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Abstract: In this paper, we considered some systems of rational difference equations of higher order
as follows
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where the initial conditions ugy, u_y, u_p, U_3, U_4, U_s, U_g, Vo, V_1, V-2, V_3, V_4, V_5 and v_g were arbitrary
real numbers. We obtained a closed form of the solutions for each considered system and also some
periodic solutions of some systems were found. We presented some numerical examples to explain the
obtained theoretical results.
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1. Introduction

Difference equations are a very important topic in our real life as they describe many natural
phenomena as mathematical models. They also arise naturally as discrete analogues and as numerical
solutions of differential as well as delay differential equations having applications in many fields like
physics, biology, ecology, population biology, economics, probability theory, genetics, psychology
and many other fields. See, for example [1,8—12,19,20].

There are many populations in ecosystems that do not reproduce continuously but rather
seasonally. Discrete-time models of difference equations are therefore important tools to study
populations with nonoverlapping generations. For example, Elaydi and Yakubu [9] investigated cycles
and dispersal in discrete population models, while Franke and Yakubu [15], Friedman and
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Yakubu [16], and Yakubu [29] used discrete-time models to understand infectious diseases. The
Beverton-Holt model is a classic discrete-time population model which gives the expected number
Xn+1 (or density) of individuals in generation n + 1 as a function of the number of individuals in the
previous generation, X, = ;f;’n; this model was introduced in the context of fisheries by Beverton &
Holt [7].

Kulenovic and Ladas [22] considered the difference equation u,; = %, n=201,..and

many of its special cases for study and investigation, where they believe that the results about the
rational difference equations are of paramount importance in their own right and, furthermore, also
believe that these results offer prototypes toward the development of the basic theory of the global
behavior of solutions of nonlinear difference equations of order greater than one.
The difference equation x,,,; = ‘j;b ;C ,n=0,1,...1s in optics and mathematical biology and is known
in the literatures as the Riccati difference equation; see Saaty [27]. Whena = 0 and b > A, this equation
has been proposed by Pielou in her books [25,26] as a discrete analogue of the delay logistic equation
% = rN@®[1 - N(:T)],t > 0. The equation x,,; = l;fl",n = 0,1, ... was discovered by Lyness [24]
while he was working on a problem in number theory.

Asiri et al. [4] provided a description and interpretation of the solutions of the system

Vn-2 Un—2

Ul = 7> Vnr1 = >
1 - Vn—2Up—1Vn =1+ Up2Vp—1Up

where they obtained the closed form of the solutions for some different cases of the considered system
and shown that some of these solutions are periodic of period six and others of period twelve.
Kurbanli et al. [23] presented a closed form of the following system of difference equations:

Up—1 V-1 Uy
Vi1 = Wn1 =

Un+1 =

—’ b b
Vopllp-1 — 1 UpVp-1 — 1 VaWn-1

and then studied the boundedness and the global stability of the solutions for the considered system.
Elsayed and Alharbi [14] obtained a closed form to the solutions for the systems
UnVn-1 Vnllp—1

Up+1 = s Vngl = s
u, +v, u, +v,

and proved that the same system has periodic solutions of period twelve. Also they presented some
qualitative results for the solutions of the considered system.
Touafek and Elsayed [28] highlighted the solutions and the periodic solutions of the following
systems:
Up—3 Vn-3
Upp)] = —————, Vpy = ————.
+1 +u, 3v, +1 + v, 3u,

El-Metwally and Elsayed [13] considered the systems

V-2 _ Uy_>
’ Vn+l -
+1 v, Hu,_ v,

Upy1 = >
+1 +u, ov,_q1u,

and studied four different cases of this system where they obtained a closed form of the solutions in
every case. They also discussed the periodic nature and analyzed the solutions of the systems.
Akrour et al. [2] found the closed form of the following system of difference equations:
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aVy_oUpy_1Vy + bity_1V,—0 + cv,_0 +d AUy Vy_1U, + bv,_qUy_o + clt_» + d

Upy1 = s Vel =
Vn-2Up—1Vn Up—2Vn—1Up

For more studies for nonlinear difference equations and systems of rational difference equations,
see [3,5,6,17-21].

In this paper, we are concerned with solving and studying the qualitative behavior of the solutions
of the systems:

Upi) = Vn-6
n+ LV lty— Vp—2Up-3Vn—4y-5Vn—-6 "’ (1 1 )
V = Un—6 :
n+ LUy V1 Up—2Vi-3Un—4Vp-5Un—6 >

where the initial conditions uy, u_y, U_p, U_3, U_4, U_s5, U_g, Vo, V_1, V_2, V_3, V_4, V_s, and V_g are arbitrary
real numbers.

In the following, we consider the following four different cases of system (1.1):
Case L.

