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1. Introduction

Let R be a commutative ring with unity and A be an algebra over R. Let N be the set of
nonnegative integers and L = {L,},.y be a sequence of R-linear mappings L, : A — A such that
Ly = Id,. If L.(xy) = . Li(x)L;(y) holds for all x,y € A, then L is said to be a higher derivation. If

i+j=r
L.([x,y]) = 2 [Li(x),L;(y)] holds for all x,y € A, then L is said to be a Lie higher derivation. If
i+j=r
Lr(Pn(Xl, X2yeuns Xn)) = Z Pn(Li1 (Xl), L,’z(X2), ey L,’n(.xn)) holds for all X1,X2,...,X, € A, then
i1 +ia++ip=r
L is said to be a Lie n-higher derivation, where p,(x;, x, ..., X,) is the (n — 1)-th commutator.

In 2003, Cheung [1] studied Lie derivations on triangular algebras and provided sufficient
conditions under which every Lie derivation is the sum of a derivation and a linear mapping into its
center. Yu and Zhang [2] extended the above result to nonlinear Lie derivations on triangular algebras
in 2010. In 2012, Xiao and Wei [3] studied nonlinear Lie higher derivations L = {L,},cy on triangular
algebras and obtained, under certain conditions, that each component L, can be expressed as a sum of
an additive higher derivation and a nonlinear mapping that vanishes on all commutators. Qi [4]
characterized Lie higher derivations on triangular algebras by acting on zero products and acting on
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idempotent products. In 2023, Ashraf et al. [5] described Lie-type higher derivations of triangular
rings by acting on zero products. In 2011, Benkovi¢ [6] studied generalized Lie derivations on
triangular algebras. Subsequently, Lin [7] investigated generalized Lie n-derivations on triangular
algebras based on the above results. BenkoviC [8] revisited the study of generalized Lie n-derivations
by employing commuting and centralizing mappings on triangular algebras. Ashraf and Jabeen [9]
considered the nonlinear generalized Lie triple higher derivation L = {L,},cy on triangular algebras
and proved that, under certain assumptions, each component L, can be expressed through an additive
generalized higher derivation and a nonlinear mapping that annihilates on all second commutators.

These observations motivate us to investigate the nonlinear generalized Lie n-higher derivations on
triangular algebras.

2. Preliminaries

Let A and B be unital algebras, and let M be a unital (A, B)-bi-module, which is faithful as a left
A-module and also as a right B-module. The set

fu:Tri(A,M,B):{(g ’Z)|aeA,meM,beB}

is an associative algebra under the usual matrix operations. Let 1, and 15 be identities of the algebras

La
0
paper, we shall use the following notation:

I, O 0 0
P_(O 0)’Q_(O 13)'
Accordingly, U can be written as U = PUP & PUQ & QUQ, where PUP is a sub-algebra of U
isomorphic to A, QU Q is a sub-algebra of U isomorphic to B, and PUQ is a (PUP, QU Q)-bi-module
isomorphic to the bi-module M. In order to simplify, we are going to employ the following symbols
Uy = PUP, Uy, = PUQ, Uy = QUQ. Define two natural projections mqy,, : U — U,y and mqy,, :
U - (lez by ﬂ«yll(U“ +Upp + U22) =Uy and 71'7122(U11 +Upp + U22) = Uy, where Uy, e (L[U, Up, €
U\, Uy € Uyp. 1tis easy to see that mqy, (Z(U)) is a sub-algebra of Z(U,) and that e, (Z(U)) is a
sub-algebra of Z(U,,). According to [10, Proposition 3], there exists a unique algebraic isomorphism
T 7T’ZI|1(Z((L[)) - 7T«L(22(Z((L[)) such that UnUp = U]zT(U]]) for all Uy € 7T’LI11(Z((L[))’ Uy € 7/112.
Benkovic [11] proposed the following condition for studying Lie n-derivations on triangular algebras.
Suppose that A is an associative algebra such that for each a € A,

A and B, respectively, then [ = ( 10 ) is the identity of the triangular algebra U. Throughout this
B

[[a,A],A] =0 = [a,A] = 0. (2.1)

The above condition (2.1) is very important for studying mappings on triangular algebras, and at the
same time he provided the following two remarks.

Remark 2.1. /11, Remark 2.1] Let U be a triangular ring. For any U € U and for any integer n > 2,
we have

p(UP,...,P)=(=D)"'"PUQ and  p.(U,Q,...,0) =PUQ.
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Remark 2.2. [11, Remark 2.2] Let U € U. If [U, PUQ] = 0, then PUP + QUQ € Z(U).

The concepts outlined below are necessary for this paper.

Let A be an associative algebra and Z(A) be the center of A. A mapping F : A — A is said to be
additive modulo Z(A) if F(x +y) — F(x) — F(y) € Z(A) for all x,y € A. If nx = 0 implies x = 0, for
some positive integer n € N and arbitrary x € A, then A is called n-torsion free.

We denote the following sequence of polynomials:

pi(x1) = xq,
P2(x1, x2) = [p1(x1), X2] = [x1, %21,

p3(x1, X2, x3) = [pax1, X2), x3] = [[x1, X2], x3],

pn(xl, X2y ey xn) = [pn—l(xla X2yeees -xn—l)’ xn]~

The polynomial p,(x;, X2, ..., Xx,) is said to be an (n — 1)-th commutator (n > 2).
Let N be the set of nonnegative integers and G = {G,},cy be a sequence of nonlinear mappings
G, : U — U such that Gy = Idq. Then, for all x;, x», ..., x, € YU, G is said to be a:
(i) Nonlinear generalized higher derivation on U if there exists a higher derivation L = {L,},y such
that Ly = Idq¢; and
G, (x1x2) = Z Gi(x1)Lj(xy).

i+j=r
(ii) Nonlinear generalized Lie higher derivation on U if there exists a Lie higher derivation L = {L,},cn
such that Ly = Idq, and

Golxi, x2]) = ) [Gi(xn), L))

i+j=r
(iii) Nonlinear generalized Lie n-higher derivation on U if there exists a Lie n-higher derivation L =
{L,},ey such that Ly = Idq; and

G (Pu(x1, X2, ..., X)) = Z Py(Gi (x1), Li(x2), - . ., Ly, (x)).
i1 +ig+-+ip=r

If G is a nonlinear generalized Lie n-higher derivation, then when r = 1, G, is in fact a nonlinear
generalized Lie n-derivation, i.e., there exists a Lie n-derivation L; such that

G1(Pu(x1, X2, ..., X)) = Pu(G1(x1), X2, ..., Xp) + Z Py(x1,x2, ..., Li(x), ..., Xp)
i=2
for all xy, x,, ..., x, € YU. In this case, according to [5, Theorem 3.1], there exist a derivation d; : U —
U and a mapping 7, : U — Z(U) satisfying 7((P,(x1, X2, ..., x,)) = 0 such that L,(x) = d;(x) + 71(x)
for all x € U. Moreover, L; and d, satisfy the following properties:

Li(P) € Ux + Z(U), Ly (Uy) € U,

Li(Q) € Uyx + Z(U), Li(I) € Z(U),

Li(Uy) CUL + U+ Z(U), Li(Uxn) CUn +Up + Z(U),
di(P),d\(Q) € Uya, di(Uy) € Uno,

di(Uy) €U + Uy, di(Uy) € Uy + Up,.
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Although Lin also used the condition PG(x)Q = 0 to describe the nonlinear generalized Lie n-
derivations on triangular algebras, we will characterize the nonlinear generalized Lie n-derivations in a
new way using the above result. Furthermore, this paper will use the method of induction on r to study
the generalized Lie n-higher derivations, and the generalized Lie n-derivations are precisely the case
of r =1.

In Section 2, we present the preliminaries and tools that are necessary. Section 3 investigates the
generalized Lie n-derivations in a new manner. Subsequently, the generalized Lie n-higher derivations
were studied through induction on r in Section 4.

