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1. Introduction

A hypergraph, denoted by H, is an ordered pair (V(H), E(H)), where V(H), called the set of
vertices, is a finite set and E(H), called the set of edges, is a collection of subsets of V. We call the
number of elements in V(H) and E(H) the order and size of H, respectively. For convenience, let n
and m denote the order and size of a hypergraph, respectively. A hypergraph is said to be k-uniform if
le]| = k for all e € E(H). In particular, we call a 2-uniform hypergraph a graph. For a hypergraph H,
the degree of a vertex v in V(H), denoted by d,, is the number of edges in E(H) are incident with v.
All hypergraphs we consider in this paper are finite and without isolated vertices. For the terminologies
and concepts not defined here, we refer the readers to [3,4].

In 2021, Gutman [7] defined the following new topological index of a graph G, called the Sombor
index:

SOG) = Y \Jd2+d. (1)

uveE(G)
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It has generated much research due to its wide range of applications, see the papers [1,2, 6, 10,
11, 13]. Sombor index is a vertex degree based topological index defined for graphs and therefore,
provides information about the size, shape, and branching of molecular structures. It is utilized in
QSAR (quantitative structure-activity relationship) studies.

Hypergraphs find application in chemistry when modeling molecules or chemical reactions involv-
ing multiple atoms bonding simultaneously. Unlike graphs, hypergraphs can represent interactions
involving more than two atoms, which is particularly relevant for reactions with complex bonding pat-
terns and for capturing molecular properties that arise from multiple atom groupings. Hypergraphs
offer a more accurate depiction of certain chemical scenarios, such as transition states in reactions,
which involve multiple atoms simultaneously changing their bonding configurations. The lack of a
convenient representation for molecules with delocalized polycentric bonds is the main drawback of
the structure theory. Therefore, these problems can be resolved by hypergraph representation of the
molecules, which is known as molecular hyppergraphs. For more results on topological indices related
to hypergraphs, we refer the readers to references [5, 8,12, 14].

In [9], Liu et al. collected the existing bounds and extremal results related to the Sombor index and
its variants. Recently, Shetty and Bhat [12] extended this index to hypergraphs as follows:

SO'(H)= )’ [Z df]é .

ecE(H) \ vee

Contrasting with the Sombor index of ordinary graphs, the Sombor index of hypergraphs is in its
infancy. In this paper, we further research the above Sombor index for hypergraphs. We define the
Sombor index of a hypergraph H by

SO(H)= ' (Zd’f')i.

ecE(H) \ vee

In particular, if H is a k-uniform hypergraph, then

SO(H)= ) (d§l+d’;2+‘--+d’;k)%. )

V1V, JEE(H)

Clearly, if H is a 2-uniform hypergraph, then the Sombor index of H given by Eq (2) will degen-
erate to the Sombor index of the graph given by Eq (1). Therefore, the Sombor index we define can be
viewed as a generalization of the Sombor index defined by Gutman [7].

This paper focuses on the Sombor index for k-uniform hypergraphs. In Section 2, we first obtain an
upper bound for the Sombor index of a k-uniform hypergraph of size m. An upper bound of the Sombor
index of a k-uniform linear hypergraph of order n is given. We also obtain a Nordhaus-Gaddum type
result for the Sombor index of k-uniform hypergraphs. In Section 3, we focus on k-uniform linear
hypertrees. We obtain upper and lower bounds of the Sombor index of k-uniform hypertrees, and
demonstrate the tightness of the bounds
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2. k-uniform hypergraphs

In this section, we study the Sombor index of k-uniform hypergraphs. We first give an upper bound
of the Sombor index of k-uniform hypergraphs.

Theorem 1. Let H be a k-uniform hypergraph of size m. Then
1

SO(H) < m((k — D + 1)?.

Moreover, the equality holds if and only if n > m + k — 1 and every edge of H contains (k — 1) fixed
elements in V(H).

Proof. 1t is sufficient to consider a k-uniform hypergraph H of size m without isolated vertices. So we
may assume that d, > 1 for any v € V(H). Since |e; Ney| < k— 1 for any two edges e; and e, in H, we
have

d,, +d,+---+d, <(k—1Dm+1,

for any edge {v{, s, ..., v} € E(H). To obtain the maximum value of S O(H), we may assume that for
any edge {vi, v, ..., v} € E(H),

dy,+d,+---+d, =(k—1m+1.

