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1. Introduction

In 1972, Peterson first introduced the concept of pseudocyclic codes over fields through the
quotient ring angle of polynomial rings in [13, p.241]. The important engineering application value of
pseudocyclic codes is elaborated, and it is pointed out that pseudocyclic codes can be used to correct
any sudden errors in information transmission. Compared with cyclic codes and constacyclic codes,
the algebraic structure of pseudocyclic codes is more complex. So in the following period, there was
relatively little research on pseudocyclic codes (see [4,7,10,12]). Until 2009, Lopez-Permouth et al. [8]
redefined pseudocyclic codes from the perspective of linear algebra and called them polycyclic codes,
and discussed the basic properties of polycyclic codes and sequential codes over F,. It was proved
that the Euclidean dual codes of polycyclic codes are sequential codes. In 2011, Lopez-Permouth et
al. [9] discussed the structure and generating sets of polycyclic codes on the Galois ring GR(p“, m).
The Hamming distance of the cyclic code with a length of p* over GR(p?, m) was calculated in detail.
However, one of the main reasons why polycyclic codes have not been as widely studied as cyclic
codes is that the Euclidean dual codes of polycyclic codes are no longer polycyclic codes. In 2016, to
solve this issue, Alahmadi et al. [1] studied the algebraic properties of polycyclic codes over fields,
introduced the annihilator product and annihilator dual codes, gave the MacWilliams identities of
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polycyclic codes and their annihilator dual codes, and finally obtained the equivalent characterization
of constacyclic codes. In 2020, Shi et al. [15] studied polycyclic codes over finite fields through
the perspective of invariant subspace theory in linear algebra, and gave the bounds of the minimum
distance of these polycyclic codes. Subsequently, scholars shifted the research scope of polycyclic
codes from finite fields to finite rings. In 2020, Martinez-Moro et al. [11] studied the properties of
free polycyclic codes on finite chain rings, and gave the basic properties of Euclidean dual codes and
annihilator dual codes of polycyclic codes. It is shown that the dual annihilator code of polycyclic
codes over finite chain rings is still a polycyclic code. In 2024, the author [14] gave the concepts
of annihilator self-orthogonal code, annihilator self-dual code, and annihilator LCD code by using the
annihilator product over finite rings, and studied their discrimination conditions and counting problems
over the ring F, + ulF,, using their generator polynomials and check polynomials over F,,.

So far, there is relatively little research on polycyclic codes over finite rings. This article conducts
research on polycyclic codes over the finite field F,. This lays the foundation for future research on
polycyclic codes over finite rings. The main research content of this article is as follows. This article
will extend the properties of the idempotent generator of cyclic codes to polycyclic codes over the
finite field F,. In addition, the check matrix of polycyclic codes is provided over F,. Specifically, it has
been proven that the constacyclic code is an MDS code over I, if and only if its annihilator dual code
is also an MDS code. Finally, we provide some examples of good codes.

2. Idempotent generator of polycyclic codes over F,

In 2009, Lopez-Permouth [8] proposed the concept of polycyclic codes and sequential codes over
the finite field IF,.

Definition 2.1. [8] Let C be a linear code of length n over F,, if there exists a = (ap, ay, ..., a,-1) € PZ,
where ay # 0, such that for every c = (cy, cy, ...,Cn—1) € C,
(1) (0, co, 1y ...y Cp2) + Cpoi1(ao, ai, ..., ap-1) € C. Then C is said to be an a-polycyclic code over Fy;
(2) (€1, Cay ey Cpt, CoQo + C1A1 + ... + Cp_1ay—1) € C. Then C is said to be an a-sequential code over
F

q-

Some properties of the idempotent generator of cyclic codes over F, are provided in [6, Section 4.3].
In 2020, Shi et al. [15] extended the idempotent generator from cyclic codes to polycyclic codes, and
studied the idempotent matrix of polycyclic codes over finite fields and its basic properties. As an
application, the lower bounds of the minimum distance of some polycyclic codes are given. This
section assumes x" — a(x) € F,[x] in F, which is not a double root in the algebraic closure of F,. This
section mainly discusses some properties of the idempotent generator of polycyclic codes over F,.

