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1. Introduction

Consider the tensor eigenvalue complementarity problems of finding (4, x) € R X R’} \{0} such that
0<xLlx-A"H>0 and x'x=1, (1.1)

where aLb means that vectors a, b are perpendicular to each other, and A = (a,,;, ;) € RI™11 is an
m-th order n-dimensional real tensor, and Ax"~! is the vector in R” with entries

-1
(AX"); = Z iy Xiy =+ Xiyy N =A{1,... 0}

If (1.1) holds, (41, x) € R x R} \{0} is called a Pareto Z-eigenpair of tensor A.

Pareto Z-eigenvalue problems of tensors were introduced by Song [17], which can be seen
generalizations of classical tensor (matrix) eigenvalue problems [1, 5, 6, 8, 13, 14, 19-22], have
broad applications in higher-order Markov chains [11] and magnetic resonance imaging [15, 26, 27].
Therefore, Pareto Z-eigenvalue problems of tensors garnered a lot of interest in the literature [4,
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10, 30, 32]. To achieve Pareto Z-eigenvalues of tensor eigenvalue complementarity problems, for
instance, Zeng [32] suggested a semidefinite relaxation approach. Nonetheless, there exist a huge,
potentially endless number of Pareto Z-eigenvalues of tensors [2,32]. Therefore, calculating all Pareto
Z-eigenvalues is difficult. A few scholars have turned to investigating Pareto Z-eigenvalue intervals
to describe the distribution of Pareto Z-eigenvalues [17,29]. Particularly, Yang et al. [29] proposed
Pareto Z-eigenvalue intervals via key tensor elements, which have a significant impact on the Pareto
Z-eigenvalue estimation. It is crucial to create new Pareto Z-eigenvalue intervals that are independent
of certain tensor constituents. Note that matrices can be viewed as the large elements of tensors,
and the spectral radius has relative stability. Can we use the spectral radius of the related symmetric
matrices instead of tensor elements to accurately characterize the Pareto Z-eigenvalue? Different from
the existing Z-eigenvalue inclusion sets [16,24,25,31], we investigate the relations between the tensor
and its induced matrix and establish Pareto Z-eigenvalue intervals from the spectral radius of the linked
symmetric matrices.

As we know, tensor A is strictly copositive if Ax™ > 0,Vx € R}\{0}, which has important
applications in vacuum stability of a general scalar potential [9] and polynomial optimization [3, 12].
Song et al. [17] pointed out that symmetric tensor (A is strictly copositive if and only if its Pareto Z-
eigenvalues are positive. Therefore, we can identify whether a tensor is copositive by the lower bounds
of Pareto Z-eigenvalues. Inspired by the articles [17,29], we propose some criteria for judging strict
copositivity via the spectral radius of the symmetric matrices extracted from the given tensor.

The remainder of this paper is organized as follows: In Section 2, crucial definitions and preliminary
results are recalled. In Section 3, we establish two tight Pareto Z-eigenvalue intervals via the spectral
radius of the symmetric matrices. In Section 4, sufficient conditions are proposed for identifying strict
copositivity of symmetric tensors.

2. Preliminaries

In this section, we first introduce important definitions and notations of tensors [2, 13,29].

The set of all real numbers is denoted by R, and the n-dimensional real Euclidean space is denoted
by R”. For any a € R, we denote [a], := max{0,a} and [a]_ := max{0, —a}. For any A € R"", we
define

(Al = ([aiiy-in]+) € R, AL = (Laiyiy-ip]-) € RU™™,

Definition 2.1. Let A = (a;,;,.;,) € R"™", and o,(A) be the set of all Pareto Z-eigenvalues of A.
(i) The maximum Pareto Z-eigenvalue and the minimum Pareto Z-eigenvalue of ‘A are denoted by

pz(A) = max{d : 1 € oz(A)} and T7(A) = min{d : 1 € 0z(A)}.