Without loss of generality, assume thatd,, > d,, > ... >d,,. Note that 1 <d, <mforl <t <k.

We now prove a claim. Let xy,...,x; be positive integers with 1 < x; < m, x; > ... > x; and
X1+ +x,=(k-Dm+1.

Claim 1. x} + - -+ + x{ < (k— 1)m* + 1, and the equality holds if and only if x; = - - - = x,; = m and
X = 1.

Proof of Claim 1. Suppose x;_; < m—1,and x; > 2. Lety,.;y = x,-1 + 1, v = x — 1 and

yi=x;forl <i<k-2. Let f(x) = (x+ ¥ = x*. Then f'(x) = k(x + D' — kx*"!' > 0. Thus,
fo) = fg = 1) > 0. So

Yoo+ ¥ — (g + 20 = (oo + D+ (= DF = (o + 1) > 0.
Therefore
Vit 3= @+ x) = v+ Y= (g + 20 > 0,

a contradiction. O
By Claim 1, we have dj, +df +---+d{ < (k—1m* + 1 for any edge {v,v2,..., v} € E(H). So

=

SO(H) = Z (d +d +-+d)

V1v2,. i JEE(H)

< > (k=Dmt+1)

V1v2,.. i JEE(H)

i

= m((k— D + 1)% .

Moreover, we note that the equality holds if and only if n > m + k — 1, and every edge of H contains
(k — 1) fixed elements in V(H). O
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A hypergraph H is linear if each pair of edges of H has at most one common vertex. A Steiner
system S(2,k,n) is a k-uniform hypergraph on [n], in which every pair of vertices is contained in
exactly one edge.

In particular, we have the following bound of the Sombor index for a k-uniform linear hypergraph.

Theorem 2. Let H be a k-uniform linear hypergraph of order n. Then

nin—1)>?
Moreover, the equality holds if and only if every pair of vertices of ‘H is contained in exactly one edge,
which is a Steiner system S (2, k, n).

SO(H) <

Proof. Since H is linear, any pair of vertices is contained in at most one edge. Therefore, considering
the number of pairs of vertices, we have
k ("
m = s
2 2

D) Note that the equality holds if and only if every pair of vertices of H is contained

and then m < D)

in exactly one edge. Since H is linear, we have d, < % for any v € V(H). Thus

=

SOH)= > (d +di+-+db)

{vl,V2 ..... vk}EE(W)

ol (=) e (2]

2
<k 1 nn—1)
k(k — 1)?
_n(n-— 1)?
KT (k- 1)
Thus the equality holds if and only if every pair of vertices of  is contained in exactly one edge, that
is a Steiner system S (2, k, n). |

A hypergraph is r-regular if every vertex has degree r. A k-uniform hypergraph H is complete if
E(H) is the collection of all subsets of k elements in V(). A k-uniform hypergraph H is empty if
E(H) is the empty set. For a k-uniform hypergraph H, the complement of H, denoted by H, is defined
to be the k-uniform hypergraph whose vertex set is V(H) and whose edges are all subsets of k elements
in V(H) do not belong to E(H).

We have the following Nordhaus-Gaddum type result for the Sombor index of k-uniform hyper-
graphs.

Theorem 3. Let H be a k-uniform hypergraph of order n. Then

1 i(n—1\(n — 1fn—1\(n
Ek (k— 1)(k)SSO(7-()+SO(7‘()Sk (k— 1)(1()'

Moreover; the first equality holds if and only if (Zj ) is even, and both H and H are %(Z:})-regular
k-uniform hypergraphs. The second equality holds if and only if H is complete or empty.
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Proof. Let |E(H)| = m; and IE(ﬁ)I = my. Clearly, my + m, = (2) We first consider the upper bound.
By the definition, we have

==

SO(H) = Z (df +d + -+ db)

{(vi,v2,.. v JEE(H)

n—1\ (n-1\ n—lk%
< E + + o+
k-1 k-1 k-1
vi,v2,.... i JEE(H)

