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Abstract: In this article, using the Fuk-Nagaev type inequality, we studied general strong law of
large numbers for weighted sums of m-widely acceptable (m-WA, for short) random variables under
sublinear expectation space with the integral condition

B(f~ (XD) < Cy (f (XD) < oo
and Choquet integrals existence, respectively, where
) =x"Lx)

forg > 1, L(x) > 0 (x > 0) was a monotonic nondecreasing slowly varying function, and f~ (x) was the
inverse function of f (x). One of the results included the Kolmogorov-type strong law of large numbers
and the partial Marcinkiewicz-type strong law of large numbers for m-WA random variables under
sublinear expectation space. Besides, we obtained almost surely convergence for weighted sums of
m-WA random variables under sublinear expectation space. These results improved the corresponding
results of Ma and Wu under sublinear expectation space.
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1. Introduction

Probability limit theories are widely used in various fields of life, including statistics, finance,
medicine, engineering, etc. When the mathematical model is definite, classical probability limit
theories offer a convenient way to solve problems. However, in a practical situation, some phenomena
exist in uncertainty, such as risk measure, super-hedging in finance, and assets pricing, which cannot
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be settled by classical probability limit theories. In other words, linear additivity cannot be satisfied.
Therefore, to solve the limitation of the phenomena, Peng [1-3] introduced the concept of sublinear
expectation and established the sublinear expectation space as an extension for classical probability
limit theory. Due to the fact that classical probability space tools may not be directly applied in
sublinear expectation space, Peng [4] introduced several concepts in sublinear expectation space, such
as identical distribution, independence, maximum distribution, G-normal distribution, and so on.
Furthermore, the theory of sublinear expectation space can be found in Peng’s [1-4]. In recent years,
numerous scholars have dedicated themselves to the theoretical research of sublinear expectation
space. Zhang [5-7] obtained a series of major inequalities under sublinear expectation space. Dong
and Tan [8] got complete convergence and complete integration convergence for arrays of row-wise
m-extended negatively dependent (m-END) under sublinear expectation space. Guo and Zhang [9]
studied the central limit theorem of m-dependent random variables under sublinear expectation space.
In addition, we can read Zhong and Wu [10], Anna [11, 12], Liu and Zhang [13], Wu et al. [14], Feng
et al. [15], and so on.

The strong law of large numbers is one of the important theorems in probability limit theories.
In practical applications, especially in statistical inference and data analysis, the strong law of large
numbers makes us believe that the sample mean can be used as an estimate of the population mean.
Let {X;, i > 1} be a sequence of random variables in the probability space, and let {a,, n > 1} and
{b,, n > 1} be sequences of constants with

0<b, T co.

The sequence {X;, i > 1} has a finite expectation EX;. Then, {a;X;, i > 1} is said to obey the general
strong law of large numbers with constant {b,, n > 1} if

1 n
o Z a; (X; —EX;) = 0 almost surely (a.s.) P (1.1)
"=l

holds. If
b,=n, a, =1,

it is the Kolmogorov-type strong law of large numbers. If

1/r

b,=n'"", a,=1, r>0,

it is the Marcinkiewicz-type strong law of large numbers. When

n

b, = Zai,

i=1

the fundamental result is obtained for the strong law of large numbers. In recent years, many results
of the strong law of large numbers have been obtained in sublinear expectation space. Zhang and
Lin [5,16] established the Kolmogorov and Marcinkiewicz strong law of large numbers of independent
and identical random variables under sublinear expectation space with the condition

lim E[(X;| - ¢©)*] = 0.
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Chen [17] studied strong law of the large number of independent and identical random variables under
sublinear expectation space with the condition

E|X1|l+a’ < o0

for some a € (0, 1]. Hu [18] obtained weak and strong laws of large numbers of independent random
variables under sublinear expectation space with the condition

lim sup B [|1X,,| I (|X,s] > n)] = 0.

=00 m>1
Moreover, we can refer to Jiang and Wu [19], Wu and Deng [20], Ma and Wu [21], Tan et al. [22], and
SO on.

Recently, Wu et al. [20] obtained capacity inequalities and strong laws for m-WA (m-widely
acceptable) random variables under sublinear expectation space. Ma and Wu [21] established strong
law of large numbers for weighted sums of END random variables on some conditions under
sublinear expectation space, which was inspired by Shen et al. [23]. Therefore, the goal of this article
is to establish strong law of large numbers and almost surely convergence for weighted sums of
m-WA random variables under sublinear expectation space. These results improve the corresponding
results of Ma and Wu [21] under the sublinear expectation space. In addition, the main structure of
this article is as follows. In the Section 2, we introduce some basic definitions and main lemmas to
provide tools for proofs of main results. In the Section 3, we give the main results for strong law of
large numbers and the almost surely convergence of m-WA random variables under sublinear
expectation space with the condition

B(f (X)) < Cy (f~ (X]) < oo

and Choquet integrals existence. In the Section 4, corresponding proofs of main results are provided.
2. Preliminaries

We use the framework and notions of Peng [1-4]. Let (2, #) be a given measurable space. H was
a linear space of real functions defined on (Q,¥) such that if X;,X;,---,X, € H, then
e Xy, X5, ---, X,) € H for each ¢ € C;1;, R"), where C;;, (R") denotes the linear space of local
Lipschitz functions ¢ satisfying

lp(X) =@M <c+ X"+ ") |x=yl, Yx, yeR",

for some ¢ > 0 and m € N depending on ¢. Therefore, H can be a space of random variables. In this
case we denote X € H. We also define C, 1;, (R") as the linear space bounded Lipschitz continuous
functions ¢ fulfilling

lp(xX) =Ml <clx-yl, Yx, yeR"
for some ¢ > 0.