(ii) A is called symmetry if
ail---im = aln(l)l”(m)’ V T e FM’

where I',, is the permutation group of m indices.
(iii) 6i,i,..i, is called the generalized Kronecker symbol:

s L ifh=h=i
1ni...Ln O, otheFWlse-
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We conclude this section with significant results of the symmetric matrices [7] and the bound of
Pareto Z-eigenvalue.

Lemma 2.1. Let P € R™" be a symmetric matrix and x € R" be a unit vector, i.e., x'x = 1. tnin(P)
(or umax(P)) denotes the minimum (maximum) eigenvalue of a square matrix P, and p(P) is the spectral
radius of P. Then,

Mmin(P) < X" Px < pimax(P) and |x" Px| < p(P).

Lemma 2.2. (Theorem 2 of [29]) Let A € R"™" and o-(A) # 0. Then,

o(A) € QA) = U Qi(A) = {1 € R 1 [A] < max{R;(A)+, R(A)-}},

ieN

where Ri(A). := i [@ityip )40 Ri(A)- :=_§; [aity...ip ]

02,eensim=1 02,eenim=1

3. Pareto Z-eigenvalues inclusion intervals

We begin with the bounds of Pareto Z-eigenvalues for a third-order tensor based on the spectral
ﬂi::‘*'ﬂ;;

radius of the symmetric matrix V; := —

Theorem 3.1. Let A € RBP" with o,(A) # 0. Then,

AR XA = {1 eR: - VoIVl sas |3 IViLz) G.1)
iEN iEN

T T . . . Y .
where [V;], = W, [Vil- = w and A;.. is the matrix by fixing i indices of ‘A.

Proof. Suppose that (4, x) is a Pareto Z-eigenpair of A. On the one hand, since x"x = 1 and x; > 0
hold for all i € N, we obtain

/IZ X,'z = ﬂx3 < [ﬂ]+x3 = Z [aii2i3]+xixi2xi3 = Z( Z [aii2i3]+xi2xig)xi

ieN iir,ieN ieN ir,iseN
< [ (@1 e X xi)> + -+ ( [Aninis 1+ Xiy Xis )2+ AfX2 + -+ + x2
= ligiz 1+Aip AVis niziz 1+NVip Vi3 1 n
ir,i3eN i2,I3€N
= VOT[ ALY + - + (T [A]ox)?, (3.2)

where the second inequality holds from Cauchy—Schwarz inequality. It follows from the definition of
[Vil+ and xT[ﬂi::]+x = xT[ﬂi::]Ix that

T [ﬂi::]+ + [ﬂz];r

x'[Vilix=x 5

x=x"[Aplx. (3.3)

Since [V;]; is a real symmetric matrix, by (3.2), (3.3), and Lemma 2.1, we obtain

A< D etvi (3.4)
ieN
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On the other hand, from x"x = 1 and x; > O for all i € N, one has

—/lZ )ci2 = -—Ax < [AX = Z( Z [ityiy1_ XiXiy Xiy = Z [@ityiy |- iy Xi3) Xi

ieEN ieEN i,ir,i3eN i,ip,I3€N
< (Z[ali.]_x.x.)2+...+(z[a..]_x.x.)z. x2+...+x2
- 213 VI3 nizi3 M3 1 n
ip,i3eN ir,i3eN
= VOT[AL]LX? + -+ (X7 [Ap] X2 (3.5)

It follows from the definition of [V;]_ and x"[A;..]_x = x"[A;..]" x that

[ﬂiti]— + [ﬂl]—_r
2

Taking into account that [V;]_ is a real symmetric matrix, by (3.5), (3.6), and Lemma 2.1, we deduce

1z > ety (3.7)
ieN
Combining (3.4) with (3.7) yields
- Devirsas S
ieN ieN

which implies A € V(A) and o7(A) C T(A). O

x'[Vilex=x"

x=x"[A.]-x. (3.6)

The following example is proposed to test the efficiency of the obtained results.
Example 3.1. Consider a tensor A = (a;j) € R defined by
amn = Lain=-Las = Laz =1
axy = —liam = 2;a03 = 1

azi1 = lyaszy = 35a33 = 1;
aij = 0, otherwise.