-1
= ki(z_ 1)m1

SO(H) + S O(H) < ki(

Therefore

n

-1
- 1)(ml + my)

AR

Clearly, the equality holds if and only if H is complete or empty.
We now consider the lower bound. By the definition of the Sombor index and Jensen’s inequality,
we have

1
SOH)= > (d +df+-+d)
{vl,vz ..... vk}eE(‘H)
1

d, +d,, +---+d, “\
> E (k ( k
(v1,v2,.. ik JEE(H)

=k Y (dy+dy++dy)

(V1,25 Vi }EE(H)

i=1

n 2
> k%—ln (Zi=1 dv,-)

n
= ki“lmf,
n
where the first equality holds if and only if for any {v;,v,,...,w} € E(H),d,, =d,, = --- =d,,, and
the second equality holds if and only if d,, = d,, =--- =d,,.

Therefore
— 1
SO(H) + SO(H) = kx*' —(m? + m3).
n

By Jensen’s inequality again, we have

s o my+m\2  1(n)\
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where the equality holds if and only if m; = ms,.
Thus

— 1 i k(n\
SO(H) + SO(H) > —kt =
2 n\k

()

Clearly, the equality holds if and only if (Zj) is even and H and H both are %(Zj)—regular k-uniform
hypergraphs. O

3. k-uniform linear hypertrees

In this section, we focus on the Sombor index of k-uniform linear hypertrees.
In a hypergraph H, an alternating sequence

(vi, e, va, e, Vg, 4, Vge1)
of vertices and edges satisfying the following three conditions:
(i) vi,..., v, are all distinct vertices of H;

(ii) ey, ..., e, are all distinct edges of H;
(iii) v,, v,y €e.forr=1,...,q,

is called a path connecting v; to v, and we call g the length of this path. The distance of two
vertices u and v in a hypergraph H, denoted by dg(u,v), is defined as the length of a shortest path
connecting them.

A hypergraph is called a hypertree if every pair of vertices is connected by a unique path. An
edge of a k-uniform hypergraph is called a pendent if it contains at least k — 1 vertices of degree 1.
Furthermore, a vertex of degree 1 is called pendent vertex if it is contained in a pendent edge.

We first obtain an upper bound of the Sombor index of k-uniform linear hypertrees.

Theorem 4. Let T be a k-uniform linear hypertree of size m. Then

SOT) <m(mh+k-1)".
Moreover, the equality holds if and only if all edges of H meet a vertex in V(H).

Proof. By the definition, we have

1
SOT) = . (di+daewd)
{(vi.v2,.. i JEE(H)
i
(S @earra)|
{(vi,v2,..v JEE(H)
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where the first inequality is obtained by Holder’s inequality. Moreover, we note that the equality holds
if and only if all edges of H meet a vertex in V(H). O

To obtain a lower bound of the Sombor index of k-uniform linear hypertrees, the following prepara-
tory work is necessary.

Lemmal. Fora>b>1>1landk> 1, (a+ D"+ (b - DF > d* + b*.

Proof. Let f(x) = (x + )* — x* for x > 0. Then f’(x) = k(x + )*! — kx*! > 0 for x > 0, where f'(x)
denotes the derivative of f(x). Therefore, f(a) > f(b — 1), thatis, (a + ) + (b — ) > a* + b*. o

We now define an operation of moving edges for a linear uniform hypertree containing vertices of
degree at least 3. Let 7 be a linear k-uniform hypertree containing vertices of degree at least 3. Taking
a pendent vertex u of 7, let v be the vertex with d, > 3 such that ds(u, v) < dr(u, w) for any vertex w
with d,, > 3. Lete = {v,vy,v,,..., 1} be an edge such that the path from u to v contains no e. Let 7~
be the hypertree obtained from 7 by replacing e with {u, v, v, ..., v—1}. We say that 7 is obtained
from 7" by moving e from v to u.

Clearly, for a linear uniform hypertree containing vertices of degree at least 3, we can obtain a
linear uniform hypertree containing no vertices of degree at least 3 by a finite number of operations of
moving edges.