Definition 2.1. [4] A sublinear expectation [ is a function E on
H:H — R :=[-o00,+00]
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satisfying the following conditions: for all X, Y € ‘H,
(1) Monotonicity: E(X) > E(Y)if X > ;
(2) Constant preserving: E (¢) = ¢ for c € R;
(3) Sub-additivity: E (X + ¥) < E(X) + E(Y), whenever E (X) + E (Y) is not of the form +co — co or

—00 + 00;
(4) Positive homogeneity: E (1X) = AE (X), VA > 0.
The triple (Q, H, E) is called a sublinear expectation space.
For a given a sublinear E, let’s define a conjugate expectation & of E by

£X):=-B(-X), VX eH.
From the definition, it is easily obtained that for all X, Y € H,

EX)<EX),EX+0)=EX) +c,

EX-Y)|<BIX-Y,EX-V2EX)-E().

Definition 2.2. [5] Let G C . A function V: G — [0, 1] is called a capacity satisfying
(@ V(@) =0,V(EQ)=1
(b)V(A)<V(B),YACB,A,Beg.
It is called to be sub-additive if

VAUB)<V(A)+V(B)

for all A, B € G with
AUBEeG.

Let (Q, H, E) be a sublinear expectation space and & be a conjugate expectation of E. We define a
pair (V, V) of capacities by

V(A) :=inf{B(&): k<& H), V(@A) =1-V(@A), VAT,
where A€ is the complement set of A. From the above definition,
E()<V@A<E@, 8(N<VWAW<e@, if f<IA<g f.geH.

Forall X €e H, p > 0,and x > 0,

X|P X|P
I(X]>x) < uI(|X| > x) < u,
xP xP

and we can get the Markov inequality:

B x|

V(X]>x) <
xP

, p>0, x>0.

Definition 2.3. [5] The Choquet integral/expectation (Cy, C+) is defined by
0 00
Cv(X) = fXdV = f VX >1)- 1)dt+f VX>nd, YXeH,
-0 0
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where V is replaced by V and V, respectively.

Definition 2.4. [19] (i) A sublinear expectation B: H — R is called to be countably sub-additive if it
satisfies

B(X) < iE(X)

i=1

i=1

whenever

X, X;eHand X >0,X;,>0,i>1.
(i1) A function V: ¥ — [0, 1] is called to be countably sub-additive if

(UAJ ZV(A) VA, € F.

Definition 2.5. [19] A sequence of random variables {X;, i > 1} is called to converge to X a.s. V defined
by X; - X as. Vasi — oo, if
V(Xl -+ X) =

Further, by
VA +VA)=1

forany A € F,
X —»>XassVe—=VX —->X)=1.

Definition 2.6. [20] Suppose {X;, i > 1} is a sequence of random variables in sublinear expectation
space (Q, H, E) {Xi, i > 1} is called to be WA if there exists a positive sequence {g(n), n > 1}

dominating coeflicients such that for each n > 1,

exp [i Qnip; (Xi))

i=1

B <gO | [ Blexp @i X1,

i=1

where {a,;, 1 <i <n, n> 1}1is an array of nonnegative constants and

i () €CyripyR), i21

are all nondecreasing (resp., all nonincreasing) real-valued truncation functions.

Definition 2.7. [20] Let m > 1 be a fixed integer. A sequence of random variables {X;, i > 1} is said to
be m-WA if for any i > 2 and any ny, n,, n3, - - -, n; satisfying

|nk—nj| >m

forall 1 <k # j <i, we have that X,,,, X,,, - - -, X, are WA.

Remark 2.1. It is easily seen that m-WA random variables are a natural extension of WA random
variables. It follows by the definition of m-WA random variables that sequences

{X19 X1+m’ X1+2m9 e } ) {X27 X2+ma X2+2m’ e } s ) {Xm7 sz, X3ma e }

AIMS Mathematics Volume 9, Issue 11, 29773-29805.



29778

are WA and m-WA is WA if m = 1. m-WA random variables include negatively dependent (ND)
random variables, END random variables, widely negative orthant dependent (WOD) random
variables, m-END random variables, m-WOD random variables, etc. Thus, it is meaningful to
research probability limit theories for m-WA random variables.

Definition 2.8. [24] A function L (x): (0, co) — (0, o0) is called a slowly varying function, if for any

A1>0,
L(Ax)

frats L(x)

In this paper, the symbol ¢ stands for a positive constant which may not be the same in various
places. Let C be a concrete positive constant. / (A) is the indicator function of the event A. a, = O (b,)
means there exists a constant ¢ > 0 such that @, < ¢b,, for all n > 1. a, < b, means that there exists a
constant ¢ > 0 such that a, < cb, for sufficiently large n. The symbol #A is on behalf of the number of
elements in set A.

Lemma 2.1. [20] Let {X;, i > 1} be a sequence of m-WA random variables with dominating coefficients
{g (n), n > 1} in sublinear expectation space (Q, H, E) If {¢;(-), i>1} € Cppp(R) are all non-
decreasing (resp., all nonincreasing), then the sequence {¢; (X;), i > 1} is still m-WA random variables
with dominating coefficients {g (n), n > 1}.

Lemma 2.2. [25] (Borel-Cantelli’s lemma) Let {A,,,n > 1} be a sequence of events in F. Suppose that
V is a countably sub-additive capacity. If

D VA <o,
n=1
then
V(@4,, i.o) =0,
where .
(A,, i.0.) = ﬂ A,
n=1 i=n

Lemma 2.3. (1) C, inequality [3]: Let X, X5, -+, X, € H forn > 1, then
ElX, + X+ + X/ <G [BIXiI + B/ +- +BIX,I],
where

Cr:{l’m O0<r<i,
n, r> 1.

(2) Jensen inequality [25]: Let f (-) be a convex function on R. Assume that B (X) and B ( f (X)) exist.
Then,

Blf 0] = f(BX)).
(3)[15]Forall X e Hand 0 < r < s,

(Exr)” < (Bxr)".
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Lemma 2.4. [14] For any X, Y € H, it holds that
EX) -EW)|<EX-7Y].