Upt1 = Tn6 5
1+ vnun—b}Vn—2un—3vn—4un—5vn—6 . (12)
Vnt1 = 1+unvn—1un—ZV/)ll_—iun—4Vn75unf6 ’
Case II.
Upy1 = T s }
1+ Vnun—b} Vn-2Un-3Vn-4Un-5Vn-6 . (13)
Vil = 1_un"n—lun—QV::(;un—4Vn—5un—6’
Case III.
Upt1 = e B
1- vnun—L}n‘_}gt—Zun—3vn—4un—5vn—6 . (14)
Vel = L4+Up Vi1 Un—2 V-3 Un-4Vp—5Un—6 "’
Case IV.
Upi1 = T 5
I- Vnunful ‘jg72un73vn74un75vn76 } . (15)
Vnel = l_unvn—]un—Z"’;—}”n—“"n—Sun—() ’

In the following, we set up = a,u_y = b,u, =c,usz =d,u4=e,us = f,u¢=g,vo=nh,v_1 =k,
Vvo=Lvi=p,vy=q,vs=r,andvg =1

2. Dynamics of Case I

In this section, we obtain a closed form for the solution of the following system of difference
equations

V-6
un+1 = 1 ’
+ Vnun—lvn—l%tun6—3vn—4un—5vn—6 (21)
n—
Vn+l =

b
1+ UpVp—1Up2Vp-3Up—4Vp-_5Up_6
where the initial conditions uy u_y, U_p, U_3, U_4, U_s, U_g, Vo, V_1, V_2, V_3, V_4, V_s, and V_g are arbitrary
real numbers.

Theorem 2.1. Assume that {u,,v,},. . is a solution of system (2.1). Then for n = 0,1,2,..., the
following formulas provide the solution for system (2.1):
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2 (7] + S)bdfhigt + 1]
Vidn+e = bl—[ 5 s
L 11 j+6)bdfhigr + 1]

and
2 [(7 + 6)acegkpr + 1]
Vigne7 = QA n : .
=0 [7(j + Dacegkpr + 1]
where up =a,u_y =b,us=cuz=dus=eus=fues=gv=hv,=kvyo=1Lvs=p,

V4=4q,vs=rand,v_g =1.
Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n—1, that
is,
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g [1170 - Dacegkpr + 1]
i
Uign-20 = ’
2n-3
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T2 (7] + 3)bdfhigt + 1]
[(7] + d)bdfhigt + 11’

Vign-10 = d
Jj=0

T2 1(7j + Dacegkpr + 1]

(7j + S)acegkpr + 11
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J=0

Y2 [(7] + 5)bdfhigt + 1]

ng = b >
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T L 117G + Dacegkpr + 11

Now, we want to prove uy4,_¢, S0 from system (2.1) we have

" V14n-13
14n-6
I + Vidn-7U14n-8V14n-9U14n—10V14n—11U14n-12V 1413
1
(1/v1an=13) + Vian—7U14n-8V14n—9U14n-10V14n—11U14n-12

2n-2
g Hl [(7))acegkpr + 1]
J:
2n-2 ) 2n-2 .
I_!) [(7]+ Dacegkpr + 1]+ g ]—[1 (7 pacegkpr + 11vi4p_7...0140-12
Jj= Jj=

Now, we see that
2n-2

V14n—-7U14n-8V14n-9U14n—10V14n-11U14n-12 = A | |
J=0

[(7] + 6)acegkpr + 1]
[7(j + 1)acegkpr + 1]
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“k 1—1 [(7j + S)acegkpr + 1]
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1—[ [(7] + 3)acegkpr + 1
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2n-2

[(7] + Dacegkpr + 1]

J=0

Again,
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2n-2
. acegkpr
= 7j+1 kpr+ 11{1 +
1:0[[( J+ Dacegkpr + 111 [7(2n — 1)acegkpr + 1]
2n-2
_ [72n — V)acegkpr + 1] + acegkpr
= 7j+1 kpr + 1].
1;[[( J+ Dacegkpr+ 1 [7(2n — Dacegkpr + 1]
2n-2

[(7] + Dacegkpr + 1].[(14n — 6)acegkpr + 1]
0

J=

[7(2n — 1)acegkpr + 1]
2n—1

IT1(7j+ Dacegkpr + 1]
=0

[72n — 1)acegkpr + 1]

Then,

2n—-2
g | |[(7))acegkpr + 11vi4—7...u14n-12

=1
2n-2 2n-2

7j+1 k 1
acegkpr | (7 pacegkpr + 11| | o+ Dacestpr + 1
J=1 j=0

[7(j + acegkpr + 1]