Definition 2.2. Let C be an a-polycyclic code over F,, e(x) € C. If e’(x) = e(x), then e(x) is an
idempotent of C. Further, if C = (e(x)), then e(x) is called the idempotent generator of C.

The existence of the idempotent generator of cyclic codes over fields in [6, Theorem 4.3.2], and
the existence of the idempotent generative matrix of polycyclic codes over fields was studied in [15,
Theorem 3.1 (6)]. Next, we study the unique existence of the idempotent generator of a-polycyclic
codes over fields.
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Theorem 2.3. Let C be a polycyclic code of length n over F,, if there are no double roots in x" —a(x) €
F,[x]. Then

(1) There exists a unique idempotent element e(x) € C, such that C = {e(x)),

(2) If e(x) is a non-zero idempotent element of C, then C = (e(x)) if and only if e(x) is the unity of
C.

Proof. First, we construct idempotent elements of C. Let g(x) be the generator polynomial of a-
polycyclic code C, and then g(x)|(x" —a(x)). Let h(x) = (x" —a(x))/g(x). Since x" — a(x) has no double
roots, gcd(g(x), h(x)) = 1. So there exist s(x),#(x) € F,[x], such that s(x)g(x) + #(x)h(x) = 1. Set
e(x) = s(x)g(x), and we have

€ (x) = s(x)g(x)s(x)g(x) = s(x)g(x)(1 — 1(x)h(x))
= s(x)g(x)mod (x" — a(x)).

Hence, €*(x) = e(x).
The necessity of proving (2). Let c(x) € C. As C = {e(x)), there exists m(x) € F,[x] such that
c(x) = e(x)m(x). From the fact that e(x) is a non-zero idempotent element in C, we have

c(x)e(x) = eX(x)m(x) = e(x)m(x) = c(x).

e(x) is the unity of C.

The sufficiency of proving (2). Let e(x) be the unity of C, and then e(x) € C. In light of [14,
Proposition 1], the a-polycyclic code C over F, is the ideal of the quotient rings of F,[x]/{x" — a(x)).
It implies that {(e(x)) C C.

On the other hand, if for any c(x) € C, c(x) = e(x)c(x) € {e(x)) is known from the fact that e(x) is
the unity of C. Therefore, C C (e(x)). So C = (e(x)).

Next, we use the equivalent characterization of the idempotent generator in (2) to continue to
prove (1): The existence and uniqueness of the idempotent generator.

Assuming any c(x) € C, there exists f(x) € F,[x] such that c¢(x) = g(x)f(x), and therefore,

c(x)e(x) = g(x) f(x)s(x)g(x) = g(x) f(x)(1 = 1(x)h(x))
= g0 f(x) = c(x)mod (x" — a(x)).

Thus, e(x) is the unity of C. From (2), we have C = (e(x)).
Uniqueness. Set e;(x), e;(x) are idempotent generators of C, and e;(x), e(x) are the unities of C.
Therefore

e1(x) = er(x)ea(x) = ex(x).

O

It can be seen from the above that polycyclic codes can be generated not only by generator
polynomials, but also by idempotent generators. Therefore, we will build a relationship between
idempotent generators and generator polynomials.

Theorem 2.4. Let C be an a-polycyclic code of length n over F,, g(x) be the generator polynomial of
C, and e(x) be the idempotent generator of C. Then gcd(e(x), X" — a(x)) = g(x).
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Proof. Let g(x) be the generator polynomial of the a-polycyclic code C over F,, and then g(x)|(x" —
a(x)). Let h(x) = (x" — a(x))/g(x). Since x" — a(x) has no double roots, gcd(g(x), h(x)) = 1. Thus,
there exist s(x), #(x) € F,[x], such that s(x)g(x) + #(x)h(x) = 1. According to Theorem 2.3, we obtain
e(x) = s(x)g(x). Therefore

ged(e(x), X" — a(x)) = ged(s(x)g(x), g(x)h(x))
= g(x)ged(s(x), h(x))
= g(x).