Lemma 2.5. [26] (Toeplitz lemma) Let k,, be a positive number and {a,x, 1 < k < k,, n > 1} be an array
of real numbers fulfilling for any k£ > 1,
lim Aui = 0

n—oo

and
kn

sup Z |an] < 0.
n>1 =1

Let {x,,n > 1} be a sequence of real numbers. If

lim x, = 0,

n—oo

then,
kn
lim Z auxe = 0.
k=1
Lemma 2.6. [24] A function L (x): (0, c0) — (0, o0) is a slowly varying function, then for n > 0,

lim x"L (x) = o0, lim x™"L(x) = 0.

X—00 X—00

Lemma 2.7. [27] Assume that X € H and
f)=xPLx), 0<B<e,
and L (x) is a slowly varying function. Then, for any ¢ > 0,

Cy(f XN cP) < 00 = i V (1X] > en'PL(n)) < oo,

n=1
where f~ (x) is the inverse function of f (x).

Lemma 2.8. [20] (Fuk-Nagaev type inequality) Let {X;, i > 1} be a sequence of m-WA random
variables in (Q, H, E) with

E[X;]<0
fori > 1. Then, forall x > 0 and d > O,

- d X x xd|m? )}
Y X;>x|<mV|maxX; > —|+mgn)expy———=In{1l + ————|;.
(Zl ) (x> ) e memen{ - S S EXE
Lemma 2.9. [28] (Kronecker lemma) Let {x,,n > 1} and {b,, n > 1} be sequences of real numbers with

0 < b, T oo. If the series Z % converges, then

n=1
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3. Main results

Theorem 3.1. Assume that

1 1 1
l<B<a 1<s<2, —=—+4+—,
s a pB
and V is countably sub-additive. Let {X;, i > 1} be a sequence of m-WA random variables dominated

by
gm)=0(n") (0<6< 2 1)
a

in (Q, H, E) Suppose that
f(x)=x"PL(x),

where L (x) > 0 (x > 0) is a monotonic nondecreasing slowly varying function, and f~ (x) is the inverse
function of f (x). Further, there exist a random variable X and a constant C satisfying that

Ely )] <CE[y(X)], Viz1,0<yeCpyp®) (3.1)
and
E[f (XD] < Cv [f (XD] < 0. (3.2)

Let {a;, i > 1} and {b;, i > 1} be sequences of positive numbers with a; T, b; T oo, and the following
two conditions hold:

n

> ai=0@,), (3.3)
i=1
A _ -1/s
b= o(n ) (3.4)
Then,
limsup b, (L))" Z a; (X,. - E(X,-)) <0, as. V (3.5)
n—eo i=1
and
liminf &' (L(n))™! Z a;(Xi—5(X) >0, as.V. (3.6)
i=1
Furthermore, if
E(X) =&(X),
we have
lim b, (L)™' > @ (Xi B (X)) =0, a.s.V. (3.7)

i=1
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Theorem 3.2. Let {X;, i > 1} be a sequence of m-WA random variables dominated by
gm)=0(n") 0<0<1)
in (Q, H, E) Assume that
I<y<y+6<2,

B and V are countably sub-additive,
hx)=x""L(x),

where L (x) > 0 (x > 0) is a monotonic nondecreasing slowly varying function, and 4~ (x) is the inverse
function of % (x). There exist a random variable X and a constant C satisfying (3.1). For any ¢ > 0,

i ne/VV(IXI > cn'"L (n)) < oo, (3.8)

n=1

and Cy (h~ (|X])) exists. Suppose that {a;, i > 1} and {b;, i > 1} are sequences of positive numbers with
bi T oo and
¢, =byla, T o

fulfilling that
3 b2 (L) E < b2 (L))

for sufficiently large i. Note that

T(n) =#{i, c;<n)<n’, n>1. (3.9)
Then
limsup b (L(cy)™" Z a(Xi-EX)) <0, as.V (3.10)
n—o0 i=1
and
liminf b;' (L(c,)™ )" a;(Xi—£(X) 2 0, a.s. V. 3.11)
i=1
Furthermore, if
E(X) = &(X)),
we have
lim b, (L(c,)™ > @i (X —B(X)) =0, as.V. (3.12)

i=1

Taking L(x) = 1,a, = 1, b, = n’ for s = 1 in Theorem 3.1, we get the Kolmogorov-type strong law
of large numbers.
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Corollary 3.1. Assume that the conditions of Theorem 3.1 hold and
E(X)=2(Xy,
then )
limn™' ) (X, -B(X)) =0, as. V.
i=1
Besides, taking L(x) = 1, a, = 1, b, = n’ for 1 < s < 2 in Theorem 3.1, we obtain the partial
Marcinkiewicz-type strong law of large numbers.

Corollary 3.2. Assume that the conditions of Theorem 3.1 hold and
E(X) = 2(X),

then

lim ™ Z (Xi -B (X,-)) =0, as. V.
i=1

Taking L(x) = 1, a, = 1, b, = €" in Theorem 3.2, we have

c,=¢e" T oo,

By

ci=¢e <n,
we can get

i<Inn<n.
Thus,

T(n)<n<n’

for 1 <y < 2, which satisfies the condition of (3.9). By 0 <8 < 1 and n < ", we get

(9] (o)

(o)
E b;Znéi: § e—Znné) < § e—ZnenH
n=i

n=i n=i
(o8]

— Z @0 o ,~(2-0)i
n=i

— 6—21 . el@

_ 2,0
_bl' C‘.

1

Therefore, the above conditions satisfy Theorem 3.2. So, we obtain Corollary 3.3.