2n-2
acegkpr [ [(7j + 1)acegkpr + 1]
=0
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2n—1
n-2 [T1(7j+ Dacegkpr + 1]
i=0
n—t = 77 kpr+ 1]+ 2
Hdn=6 gl;[[( pacegkpr+ 11+ 55— eeekpr + 1]
2n-2

g 1 1(7))acegkpr + 11.[7(2n — 1)acegkpr + 1]
j=1

2n—1

[T [(7)+ Dacegkpr + 1]

j=0
m-1 o _
g Hl [(7))acegkpr + 1] g 1_[1[7(] — Dacegkpr + 1]
Jj= Jj=

2n—1 T on-1

[(7] + Dacegkpr + 1] [T1(7j+ Dacegkpr + 1]
0 Jj=0

J=
Again, from system (2.1), we can obtain that

Ui4n-13

Vidn-6 =
I + t14n—7V14n-8U14n-9V14n—10U14n-11V14n-12U14n—13

1

(1/u14n-13) + U14n—7V14n—8U14n-9V14n-10U14n-11V 14n—12
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TG bd fhige + 1]
j=1

2n—-2 2

[T0(7j+ Dbdfhigt+ 1]+ g i
Jj=0

J

Now, we see that

2n-2

[(7] + 6)bd fhigt + 1]
L 117G+ Dbd fhigt + 1]

U14n-7V14n-8U14n-9V14n-10U140n-11V14n-12 =

2n-2

b [ 104+ bdrhigr+ 11 12"1—‘[2 (7] + )bd fhigt + 1]
Y 7j+6bdfhigr+ 11 "L 1(7j + S)bdfhigr+ 11

d "2 (7 + 3)bdfhigt + 1] y 21—[‘2 [(7j + 2)bd fhigt + 1]
L)+ ®bdfhige + 1] [(7] + 3)bdfhigt + 1]

J= j=0
"2 [(7 + Dbdfhigt + 1]
L LT(7j+ 2)bd fhigr + 1]

2n-2

) [(7j + D)bdfhigt + 1]
= bdfhlqtlj:o[ [7(j + Dbdfhigt + 11

Again,

2n-2 2n-2
[(7] + 1)bdf]’llql' + 1] +1 1—[[(7])bdfhlql + 1]”14n—7---vl4n—12
j=1

= [ [1@7j + Dbdfhige + 11{1 + bd fhlgt

L [7(2n — Dbdfhigt + 1]

_ [72n = 1)bd fhigt + 1] + bd fhigt
- 7j + Vbdfhigt + 1].

/=o[( J+ Dbdfhlgt+ ) P higr + 1]
2n-2

[11(7j + Dbdfhigt + 11.[(14n — 6)bd fhigt + 1]
Jj=0

[7Cn = Dbdfhigt + 1]
117 + Dbdfhige + 1)

j=0

[72n — Dbdfhigt + 1]

Thus,

2n—1

m-2 [1[(7j+ Dbdfhlgt + 1]

=0

. . J
t 1—[[(7J)bdf higt +1] + [7(2n — Dbdfhigt + 1]

J=1

V14n-6
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2n-2

t T1 [(7.)bd fhigt + 11.[7(2n — Dbdfhigt + 1]
j=1

2n—1

[11(7j+ 1)bdfhigt + 1]
j=0

2n—1

t T1 [(7/)bd fhigt + 1]
j=0

2n—1

[TI(7j+ 1)bdfhigt + 1]
Jj=0

Therefore, similarly the other relations can be proven. The proof is completed.
3. Dynamics of Case I1

We examine in this section the solutions of the system of two difference equations of the following
form

u 1= Vn-6
n+ L+vplty—1 Vp—2Up-3Vn—4ty-5Vn-6 "’ (3 1)
v | = Un—6 *
n+ 1—14,, Vn—1Up-2Vp-3Un—-4Vp-5Un—6 >

where the initial conditions ug u_y, u_p, u_3, U_4, U_s, U_g, Vo, V_1, V_2, V_3, V_4, V_s and v_g are arbitrary
real numbers.

Theorem 3.1. Assume that {u,,v,},. . is a solution of system (3.1). We observe that the solutions to
the system (3.1) are periodic solutions of period fourteen and take the following forms:

Uldn-6 = &
Uign-s = f,
Ulgn-4 = €,
Uignz = d,
Uigp-2 = C,
Upgn-1 = b,
Ujgp = 4,
t
Hanel = A fhlgr + 1
Uignsa = —r(acegkpr —1),
q
Manss = i thlgr + 17
Uignss = —placegkpr — 1),
l
Manss = fhlgr + 17
Ugnre = —k(acegkpr —1),
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h
MansT = fhlgr + 17
&
tntl acegkpr — 1’
Vis2 = [f(bdfhlgt+ 1),
e
Vidn+3 = _—acegkpr 1
Visnsa = d(bdfhigt + 1),
c
Vidnts = _—acegkpr 1
Viase = b(bdfhlgt + 1),
and g
Vidn+7 = _—acegkpr 1