1 00 010
[\7(1::]+:l0 0 O}, [ﬂlz:]:lo 0 0}5

ajjk =

By calculating, we have

1 01 0 00
1 0 05 0 05 0
Vilk =10 0 O], [Vi]l-=]05 0 0], p(Vi]ly)=1.5000, p(Vi]-)=0.5000.
05 0 1 0O 0 O

Following the similar calculations to the above, one has

p([Valy) = 2.1180,  p([V2]-) = 0.5000, p([Vs],) = 3.0811, p([V3]-) = 0.0000.
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According to Theorem 3.1, we obtain

S

TA)={1eR: - < A <4.0285}.

Recalling Theorem 1 of [29], we deduce
Q(A) ={1eR:-1.0000 < 1 < 5.0000},

which implies that the bound of Theorem 3.1 is sharp.
The following example estimates the Pareto Z-eigenvalues to guarantee nonconstant trajectories of
equilibrium systems.

Example 3.2. Consider the following differential equilibrium system:
Z DX = X+ XX Ka(t) = 200 + Xy X35 K3(F) = x5 with x7 + x5+ x) = 1.

Thus, Y, can be written as x(t) = Ax*, where x = (x1, X2, x3)" with xj+x;+x; = 1 and A = (a;) € R
with
aiy = { ap = ap = 1;?222 =2;ax31 = as;z = 1;
ajju = 0, otherwise.
In order to ensure nonconstant trajectories of the equilibrium system, we need to find (4,x) €
R x R} \{0} such that
0<xlAx-Ax)>20 and x'x=1.

Using Algorithm 3.1 of [32], we obtain four Pareto Z-eigenvalues and the associated Pareto Z-
eigenvectors about 3.25 seconds:

A1 = 0.8944, u; = (0.0000,0.4472,0.8944); 1, = 1.0000, u, = (1.0000, 0.0000, 0.0000);
A3 = 1.4142,u3 = (0.7071,0.7071, 0.0000); A4 = 2.0000, us = (0.0000, 1.0000, 0.0000).

It follows from Theorem 3.1 that we estimate 0 < 1 < V6. We apply this estimation to Algorithm 3.1
of [32] and can calculate the above Pareto Z-eigenvalues in 2.65 seconds. Therefore, Algorithm 3.1
of [32] could be accelerated by establishing the bound of Pareto Z-eigenvalues.

Using the spectral radius of symmetric matrices extracted from the given tensor, we establish Pareto
Z-eigenvalue intervals of an m-order tensor with m > 4.

Theorem 3.2. Let A € R with m > 4, and o7(A) # 0. Then,

72(A) € OA) = |_JO,(A) 1= {1 € R+ 1] < max{p(IB,L.). p([B1),

ieN
A; AT Ail_+[A1T
W]’lere [Bi]+ — [ z]+‘;[ z]+’ [Bi]— — [Ai] ‘;[ ill and

2 laiiouls - 2 lais.inonls

i,..., im—2€N 02,0 EN

[Al]+ = E E : 9

> laiyipomly . > laiyipomls

iz ..... im,QEN iz,...,im,QGN
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IR [/ T 2 diiy iy sinl-
[2 ..... im_zEN iz ..... [,7,_2€N
[Ai]- = : : : )
> [aiiz...im_znl]— cee > [aiiz...im_gnn]—
i,..., im—2€N 02, €N

Proof. Suppose that (4, x) is a Pareto Z-eigenpair of A. Then,

/1xi2 = Z Ajiy iy XiXiy <« - X, (38)