Corollary 3.3. Assume that the conditions of Theorem 3.2 hold and
E(X) = 2(X),

then

lim ™" Z (X,- - E(Xi)) =0, as.V.

i=1
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Remark 3.1. Theorems 3.1 and 3.2 extend the results of Ma and Wu [21] from END random variables
to m-WA random variables under sublinear expectation space. The dominating coefficient of END
random variables is a constant K > 1, but the dominating coefficients of m-WA random variables is a
positive sequence {g (n), n > 1}. Thus, {g (n), n > 1} has brought us the main technical difficulties of
the proofs.

Remark 3.2. Besides, in sublinear expectation space, Ma and Wu [21] studied strong law of large
numbers for weighted sums of END random variables under sublinear expectations with the condition

E(1XP) < Cy (1XF) < o0, B> 1

and
Cv (X)) <oo, 1<r<2.

Thus, we introduce the slowly varying function, making our results better than the results of Ma and
Wu [21] and our conditions weaker than those in [21]. In particular, taking & = 0 and L(x) = 1 in
Theorem 3.1 and Theorem 3.2, we conclude that these results are almost identical to the results of Ma
and Wu [21].

Remark 3.3. From Corollaries 3.1 and 3.2, Theorem 3.1 consists of the Kolmogorov-type strong law
of large numbers and the partial Marcinkiewicz-type strong law of large numbers for m-WA random
variables, which is different from the result of Wu et al. [20]. Theorem 3.2 is the result of almost surely
convergence and Corollary 3.3 is the application of Theorem 3.2.

Remark 3.4. In Theorems 3.1 and 3.2, we assume that V is countably sub-additive. If V isn’t countably
sub-additive, we can define an outer capacity V* as in Zhang [7] by

V* (A) = inf{ZV(A,,) CAcC UA,,}, V(A =1-V'(A9), AeTF.
n=1 n=1
Then V* (A) is countably sub-additive with

V(A <V@A).

Therefore, we can get the corresponding strong law of large numbers with respect to V™.
4. The proof of theorems

Proof of Theorem 3.1. It is easily seen that

Cy (f (X)) < o0

is equivalent to
Cy (f (XD c?) < o0
from Definition 2.3. So, for any ¢ > 0, according to Lemma 2.7, we get
D V(X1 > en'PL () < oo (4.1)

n=1
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We notice that

i V(X > en'PL(n)) = i Z V(X > cn'PL (n))

n=1 J=1 2/-T<p<2i

> i Z V(IX1 > 2L (27))

\%

2! i 27V (1x| > 2/PL(27)),
j=1
which implies that

Z 27V (1X| > 27 L(27)) < oo, (4.2)
j=1
For a sequence of m-WA random variables, to ensure that the truncated random variables are also a
sequence of m-WA random variables, we choose the function as follows:

LLx)=—al(x<—-a)+xI(x| <a)+al (x> a)

for any a > 0. This truncated function /, (x) belongs to C;;, (R) and is nondecreasing. So, by
Lemma 2.1, for fixedn > 1 andeach 1 <i < n,

Y, = -n"PL (n)I(X,- < —n'BL, (n)) n X,~I(|X,-| <n'PL (n)) +n'PL (n)I(Xi > n'/AL, (n)),

Zi =X — Y, = (X,- +n'PL (n)) I(Xl- < -n'PL (n)) + (Xi —n', (n)) I(X,» > n'/AL (n)). ()

Then, {Y,;, n > 1, 1 <i < n}is also a sequence of m-WA random variables. It is easy to obtain that

n n

by (L ()™ Z ai (X =B (X)) =b, (L)' D iz + b, W)™ @i (Y — B ()

i=1 i=1 i=1
n

#0, Lo D @B -B (X))
i=1
=]+ + 15,

In order to prove the Eq (3.5), it suffices to verify that

limsup J; <0a.s.V, limsup J, =0a.s. V “4.4)
and
lim J; =0. 4.5)
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In classical probability space (2, ¥, P), we know that the equation
P(A) =E(4)

was established for A € #. However, in the sublinear expected space (Q, H, E), to ensure continuity,

we need to adjust the indicator function through the function in C;z;, (R). So, we define the function
as follows. For 0 < u < 1, g (x) is an even function and g (x) € C;z;, (R) fulfilling

0<gx)<1
forall x. g(x) = 1if |x| < w; g (x) = 0 1f |x] > 1, and g (x) is nonincreasing as x > 0. Then,

I(xl <p) <g(xD) < I(xl < 1),

_ (4.6)
I > 1D < T=g(xd) < I(xl > p).

By (3.1), (4.1), (4.3), and (4.6), we get

iV(Zm #0) <

n=1

V(1| > n‘/ﬁL(n))

<
(s

X 4.7)
g B n'/BL (n)

<C i (|X| > ;ml/'BL (n))

IA
[es}]

INSTEINL

3

IA

@)
M

=»

Then, by (4.7), Lemma 2.2, and V being countably sub-additive, we obtain
VZ,;#0,i0)=0
Since (3.4), a; T, and L (x) is a nondecreasing function, we obtain
-1 -1
il < b, (L(n) max a; Z |Z,il
<b (L) ay ) |Zd
i=1
<on L) Y N2l > 0, as. V.
i=1
Hence,

limsup J; <0a.s. V

n—oo
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has been proved, and we will turn to prove (4.5).