3. Nonlinear generalized Lie n-derivations

This section will prove that a nonlinear generalized Lie n-derivation G, of the triangular algebras U
can be expressed as the sum of an additive generalized derivation and a nonlinear mapping vanishing
on all (n — 1)-th commutators on U. To start, we will provide the following lemma.

Lemma 3.1. Let U = Uy, + U2 + Uy be a triangular algebra. Suppose that U satisfies the following
conditions:

(i) 7 (Z(U)) = Z(Uyy) and 7o (Z(U)) = Z(Uno);

(ii) Uy, or Uy, satisfies (2.1).

If G, is a nonlinear generalized Lie n-derivation on U, then G, = w; + fi, where wy : U — U is
additive modulo Z(U) and f, : U — Z(U) satisfies f1(U;,) = {0}.

Proof. The definition of G, implies that

G1(0) = G, (P,(0,0,...,0))
= P,(G(0),0,...,0)+ P, (0,L,(0),...,0) +---+ P,(0,0,...,L;(0))
=0.

Therefore,
G1(0) =0. 3.1

Since P, (U1, Uxn, Uiz, O, ..., 0) = 0, it follows that

0=G; (Py(U11,Un, U2, Q, ..., 0))
=P, (G1(U11), U, U12,0,...,0) + P, (U1, Li(Ux), U2, O, ..., 0)
+o+ Py (Ui, U, Ui, O, ..., Li(Q))
=[[G1(U11), Ux2], Ur2] + [[U11, Li(U22)], Up2] .

It follows from Ll(ﬂzz) c 7/{22 + 7/{12 + Z(W) that [[Gl(U“), U22] , U12] = 0 for all U“ € 7/111, U22 S
U, U, € Uyp. In view of Remark 2.2, we have QG(U1)Q € Z(U»,). Likewise, PG(Ux»)P €
Z(Uy) can be derived from 0 = G (P,(Uxn, U1y, Uin, O, ..., Q)) for all Uy, € U,,. In conclusion,

G1(U11) =PG(U1)P - 7 (QG(U11)Q) + PG(U1)Q + 7 (QG(U11)Q) + QG1(U11)Q
Gﬂ]l + 7/112 + Z(ﬂ),
Gi1(Up) =PG(Uxn)P + 1(PG1(Ux)P) + PG(Ux)Q + QG (Uxn)Q — 7(PG(Ux)P)
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E(lez + (L[]Q + Z(qzl)

It follows that
G]((L[ii) C (L[,'i + (Lllz + Z((I/{),l € {1, 2} (32)

Set
fiU) =0G(PUP)Q + 7 (QG(PUP)Q) + PG1(QUQ)P + T(PG,(QU Q)P)

for all U € U. Obviously, fi(U) € Z(U), fi(Up) = {0} and f, (P,(Uy, Uy, ..., Uy,)) = 0 for all
Ui,U,,...,U, € U. Define a mapping w(U) = G(U) — fi(U) for all U € U. Next, we will prove
that w; : U — U is additive modulo Z(U).

By Uy, = P,(Uy», Q, ..., Q), we obtain

Gl(U12) :Gl (Pn(UU’ Q’ ) Q))
=P,(Gi(U12),0,...,0) + P, (U2, Li(Q),...,Q) + -+ P(U12,Q, ..., Li(Q))

=PG(U12)Q
for all Uy, € U},. Therefore,
Gi(U) € Up. (3.3)
According to (3.1)—(3.3), we arrive at
wi(0) =0, wi(Up) S Up, wi(Uy) < Ui+ U (3.4)

For any U;, € U, Uy, € U2, on the one hand, it follows from d,(Q) € U, that

Gi(Py (Ut +Up2,0,...,0)
=P,(G1(U11 +U12), 0,...,0) + P,(Un1 + Ur2, L1(Q), ..., Q)
+o+ Py(Un + U, O, ..., Li(Q))
=Py(w1(Un1 + U12), Q, ..., 0) + Po(Un1 + U12,di(Q), ..., Q)
+o+ Py(Un + Ui, O, ..., di(Q))
=Py (w1(U11 +Un2), O, ..., 0) + P,(Up1 + U12,di(Q), ..., Q),

and on the other hand, by (3.1), we get

Gi(Py (Ut +Up2,0,...,0)
=G(P,(U11,Q,...,0) + G1(Py(U12, O, ..., 0))
=P,(G1(Un), Q,...,0) + P,(Un, Li(Q),....,0) + -+ + P,(U11, O, ..., Li(Q))
+ Pu(G1(U12), O,..., Q) + Py(Ui2, Li(Q), ..., Q) + -+ + Po(Un2, O, ..., L1(Q))
=Py (w1(U11), Q; ..., Q)+ Py(U11,di(Q),....,O) + -+ + P(U11, 0, ..., d1(Q))
+ Py(w1(Un2), Q,...,0) + Py(Ur2, di(Q), ..., Q)+ -+ + Py(U12, O, ..., d1(Q))
=Py (w01(Un1), Q,...,0) + P,(U11,di(Q), ..., 0)
+ Py(w1(Un2), @, ..., 0) + Py(Ur2,di(Q), - .., O).
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Comparing the above two relations, we obtain

0=P(wi(Ui1 +Upp) —wi(Upn) —wi1(U12), O, ...,0)
=P(wi(Uy1 + Upp) — wi(U11) — wi(U2))Q.

Therefore,
wi (U +Up)—wi(Uny) —wi(Up) € Uy + Uy

forall Uy € Uy, Upn € Uyo. Based on

Gi(Py(Upt + U1, V12,0, ...,0))
=Py (w1(Un1 + U12), V12,0, ..., Q) + P,(U1 + U2, d1(V12), O, ..., O)
o+ Py(Un + U2, Vi, ..., di(Q))
=Py (wi1(Un1 + U12), V12,0, ..., Q) + P,(U11 + U12,d1(V12), O, ..., Q)

and

Gi(P,(Ui1 + U2, V12,0,...,0)
=G1(Py(U11, V12,0, ..., 0) + G1(P,(U12, V12, 0, ..., Q)
=P (w1(U11), V12, 0,...,0) + P,(U11,d1(V12), Q, ..., Q) + - + P,(U11, V12, O, ..., di(Q))
+ Py(wi1(U12), V12, O, ..., Q) + Py(U12,d1(V12), Q.. ., Q) + -+ + Pp(Ui2, V12, O, . .. ,d1(Q))
=Py (w1(U11), V12,0, ..., 0) + P,(U11,d1(V12), O, ..., Q)
+ Py(w1(U12), V12, O, ..., Q) + P,(U12,d1(V12), O, ..., O),

and comparing the above two equations, we arrive at

0 =P, (w1 (U1 +Up) —wi(Up) —wi1(U12), V12,0, ..., Q)
=[wi (U + Upp) — wi(Un1) — wi(Ur2), Vio]

for all Uy; € Uq1, Uiz, Via € U, It follows from Remark 2.2 that
wi(Un + Up) — wi(Uny) — wi(Uyz) € Z(U). (3.5)

Similarly, we have
w1 (Un + Up) — w1(Ux) — w1 (Ur2) € Z(U)

for all Uy € 7/[22, Up e 7/{12.
In view of (3.5) and d,(V}») € U},, we obtain

wi(Up + Vi) =G (P,(P+ U2, Q0+ V2,0, ..., Q)
=P, (w1(P+U1),Q+V12,0,....,0)+ P, (P+ U, di(Q + V12), 0, ..., Q)
+o+ Py (P+Up, Q0+ Vi, 0,...,di1(Q))
=P, (w1(P) + w1(U12), 0+ V12,0, ..., 0)
+ Py (P+ U, di(Q) +di(V12), O,...,0)
=w1(P)Vi2 + w1(P)Q + wi(U12) + di(Q) + di(V12)