Proof. By using mathematical induction, the result holds for n = 0. Suppose that the result holds for
n—1

Uian-20 = &>
Ul4n-19 = f,
Ul4pn-18 = €,
Upan-17 = d,
Ulan-16 = €,
Uian-1s = b,
Uiap-14 = 4,
t
Uign-13 = T
tn-13 bdfhigt + 1
Uign-12 = —r(acegkpr —1),
_ q
Manett = i Fhlgt+
Uign-10 = —placegkpr —1),
l
Man=0 = fhlgr + 17
Uiyn-g = —k(acegkpr —1),
h
Uran- = T a1
tn7 bd fhigt + 1
and
Vidn—20 = 1,
Vigp-19 = T,
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Vian-18 = (¢,
Vi4n-17 = D,
Vidn-te = |,
Vidn-1s = Kk,
Vidn-14 = h,
Vidn-13 = — 5
" acegkpr — 1’
Vian-12 = [f(bdfhigt +1),
e
Vidn— = —
tn-tl acegkpr — 1
Vign-10 = d(bdfhlgt+1),
c
Vidp-9 = ————F———,
" acegkpr — 1
Visngs = b(bdfhlgt + 1),
a
Vinog = —————,
tan acegkpr — 1
From system (3.1), we have
V14n-13
Ul4n-6
1 + Vign7U14n-8V14n-9U140-10V 14n—11U414n-12V14n-13
g
_ _acegkpr—l
1+ W k(acegkpr 1)- acegkpr - —p(acegkpr— 1)
acegkpr 1° r(acegkpr - 1) acegkpr—l
g
_ _acegkpr—l _
- ___acegkpr
acegkpr—1
Also,
Ui4n-13
Vidn-6 =
I = U14n-7V14n-8U14n-9V14n—10U14n-11V 14n—12U14n-13
t
_ bd fhlgt+1
- h l
q !
“bdfhigiil - f(bdfhlgt + 1) - bdfhigi+1
1
bdfhigi+1
1— bdfhlgt 2
bdfhigt+1

Similarly, we can prove other relations and the proof is completed.

4. Dynamics of Case II1

In this part, we deal with the solutions of the following system of difference equations:

AIMS Mathematics Volume 9, Issue 11, 30320-30347.



30333

Vn-6
Upy1 = >
1 - Vnun—lVn—%tun6—3vn—4un—5vn—6 (41)
—
Voel =

1+ UpVy—1Un-2Vp-3Up-4Vp-5Un—6

Theorem 4.1. Suppose that {u,,v,};. . is a solution of system (4.1). We observe that the solutions for
system (4.1) are periodic solutions of period fourteen and take the following forms:

AIMS Mathematics

Utan-6 = 8

Uign-s = f,

Ujan-4 = €,

Upan-3 = d,

Uigp-2 = €,

Ulgn-1 = b,

Uigp = a4,

t

Ulany1 = _—ba’fhlqt 1

Uians2 = r(acegkpr + 1),
q

Uran+3 = _—bdfhlqt 1

Urgnsa = placegkpr + 1),
[

Uldn+s = _—bdfhlqt 1

Uianse = k(acegkpr + 1),
h

Uln+1 = _—bdfhlqt 1

Vidn-6 = 1,

Vidn-s = T,

Vidn-4 = ¢,

Vian-3 = D,

Vign-a = 1,

Vign-1 = k,

Vign = h,
Vidnel = #,
acegkpr + 1
Vigne2 = —f(bdfhlgt —1),
e
iy = acegkpr +1°
Vidnes = —d(bdfhlgt—1),
c
Vianes = acegkpr +1°
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and

Vignes = —b(bdfhlgt—1),
a
Vidne1 = =7 1>
e acegkpr + 1

Proof. For n = 0, the result holds. Now, suppose that n > 0 and that our assumption holds for n—1, that

1S

AIMS Mathematics

Ui4n-13

Ui4n-12

Ui4n-11

U14n-10

U14n-9

U14n-8

U14n-7

V14n-13

V1dn-12

V14n-11

V14n-10

Uign-20 = &
Uign-19 = f,
Ulap-18 = 6,
U1 = d,
Uign-16 = G
Uign-1s = b,
Ulgp-14 = 4,
t
= T bdfhigi-1'
= r(acegkpr + 1),
- 1
bdfhlgt — 1’
= placegkpr + 1),
[
= T bdfhigi -1’
= k(acegkpr + 1),
h
= T bdfhigi -1
Vidn-20 = I,
Vidn-19 = 1,
Vidn-18 = ¢,
Vidn-17 = D
Vidn-te = L
Vidn-1s =k,
Vign-14 = h,
_ 8
acegkpr + 1’