Because f (x) (x > 0) is a regularly varying function with an exponent of 1/3, f~ (x) is a regularly
varying function with an exponent of g8 from Bingham et al. [29, Theorem 1.5.12]. Thus, by (3.2) and
Lemma 2.3 (3),

E(f (IXD) <
implies
BIX9° < o0, ¥65€(0, ). (4.8)

We choose

n=1/8>0
in Lemma 2.6, then we have n'/AL (n) — oo as n — co. We take 6 € (1, 8). By (3.1), (4.3), (4.6), (4.8),
Lemma 2.4, and 1 — 6 < 0, and we have

B (V) — E(X)| <E 1Y, — X|
<B[|-n"PL(n) - X)| I (X < =n'PL () + [n"PL () - X I (X; > n"PL ()|

_ | Xl
X (1 -8 (nl/ﬁ—L(n)))
) X
<CE [IXI (1 - g(nl//L—L|(n)))]

P Pl 1-6 — 0 i
_CE[IXl 1X| (1 g(nl/ﬁL(”)))]

<Cu'nI=B (L () P E|XP° - 0, n— co. (4.9)

<E

According to b, T oo and the fact that L (n) is nondecreasing, for fixed a;, we get
lim b,' (L(n))™ a; = 0.

By (3.3),

n n

supb,” (L))" > a < (L) suph,™ > @i <c < oo, (4.10)

n>1 =1 n>1 =1

Then, by (4.9), (4.10), and Lemma 2.5, the Eq (4.5) is proved.
Finally, we will turn to prove
limsupJ, =0 a.s. V.

n—oo

We notice that {Y,;, n > 1, 1 <i < n} is a sequence of m-WA random variables, then by Lemma 2.1,

{a,- (Y,,,- ~-E (Y,,[)), n>1,1<i< n} is still a sequence of m-WA random variables and
E [Cli (Yni - E(Ym'))] =0,
which satisfies the requirements of Lemma 2.8. For every € > 0, we take

x=d=b,L(n)e
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in Lemma 2.8. By using the Markov inequality, V being countably sub-additive, and Lemma 2.3 (1)
and (2), we get

n

bt (L) Y @i (Y—B(Y,)) > &

i=1

\Y

b,L(n)-e & - b2 (L(n)* /m?

St

i=1

<mV [max a; (Y,,,- - E(Ym)) > +mgm)expy 1 —In|1+

1<i<n

Yni—E(Ym‘)2

-1

Y _‘a,- (Ym- — E(Yni))‘ > % +mgn)-e-|1+

IA
3
<

& - b2 (L (n))* /m?

St

i=1

2

1l
—_

Yni _E(Yni)

N

IA
3

1

' . b,L(n) - ¢] 2L\ & e .
¥ ||as (1 - B )| > 2ELE | gy e M) > @BV, - B,
| m ] m

i= i=1

-a n 2p2 2\
m(san(n)) ZQ?E Ym'_E(Ym')a +mg(n) & (M) Za?E Yni_E(Yni)z

2
" i=1 n i=1

IA

n

"+ g ) (bLm) 2 aif

i=1

2

Yni - E(Ynz) Yni - E(Ynz)

< (buL(n)™ ) athh
i=1

n n

< (B L ()™ ) BV, + g () (BaL ()72 ) @BVl
i=1 i=1

(4.11)
Thus, by (4.11) and g (n) = O (n’),

iv b Lo S a; (Yo —B(Y,)) > &

n=1 i=1

< Y BL ) Y @B+ Y (L) Y @ IY,P
n=1 i=1 n=1 i=1
=Jo + Jon.

In order to prove J,; < oo, we need to structure an even function, which is similar to (4.6). Let
8§ eCypy®), j=1

satisfying
0<g;(x<=1

for all x € R, and if

G-DIBT (ni-1 iBr (07 s (X Y_1.
UVBL(2) <1 < 2771 (27), g’(zj/ﬁL(Zj))_l’
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if
x| < 'uz(j—l)/ﬁL (21—1)
or

X > (1+p) 27PL(2), g(#@)) -

Thus, for every p > 0,

i) < L) < < e 20 (2)
; (4.12)
_ _ 1X]
|X|p (2k/ﬁL (zk)) <1 Z |p (2]/,3L (2/))
For all T > 0, by (3.1), (4.3), (4.6),
T<BIX (X < L) + 0 L) 11X > n'PL )|
- _( umlXil . A _( 1Xil
< E[ g(nl/ﬁL(n)) +nP (L (n)) E(l —g(—nl/ﬁL(n)))
X" o ,Ule T T 15 — |X| (413)
<C [l | ( l/ﬁL(n)) +Cn™P (L (n)) E(l_g(nl/ﬂ—L(n)))
__mIX] . .
<C [ g(n1 i (n))] +Cn™ (L) V (1X| > un"PL (n)).
Thus, for all @ > 1, since (3.4), (4.1), (4.13), a; T, and
1 1 1
-_= -+ -,
N a
then,
I < Z b, (L(m) maxa; Z BV,
< Z dy (L) ZEIYmI
N —als —a [ a = H |X| a a
: Z (L Zl [CE ['X' § (nl/ﬂL <n>)] *+ CaP (L )V (1K) > 'L (n))] .14)

—a/s - 15 a = |X| N —als
n=1 n=1

Y e
n=1

e | C Z:; V (1X] > pnPL ()

:J211 + C.
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In order to prove J,; < oo, we need to show J,;; < co. Because L(x) > 0 (x > 0) is a monotonic

nondecreasing function and @ > 3, we have

Z A(1- a//ﬁ)k 2/< <L Z H(I-a/pk _ o (4.15)

k=1
Otherwise, taking
x=2""and 1=2>0
in Definition 2.8, we can get
L(2) <cL(27)

and

{1X1> c27L(277)} < {Ix1 > 2L (27)}.