(3.6)
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for all Upp,Vip € 7/112. Since
wl(VIZ) :Gl (Pn(P’ VlZ’ Q’ B Q))

:Pn(Gl(P)’VIZaQa"~5Q)+Pn(PaLl(VIZ)7Q7~"7Q)+"'+Pn(PaV12’Q""7L1(Q))

=w(P)Vi2 +di(Vi2)
and

OZGI(Pn(P5Q”Q))
P, (G1(P), Q,....,Q) + P, (P, Li(D),....,0) + -+ P, (P, O,...,Li(Q))
w(P)Q + di(0),

it follows from (3.6) that

wi(Upp +Vi2) = wi(Ur) + wi(Vi)
for all Uy, V12 € U 5. On the one hand,

Gi(P,(Upi + Vi1, U2, O, ..., Q)
=P, (Gi(Un + V1), U2, Q,..., Q) + P,(Un1 + Vi1, Li(U12), O, ..., Q)
+o+ Py(Uit + Vi, U, O, ..., Li(Q))
=P, (w1(U11 + V11), U12, O, ..., Q) + P,(Un1 + V11,d1(Un2), O, ..., O),

and on the other hand, it follows from (3.7) that

G (P,(Ui1 +Vi1,Up2,0,...,0)
=G1(Py(U11,U12,Q, ..., 0) + G1(Py(V11, U2, 0, ..., Q)
=P,(G1(Un1), U2, Q, ..., 0) + Po(U11, Li(U12), O, ..., Q)
+o+ Py(Ui, Ui, O, .., Li(Q) + Pu(Gi(Vi), Ui, O, ..., O)
+ P(Vit, LiU12), O, ..., Q) + -+ Po(Vi1, U2, O, ..., L1(Q))
=Py (w1(U11),U12, 0, ..., 0) + Po(U11,di(U12), O, ..., Q)
+ Py(wi(V11), U12, O, ..., Q) + P,(V11,d1(U12), O, . .., Q).

Comparing the above two relations, we have
0=P,(wi(Uy1 +Vi1) —wi(Uy1) —01(V11), U2, 0, ..., 0)
=(wi(Uy1 + Vi) — w1 (Uy1) — 01 (Vi) Up.
Since U\, is faithful as a left U, ;-module, we get
w1 (U + Vi)P = wi(Ui)P + w(Vi))P
for all Uy, Vi1 € Uy,. Since P,(Uyy, O, ..., 0) =0, we arrive at
0 :Gl (Pn(UU’ Q’ ceey Q))
=P, (G1(U11),Q,...,0) + P, (U1, Li(Q),..., Q) + -+ P, (U1, Q, ..., Li(Q))

:Pn (a)l(Un), Q,. ey Q) + Pn (Ulladl(Q)?' ) Q)
=w(U11)Q + Uy 1d,(Q).

(3.7)

(3.8)
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That is,
wi (U0 +U1di(Q) =0

for all Uy, € U,;. Substituting U, + Vi, for Uy, in (3.9), we obtain
(U +Vi)0 + (Un + Vindi(Q) = 0.
Using (3.9) and (3.10), we arrive at
(Ui + V)0 — oi(Un)Q — wi(Vi)Q = 0.

According to (3.8) and (3.11), we find

w1 (U + Vi) = w1(Un) + w1(Vy)
for all Uyy, Vi1 € Uy,. Using an analogous manner, we show

w1(Un + V) = w1(U2) + w1(V22)

for all Uy, Vo € ([/[22.
For any U, € Uy, Uy € Uyn, Uy € Uy, on the one hand, we have

Gi(Py (Ui + U+ U, Q,...,0))
=Py (wi(Uy1 + U+ Up), 0,...,0) + Py(Uyy + Uy + Uz, di(Q), ..., Q)
+o+ Py(Un + U + U, O, ..., di1(Q))
=Py (wi1(Un1 + U+ Un), 0,...,0) + Py(Uy + Uz + Uz, di(Q), - .., O).

On the other hand, we get

Gi(Py (Ut + U+ U, Q,...,0))
=G(P,(U11,Q,..., ) + G1(Py(U12, O, ..., 0) + G1(Pu(Un, O, ..., Q))
=Py (w1(U11),Q,...,0) + Py(U11,di(Q),...,O0) + -+ + P,(U11, O, ..., di(Q))
+ Py(w1(Un2), O,...,0) + P,(Ui2,di(Q), ..., Q)+ -+ Pu(Un2, O, ..., d1(Q))
+ Py(w1(Un), O, ..., 0) + P,(Ux,di(Q), ..., 0)+ -+ + Py(Un, O, ..., d1(Q))
=Py (w01(U11), Q,...,0) + P(U11,di(Q), ..., 0) + Py(w1(U12), O, ..., 0)
+ Py(Ui2,di(Q), ..., 0) + Py(w1(Un), O, ..., 0) + Py(Ux,di(Q), ..., 0).

Comparing the above two relations, we obtain

0=P(wi(Ui1 +Uip + Uxp) —wi(U11) — w1 (Uz) — w1(Un), Q, ..., 0)
=P(wi(Uy1 + Uz + Up) — wi(Ur1) — wi(Up2) — wi1(U2))0.

Therefore,
wi (U + U+ Up) = wi(Uy) — wi(Urp) — w1 (Uxp) € Uy + Uy

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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We have
Gi(P,(Uy + Ui+ Uxp, Via,..., Q)
=P, (wi(Uy1 +Uia + Uxp),Viz,..., Q)+ P,(Ujy + Uiy + Upp, di(V12), ..., Q)
+-+ Py(Up + Uiy + U, Vi, ..., di(Q))
=P, (wi(Uj1 + Uiy + Up), Viz,..., Q)+ P,(Uyy + Uiy + Upp, di(V12), ..., 0)
and

G (P(Upi + Uiy + U, Vi, ..., Q)
=G1(Py(U11, V12, ..., Q) + G1(Py(U12, Via, ..., Q) + G1(P, (U, Via, ..., Q)
=P,(w1(U11), Vi2,..., Q) + Po(U11,d1(V12), ..., Q) + -+ + Py(Ui1, Vi, . .., d1(Q))
+ Py(w1(Ur2), Vi, .., @) + Po(Up2, di(Vin), ..., Q) + -+ Py(Uiz, Vo, ..., di(Q))
+ Py(w1(Un2), Vi, ..., @) + Po(Un, di(Vin), ..., Q) + -+ + Py(Unp, Via, . .., di(Q))
=P,(w1(U11), Vi2,..., Q) + Po(U11,d1(V12), ..., Q) + Py(w1(U12), Via, ..., Q)
+ P,(Ui2,di1(V12), ..., Q) + Pu(w1(Un), Via, ..., Q) + P(Un, di(Vi2), ..., Q).

Comparing the above two equations, we arrive at

0=P,(wi(Uy1 + Ui+ Uxn) —wi(Un) —wi(Uyp) — wi1(Uz), Via, ..., 0)
= [w(Uy1 + Uiz + Ux) — wi(Uj1) — wi(Uy2) — w1(Uz), Via]

forall Uy € Uy, Uiz, Viz € Uia, Usy € Uy, It follows that
wi (U + U+ Up) —wi(Uy) = wi(Uyn) — w1 (Ux) € Z(U) (3.14)

for all Ui € 7/111, Uy, € (Lllz, Uy € (1/122.
Let U = Uy + Uy + U,V = Vi1 + Vip + Vyy be two elements in U, where U;;, V;; € U;;,
1 <i < j<2. Then, it follows from (3.7) and (3.12)—(3.14) that

wi(U+V)=w (U1 + U+ Uxp)+ (Vi + Via + Vi)
=w; (U1 + Vi) + (Ui + Vip) + (U + V2))
=wi (U + Vi) +wi(Upp+ Vig) + wi(Up + Vo) + @

(3.15)
= wi(Un) +wi (Vi) + w1 (Upn) + w1(Vi2) + w1(Un) + w1 (V) + @
=wi(Un+Up+Up)+wi(Vii +Via+ V) + 6
=wi(U) + wi(V) + 8,

where «, 8 € Z(U), that is, w; is additive module Z(U). O

Using Lemma 3.1, we present the main theorem of this section.