For convenience, we fix the following notations. For any edge e of a hypertree 7 and v € e, define
Sre) = Qe d’v‘)% and sy(e = v) = X con d*. For any vertex v of a hypertree 7, denote by I'(v) the set
of edges incident with v in 7.

Lemma 2. Let T be a linear k-uniform hypertree of order n with the minimum Sombor index among
all linear k-uniform hypertrees of order n. Then d, < 2 for all v e V(7).

Proof. Assume that 7 is a linear k-uniform hypertree of order n containing at least a vertex of degree
at least 3. Taking a pendent vertex u of 7, let v be the vertex with d, > 3 such that d(u, v) < ds(u, w)
for any vertex w with d,, > 3. Let e; = {u,u;,us,...,u;_1} be the pendent edge containing u. Since
d, > 3, there exists an edge e; = {v, vy, V2,...,Vi_1} in 7 not contained in the path from u to v. Let 7~
be the hypertree obtained from 7~ by moving e, from v to u. Let €}, = {u, vy, v, ..., vi_} be the edge in
T corresponding to e,. Clearly sq(e; —v) = sy (e, — u). We now divide the proof into two cases.

Case 1. d(u,v) = 1.

Clearly, in this case, {u, v} C e;. By definition,

SOT)-SO0T")

=D Sr(© —[Z S () +Sr,~,(e'2))

eel'(v) e€l'(v)
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=S7(e1) — Sy (e1) + S7(ex) = Sy(e3) + Z (S7(e) =S (e)

el (v)\fe1,e2}
:Qﬁ+k—1f-(an—1f+2k+k—2f
+ (ol]vc + s7(ey — v))% - (Zk + sy (e — u))%

+ Z ((d’v‘ + s7-(e — v))% - ((dv - DF+ sp(e - v))i).

ecl(v)\{e1,e2}

By Lemma 1, we have d* + 1 > (d, — 1)¥ + 2*. Then

-

Qﬁ+k—0%—«¢—1f+2k+k—@'>o

Clearly, for d, > 3,

i
-

(d’v‘ + s7(ey — v)) > 0,

and for e € I'(v) and ¢ # ey, e,,

— (2 + 57y — w)

==
i

(¥ + s7(e = )" = ((d = D} + s7(e = )" > 0.

Therefore, we have
SOT)-SOT") > 0.

Case 2. dr(u,v) > 2.
By definition, we have

SOT)-SO(T")

= > Sr(e)+ Srlen) - ( D Sre)+Sri(eh) + Sfr/(el))

ecl'(v) e€l'(v)

=Sq(e1) =Sy (er) + Sq(er) = Sy (ey) + Z (S7(e) =S (e)

el (v)\{ez}
:@k+k—1f—(ﬁ“+k—2ﬁ
+ (d’v‘ + s7(ey — v))% - (2" + sy (e — u))%

S (e srtemw) (- 0 srte ) ).

el (n)\{ez}
Clearly, for e e I'(v) \ {e»},
1 1
(d + sr(e =)' = ((d = DF + s7(e = )" > 0.
Then

SOT)-SO(T")
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=

>(2"+k—1)%—(2"“+k—2)

=

1
+(d + sr(ea =)' = (25 + s7(e5 - w)" .
Therefore, to show that SO(7) — SO(7) > 0, it is sufficient to prove
(@ + D)t — (2 + b)t > 2 4k —2)t — (2% + k- )7,

where a = d, > 3 and b = sy(e; —v) = sq (e, — u). Since

k 2
at — 2kl > 3k okl — ok ((%) -~ 2) > 27 ((%) -~ 2] > 1,

that is, a* > 21 + 1, we have
(@ +b)t — (2% + b)E > 2K + b — 1)k — (2% + b)E.
Let f(x) = (x + 2K - 1)i —xtonx>0. Clearly f’(x) > 0 when x > 0. Therefore we have
Qb= 1E = 2+ b)F = QM + k= 2)F — (X + k- 1)F
for b > k — 1. This completes the proof. O

We now present a tight lower bound of the Sombor index of k-uniform linear hypertrees.

Theorem S. Let T be a k-uniform linear hypertree of size m. Let g and r be two integers satisfying
(k—2m+2=(k—-1)g+rand0<r<k—1. Then

SOT) = 2(m— g — Dkt + g% + k — 1)f + ((k — )2 + r)t.