—f(bdfhlgt - 1),
e

acegkpr + 1’
—d(bd fhigt — 1),
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c
V14n-9 —
" acegkpr + 1
Vian-s = —b(bdfhlgt —1),
a
Vidn-7 - .
" acegkpr + 1
Next, one can obtain from system (4.1) that
V14n-13
Utan—6
I = Vi4n-7U14n-8V14n-9U147-10V14n-11U14n-12V 14n—13
g
_ acegkpr+1
C
1- W k(acegkpr + 1) cont (acegkpr +1)
acegkpr+1 r(acegkpr + 1) ucegkpr+1
g
_ acegkpr+1 _
- __acegkpr 8-
acegkpr+1
and
Ui4n-13
Vidn-6
I + U14n-7V14n-8U14n—-9V 14n—10U14n—11V 14n-12U14n-13
—1
_ bd fhigt—1
1+ W b(bdfhlqt +1)- bdfhl =" —d(bdfhlgt — 1)
!
bdfhlqt 7 —f(bdfhigt = 1) - bdfhigi—1
—1
bdfhigt—-1
1— bdfhlgt
bdfhlgi—1

Accordingly, the remaining relations can be proven in a similar way. Hence, the proof has been
achieved.

5. Dynamics of Case IV

This section is allocated to determine formulas for the solutions of the following nonlinear system
of difference equations:

u _ V-6
n+l — s

1 - Vnun—lvn—l%tuf—Svn—4un—5vn—6 (51)
Vil = .

1 - UpVp-1Up—2Vn-3Up-4Vy_5Up_6

Theorem S5.1. Assume that {u,, v,} is a solution for system (5.1). Then, for n = 0, 1,..., we have

2n
-8 [[1[7 (j = Dacegkpr — 1]
Ulan-6 = 2n—jl_ )

[T1(7F+ Dacegkpr — 1]
j=0
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and
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2 (7] = 6)bd fhlgt — 1
fr [(7j — 6)bdfhigt — 1]
j=1

Han=s = (7] = 5)bdfhlgi — 11’

y _ el2 [(7j - 5)acegkpr — 1]
=4 L (7] = 4acegkpr — 1] ’

2n .
[(7j — 4)bd fhigt — 1]

s :dr (J. )bd fhlq ,

L L1(7j = 3)bdfhigr = 1]

y _ . el [(7] —3)acegkpr — 1]
tn2 L 11(7j - 2)acegkpr - 11’

) _ 2 [(7) — 2)bd fhigt — 1]
tn-t L L1(7j = Dbdfhigt — 11
o, 2 (7] — Dacegkpr — 1]

14” L1 17 jacegkpr 1]
2n
—t T1[7j)bd fhigt — 1]
j=1

Uigpn+1 = >

2n
[117)+ Dbdfhige = 1]
]:

4 _ ”ﬁ [(7] + Dacegkpr — 1]
tnt2 o (7] + 2)acegkpr — 1]
A ﬁ [(7j + 2)bd fhigt — 1]

a3 = 4 L 1@+ 3pdfhigr =11

ﬁ [(7] + 3)acegkpr + 1]
Ut4n = . s
lntd =P | @+ Dacegkpr+1]

2 [(7 + Dbd fhigt — 1]
Uan+s = ln . ’
L 117) +5)bdfhigt =11

2n .
7j+5 kpr—1
i = k] [ LG Dacestor 1)
=0 [7] + 6)acegkpr — 1]

) A ﬁ [(7] + 6)bd fhigt — 1]
RO L1 17(j + Dbd fhigt — 11

2n—1

_ —fﬂ [(7))bd fhigt — 1]
B L () + Dbdfhigr - 11

V14n-6
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= [(7j+ Dacegkpr — 1]

Plan-s =7 o (7] + 2)acegkpr — 1]’
T2 [(7) + 2)bd fhigt — 1]
Vidn-4 = (¢ ; )
i=0 (7] + 3)bd fhigt — 1]
y B = [(7j+ 3)acegkpr — 1]
s =P Lo 1(7) + Hacegkpr - 1] ’
) ~ 12”—‘1 [(7] + 4)bd fhigt — 1]
2 L1 17j + S)bdfhigr =11
) B kzn—_l [(7]+ 5)acegkpr — 1]
et o [(7j + 6)acegkpr — 1]’
N T [(7] + 6)bd fhigt — 1]
v T TLLIaG + Dbdfhigr =11
2n
-8 [Il[(7j)acegkpr - 1]
Vidntl = oo Z )
[TI(7] + Dacegkpr — 1]
=0

2n .
) [(7j + Dbd fhigt — 1]
Vi = S l;[ [(7j+ 2)bdfhigt — 1]’