Theorem 3.2. Let U = U, +U 1, +U; be a triangular algebra. Suppose that U satisfies the following
conditions:

(i) 7y, (Z(U)) = Z(Uy) and 74, (Z(U)) = Z(U);

AIMS Mathematics Volume 9, Issue 11, 29916-29941.
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(ii) Uy, or Uy, satisfies (2.1).

If G| is a nonlinear generalized Lie n-derivation on U, then there exists a generalized derivation
and a nonlinear mapping h, satisfying hi(P,(Uy,U,,...,U,)) = 0 such that G{(U) = y1(U) + h;(U)
forall U, Uy, U,,...,U, € U. Additionally, the mappings G, and y fulfill the following properties:

G1(0) =0, Gi(Up) €Uy, Gi(Uy) C Uy + U + Z(U),
x1(Up) S Un, xi(Ui) CUi +Us.

Proof. According to Lemma 3.1, we define two mappings g, : U — Z(U) and y; : U — U by
81(U) = w1(U) — w1(Uny) — w1(U12) — w(Uzz)

and
x1(U) = wi(U) — g1(U)
forall U = U;; + Uy + Uyy € U. Tt follows that

81 (Pn(Ul, Us,....,U,)) =0,
X1(Ui + U+ Uxp) = w1 (Uy) + w1(Urz) + wi1(Uz),
x1(Un) = wi(Un) —g1(Un) = wi(Uny) — w1 (Upy) + w1 (Ury) = wi1(Uyy)

for all Uy, U,,...,U, € U, Uy € Uy, Upp € Upn, Usy € Uy,. Similarly, we have y1(Uy,) = wi1(Uyp)
and y1(U,,) = w1(Uy,). Therefore,

X1(Ui + U+ Ux) = x1(Un) + x1(Ur2) + x1(Ux) (3.16)

for all U;y € Uy, Uy, € Uy, Uy € Uy, In addition, the following properties can be obtained
from (3.1)—(3.4):

x1(U) S U, xi(Up) S Ui +Us.

Let hy(U) = g1(U) + fi(U), then G{(U) = w(U) + fi(U) = x1(U) + hy(U) for all U € U. Since
&1 (Pn(Ula Uz, caey Un)) = f] (Pn(Ula U2, “ees Un)) = 0, we have h] (Pn(Ul, Uz,. .oy Un)) = 0 for all
U,,Up,,...,U, € U. Let U = Ui1+Up+UnV=Vi+Vy+Vy be two elements in U, where
Uij,Vij € U;;, 1 <i < j<2. Then, it can be inferred from (3.15) and (3.16) that y is additive. Next,
we will prove that y is a generalized derivation.

According to Uy Uy, = P,(Uy1,Uys, O, ..., Q), we obtain

{Gl(o) =0, Gi(Up) €Uy, Gi(Uy) CUi + U+ Z(U),

X1(UnUpp) =G (Py(U11,U12, Q. ... Q)
=P, (G\(U11), U1, Q,..., Q) + P, (U11, Li(U12), O, ..., )
+--+ P, (U1, U2, O, ..., Li(Q))
=P, (x1(U11),Up2,0,...,0)+ P, (Uy1,di(Uyp), 0, ...,0)
+e+ Py Uy, Ui, Q, ..., di(Q))
=x1(U1)Uix + Updi(Uyz)

(3.17)
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for all Uy e (Llll, Up e (Lllg. Slmllarly, it follows from UppUy = Pn(UIZ’ Us,, Q, ey Q) that

X1(U12Up) = x1(U12)Uzp + Uiad 1 (Uyp)

for all U € 7/{12, Uy € 7/{22.
In view of (3.17), we get

x1(UnVinUp) = xi (Un ViU = xi1(Un ViU + Ui Vindi(Ur)

and

x1 WUnViUn) = x1 (U (Vi Ur))
=x1 (Un) ViU +Und, (Vi1 Up)
=x1(U) ViU + Undy (Vi) U + U Vind, (Ur)

for all Uyy, Vi € Uy, Uyn € Up,. Comparing the above equations, we obtain
1 (UnVi) —xyiUin)Vin = Undi(Vi)) Ui, = 0
for all Uyy, Vi1 € Uiy, Uz € Uy, Since Uy, is faithful as a left U, -module, we conclude
x1(UnVi)P = x1(Un)Vu P + Undi(Vi)P
for all Uyy, Vi € Uy,. Replacing Uy by Uy, Vy; in (3.9), we get
x1(UnVinQ+ UnVidi(Q) = 0.
Since L, is a Lie n-derivation, it follows that

0=L; (P(V11,0,....0)
=P, (Li(V11), Q,.... Q)+ P,(Vi1, Li(D), ..., D) + -+ P, (V11, O, ..., L1(Q))
=P, (di(V11), 0,..., Q)+ P, Vi1, di(D), ..., Q)+ -+ P,(V11, O, ..., d1(Q))
=d1(V11)Q + Vi1di(Q).

This implies that
d (Vi@ + Viudi(Q) =0

(3.18)

(3.19)

(3.20)

(3.21)

for all Vy; € U,,. Multiplying the left side of (3.21) by U,; and then combining this with (3.20) yields

x1(UnVin0 = x1(Ui)Vu Q + Undi (Vi) Q
for all Uyy, Vi1 € Uy,. Adding (3.19) to (3.22) gives
x1(UnVi) = xi(Ui)Vi + Undi (Vi)
for all Uyy, Vi1 € Uyy. In a similar manner, we get

X1(UnVn) = x1(Ux) Vo + Und (Vo)

(3.22)

(3.23)

(3.24)
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for all Uzz, V22 S 7/[22.
Considering x1(U11)Van + U11di(Vy2) = Gi(Py(Uy1, Va2, Q, ..., 0)) = 0 and (3.17), (3.18), (3.23),
(3.24), we can conclude that

x1(UV) =x1 (U1 + Uz + Un)(Vi1 + Via + V)

=x1(UnVii + UnVip + UV + U Vi)
=1 (UnVi) + x1(UnVi2) + x1(U12V22) + x1(U22V22)
=x1(U1)Vi + Undi (Vi) + x1(Ui)Viz + Undi(Vi2)

+ x1(U12)Var + Un2di1(Va2) + x1(U2)Vaa + Unadi(V22)
=1 (Un) + x1(Un2) + x1(Ux)) (Vi1 + Via + V)

+ (Ui + U+ Up) (di(Viy) + di(Vi2) + d1(V22))
=x1(U11 + Upp + U)V + Udi (Vi1 + Viz + V)
=1 (U)V + Udy(V)

fOI‘aHU:U11+U12+U22,V=V11+V12+V22€7/{. O
4. Nonlinear generalized Lie n-higher derivations

This section will study the nonlinear generalized Lie n-higher derivations on triangular algebras.
First, we present the following result.

Lemma 4.1. [5, Theorem 4.1] Let U = Uy, + U, + Uy, be an (n — 1)-torsion free triangular ring
such that

(i) 70 (Z(U)) = Z(Uyy) and 7o, (Z(U)) = Z(Un);

(ii) Uy, or Uy, satisfies (2.1).