0,....imEN 0, imEN
< max({ Z (@piy...i )+ XpXiy - - - Xy, Z [apis..ip l-XpXiy ... i)}
2,....,imEN 0, im€EN
2 2
< max{ Z Z [Gpis...in ]+ X Xi,, Xy s Z Z [apiz...im]—xpxim_lxim}
im_| ,imEN iz,...,im_zeN im_| ,imEN iz,...,im_zeN
= xf, max{x'[A,].x, x"[A,]_x}, (3.9)

where [A,]. and [A,]_ are defined in Theorem 3.2. Certainly, x"[A;].x = x"[A;];x and x"[A;]_x =
x"[A;]7 x. It follows from the definitions of [B;], and [B;]- that

Al + (AP
2

x=x"[A,]ix, x'[B,l-x= xTMx =x"[A,]-x. (3.10)

x"[Bylix =x 5

Since [B,]. and [B,]- are real symmetric matrices, by (3.9), (3.10) and Lemma 2.1, we have

|| < max{p([B,]+), o([B,]-)}s
which implies A € @(A), and hence oz(A) C O(A). O

Now, we are in a position to establish tight Pareto Z-eigenvalues inclusion intervals by accurate
classification of index sets.

Theorem 3.3. Let A € R withm > 4, and 07(A) # 0. Then,

oA A) S MA) =] (] My,

ieN jeN,i#j
where

Mij(A) = {A e R : (1A= p(B)IA < p(ID;1-) maxip([B;1.), p(1B;1)}}
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| J{aer: 021 pBIIA < p(IDij1-) max{p(LB;1.), p(1Bj1)}),

; Al +ANTT ; Al+AlT
[Bz!]"' — %’ [Bl!]_ — % and
> diiy iy onle - 2 laiy iy sinl+]
jig...ipg_p =0 Bjiy..ipy_p =0
[A]], = ; ; : ,
)y [aiiz...im,2n1]+ ce 2 [aiiz...im,znnh
[0 jiy ...ipy_r =0 Gjin.ipyn = i
2 laiyipnl- ... 2 @iy iy 1nl-]
6ji2"'i1717220 6ji2"'im72:
h — . . .
[Al‘]— - . . . >
Z [Cliiz...i,,,,znl]— e Z [aiiz...im,znn]—
[ 6ji.ipy_r =0 G jin.ipg_n = ]
(D, 1. = [Cijl+ + [Cyjl} (D, ] = [Cij]- + [Cy]T
11+ 2 ) 1jl1- 2 b
laij.jinle oo laij. jinl+ laij.junl- .. laij. jinl-
[Cijls = : : : Gl = : :
[aij...jnl]+ [aij.“ jnn]+ [Clij...jnl]— [Clij...jnn]—

Proof. Let (4, x) be a Pareto Z-eigenpair of A. Setting 0 < x, = m?vx{x,'} and referring to the p-th
1€
equation of (3.8), for any g € N, g # p, we obtain

2
|lx;, = | Z i XpXiy - - - Xiy |

..... in€N

153
=| [apiz...im]+-xpxiz e Xiy, T Z [apiz,..im]—xpxiz “ee ximl
153

0,...,imEN 02, imEN

= max{x' [Cp,lsxx,X, + )cf,xT [A9],x, xT[Cpgl-xxpx, + xixT [A%]_x}. (3.11)

Clearly,
X [Cpglix = XT[Cpglix, xT[Cpyl-x = xT[Cpyl x,

x' [A9],x = xT[A?)]Ix, x Afl x = x' [Alq,]fx.
With the definitions of [D;;]., [D;;]-, [B{ ]+ and [B{ ]_, it is easy to verify that

X' [Dpglix = xT[Cpglix,  xT[Dpgl-x = x"[Cpyl-x,

x"[Bilix = x"[Af],x, xT[BI]-x = x"[AI]_x. (3.12)

Since [Dpg]+,[Dpql-, [BZ]Jr and [B;’,]_ are real symmetric matrices, by (3.11), (3.12), and Lemma 2.1,
we deduce

A, < max{o([Dpgl4) XXy + X,p(IBE1L), p(LDpg] ) xpXg + X,p(IBE])). (3.13)
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Recalling the g-th equation of (3.8), one has