2n

; _ [(7] + 2)acegkpr — 1]
tne3 = o (7] + 3)acegkpr — 11
; _ 2 (7] + 3)bdfhigt — 1]
Mt L 117 j+ Hbdfhigr =11
o)+ dacegkpr— 1]
s L 11 j + Sacegkpr 117
; _ 2 (7] + 5)bdfhigt — 1]
wre = L@ v e)bdrhigr =11
; _ ., 2 (7] + 6)acegkpr — 1]
s i=0 [7(j + Dacegkpr — 11’
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Proof. By using mathematical induction, the result holds for n = 0. Suppose that the result holds for
n—1

2n-2
-g ]_[1 [7(j — Dacegkpr — 1]
i
2n-3 ’
[T1(7]+ Dacegkpr — 1]

Jj=0
2n-2

U14n-20

[(7) - 6)bd fhigt — 1]
L [(7j = 5)bdfhiqr =11

2n-2
=1

Uian-19 = f

[(7] — S5)acegkpr — 1]
[(7j — d)acegkpr — 1]’

Ujap-18 = € T

2n-2

_ o] ] iz e g
= S L@ = 3)bd frigr - 11

J=

T2 (7] - 3acegkpr — 1]
Ulan- = C . >
Hnlo i [(7j = 2)acegkpr — 1]
T2 [(7j - 2)bdfhigt — 1]
Ulan-15 = b

[(7j — Dbdfhigt — 11’

T2 [(7j - Dacegkpr — 1]
[(7j)acegkpr — 1]

Uiap-14 = 4
J=1

- 2ﬁzw Dbdfhigt —1]

Jj=1

Uian-13 = 575 ;

[10(7j+ Dbdfhigt — 1]
j=0

2n—2

[(7j + Dacegkpr — 1]
Ulgp-12 = F | | - ;
2 LL1(7j + 2)acegkpr—1]

2n-2

i [(7) + 2)bd fhigt — 1]
e = A L 41 j+3)bdfhigt - 11

fiac (7] + 3)acegkpr + 1]

Upgn-10 = P n [ ,
=0 (7] + 4)acegkpr + 1]

2n-2

_ lﬂ (7] + 4)bd fhigt — 1]
B Lo L(7j+5)bdfhigt - 11’

U14n-9
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U14n-8

U14n-7

and

V14n-20

V14n-19

V14n-18

Vi4n-17

V14n-16

V14n-15

Vidn-14

V14n-13

Vi4n-12

Vi4n-11

V14n-10

V14n—9

AIMS Mathematics

2n-2

I l_l [(7j+ 5)acegkpr — 1]
o (7] + 6)acegkpr — 11

2n-2

[(7j + 6)bd fhigt — 1]
h g [7( + Dbdfhlgt — 11’

2n-3

y [(7,)bdfhigt — 1]
L {7+ Dbdfhigr =11

s [(7] + 1)acegkpr — 1]

[(7j + 2)acegkpr — 1]’

r
J=0
2n

"2 1(7] + 2)bd fhigt — 1]
[(7] + 3)bdfhigt — 11’

q
J=0

= [(7] + 3)acegkpr — 1]

(7] + d)acegkpr — 1]’

p
J=0

2n-3

lr [(7j+4)bdfhlgt — 1]
=0 (7] + 5)bdfhigt — 11

kiﬁ [(7j + 5)acegkpr — 1]
[(7j + 6)acegkpr — 1]’

n—
J=0

2n-3 .
I r [(7j+ 6)bd fhigt — 1]
j=0

[(7(j + Dbdfhigt — 1]’

2n—2

-8 H1 [(7)acegkpr — 1]

Jj=

b

2n-2
[(7] + Dacegkpr — 1]
0

J=

2n-2

[(7j + Dbdfhigt — 1]
flJ—O[ [(7] + 2)bdfhigt — 11’

pi [(7]+ 2)acegkpr — 1]

[(7j + 3)acegkpr — 1]’

e
J=0
2n

"2 (7] + 3)bd fhigt — 1]

d (7] + 4)bdfhigt — 17

J=0

e [(7]+ 4)acegkpr — 1]

[(7j + 5)acegkpr — 1]’

C
J=0
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Y2 [(7] + 5)bdfhigt — 1]
V14n—38 b l_l . ’
L 117+ 6)bd fhigt 1]
2n-2
Vidn-7

4 l—l [(7] + 6)acegkpr — 1]
o [7(j + Dacegkpr — 11

Now, from system (5.1) we get

" V14n-13
14n—-6
I = Vi4n-7U14n-8V14n-9U140—10V14n-11U14n-12V 14n—13
1
(1/v14n-13) = Vian—7U14n-8V14n-9U14n—10V 14n-11U14n-12
2n-2
—g [1[(7 acegkpr — 1]
J=1
T w2 -2