Let {€,},en be a family of additive mappings &, : U — U such that for each r € N,

E(Py(Uy, Us,..., Uy)) = Z P&, (U1), &, (U), ..., &, (Uy))

i1 +ip++iy=r

forall Uy,U,,...,U, € UwithUyUy---U, = 0. Then, for each r € N,&, = d, + h,, where {d,},cn
is an additive higher derivation on U and {h,},cy is a family of additive mappings h, : U — Z(U)
vanishing at every (n — 1)-th commutator P,(Uy, U,,...,U,) with U,U,--- U, = 0. Moreover, &, and
d, satisfy the following properties:

&(P) € U + Z(U), E(UR) € Uy,

&(Q) € U + Z(U), &) € Z(U),

EUN) CUL+ U+ Z(U), E(Upn) S Un +Upn + Z(U),
d.(P),d,(Q) € Uiz, d.(Uy2) € Uy,

d(Uyy) €Uy + Uy, d(Uy) € Uxn + Up,.

The main theorem of this section is presented below.
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Theorem 4.2. Let U = U, + U,» + Uy, be an (n — 1)-torsion free triangular algebra satisfying

(i) mq, (Z(U)) = Z(U11) and 7qp,,(Z(U)) = Z(Uyn);

(ii) Uy, or Uy, satisfies (2.1).

Let G = {G,},ey be a nonlinear generalized Lie n-higher derivation on ‘U, then G, = y, + h,, r € N,
where {x,},en is an additive generalized higher derivation on U and {h,},cy is a family of nonlinear
mappings h, : U — Z(U) such that h, (P,(Uy,U,,...,U,)) =0forallU,,U,,...,U, € U.

To prove the theorem, we will employ an inductive approach with respect to the component index
r. If r = 1, then the mapping G, : U — U is a nonlinear generalized Lie n-derivation. According
to Theorem 3.2, this implies the existence of a generalized derivation y; and a nonlinear mapping
h1 such that hl(Pn(Ul, U,,..., Un)) = 0 and Gl(U) = /\/I(U) + hl(U) for all U, U,U,...,U, € U.
Furthermore, G| and y satisty the following properties:

]G1(0) =0, Gi1(Un) € U, Gi(Uy) € Ui + Uy + Z(U),

1 -
x1(Up) S Up, xi(Uy) € Ui + U,

We now assume that Theorem 4.2 holds forall 1 < ¢ < r, r € N. Thatis, G,(U) = x,(U) + h(U)

forall U e Uand 1 < t < r, where y;, : U — U is an additive mapping such that y,(VW) =
2 xiV)di(W), and h, : U — Z(U) is a nonlinear mapping such that #,(P,(U;, U, ..., U,)) = 0 for

i+j=t

al VW, U,,U,,...,U, € U, where {d;} ey is an additive higher derivation on U. In addition, G, and
X: satisfy the following properties:

]G(0) =0, Gi(Upp) € Uy, G(Uy) € Ui + Ura + Z(U),
" U S Ui, x(U) S Ui + U,

We will prove that the above properties also hold for r. That is, G,.(U) = x,(U) + h,(U), where y, is
an additive mapping satisfying (VW) = . xi(V)d;(W), and h, : U — Z(U) is a nonlinear mapping

i+j=r

satisfying h,(P,(U,U,,...,U,)) = 0 forall U, V,W,U,,U,,...,U, € U. To begin, we will introduce
the following lemma.

Lemma 4.3. Let U = U, +U1» + Uy, be a triangular algebra. Suppose that U satisfies the following
conditions:

(i) a0y, (Z(U)) = Z(Uy1) and 7y Z(U)) = Z(Un);

(ii) Uy, or Uy, satisfies (2.1),

then the nonlinear mapping G, mentioned above satisfies G, = w, + f{, where w, : U — U is additive
modulo Z(U) and f| : U — Z(U) satisfies f{(U») = {O}.

Proof. Applying the property C,, we get
G,(0) =G,(P,(0.0. ..., 0))
=P,(G,(0),0,...,0) + P,(0,L.(0),...,0)+--- + P,(0,0,...,L.0))
D PuGy(0),L;0),. ., L (0))

i1 +ix+-+iy=r
11,012,500 ln <P

=0.
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Again, according to the property C, and Lemma 4.1, we have

G, (Up) =G (P,(Uyy, Q’ cee Q))
:Pn(Gr(UIZ)’ Q’ R Q) + Pn(UIZ’ LV(Q)’ e Q) +--t Pn(UIZ’ Qa R Lr(Q))

> PG (Un) Ly(Q), ..., Li(Q)

i +ip++ip=r
11,02500sln <F

:PGr(UIZ)Q

for all U € (L{n. Therefore, Gr(ﬂlz) - 7/{12.
Using the property C, and Lemma 4.1, we arrive at

O :Gr(Pn(Ulla U227 U125 Q5 sy Q))
ZPn(Gr(Un), Uzz, U12, Q’ sy Q) + Pn(Ull,Lr(UZZ)’ U12’ Q’ R Q)
++ Py(Up1, U, Ui, O, ..., L(Q))

+ Z P,(G;,(Un1), Li,(Up), Li;(Uy2), ..., L; (Q))

i1 +ip+-+iy=r
11,0250 ln <r

=[[G(Un), U], Ur2l.

It follows from Remark 2.2 that QG,(U,)Q € Z(Uy,). Similarly, we can obtain PG,(U,,)P € Z(U,;)
from 0 = G (P,(Ux, U1, U2, O, ..., Q). Hence,

G.(Un) =PG.(Uy)P — 7 (QG(U11)Q) + PG.(U1)Q + (" (0G,(U11)Q) + QG (U11)Q)
eUy + U+ Z(U),

G, (Uy) =(PG(Up)P + 1(PG(Up)P)) + PG(Uxn)Q + 0G(Ux)Q — (PG, (Ux2)P)
eUp+Upy+Z(U)

for all Ui € (L{“, Uy € 7/(22, that is, Gr(ﬂii) - ﬂii + 7/[12 + Z(q/{) withi € {1, 2} Set
fiU) = QG.(PUP)Q + v (QG(PUP)Q) + PG (QUQ)P + 1(PG,(QU Q)P)

for all U € U. Clearly, f{(Ux) = {0}, f{(U) € Z(U), and f] (P(U;,Us,...,U,)) = 0 for all
UU,,U,,...,U, € U. Define a mapping w,(U) = G.(U) — f{(U) for all U € U. It is easy to obtain
the following relations:

w(0)=0, wUp) U, oMUy <Ui+Up.

Next, we will prove that w, : U — U is additive modulo Z(U).
On the one hand, since d;,(Q), . ..,d; (Q)) € U;,, we get

G(P,(U+Up,0,...,0))
=P,(G, (U1 +U2),0,...,0)+ P,(Uy; + Uy2, L(Q),...,0)
++ P(Un + U2, O, ..., L(Q))
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+ D PG (U + Un), Li(Q),.. ., Li,(Q))

i1 +i+-+iy=r
11,0200y <I

=Py (U1 + U12), Q... Q) + Py (Uy1 + U12,d(Q), ..., Q)
+-+ Py(Un + Ui, Q,....d,(Q))

+ Z Pn(Xil (Ull + UIZ)’ diz(Q)’ ERRR dln(Q))

i1 +i+-+iy=r
11,012,000y <1

=P, (w (U1 +U1), 0,...,0)+ P,(Uy1 + Uz, d(Q),...,0)
+ Z i, (Ui + Urn),d;,(0)]

i1+ir=r
0<iy,ip<r

for any Uy € Uyy, Uin € Uyp. On the other hand, according to G,(0) = 0, we arrive at

G (P(Up+ U, 0,...,0)
=G, (P,(U11,0,...,0) +G(P,(U12, 0, ..., 0))
=P,(G,(U11),Q,....0) + P,(Uii, L(Q),.... Q) + -+ + P,(Un1, Q, ..., L(Q))
+ Py (G (U12), Q,.... Q) + Pu(Ui2, L(Q), ..., Q) + -+ + Py(U12, O, ..., L(Q))