Thus, by (4.2), (4.12), (4.15), @ > B, g (x) | for all x > 0,

(4.16)

111
STl p
we get
N -« -0 a = |X|
Dy =c;n (L (n) E[m g(nlf;—m)]

N [-(k-1D)al/B -1\\"Y A @ = ulX| )]
€22 Zz )" 2|
St
<Zz(1 a//,B)k 2k1 “E 1+Zk:| |a/—_( ulX| )

— 2IIBL (27)
o k
- - @ a - ,u |X|
O @ = I | - -«
< 2 E[IXI gj(szL(zj))];z(l PEL) e
=32 <zf>>“E[|xw o shre)|
<<Z (1~ a/ﬁ)] 2} ¢ pialp (L (21'))”V(|X| > 2U-DIB], (21—1)) I
= Z 2V (X > 27 2IPL(277)) + ¢
i V(1X1 > 2L (27)) +
=)
<0
AIMS Mathematics
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In the end, we need to prove J,, < co. We take
max {0, B2+ 6-2/a)} <5 <min{2, B}.
For all > 0, by Lemma 2.6, we can get
cx" > L(x).

Since 6 < 8, we have

en' B (L(n)° > 1

when 7 is sufficiently large. According to (4.1) and Lemma 2.2, we obtain
nVy (lXI > cn'PL (n)) -0

as n — oo. By (4.6), (4.13), we have

o Salive - HIX
By, <C ) E|xP
Z il Z‘ [' 'g(n“ﬁun))

+C Z P (L(n)* V (1X| > pn'PL (n))
i=1

=Cnl [|X|2 g (nll;;lﬁn)) + Cn?P N (L) V (1X] > pn' L (m))
- [ mIX]
<nB [lezg (nl/BL (n)) +n* (L (n))?

< - n[n L] BIXP + 0P (L ()
<n*® (L (n))?* [nH/ﬁ (L(n)™° + 1]
<<nl+(2—(5)/,8 (L (n))2—5 ]

Since

BQ2+6-2/a) <6,

we can get

0—Q2/a—1+6/p) < -1.

Thus, by (3.4), (4.17), a; T,

“ | =
RIrm
I~

(4.17)
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and L (x) > 0 (x > 0) being a monotonic nondecreasing function,
In < Z] n'b,? (L (n) ™ max ] Z} E|Y.P
<> A (Lm)? Y BIY,L
n=1 i=1

N 0. 1205 (L. =2 Q@0)IB (T (11))20
<<;n n (L)% n (L(n)) wis)

— n9—(2/a—1 +5/) (L (n))—5

n=1

< (L (1))—(5 Z n@—(2/af—l+5/ﬂ)

n=1

<00,

By (4.16) and (4.18), we get

S

n=1

n

b (L) @i (Y —B(Y,)) > &

i=1

< 00,

According to Lemma 2.2 and V being countably sub-additive, we know

\%

b= (L(n))™! Z a; (Y - B () > &, i.o} =0

i=1
and
4% [O ﬁ {b,;l (L)™' Z a; (Y, - B(¥) < s}] = 1.
t=1 n=t i=1
It is obvious that

{O - {b;l (L(n))"! Z a; (Y. — B (¥,)) < g}} C {b,;l (L(n))"! Z a; (Y, —E(¥,) > 0, n > oo}

i=1 i=1

={J, >0, n—> oo}.

The equation
limsup J, =0a.s. V

n—oo

has been proved.
Replacing {X;, i > 1} by {-X;, i > 1} foreach 1 <i < nin(3.5), by

£(Xp) = -E (=X,
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we have

0 >limsup b,' (L(n)' Z a;(-X; - B(-X)))

n—00 .
i=1
n

=limsup b, (L(n))™' Z a; (=X; + £(Xy)

n—00 N
i=1
n

=limsup b,' (L(n))™" Z a; (- (X; — (X)),

n—oo .
i=1

which implies (3.6). Therefore, by (3.5), (3.6), and
E(X) = &(X)),

the Eq (3.7) is obtained.
The proof of Theorem 3.1 is completed. O

Proof of Theorem 3.2. We define for fixedn > 1 andeach 1 <i < n,
Z}’u' = —Cl'L (C,')I(Xi < —Cl'L (C,')) + X,I (lX,l < Cl'L (Ci)) + CiL (Ci)I(Xi > C,‘L (Ci)) . (419)

By Lemma 2.1, it is easy to see that {Z’ n>1,1<i< n} is still a sequence of m-WA random

ni’
variables. Besides, we notice that

n n n

b (L) Y @ (Xi =B X)) =b," (Le) Y. a;(Xi=Z,) + b;" (Le) ™ Y ai(Z, - ()
i=1 i=1 i=1

+ 0, (Le)™ Y ai(B(Z) -E X))
i=1
:Kl + K2 + K3.

In order to prove (3.10), we only need to prove

limsup K; <0a.s.V, limsup K, =0a.s.V (4.20)
and
lim K5 =0. 4.21)

For any ¢ > 0, by (3.8), we easily obtain

iV(IXl > cnl/"L(n)) < 00,

n=1

Since Definition 2.3, we know
Cy (h™ (IX])) < o0
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is equivalent to
Cy (B~ (XD ™) < o

According to Lemma 2.7, we obtain
Cy (A~ (IX]) < o0.

By Definition 2.8, taking
x=n'"

and
A=n"1">0

forn > 1, we get
L(n) <cL (nl/y)

and
{|X| >en'"L (n)} 5 {|X| >cen'’L (n”y)}.

By 0 < 6 < 1, we notice that

Me

nH/VV(lXI >cen'7L (n”y))

S v (11> 'L (24))

ky=l<p<2ky

2
(2"7 - 2’<V—1) (2"7—1)9/ Tv (|X| > 2fL (2"))

i n”"v (1X] > Cn'L (n)) >
n=1

1

n

W%

\%

DM 1M

>~
Il

1

>0~ 1-6/y i Qkr+0)y (|X| > 2% L (2k))

=
>p71-00 i 2V (1X] > c2°L(2Y)).
which implies that B
i 2040V (1X| > 2L (2)) < oo (4.22)
and B
i 2V (|X] > 2°L(2")) < oo (4.23)
=

Besides, for every c;, i > 1, there exists a k such that
2k_1 <¢ < 2k.

