏
j=1

[(7 j)acegkpr − 1]v14n−7...u14n−12

= acegkpr
2n−2∏
j=1

[(7 j)acegkpr − 1]
2n−2∏
j=0

[(7 j + 1)acegkpr − 1]
[7( j + 1)acegkpr − 1]

=

acegkpr
2n−2∏
j=0

[(7 j + 1)acegkpr − 1]

[7(2n − 1)acegkpr − 1]
.

Thus,

u14n−6 = −g
2n−2∏
j=1

[(7 j)acegkpr − 1] ÷

2n−1∏
j=0

[(7 j + 1)acegkpr − 1]

[7(2n − 1)acegkpr − 1]

=

−g
2n−2∏
j=1

[(7 j)acegkpr − 1].[7(2n − 1)acegkpr − 1]

2n−1∏
j=0

[(7 j + 1)acegkpr − 1]

=

−g
2n−1∏
j=1

[(7 j)acegkpr − 1]

2n−1∏
j=0

[(7 j + 1)acegkpr − 1]
=

−g
2n∏
j=1

[7( j − 1)acegkpr − 1]

2n−1∏
j=0

[(7 j + 1)acegkpr − 1]
.

Again, from system (5.1) we can obtain that

v14n−6 =
u14n−13

1 − u14n−7v14n−8u14n−9v14n−10u14n−11v14n−12u14n−13

=
1

(1/u14n−13) − u14n−7v14n−8u14n−9v14n−10u14n−11v14n−12

= =

−t
2n−2∏
j=1

[(7 j)bd f hlqt − 1]

2n−2∏
j=0

[(7 j + 1)bd f hlqt − 1] + g
2n−2∏
j=1

[(7 j)bd f hlqt − 1]u14n−7...v14n−12

.
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Now, we see that

u14n−7v14n−8u14n−9v14n−10u14n−11v14n−12 = h
2n−2∏
j=0

[(7 j + 6)bd f hlqt − 1]
[7( j + 1)bd f hlqt − 1]

×b
2n−2∏
j=0

[(7 j + 5)bd f hlqt − 1]
[7 j + 6)bd f hlqt − 1]

× l
2n−2∏
j=0

[(7 j + 4)bd f hlqt − 1]
[(7 j + 5)bd f hlqt − 1]

×d
2n−2∏
j=0

[(7 j + 3)bd f hlqt − 1]
[(7 j + 4)bd f hlqt − 1]

× q
2n−2∏
j=0

[(7 j + 2)bd f hlqt − 1]
[(7 j + 3)bd f hlqt − 1]

× f
2n−2∏
j=0

[(7 j + 1)bd f hlqt − 1]
[(7 j + 2)bd f hlqt − 1]

= bd f hlqt
2n−2∏
j=0

[(7 j + 1)bd f hlqt − 1]
[7( j + 1)bd f hlqt − 1]

.

Again,

2n−2∏
j=0

[(7 j + 1)bd f hlqt − 1] + t
2n−2∏
j=1

[(7 j)bd f hlqt − 1]u14n−7...v14n−12

=

2n−2∏
j=0

[(7 j + 1)bd f hlqt − 1]{1 +
bd f hlqt

[7(2n − 1)bd f hlqt − 1]
}

=

2n−2∏
j=0

[(7 j + 1)bd f hlqt − 1].
[7(2n − 1)bd f hlqt − 1] + bd f hlqt

[7(2n − 1)bd f hlqt − 1]

=

2n−2∏
j=0

[(7 j + 1)bd f hlqt − 1].[(14n − 6)bd f hlqt − 1]

[7(2n − 1)bd f hlqt − 1]

=

2n−1∏
j=0

[(7 j + 1)bd f hlqt − 1]

[7(2n − 1)bd f hlqt − 1]
.