+ > PG UM Ly(Q) . Ly(@)+ Y. PG (U), Liy(Q), .., Li (Q)

i1 +ip+-+iy=r i1 +ip+-+i,=r
U L RAC R
L5120 ln <1 115025000 ln <1

=Po(@(U1), 0, Q) + Pa(U11,d(Q), ..., Q) -+ + Po(Un1, O, ..., d(Q))
+ Pn(wr(UU)’ Q9 s Q) + Pn(UIZ’ dr(Q)’ R Q) +--t Pn(U12’ Q’ R dr(Q))
D P (Ui dy(Q) - di Q)+ D Pl (U1) di(Q), .., d;,(Q))

i1 +igtetin=r iy Figetip=r
[1,0240eesin <1 L1502,5000ln <I

:Pn(wr(Ull)’ Q’ R Q) + Pn(Ulla dr(Q)7 U Q) + Pn(wl’(Ulz)’ Q’ KRR Q)
+ Py(U1n,dl Q) )+ Y D (Ui dn(@1+ Y Iya (Urn), di(Q)]

i1+ir=r i1 +ix=r
0<iy,ir<r 0<iy,ir<r

Comparing the above two relations, we obtain

0 =P,(w, (U1 + U2) — w(U11) — 0,(Up2), O, ..., Q)
£ I (Un + Un) = xi, (Un) = xi (Una), di(Q)].

i1+i=r
0<i1,i2<r

Based on the fact that y;, is additive, we get
P(w(Un + Up) — w(Un) — w,(U12))Q = 0.

Therefore,
w (U + Upp) —w(Uyy) —w,(Upp) € Uy + U
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In the same way, we can obtain

G, (P,(Uy + U2, Vi2,0,...,0))
=P,(w,(Ui1 +U12),V12,0,...,0) + P,(Uj1 + U2,d,(V12), O, ..., Q)
+-+ Py(Up + Ui, Vip, O, ...,d,(Q))

+ Z P,(xi,(Ui1 + U1),di,(V12), ...,d; (Q))

i1 +ip+-+iy=r
11,0250 05ln <P

=P (w (U1 +U12), V12,0,...,0) + P,(Uy1 + U2,d(V12), O, ..., 0)
+ Z i, (Un + Ur2),d;,(Vi2)]

i1+ix=r
0<iy,ir<r

and

G, (Py(Up + U2, V12,0, ..., Q)
=G, (Py(U11, V12,0, ..., 0) + G(Py(U12, V12, O, ..., Q)
=Py (0 (Un), V12,0, ..., Q) + Po(U11,d,(V12), O, ..., Q) + - - + Py(U11, V12, O, ..., d,(Q))
+ Py(w(U12), V12, O, ..., Q) + Po(U2,d (V12), Q.. ., Q) + - + Py(U2, V12, O, . .. ,d(Q))
) PG WU dn (Vi) d Q)+ > Pl (Ui, di(Via), ..., di,(Q)

i1 +ip+-tip=r i +etip=r
115025000y Iy <r 1150125000y n<r

=Py(w,(Un), V12, 0,...,0) + P,(U11,d,(V12), Q,..., 0)
+ Pn(wr(UU)’ V12’ Q’ ) Q) + Pn(U12’ dr(V12)9 Q» ) Q)

+ 0 U do(Vl+ ) i (Un), di(Vio)l.
0ivirer 0ivirer

Comparing the above two equations, we have

[w (U1 + Ur2) — w,(Un1) — w(U12), Vi2] = 0
for all Uy, € Uyy, Uy,, Vio € Uy,. Consequently,

w(Uny + Up2) — w,(Uny) — w,(Ur2) € Z(U).

Analogously, we have
W (Up + Upn) = w0 (Up) — w(Urz) € Z(U).

Considering
Un+Vi=P(P+Up, 0+ Vp,0,....,0)
and
d;,(V12) € Uy,
we have
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wr(UIZ + VIZ) :Gr(Pn(P + U12’ Q + V129 Q, e Q))

=P (w,(P+U2),0+V2,0,...,0) + P,(P+ Uy»,d(Q + V12),0,...,0)

+"'+Pn(P+ U12’Q+V12’Q5--'5dr(Q))
L P (P+Un) dy(Q+ Vi), ..., di,(Q))

i1 +ip+-+ip=r
115012 5eesln <t

=w,(P)Q + w(P)V1i2 + 0, (Ur2) + d(Q) + d,(V12)
+ 0 xaPLQ)+ > xi (P (Via).

0<iy,ir<r 0<iy,ir<r

Since

W, (Vi2) =G (Pu(P, V12, 0,..., Q)

4.1

:Pn(Gr(P), V12’ Q" HER) Q) + Pn(RLr(VIZ)’ Q’ R Q) toeeet Pn(P9 VIZ’ Q’ .- ’Lr(Q))

+ Z P,(G;,(P),L;,(Vy2),...,L;,(Q))

i1 +ip+-+iy=r

01502400y ip<r
=w,(P)Vi2 +d.(V12) + Z Xi,(P)d;,(V12)
Ot

and

O :Gr(Pn(P, Q,' L] Q))

=Pu(G(P),Q,..., Q)+ Py(P,L(Q),..., Q) +---+ Pu(P,Q, ..., L(Q))

+ Z P.(G;,(P),L,(Q),...,L;,(Q))

i1 +ip+-+ip=r

01,02 40e0sin <1
=0, (P)Q+d Q)+ Y xi(P)d;(Q),
i1+ir=r
0<i1,i2<r

we can derive from (4.1) that
w Uiy + Vi) = w(Uy2) + w,(Vi2)
for all Uy, V12 € U,. On the one hand,

G,(P,(Un+V11,U12,0,...,0)

=P,(G,(Un + V1), U2, @, ..., Q) + Po(Upy + V11, Li(U12), O, ..., Q)
+o+ Py(Uit + Vi, U, Qs ..., L(Q))
> PGy (U + Vi), Ly(Un), ..., L (Q)

i1+i2+-~~+i,,=r
01,02,y i,<r

(4.2)
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=P, (w,(Ui1 +V11),U12,0,...,0)+ P,(Up1 + V11,d,(U12), 0, ..., 0)
+ Z i, (Un + Vi), di,(Uy2)],
i1+ir=r

0<iy,ip<r

and on the other hand, in view of (4.2), we have

Gr(Pn(Ull + Vll’ U12’ Q’ ) Q))
:Gr(Pn(Ull’ UlZa Qa RN Q)) + Gr(Pn(VU’ U129 Q9 RN Q))

=P,(G(U1),U2,0,...,0) + P,(Ui1,L,(U»),0,...,0) +---+ P,(Up1, U2, Q,...,L(Q))

+ Pn(Gr(Vll)9 U12’ Q, R Q) + Pn(vll’Lr(UIZ)’ Q’ R Q) +-oe Pn(vll’ U12’ Q» s 9Lr(Q))
+ D PG U, Ly(Un), . L(@)+ D PuGi(Vi), Ly(Una), ..., L, (Q))

i +ip++ip=r i1 +ip+-+ip=r
I15025euey I <r 11,012 5eeisln <1

=P,(w,(U11),U12,0,...,0)+ P,(Uy1,d(U2), 0, ...,0)
+ Py(w,(V11),U12,Q, ..., 0) + P(V11,d,(U1), 0, ..., 0)

£ O U dyUl+ . i (Vi) di(Un)].
0ivirer 0irirer

As y;, 1s additive, comparing the two equations above leads us to obtain
(w,(Un + Vi) —w,(Un) = w,(Vi1))Up = 0.
Since U\, is faithful as a left U, ;-module, we can derive from the above expression that
w (U1 + ViDP = w,(Un)P + w,(Vi1)P
for all Uyy, Vi1 € Uyy. Using P,(Uyy, Q, ..., Q) = 0, we deduce

0 :Gr(Pn(Ulla Qa R Q))

:Pn(Gr(Ull)’ Q’ R Q) + Pn(Ull’Lr(Q)9 R Q) +e- Pn(Ull’ Q’ R ’Lr(Q))

D PGy (U Li(Q), ..., L (Q)
i +ip+etip=r
115025000y I <r

:Pn(wr(Ull)’ Q’-'-’Q)+Pn(U1]adr(Q)a'-'aQ)+"' +Pn(U11, Q9’dr(Q))

D Pl (U, dy(Q), .., di,(Q))

i +ip+etip=r
1,02,00in<I"

=w,(U11)Q + Und,(Q) + E Xi(Ui)di,(Q).
i1 +ir=r
0<i1,i2<r

Replacing U,; with Uy, + Vi, in (4.4), we arrive at
w Uy +ViDQ + Uy + Vi1)d(Q) + Z Xi, (Ui + Vid,(Q) = 0.

i1 +ir=r
0<i1,i2<r

4.3)

4.4)

4.5)

AIMS Mathematics Volume 9, Issue 11, 29916-29941.