0,....imEN 02,...,imEN
S maX{ Z [ain---im]"'qupxinkl xim ’ Z [ain---im ] _qupxim—l xim }
0,....imEN 02, imEN
= x,x, max{x' [A,]:x, x"[A,]-x} = x,x, max{x'[B,]l,x, x"[B,]-x}, (3.14)

where [B, ], and [B,]- are defined in Theorem 3.2. It follows from (3.14) and Lemma 2.1 that
I < x,x, max{p([By1.), p(LB,10)). (3.15)

We now break up the argument into two cases.
Case 1. |/l|x?, < p([Dpgli)xpx, + xlz,p([B;’,L). In this case, if x, > 0, multiplying (3.13) with (3.15)
and dividing xf,xé yield
(1A = p([B1:)IA] < p([Dpgl+) max{o([Byl+), p([B4]-)},
which implies 1 € M,, ,(A).
Otherwise, x, = 0. From (3.13), it holds that

(14l = p([BL1NIAL < 0 < p([Dpyl+) max{p([By]+), p([By1-)},

which shows that 4 € M,, ,(A).
Case IL. |A|x), < p([Dpg]-)x,px, + x2p([Bj]1-). Following the similar arguments to the proof of Case I,
we obtain 4 € M, ,(A). Combining Cases I and II, we obtain the desired results. O

In order to illustrate the validity of Theorems 3.2 and 3.3, we employ a running example.

Example 3.3. Consider a tensor A = (a;jy) € R defined by

ann =0.1sa1112 = -0.2;a1122 = =0.25a1213 = —=0.2; a1200 = 0.1; aj233 = 0.1 41333 = =0.1;

g, = ] @2 = —Liasiz1 = 35am11 = Lann = =25a0n»n = 1;a311 = 2;ax333 = 1;
ijkl — _ 1. _ . _ . _ . _g. _ . _ .
azin = 3sa3112 = =25 03121 = 250310 = — a0 = 55 an33 = 2;a3333 = =25

ajju =0, otherwise.

From Theorem 3.2, we compute

O(A) = U O/(A) = {1 e R : |A| < 5.4142).

ieN
Recalling Theorem 3.3, one has

MA = [) MifA) = {AeR: |2l <5.1620).

ieN jeN,i#j
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From Theorem 2 of [29], we obtain

Q(A) = U Q:(A) = {AeR: | < 12).

ieN
By virtue of Theorem 3 of [29], one has

oA =] (] @A) ={A€eR: 1A <9.2276).

i€N jeN,i#j
It follows from Theorem 4 of [29] that

N =] (] M) = (A€ R |A] < 7.4686).

i€N jeN,i#j

Therefore, the bounds in Theorems 3.2 and 3.3 are sharper than those Theorems 2—4 in [29].
4. Checking the strict copositivity of tensors

In this section, we focus on sufficient conditions for judging strict copositivity via the spectral radius
of the symmetric matrices extracted from the given tensor. For this, we give a necessary condition for
a strictly copositive tensor.

Lemma 4.1. (Proposition 2.1 of [18]) Let A = (ai,;,.;,) € R™1. If A is strictly copositive, then
a; ;>0,YieN.

Theorem 4.1. Let A = (a;,i,;,) € R be symmetric with a; > 0 for all i € N. If

1
Ajji— — ([aiiis]-)*> > 0,Vi € N, 4.1)
Vi

Proof. Suppose that (4, x) is a Pareto Z-eigenpair of A. Setting 0 < x,, = melivx{x,-} and referring to the
1SS

then A is strictly copositive.

p-th equation of (3.8), we obtain

2 _
Ax, = E Apiyiz XpXiy Xis
ir,i3eN
= dy,, X + [ayii ]+ x,x,x; — [ayiiz]-x, %, x;
- Y“ppprtp prui3l+Aprin iy prui3l="priptiz.