Moreover, the equality holds if and only if T has the maximum number of pendent edges among all
k-uniform linear hypertrees of size m, where the degree of every vertex is at most 2.

Proof. We assume that 7~ has the minimum Sombor index among all k-uniform linear hypertrees of
size m. By Lemma 2, we have d, < 2 for all v € V(7). Let E; denote the set of edges with degree
sequence (2,1,1,...,1) and E, denote the set of edges with degree sequence (2,2, ...,2).

Claim 1. 7 has at most one edge e such thate ¢ E; U E,.

Proof of Claim 1. Assume, for a contradiction, that e; = {u,...,u;} withd,, = --- =d,, =2 and
dy,, =-=d, =1ande, ={v,...,»n} withd,, =---=d, =2andd,, 6 =---=d, =1 Without
loss of generality, we may assume that 2 < r < s < k — 1. Since e, contains at least two vertices
of degree 2, there exists an edge e; such that e; N e, # 0. Assume, without loss of generality, that

es N ey = {v;}. Let 7' be the hypertree obtained from 7~ by moving e; from v; to u,,;. Then

SOT)-SO(T")
=Sq(e)) +Sq(er) — (S (er) + S7(e2))

:(s2k+k—s)%+(t2k+k—t)%
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—(((s+1)2k+k—s—1)i+((t—1)2k+k—t+1)’l‘).

Seta=s2+k-—s,b=12+k—t,c=(s+1)2*+k—s—1andd = (t — 1)2* + k — ¢ + 1. Note that
a+b=c+dandc>a>b>d. Let f(x) = xt + (I— x)t. Then f(x) is monotonically increasing in the
interval (0, %) and monotonically decreasing in the interval (%, [). Therefore, at +bt > ct +d %, which
implies that SO(7") — SO(7”) > 0. Then a contradiction is clear. Thus, the claim holds. |

Since 7 has m edges and d, < 2 for all v € V(7"), it follows that 7~ has m — 1 vertices of degree 2.
Since km = 3,y dy, T has km —2(m — 1) vertices of degree 1. Recall that (k—2)m+2 = (k—1)g +r,
where 0 < r < k — 1. We now consider the following two cases.

Casel.r>1.

In this case, by Claim 1, there exists a unique edge e of 7 such thate ¢ E; U E,. Then

SOT) = 2(m — g — Dkt + q(2* + k — Df + ((k — r)2F + r)t.

Case2.r=0.
In this case, by Claim 1, for any edge e of 7, either e € E| or e € E,. Clearly, g = % Then

SOT) = 2(m — @kt + g(2* + k — 1)z,

Note that the expression of S O(7") in Case 2 when r = 0 is consistent with that of Case 1. Therefore,
we obtain the lower bound. Moreover, note that 7~ has the maximum number of pendent edges in all
k-uniform linear hypertrees of size m where the degree of every vertex is at most 2. O

Further, Theorem 5 is also a tight lower bound of the Sombor index of connected k-uniform linear
hypergraphs.

4. Conclusions

Different from the definition of the Sombor index given by Shetty and Bhat [12], we define the
Sombor index for hypergraphs from another perspective. Clearly, it is more suitable for the structures
of hypergraphs and can be viewed as a generalization of the Sombor index defined by Gutman [7]. We
obtain several upper and lower bounds of the Sombor index of uniform hypergraphs. In particular, a

comparison of S O’(H) and S O(H) has been listed as Table 1.

Table 1. A comparison of S O’(H) and S O(H).

Sombor index SO (H) SO(H)
‘H: k-uniform hypergraph on n vertices SO'(H) < \/%(Z)(n_l) SO(H) < W(Z)(n_l)

k-1 k-1
7. k-uniform linear hypertree of sizem SO'(T)<mVm?>+k—-1 SOT) < m\mk + k — 1
F: Fano plane SO(F)=17V27 SOF) = 7V81

Fano plane is the unique hypergraph with 7 edges on 7 vertices in which every pair of vertices
is contained in a unique edge. It is easy to see that the results in the table above are the same for a
2-uniform hypergraph. A natural problem is:

Problem 6. What are the bounds of the Sombor index of general hypergraphs?