J=0

Now, we see that

zln_[—z [(7] + 6)acegkpr — 1]

V14n—7U140n-8V14n-9U14n—10V14n-11U14n-12 = A :

o [7(j + 1)acegkpr — 1]
2n-2 2n-2

[(7j+ 5)acegkpr — 1] [(7] + 4)acegkpr — 1]
k
% 1;)1 [7j+ 6)acegkpr — 1] X 1_[ [(7] + 5)acegkpr — 1]

2
||
J
Xr
J

n—-2
0
-2

=0

[(7) + 3)acegkpr — 1] y T—_[z [(7] + 2)acegkpr — 1]
e
[(7] +4)acegkpr — 1] i=0 [(7] + 3)acegkpr — 1]

2n

2n-2

— acekpr 1—[ [(7j + Dacegkpr — 1]
PPV G+ Dacegkpr — 117

[(7j + 1acegkpr — 1]
[(7] + 2)acegkpr — 1]

Jj=0
Again,

2n-2 2n-2

[(7j+ Dacegkpr — 11+ g 1—[[(7j)acegkpr — 1vign-7...-U14n-12
j=0 J=1
o acegkpr
= || [(7] + Dacegkpr — 11{1 + (70~ Dacegkpr = 1]}
202

[ ] ; [7(2n — 1)acegkpr — 1] + acegkpr
= Ti+1 kor — 1].
=0 077+ Daceghkpr = 1] [72n — 1)acegkpr — 1]

[1[(7j+ Dacegkpr — 1] + g Hl [(7 acegkpr — 1]vi4p_7...14n-12
J:
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2n-2
[(7j + Dacegkpr — 1].[(14n — 6)acegkpr — 1]
0

J=

[7(2n — 1)acegkpr — 1]
2n—1

IT1(7j+ Dacegkpr — 1]
=0

[72n — 1)acegkpr — 1] °

Then,
2n—2
g [(7)acegkpr — 11vi4p—7...u14n-12
j=1
2n-2 2n-2 .
. [(7] + Dacegkpr — 1]
= acegkpr | |[(7))acegkpr — 1] -
D ]1:01 [7(j + Dacegkpr — 1]
2n-2
acegkpr [ [(7] + Dacegkpr — 1]
j=0
[7(2n — 1)acegkpr — 1]
Thus,
2n—1 .
- I11(7j + Dacegkpr — 1]
uns = g | (T hacegkpr = 11+ o
i1 [7(2n = Dacegkpr — 1]

2n-2

—g [ [(7)acegkpr — 11.[72n — V)acegkpr — 1]
j=1

2n—1

[T1(7j+ acegkpr — 1]
j=0

2n—1

2n
-8 H1 [(7))acegkpr —1]1  —g _Hl[7(j — Dacegkpr — 1]

J= J=

2n—-1 T 2n-1 )
[T 1(7j+ Dacegkpr — 1] [T1(7j+ Dacegkpr — 1]
J=0 j=0

Again, from system (5.1) we can obtain that

v U14n-13
14n-6
I = U147V 14n-8U14n-9V14n—10U14n-11V14n-12U140—13
1
(1/u14n-13) — U14n-7V140-8U 1409V 14n-10U14n—11V 14n—12
2n-2

=t [T[(7)bdfhlgr — 1]
j=1

o2

J=0

2m-2 ’
[1[(7j+ Dbdfhlgt — 1] + g 1_[1 [((7)bd fhlgt — 1u14n—7...V14n-12
=
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Now, we see that

2n-2

[(7] + 6)bd fhigt — 1]
7(j + Dbdfhigt — 1]

U14n-7V14n-8U140-9V14n-10U140n-11V14n-12 = [
Jj=0

2n—2 2n-2

1)+ S)bdfhlgr - 11 N [(7] + 4)bd fhigt — 1]
[7j+6)bdfhigr—11 =L L {7+ 5)bd fhigr =11

xb

J=0
2n

-2 . 2n—-2 .
o [ 100+ Dbdshigi-11 I [(7] + 2)bd fhigt — 1]
Jj=0

[(7j + 4)bdfhigt — 1] [(7] + 3)bd fhigt — 1]

j=0
"2 (77 + Dbdfhigt — 1]

xf L{@j+2pbd fhigr =11

Jj=

b phigr [ ] 10 Db 1)
Jj=0

[7(j + Dbdfhigt — 11’

Again,

2n-2 2n-2

[(7j + Dbd fhigt =11+t | |[(7)bd fhigt = 1trasr...vian-1z

J=0 J=1

e ) b fhigt
= | |G+ Dbdfhlgt =111+ o =1

T . B [72n — 1)bd fhigt — 1] + bd fhigt
= ] (7] + Dbdfhigt — 1]. 7o = Dybd et 1]
2n-2