Thus,

v14n−6 = −t
2n−2∏
j=1

[(7 j)bd f hlqt − 1] ÷

2n−1∏
j=0

[(7 j + 1)bd f hlqt − 1]

[7(2n − 1)bd f hlqt − 1]

=

−t
2n−2∏
j=1

[(7 j)bd f hlqt − 1].[7(2n − 1)bd f hlqt − 1]

2n−1∏
j=0

[(7 j + 1)bd f hlqt − 1]
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=

−t
2n−1∏
j=0

[(7 j)bd f hlqt − 1]

2n−1∏
j=0

[(7 j + 1)bd f hlqt − 1]
.

Then, we can prove other relations similarly. Hence, the proof is complete.

6. Numerical Examples

We will now introduce a strong verification and confirmation of our theoretical discussion. This
confirmation is embodied in presenting some numerical examples.
Example 1. The graph of system (2.1) is illustrated with the initial values: u−6 = 3, u−5 = 4.2,
u−4 = 3.5, u−3 = 2, u−2 = 9, u−1 = 5, u0 = 4, v−6 = 0.6, v−5 = 8, v−4 = 4, v−3 = 2.75, v−2 = 7.5,
v−1 = 5.75, and v0 = 12. See Figure 1.
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v
(n
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v(n)

Figure 1. A periodic solution of period fourteen for system (2.1) with random initial values.

Example 2. This example presents the behavior of the solutions of system (3.1) which are periodic
solutions of period fourteen . Here, we take u−6 = 1.4, u−5 = 0.2, u−4 = 0.5, u−3 = 1.2, u−2 = 0.9,
u−1 = .35, u0 = 0.4, v−6 = 0.8, v−5 = 1.8, v−4 = 0.14, v−3 = 0.12, v−2 = 1.5, v−1 = 2.2, and v0 = 1.22.
See Figure 2.
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Figure 2. A periodic solution of period fourteen of system (3.1) with random initial values.

Example 3. Figure 3 shows the behavior of solutions of system (4.1) when we let u−6 = 1.4, u−5 = 0.2,
u−4 = 0.65, u−3 = 1.2, u−2 = 0.9, u−1 = 0.5, u0 = 2.4, v−6 = 0.8, v−5 = 1.8, v−4 = 0.14, v−3 = 0.2,
v−2 = 1.5, v−1 = 2.2, and v0 = 1.22. Note that the behavior of solutions are periodic solutions of period
fourteen.
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Figure 3. A periodic solution of period fourteen of system (4.1) with random initial values.
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Example 4. The solutions of system (5.1) are presented in Figure 4. The considered initial conditions
here are u−6 = 3.4, u−5 = 4.2, u−4 = 5, u−3 = 1.2, u−2 = 0.9, u−1 = 3.5, u0 = 2.4, v−6 = 0.8, v−5 = 1.8,
v−4 = 4, v−3 = 2, v−2 = 1.5, v−1 = 2.2, and v0 = 1.22.
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Figure 4. A periodic solution of period fourteen of system 5.1 with random initial values.

7. Conclusions

The closed form of the solutions of some rational systems of the difference equation of higher
order have been presented. In Section 2, we obtained the form of the solutions of system
un+1 =

vn−6

1 + vnun−1vn−2un−3vn−4un−5vn−6
, vn+1 =

un−6

1 + unvn−1un−2vn−3un−4vn−5un−6
. Also in Section 3, we

found the solution′s form of the system un+1 =
vn−6

1+vnun−1vn−2un−3vn−4un−5vn−6
, vn+1 =

un−6
1−unvn−1un−2vn−3un−4vn−5un−6

, .

In Section 4 and 5 , we got the solution of the following systems, respectively,
un+1 =

vn−6

1 − vnun−1vn−2un−3vn−4un−5vn−6
, vn+1 =

un−6

1 + unvn−1un−2vn−3un−4vn−5un−6
and

un+1 =
vn−6

1 − vnun−1vn−2un−3vn−4un−5vn−6
, vn+1 =

un−6

1 − unvn−1un−2vn−3un−4vn−5un−6
. Finally, we gave some

numerical examples to illustrate the obtained results.
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