Opiniz =0 Opiniz =0

Further,

2 3
ﬁxp > ApppX, = E [@piyis|-XpXiy Xiy

> s = D i) %, 4.2)

Opiniz =0

AIMS Mathematics Volume 9, Issue 11, 30214-30229.
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Dividing both sides by xf, on (4.2), we have

A2 apppXxp = Z [a@piiy]-Xis

> apppXp — Z ([api1]-)* + ... + Z ([apin]-)? - x% +...+ X2
5]71'21:0 6pi2n—0

> appXy = | Y (@pi] P (4.3)
Opiniz=0

Since x,, = max{x,} and x"x = 1, we deduce x, > \f It follows from a;; > 0 and (4.3) that

1> appp D" (api] )2 (4.4)
p1213—0
Combining (4.1) with (4.4), we have A > 0. Further, A is strictly copositive from Lemma 2.1. O

Theorem 4.2. Let A = (a;,;,.;.) € R™" be symmetric withm > 4 and a;_; > 0 for all i € N. If
1
a;.(—=)""? - p([A;]-) > 0,Vi € N, 4.5)
\n
then A is strictly copositive.
Proof. Let (4, x) be a Pareto Z-eigenpair of A. Setting 0 < x, = mellvx{xl-} and referring to the p-th
IS

equation of (3.8), we obtain

n

2 _
/lxp = E Apiy...i XpXiy - + - Xi,

ap Px + Z [aplz lm]+xpxlz Z [a.mz lm] prlz

6P12 -im =0 Plz im=

Further,

2 m
Ax, z ap_ px, — Z [@piy..ip ] -XpXiy - .. Xi,

6/’i2 imzo
> ap px Z [aPIZ lm x xlm l'xlm
6[”2 Im_o
2 2
> a,. p Xy = xX,x [A)]x 2 a, X = x,p([A,]), (4.6)

where [A,]_ is defined in Theorem 3.2. Dividing both sides by xf) on (4.6), we deduce
A>a,, ,,x'"*z - p([A,]-). (4.7)

Since x,, = max{x,} and x"x = 1, we deduce x, > \f It follows from a; ; > 0 and (4.7) that

1> a,,...,,<W>'"‘2 — p([A,1). (4.8)

Combining (4.5) with (4.8), we obtain A > 0. Further, A is strictly copositive from Lemma 2.1. O
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A nice consequence of our results is that Theorems 4.1 and 4.2 are better than that of Theorem 5
of [29].

Lemma 4.2. (Theorem 5 of [29]) Let A = (ai,i,...) € R"™" be symmetric with a; ; > 0 fori € N.
Then, A is strictly copositive, provided that

L2 _p
a2 = R{A)- > 0. (4.9)

where Ri(A)_ = _ > lai,. i, -

125000y in€N

Corollary 4.1. Let A = (a;,;,.;,) € R"™" be symmetric with a;_; > 0 for i € N. Then,
am’\/% - /5__2 0([aii2i3]—)2 > am\/%; = Ri{(A)-, if m=3,
llzl3=
a;.i(5)" 2 = p([AL) 2 a3 ()" 2 — R(A)-,  otherwise m > 4.

Proof. 1t follows from a; ; > O that R;,(A)- = 3, las,. i, ]-- We now break up the argument into two
Siiy...im=0
cases.

Case 1. m = 3. It is clear that

D (a1 P < D [aii]- = R(A).

Siiyiz=0 Siiyiz=0

1 1
ajji—— — ([aii i3]—)2 > ajii— — Ri(A)-.
Vi \/z : Vi

Case 2. m > 4. We obtain

pUAL) < max > ag )< ) lai ] = R(A).-.