Again, using (4.4) and (4.5), we obtain
w (U1 + VD0 = 0 (U11)0 + w (V1) 0.
Combining (4.3) and (4.6), we find
w, (Ui + Vi) = w,(Un) + w,(V11)
for all Uyy, Vi € Uy, . In a similar way, we get
W (Un + V) = w0(Un) + 0, (V22)

for all Uy, Vy € 7/[22.
On the one hand, we get

G (P,(Un+Up+Uxn,0Q,....0)
=P (w(Un+ U+ Un),Q,...,0) + Py(Un + Upp + U, d,(Q), ..., 0)
+o o+ Py(Un + Unn+ U, Q,...,d(Q))
D P (Ui + Un + Un),di(Q),. . d,(Q))

i) +ip+e+ip=r
151250 0sln <F

=P, (w,(Ui1 +Uin +Up),Q,...,0) + P,(Ui1 + Ui + Uxn,d.(Q),...,0)
+ Z i, (Ui + Uiz + Up), di,(O)],

i1 +ir=r
O<i1,i2<r

and on the other hand, we have

G,(Py(Un+ U+ Uxn0Q,...,0)
=G, (P,(U11,0,...,0) +G(P,(U12,Q,...,0) + G(P,(Ux, O, ...,Q))
=P, (w,(Un1), Q,...,0) + Pu(U11,d(Q),....0) + -+ P,(Un1, Q. ....d,(Q))
+ Py(w,(Un2), O, ..., 0) + Pu(U12,d(Q), ..., Q) + -+ + Py(Ur2, O, ..., d,(Q))
+ Py(w,(Un), Q, ..., 0) + Pu(Un,d(Q),....0) + -+ + Py(Un, O, ..., d,(Q))

Y PG WUidy(@), . d @) D Pul(Unn),di(Q), .. (Q))

i +ig+etip=r i Fig+etip=r
1501250 05ln <F 150125005 ln <F

v, Pilxa(Un)din(Q).....d,(Q)

i1 +ip+e+iy=r
115025000y Iy <r

=Py(w (U11), Q,...,0) + Py(U11,d (D), ..., 0) + P(w(U2), 0, ..., 0)

+ Pn(UIZ’ dr(Q)a LR Q) + Pn(wr(UZZ)’ Q7 KRR Q) + Pn(UZZ’ dr(Q)a RS} Q)
O UL dy(@1+ ) I (Un)dy(@1+ ) i (Un), di(Q)]

0<iy,ip<r 0<iy,ip<r 0<iy,ip<r

for all Uy, € Uy, Uiy € Uy, Uiy € Uy, Comparing the above two relations, we arrive at

P(w, (U + Uz + Up) — w(Uy1) — 0,(Uy2) — w,(Ux2))Q = 0.
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Hence,
w (U + Upp + Up) — w(Un) = w(Ur2) — w,(U2) € Uni + U
We have
G (P, (U1 + U+ Un,Vip,...,0))
=Py (0, (U + U+ Up), Viz, ..., 0) + Po(Un1 + Uy + Uz, d(V12), ..., O)
+- o+ Py(Un + Una + Un, Vo, ..., d(Q))
+ Z Py(xiy(Un + Ui + U), diy(V12), - . ., d;,(Q))
P
=Py (w, (Ui + Upp + Up), Viz, ..., Q) + Py(U11 + Uiz + Uz, d,(V12), ..., Q)
+ Z i, (Ui + Uiy + Un), d;,(Vi2)]
0sht
and

G (P,(Un+Up+Uxn,Vp,...,0)
=G, (P,(U11, V12, ..., ) + G(P,(U12, V12, ..., Q) + G(P(Un, Vi, ..., Q)
=P,(w,(U11), Vi2, ..., Q) + P,(U11,d(V12), ..., Q) + -+ + Po(Ur1, V12, ..., d(Q))
+ Py(w(U12), Viz, ..., Q) + Py(U12,d (V1) ..., Q) + -+ + Py(Upa, Vi, . .., d(Q))
+ Py(w(Un), Viz, ..., Q) + Py(Us2, d(V12), ..., Q) + -+ - + Py(Un2, Vi, . .., d(Q))

D Pl U (Vi) di Q)+ Y Pl (Un) dy(Via), .., d,(Q))

i1.+i.2+"'-.i-l-n:i’ ilj-ig+~~--!—in:r
115025005 In <F 1150250e0ln <V’

+ Z Pu(xi,(Un),dy,(V12), . ..., d; (Q))

i1 +ip+-+ip=r
11502000y <F

=P,(w,(U11),Viz,...,0) + P,(U11,d,(V12),...,0) + Py(w,(U12), Viz, ..., 0)
+P,(Ui2,d(V12),...,0) + Py(w,(Ux),Via,..., Q) + P,(Un,d(Vi2),...,0)

0 W d(Vidl+ > I (Ui dy (Vi) + - - [ (Un), diy (Vi)
0iriner 0irirer 0%isrer

Comparing the above two equations, we arrive at

[w (U1 + Uz + Un2) — w(Un1) — w,(Ur2) = 0,(Un2), V1i2] = 0
forall Uy, € Uy, Ui, Vin € Uin, Uy € Uy Tt follows that

w (Ui + Uy + Up) — 0(Un) — w(Ur2) — w(Un) € Z(U)

for all Uy, € Uy, Uip € Uyn, Usy € Uy, Similar to (3.15), it can be concluded that w, is additive
modulo Z(U). O
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Proof of Theorem 4.2. Similar to the definitions of g; and y;, the mappings g, and y, can be defined as
& (U) = w,(U) — w(U1) — w(Urz) = w,(Un)

and
/\/r(U) = (,(),(U) - gr(U)a

and it can be obtained that

Xr(Ull) = w(Un), Xr(Ulz) = wr(Ulz), )(r(Uzz) = wr(Uzz),
XA (U) =x (U + Uiy + Up) = x,(Ui1) + x:(Ui2) + x(Un),

forall U = Uy + Upp + Up € U. Let h(U) = g (U) + f{(U), then G, (U) = x(U) + h(U) and
h.(P,(Uy,U,,...,U,)) = 0 for all U,U,,U,,...,U, € U. Additionally, we can conclude from
Lemma 4.3 that y, is additive. Next, we will prove that x,.(UV) = X ,.,-xp(U)d,(V) for all
U,V € U, where d,, is mentioned in Lemma 4.1.