By (4.22),
{|X| > c2FL (2’“)} c {|X| > c2FL (2k)}.
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L(x) > 0 (x > 0) is a monotonic nondecreasing function and 0 < 8 < 1, and we get

(o9 [0e]

D200V (1X] > 2L (24)) = ) 24040 (1x] > 26251 (25))
k=1 k=1
>0 i 2V (1X| > 2c2°' L (2))
k=1

>27 i 2V (IX] > 2¢2°7'L (27))
k=1

(o)

>27 Z IV (1X] > 2¢e;L(cy)

i=1
>27 Z V(X| > 2cc;L(cy)),
i=1
which implies that

[ee)

eV (X1 > ceil () < o0

=1

and
Z V (IX] > cciL(c;)) < oo.
i=1

For 0 < u < 1, let g (x) be an even function and

8 (x) € Cyrip (R)

satisfying
0<gx) <=1
for all x.
g =1
if x| <
gx)=0

if |x| > 1, and g (x) is nonincreasing as x > 0. Then,

I(xl <p) <g(xD) < I(xl < 1),
(x> 1) < 1=g(x) < I (x| > p).

We also define an even function g, (x) as follows. Let
§ieCyup,®), j=1

such that
0< g j (X) <1

(4.24)

(4.25)

(4.26)
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for all x and

- X _
SN\ =
if
2!'-1L(2f-1) <X < 2L (2f);
- X _
S\2iL@h) =
if
IX| < 2L (277)
or

IX| > (1 + ) 2/L(2).

Then, for all p > 0,

& (2|LX(|2)) 127 L) <X < A+ VL ().

|X|p~(2,<L(2k))S i X1'g; (215?21))

and

3t = Lo vt

Jj=k

To start, we prove

limsup K; <0a.s. V.

n—oo

Let
T(1)=1.

By (3.1), (3.9), (4.19), (4.23), (4.26), (4.27), and (4.28), g (x) | for all x > O,

{IX1 > c2/L(277")} < {Ix1 > 2L (27)}

(4.27)

(4.28)
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and E being countably sub-additive, we have

<%, Z 3 el |

SZ [7(2)-7(") Z:] B [5’1 (2J|LX(|21))] (4.29)

[r ()7 ()] 3 (1>
_ i (0> w2 L () T(2) =1 ()

By (4.29), Lemma 2.2, and V being countably sub-additive, we have
V(X #2Z, io.)=0.
By b, T eo,
Cn =bufa, T o0
and L (x) > 0 (x > 0) being a monotonic nondecreasing function. We have

n

K1 <b, (L))" ) ailXi - 2,

i=1

-0, a.s.V.

Second, we prove
limsupK, =0a.s. V.

n—o00
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By Lemma 2.1, {ai (Zr’li - (Z,’u.)) ,n>1,1<i< n} is still a sequence of m-WA random variables. We

can easily obtain

Blai(z,-B(z))] =0,
which satisfies the condition of Lemma 2.8. Then, for all £ > 0, we take
x=d=b,L(c,)e
in Lemma 2.8. By the Markov inequality, Lemma 2.3 (1) (2),
gm) =0(n"),

and V being countably sub-additive, we have

n

v [Z ai(2,, - E(Z,)) > buL (c) g]

i=1

N b,L (c, 2p2 (L (c,))? /m?
<mV [mea,. (z,-E(z)) > biLlee| e myexpdl—In|1+ - 2 (L(cy))” [m
<i<n m A .
> @tz -8z,
i=1
-1
n r . an ; ) 2b2 L . 2 2
smp Vv 'ai(zr/li_E(Z:u'))’ > i) +mg(n)-e-|1+ ng n(Le)) /m
m A A
o * N @iz, - Bz
i=1
Y » B an(Cn)Si &b? (L(Cn))2 R 24 " 2
<m A\ 'Cli (Zr,u - E(Z,’“))’ > ——| +mg (n) .e- "—2) Z aiE Z,/“ _ E(Z,’“)
i=1 L m ] m =
2 272 -l n
bl () € A b (L, R
: m( n )8) > Bz Bz +mg(n)-e-(w) D aklz, —R@)f
" i=1 mn i=1
<m'e?b? (L)) ) ali|Z;, P+ eme 22 (L) g (n) > @tz g

i=1
n

<n’b? (Lic)” ) alB

i=1

’
Zni

Thus, by (4.30) and

AIMS Mathematics

2

i=1

Db (Lie))? < b2 (L)

(4.30)
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for sufficiently large i,

Y Vb, (L ()™ n (Z,. -B(Z)) > ¢| < Y n’b% (L (cy))™ Y a’f
=1 i=1 =1 i=1
= i aE|z n°b 2 (L(c,)™

i=1 n=i

< Z 2 (L(cy)”
i=1

Otherwise, by (3.1), (4.19), (4.26), we get

E|IX 11Xl < eiL(e) + ¢} (L () 1(|X|>CL(C))]

Sﬁﬁ“gﬁﬂ(ﬁ'““LmWE@‘gﬁiiﬁ)

A 2~ uiX| - | X
SCE[IXIg(QL(q)) + Cc? (L(c)) [ g(ciL(ci))]
scE|XVg(’”X')-+Cc<Luw>§fux1>ucL«n>
c;iL(c;)
Since 0 < 6 < 1, we get
-2<0-2<-1.

(4.31)

(4.32)

Thus, by (4.24), (4.27), (4.31), (4.32), g(x) | for all x > 0, L(x) > 0 (x > 0) being a monotonic

non-decreasing function,
L(2Y) < cL(2)

and E being countably sub-additive, we have

(o)

D L) B

i=1

2
7
Zni

< CZ 92 (L(¢;)” Z]E[|X|2 ~( Lli(l,))] + C;ch(le > uc;L(c;))
_ o _( HIX|
< Z D L) ZE[lezg(CiL(Ci)) +c

k=1 2k=1<c;<2k

[7 () -7 ] (24)
[7() -7 @)
[7() - 7@ ) @)

<

2. [ H1IX]
AN
”g&uwﬂ+c

IA

s T T

>~
Il

1

ol e )|
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k
k kl k-1\0-2 k -2 2. [ pIXI
—K21+K22+C.