AIMS Mathematics Volume 9, Issue 11, 30174-30185.



30184

Author contributions

X. W. Wang: Conceptualization, Investigation, Methodology, Writing-original draft, Writing-
review, editing. M. Q. Wang: Conceptualization, Methodology, Supervision, Writing-review, editing.

Acknowledgments

The authors thank two referees whose kind suggestions largely improve the quality of this pa-
per. This work was supported by the Natural Science Foundation of Shandong Province [No.
ZR2023QA080] and Yantai university doctoral research start-up fund [No. SX22B208].

Conflict of interest

The authors declare that they have no conflict of interest.

References

1. S. Alikhani, N. Ghanbari, Sombor index of Polymers, MATCH Comun. Math. Comput. Chem., 86
(2021), 715-728.

2. S. Amin, A. Virk, M. Rehman, N. Shah, Analysis of dendrimer generation by Sombor indices,
Hindawi J. Chem., 86 (2021), 1-11. https://doi.org/10.1155/2021/9930645

3. C. Berge, Hypergraphs: Combinatorics of Finite Sets, North-Holland Mathematical Library, Else-
vier Science, 1984.

4. A. Bretto, Hypergraph theory. An introduction, Mathematical Engineering. Cham: Springer, 2013.

A. Dobrynin, Wiener index of uniform hypergraphs induced by trees, Open J. Discret. Appl. Math.,
2 (2019), 19-22. https://doi.org/10.30538/psrp-odam2019.0019

6. X. Fang, L. You, H. Liu, The expected values of Sombor indices in random hexagonal chains,
phenylene chains and Sombor indices of some chemical graphs, Int. J. Quantum Chem., 121 (2021),
€26740. https://doi.org/10.1002/qua.26740

7. 1. Gutman, Geometric approach to degree-based topological indices: Sombor indices, MATCH
Commun. Math. Comput. Chem., 86 (2021), 11-16.

8. H. Liu, N. Xue, Z. Zhu, On the signless Laplacian Estrada index of uniform hypergraphs, J. Math.
Chem., 121 (2021), €26579. https://doi.org/10.1002/qua.26579

9. H. Liu, I. Gutman, L. You, Y. Huang, Sombor index: review of extremal results and bounds, J.
Math. Chem., 60 (2022), 771-798. https://doi.org/10.1007/s10910-022-01333-y

10. I. Milovanovi¢, E. Milovanovi¢, M. Mateji¢, On some mathematical properties of Sombor indices,
Bull. Int. Math. Virtual Inst., 11 (2021), 241-353.

11. I. RedZepovi¢, Chemical applicability of Sombor indices, 86 (2021), 445-457.

12. S. Shetty, K. Bhat, Sombor index of Hypergraphs, MATCH Commun. Math. Comput. Chem., 91
(2024), 235-254.

AIMS Mathematics Volume 9, Issue 11, 30174-30185.


https://dx.doi.org/https://doi.org/10.1155/2021/9930645
https://dx.doi.org/https://doi.org/10.30538/psrp-odam2019.0019
https://dx.doi.org/https://doi.org/10.1002/qua.26740
https://dx.doi.org/https://doi.org/10.1002/qua.26579
https://dx.doi.org/https://doi.org/10.1007/s10910-022-01333-y

30185

13. Z. Wang, Y. Mao, Y. Li, B. Furtula, On relations between Sombor and other degree-based indices,
J. Appl. Math. Comput., 68 (2022), 1-17. https://doi.org/10.1007/s12190-021-01516-x

14. G. Yu, R. Wu, X. Li, The connective eccentricity index of hypergraphs, Mathematics., 10 (2022),
4574. https://doi.org/10.3390/math10234574

@ AIMS Press

AIMS Mathematics

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 9, Issue 11, 30174-30185.


https://dx.doi.org/ https://doi.org/10.1007/s12190-021-01516-x
https://dx.doi.org/ https://doi.org/10.3390/math10234574
https://creativecommons.org/licenses/by/4.0

	Introduction
	k-uniform hypergraphs
	k-uniform linear hypertrees
	Conclusions