Further,

1<iy—1<n
12yeeesim—2,Im €N 0,0 im€EN
Consequently,
1 . I .
a; (—=)""" = p([Ail-) > a; (—=)""" = Ri(A)-.
( \/ﬁ) p([Ai]-) ( \/ﬁ) (A)
Therefore, the desired results hold. O

Identifying the strict copositivity actually necessitates A being symmetric. Therefore, symmetry
may be relatively strict for general tensors. We can solve this issue by symmetrizing the tensors A =
(aiir..;,) € R™M ag follows:

_ Qiiy...i, ifii=b=...=1ip
Qivioin = L 3 @y, otherwise,
i€

where A = (@i,i,..;.) € RI™" is the symmetrization tensor under permutation group I,
The following example shows that Theorem 4.1 can verify the strict copositivity more accurately
than that of Theorem 5 of [29] for m = 3 tensors.

AIMS Mathematics Volume 9, Issue 11, 30214-30229.
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Example 4.1. Consider a tensor A = (a;jx) € R32 defined by

_ 1. — —_1
i = 61111—5,61112——5,61121— —35:d122 = 0;
ijk = —1-
ax = 1;a011 = —3;a012 = 03421 = 0.

It is easy to see that A is symmetric with

(5I1213 =0 0
1 5v2-2
arn—— — ([aziis]-)* = ——— >0,

which means that A is strictly copositive.
Referring to Theorem 5 of [29], we deduce

1 5v2-8
an—=-Ri(A)- = —F—F—<0.

2 20

Therefore, it is impossible to judge the strict copositivity of A with Theorem 5 of [29].
When A is asymmetric, we still identify the strict copositivity of tensors by Theorem 4.1.

Example 4.2. Consider a tensor A = (a;j) € R1*? defined by

_ 1. _ 1 2 _ 0
o _ ) am =5 anm = 10,61121 =—5ia12 = 0;
ik = = Lay = 0;am1 =0
arpp = Lidaz) = 10,(1212 =Ysaxn =V
Observe that A is asymmetric from aj1, = —15,a521 = —% and ay11 = —15. Therefore, we cannot

directly use Theorem 4.1 to judge whether A is strictly copositive. Symmetrizing A, we obtain A with

~ _l.z  __l.z _ _l.= _0.

T = ainn = 3,412 = —35,4121 = —35,4122 = 0;

k=Y =  _ 1.7,  —_l= _075. —
ayn = lya1 = —3,212 = 0;axn; = 0.

It is easy to see that Ais symmetric with

2
61111—— Z (alzm =—>0,

(5I1213 =0 0
5v2-2
61222— - ([aziyis]-)? = >0,
\/— 62122[}() 213 0

which implies that A s strictly copositive. Taking into account that Ax® = Ax® > 0, we deduce that
A is strictly copositive.

In what follows, we reveal that the results of Theorem 4.2 are sharper than those of Theorem 5
of [29] for m > 4 tensors.
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Example 4.3. Consider a tensor A = (a;ji) € R*2! defined by

ayin = 36;a1112 = ajar = ani = azn = 50;

| axm = 665a112 = aing = ainin = —10;
ajjkl = _ _ _ = 70:
a1 = A2 = 4122 = A1222 = N

ani = ax = azip = —20.

First, we rewrite

0 10 20 20
[Al]—:llo 10]’ [AZ]‘:[zo 0]

and compute

01111(%)2 —p([B1]-) = 1.8197 > 0, azzzz(%)z —p([B2]-) = 0.6393 > 0,

which means that (A is strictly copositive.
Recalling to Theorem 5 of [29], we obtain

1
611111(%)2 -Ri(A_-=-12<0.

Consequently, we cannot judge the strict copositivity of ‘A from Theorem 5 of [29].

5. Conclusions

In this paper, we proposed sharp Pareto Z-eigenvalue inclusion intervals for tensor eigenvalue
complementarity problems via the spectral radius of symmetric matrices. Further, we proposed some
criteria to confirm the strict copositivity of real tensors. It may be possible to conduct additional
research to create some algorithms for tensor eigenvalue complementarity problems using Pareto Z-
eigenvalue intervals, such as parametric algorithms and ADMM algorithms [5,23, 28].
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