By (3.9), L (x) > 0 being a monotonic nondecreasing function, and y + 6 < 2, we get

)] (L) () )]

k(y+6-2) ( L (Zk))_z (4.33)

< (L (2))—2 Z 2k(7+9—2)
<00,

Besides, by (3.9), (4.22), (4.27), y + 6 < 2,
{IX] > c2'L (2/'—1)} c {|X| > 2L (21')}

and L (x) > 0 being a monotonic nondecreasing function, we obtain

P =T L)Y 2 ) Y (> )
(L) ¥ (0> (27)
2 (L) ¥ (01> 27 (27)
2% (L (21))2V(|X| > 2L (27)
27 (L (2!‘))2 v (1x1 > 27'L(277))

21(7+9)V(|X| > 271 L(27))

K22

IA

DM 2D

1l
—_

J

~.
11
—_

T
IagkaNgERanek EMg

A
gk

~
]

—_

>~
1l
~

1

.
Il

240y (|X| > 2L (2]’))

~.
1
—_

(4.34)
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Thus, by (4.33) and (4.34), we get

n

i V(b (L(cy)™ Z ai(z, -B(z,)) > e| < ,
n=1

i=1
which implies that
limsup K, =0a.s. V

by Lemma 2.2 and V being countably sub-additive.
Finally, we will turn to prove (4.21). By (3.1), (4.19), (4.26), and Lemma 2.4, we get

B(z,) - Ex)| <B|Z, - x|
A X,
<E [(lXil +c:L(c:)) (1 -8 (C|L (|C) ))]
. - 1Xil 5 o [ Xl (39
()] st (2]
) (¥ gl s (X
R e

Thus, by (4.25), (4.26), (4.35), and ¢, = b, /a,, we have

(o8]
i=1

<> L B @) )

i=1

SC;c;l(L(c,->)“E[|X|(1— ( TG )))
N P 1X|
sC;ci (L(c))) E[|X|(l— (QL(CI)))

=Kj5 +c.

T [E@) - E(X)]‘

X (4.36)
+CZ [1_ (c-L(co)]

£C VNI > o @)

i=1

By (4.23), (4.27), (4.28), 3 (x) | for all x > 0,
L (2") <cL (2’“)

and E being countably sub-additive, we obtain

S O M R E R (R

k=1 2k—1$ci<2k

Sl we ) S g ()

k=1 j
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29801

<@ -TCNE ) (@) X ) )

<3 2(2) v <>>z[ @)= )

<3 )i ) S @) ) L) - @) (@) ]
-2 (s ) )] w@) @) L)

3 2e@) v @) @) ) @) ) )

By (3.9), (4.23),
{|X| > 2L (2f-1)} c {|X| > 2L (2}')}

and L (x) > 0 (x > 0) being a monotonic nondecreasing function, we have

VL(2)V (x> @27 'L (7)) T (27) (@) (L)

‘Mg

Kspp <
]

J

< M L(2)V (x> w2 L(2771)) - 2077 (L(27))

.Mg

1

J

27V (IX] > 27" - 2L (277)) (4.37)

.Mg

1

J

.Mg

Il
—_

< 27V (X > 2/L(27))

J

<00,

Besides, taking
1=27%>0

for j > k and x = 2" in Definition 2.8, we get
L(2) < cL(2).
According to (3.9), (4.23),y > 1, L(x) > 0 (x > 0), and
{IX1> c27L(277")} < {ix1 > 2L (27)},
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we obtain

Ksn <Z2’L Zf (|X| > 27" lL i1 ZJ:T 2k | I(L(zk))-l
k=1

L) (31> 2 L (2) 320 (1 (2)

'M8 :

= k=1
< i 2L () (1> 2 L () 320 () (438)
=) k=1 .

27V (X > 27" - 27L(27))

[
Il
—

.Mg

27V (1X| > c2/L(27))

[
Il
—

By (4.36)-(4.38), we get

a;
biL(c;)

|E(z )—E(xi)]' < oo,
Using Lemma 2.9, we obtain (4.22). Thus, (3.10) has been proved.
Replacing {X;, i > 1} by {-X;, i > 1} foreach 1 <i <nin(3.10), by
(X)) = -E (=X,

we have

0 >limsup b,' (L(c,))™ Z a;(-X; - B (-X)))

n—o00 N
i=1

=limsup 5" (L(c,))” Za,( X; + (X))

n—oo
i=1

n

=limsup b,' (L(c,))" )" a; (= (Xi = (X)),

n—00 .
i=1

which implies (3.11). Furthermore, by (3.10), (3.11), and
E (X)) = (X)),

we can get (3.12) immediately.
The proof of Theorem 3.2 is completed. O
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5. Conclusions

In this article, by using the Fuk-Nagaev type inequality, C, inequality, Jensen inequality, and so on
under the sublinear expectation space, we obtain general strong law of large numbers of m-WA
random variables on different conditions under sublinear expectation space. The key of solving this
problem makes full use of the Fuk-Nagaev type inequality. One of the results includes the
Kolmogorov-type strong law of large numbers and the partial Marcinkiewicz-type strong law of large
numbers for m-WA random variables under sublinear expectation space. Additionally, we obtain
almost surely convergence for weighted sums of m-WA random variables under sublinear expectation
space. However, the Kronecker Lemma is not applied for arrays of row-wise random variables. Thus,
we will try our best to choose other ways to prove almost surely convergence for arrays of row-wise
m-WA random variables under sublinear expectation space in the future.
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