Given UUy, = P,(Uy1, Uy, Q, ..., Q) and considering the property C, along with Lemma 4.1, we
deduce

X (UnUp) =G(P,(U11,U12,Q,...,0))
:Pn(Gr(Ull)’ U12’ Q’ DRI Q) + Pn(Ull’ Lr(U12)’ Q’ DRI Q)
+ -+ Py(Up, U, O, ..., L(Q))

D PG, Ly(Un), Liy(Q), ., L (Q))

i1 +ip++ip=r
11,02eeesln <V

=P,(x,(U11),U12,0,...,0) + P,(U11,d,(U1), O, ..., 0) 4.9)
R Pn(Ulb U12’ Q, ) ’dr(Q))

D P (Un), dy(Un), di(Q), ..., di,(Q))

i1 +ig+-+iy=r

11,02,500n i, <r
=x (Ui)U, + Uy1d(Uyp) + Z Xi(U11)di,(Up2)
Oli:ljzzzr

for all Uy, € Uy, Uy € Uy,. In a similar manner, we get

Xr(UnUz) = x (Uin)Uxp + Upnd,(Up) + Z Xi,(U12)d;,(Ua) (4.10)

i1+ir=r
O<i1,i2<r

for all U € ﬂ]z, Uy € (lez.
According to (4.9) and the property C,, we get

XA (UniViiU) =x (U Vi)Uiz)
= (UnViDUp, + U Viund(Uyp) + Z Xi (Ui Vid,(Upz)

i1+i=r
0<iy,ir<r
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=x (U ViDUi + Uy Viid(Uyp) + Z Xp(Ui)dy(Vi1)ds(Uy2)

p+qg+s=r
O<s<r

and

XA (UniViiUp) =x (U1(Vi1Ur))
= Ui)ViUip + Und,(Vi1Upp) + Z Xi,(Uindy,(Vi1Uyp)

i1 +ix=r
0<i1,i2<r

=x (Ui)ViilUi, + Und,(Vi))Uiz + U Viid,(Uyz)
+ Z Und,(Vi)ds(Uy2) + Z Xp(U1)dy(Vi1)ds(Uy2)

q+s=r pHq+s=r
0<gq,s<r O<p<r

=x,(Ui)ViUp + Und,(Vi)Uip + U Vind,(Uyr2)
£ L U Vind(Un) + Y xp(Uin)dy(VinUp.

p+q+s=r prq=r
O<s<r 0<p,g<r

Combining the above two relations, we obtain

X (UnViDUi = x,(Ui)Vi1Upp + Und (ViU + Z Xp(Ui)dy(Vi)Uis.

ptq=r
O<p.g<r

Since U, is faithful as a left U ;-module, it follows that

XU ViDP = x,(Ui)Vu P+ Und (V)P + Z Xp(Ur)dy (V)P

p+q=r
0<p,g<r

for all Uyy, Vi € Uy,. Using (4.4), we obtain

X (UuVi)Q+ Uy Vid(0) + Z Xi (Ui Vid;,(Q) = 0.
i1 +ir=r
0<i1,i2<r

Taking into account Lemma 4.1, we conclude

0 :Lr(Pn(Vlla Qa cees Q))
=P, (L,(V11), O, ..., Q)+ P(V11, L(Q),..., Q)+ -+ P,(V11,0,..., L(0))

D Palla(Vi), Ly(Q),.., Li,(Q))

i1+ig+-+ip=r
11,02,0.5In <1

:Pn(dr(vll)’ Q’ RN Q) + Pn(vll’dr(Q)’ R Q) i Pn(vlla Qa oo ’dr(Q))
DL Pdy (Vi) dy(Q), ... d;,(Q))

i1 +io+-+iy=r

11,0200, in <1
=d(VinQ+Vud Q)+ D di(ViDd;(Q).
i1+ix=r
0<iy,ir<r

4.11)

(4.12)

(4.13)
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Multiplying the left-hand side of (4.13) by U,; and combining it with (4.12), we get

Xr(UHVll)Q-l_ Z Xil(Ullvll)diz(Q):U]ldr(Vll)Q+ Z Ulldil(vll)di2(Q),

i +ir=r i1 +ir=r
0<iy,ip<r 0<iy,ip<r
that is,
UVID+ Y Undy(Vind(@ + Y xp(Ui)dy(Vid(Q)
q+s=r ptq+s=r
0<gq,s<r O<p,s<r
= Und.(Vin@+ D Und,(Vi)d(Q).
0q<-;,vs=<rr
Hence,
XUVID@+ Y xp(Un)dy(Vid(Q) = Und, (Vi@ (4.14)
ptq+s=r
O<p,s<r

for all Uy, Vi1 € U,,. Based on

0 = dt(VllQ) = Z dq(vll)ds(Q),

q+s=t
we deduce
DT WUid,(Vind(Q) = = > xpUindy(Ving. (4.15)
prq+s=r p+q=r
0<p,s<r O<p,g<r

Combining (4.14) and (4.15), and then using

XA (Ui)ViQ =0,

we obtain
XA (UnVi)0 = (x(Ui)Viy + Und (Vi) + Z Xp(Ui1)dy(Vi1))O.
Ocpasr
Applying (4.11) yields that
XUV = x (Ui)Vi + Und (Vi) + Z Xp(Ui)dy(Viy) (4.16)
Oprsr
for all Uyy, Vi1 € Uy . Analogously,
Xr(UnVa) = xr(Ux)Vas + Und, (Vi) + Z Xp(U)d, (Vo) 4.17)
p+q=r
O<p,g<r

for all U 2, Voo € 7/[22.
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Based on the definition of G,, it is clear that

0 :Gr(Pn(Ull’ V229 Q9 ey Q))
=P,(G(U11),V2,0,...,0)+ P,(U11,L(V2),0,...,0)+ -+ P,(U11, V22,0, ..., L(Q))

D PGy U), Ly(Vaa), L (Q), ..., L (Q))

iy +ig+etip=r
01,02 seeesin <P
=P,(x(U11),V2,0,...,0)+ P,(U1,d(V1),0,...,0) + Z Xp(Ui1)dy(Vao)
p+q=r
O<p,g<r

=x (U11)Va + Up1d, (V) + Z Xp(Ui1)dy(Var).

p+q=r
O<p,g<r

Therefore, it follows from the property C; and (4.9), (4.10), (4.16), (4.17) that

XAV +Ud (V) + ) xp(U)dy(V)

p+q=r
O<p.,g<r

= (Ur) + x+(Ur2) + x(U2))(Vi1 + Via + Vi)
+ Uy + U + Un)d (Vi + Vig + Vi) + Z Xp(Ur)dy(Viy)

p+q=r

0<p,g<r

£ U (Vi) + D xp(Uidy(Van)
pt+q=r ptq=r
O<p,g<r O<p,g<r

+ O xUn)dy(Vm) + D xp(Un)dy(Van)
prq=r ptq=r
O<p,g<r O<p,g<r

=X (Ui)Vii + x-(Ui1)Viza + xr(Ui1)Va2 + x(U12)Vaz + xr(Ux2) Vo
+ Und (Vi) + Und (Vio) + Und, (Vo) + Uiod (Vo) + Unpd (Vi)

+ Z Xp(Uid, (Vi) + Z Xp(Uid,(Vi2) + Z Xp(Ui1)dy(Va)

ptq=r ptq=r p+q=r

O<p.g<r O<p.g<r O<p,g<r
+ Z Xp(U12)dy(Vay) + Z Xp(U»)d, (V)

ptq=r ptq=r

0<p,g<r O<p.g<r

=X (UnVi) + x(Ui1Vi2) + x,(U12V22) + x (U2 V22)
=X (UnVii+ UnVia + UV + U V)

=X (Un + U+ Un)(Vi1 + Vi2 + V22))

=x(UV)

foralU =U;; +U;p + Uy, V=V 1+ Vip+Vpye U.
The proof of the theorem is completed. O
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5. Conclusions

We used Ashraf et al’s results on Lie n-derivations to study the nonlinear generalized Lie
n-derivations, although Lin also used the condition PG(x)Q = 0 to describe the nonlinear generalized
Lie n-derivations on triangular algebras. Based on this, we used an inductive method to describe the
generalized Lie n-higher derivations. It is shown that, under some mild conditions, each component
G, of a nonlinear generalized Lie n-higher derivation {G,},y of the triangular algebra U can be
expressed as the sum of an additive generalized higher derivation and a nonlinear mapping vanishing
on all (n — 1)-th commutators on U.
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