1 [(7j + Dbdfhigt — 11.[(14n — 6)bd fhigt — 1]
j=0

[7(2n — Dbdfhigt — 1]
2n—1

[10(7j+ Dbdfhigt - 1]
Jj=0

[7Q2n — Dbdfhigt — 1] °

Thus,

2n-1
-2 [T[(7j+ Dbdfhigt — 1]

Vs = 1 | [[(Tj)bdfhigt —1]+ 2
j=1

0
[7Q2n — Dbdfhigt — 1]

2n-2

—t [1 [(7))bdfhigt — 11.[72n — 1)bdfhigt — 1]
j=1

2n—1
[(7j+ Dbdfhlgt — 1]
j=0

J=
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2n—1

—t [1[(7)bdfhigr — 1]
=0

2n—1

[T[(7j+ 1)bdfhigt —1]
Jj=0
Then, we can prove other relations similarly. Hence, the proof is complete.
6. Numerical Examples
We will now introduce a strong verification and confirmation of our theoretical discussion. This
confirmation is embodied in presenting some numerical examples.
Example 1. The graph of system (2.1) is illustrated with the initial values: u_¢ = 3, u_s = 4.2,

U_y = 35, u_sz = 2, u_, = 9, u_ = 5, uy = 4, Vg = 06, V_5 = 8, V4 = 4, V3 = 275, Vo, = 75,
v_1 =5.75, and vy = 12. See Figure 1.

12 T T T T

10 .

n

Figure 1. A periodic solution of period fourteen for system (2.1) with random initial values.

Example 2. This example presents the behavior of the solutions of system (3.1) which are periodic
solutions of period fourteen . Here, we take u_¢ = 1.4, u_s = 0.2, u_4 = 0.5, u_3 = 1.2, u_, = 0.9,
u_; =35 u=04,v=08vs=18v,4=0.14,v53=0.12, v, = 1.5,v_; =2.2,and vy = 1.22.
See Figure 2.
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A

n

Figure 2. A periodic solution of period fourteen of system (3.1) with random initial values.

Example 3. Figure 3 shows the behavior of solutions of system (4.1) when we letu_¢ = 1.4, u_s = 0.2,
U_y = 065, u_3 = 12, Uu_, = 09, u_1 = 05, Uy = 24, V_g = 08, V_5 = 18, V_yq = 014, V_3 = 02,
v, =1.5,v_; =2.2, and vy = 1.22. Note that the behavior of solutions are periodic solutions of period
fourteen.

25 T T T T
u(n)
v(n)
2 -
151
=
>
=
=1
1+F
0.5
0 1 1 1 1
0 10 20 30 40 50

n

Figure 3. A periodic solution of period fourteen of system (4.1) with random initial values.
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Example 4. The solutions of system (5.1) are presented in Figure 4. The considered initial conditions
here are U_g = 34, U_5 = 42, U_y = 5, U3 = 12, U_, = 09, u_, = 35, Uy = 24, V_g = 08, V_5 = 18,
va=4,v3=2,v,=15v_1 =22, and vy = 1.22.

5 T T T
4 |- -
3 |- -
= ‘ ‘
Z2f
£
>
1r ‘ ‘ | | 1
0 |-
u(n)
v(n)
_1 1 1 1 1
0 10 20 30 40 50

Figure 4. A periodic solution of period fourteen of system 5.1 with random initial values.

7. Conclusions

The closed form of the solutions of some rational systems of the difference equation of higher

order have been presented. In Section 2, we obtained the form of the solutions of system
Vn-6 Un-6

’ Vn+] =
1+ Vnln-1Vp-2Up-3Vn—alUp_5Vn—6 1+ unvn—l‘I}/tn—Zvn—3un—4vn—5un—6
n—6

Upy] = . Also in Section 3, we

found the solution’s form of the system u,,; = 5 y Vpel = o b ).
. +V{z Up—1Vn-2Up-3Vn-4Un-5Vn-6 i 1=ty vy Un—2Vn-3Un-4Vn-5Un—6
In Section 4 and 5 , we got the solution of the following systems, respectively,
_ V-6 _ Un—6
Un+1 - P Vi+1 - and
I- Vallp—1Vn—2Un—3Vn-4Un-5Vn-6 I+ UpVn-1Up2Vn3Upn-4Vp-5Un—¢
Vn-6 Un-6 .
Uy = s Vpel = . Finally, we gave some
I - Vully—1Vn—2Up—3Vn—4Un-5Vn-6 1 - UpVn-1Up—2Vn3Up-4Vp-5Un—6

numerical examples to illustrate the obtained results.
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