O

Proposition 1. Let C be an a-polycyclic code of length n and dimension k over F,, and let e(x) be the
idempotent generator of C. Then {e(x), xe(x), .., X*"'e(x)} is a basis of C.

Proof. Let bpe(x) + byxe(x) + ...by_1 xX* Te(x) = 0, where b; € F, (0 < i < k— 1). Then
b(x)e(x) =0,

where b(x) = by + bix + ..by_1x*!, deg(b(x)) < k — 1. Let g(x) be the generator polynomial of the
a-polycyclic code C. Then
8(0)b(x)e(x) = 0.
According to the idempotent generator e(x) of C and Theorem 2.3, we know that e(x) is the unity of C.
So g(x)b(x) = 0 because
deg(g(x)) = n —k, deg(b(x)) < k—1.

So we can obtain deg(g(x)b(x)) < n — 1. Therefore, b(x) = 0. Thus b; = 0 (0 < i < k—1). Note that
the dimension of C is k, and therefore, {e(x), xe(x), .., x* 'e(x)} is a basis of C. |

If C, and C; are a-polycyclic codes of length n over F,, then C, +C; = {c) +clc; € Cy, ¢, € Gy}, and
C N C, are still a-polycyclic codes of length n over F,. Next, we discuss their generator polynomials
and idempotent generators.

Theorem 2.5. Let Cy and C, be a-polycyclic codes of length n over F,, g,(x) and g,(x) are, respectively,
generator polynomials of C, and C,, and e (x) and e,(x) are, respectively, idempotent generators of
Cy and C,. Then

(1) The generator polynomial of Cy N C, is lem(g(x), g2(x)), and the idempotent generator is

er(x)ex(x);
(2) The generator polynomial of C1+C; is gcd(g1(x), g2(x)), and the idempotent generator is e;(x)+

ex(x) — ey (x)ez(x).

Proof. (1) Let g(x) = lem(g;(x), g2(x)), and the following proves that C; N C, = (g(x)).
Obviously, g1(x)|g(x), g2(x)|g(x). Thus, there exist by(x), b>(x) € F,[x], such that g(x) = g;(x)b;(x),

g(x) = g2(x)by(x). So
g(x) € (gi(x)), g(x) € (g2(x)).

Since C; = (gi(x)) and C, = (g2(x)) are a-polycyclic codes over F,, thus
8(x)) € (g1(x)), (g(x)) € (g2(x)),
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and therefore, (g(x)) € C; N C;.

For any c(x) € C; N C,, then c(x) € C; = (g1(x)), c(x) € Cy = (g2(x)). Therefore, there exist
bi(x), by(x) € Fylx], such that c(x) = g1(x)b1(x), c(x) = g2(x)b2(x). So c¢(x) is a common multiple of
g1(x) and g>(x). Also, we have obtained that g(x) = lem(g;(x), g2(x)),

g(0)lc(x).

So there exists f(x) € F,[x], such that c(x) = g(x)f(x). Therefore, c(x) € (g(x)). We have C; N C, C
(g(x)). Hence C; N Cy = (g(x)).

Set any c(x) € C; N C,, and then c(x) € Cy, c(x) € C,. Since ej(x) and e,(x) are, respectively,
idempotent generators of C; and C»,

c(x)er(x)ex(x) = c(x)ex(x) = c(x).

This implies e;(x)ex(x) is the unity of C; N C,. So by Theorem 2.3, e;(x)es(x) is the idempotent
generator of C; N C.

(2) Let g(x) = ged(g(x), g2(x)). Let us prove that C; + C, = (g(x)).

Obviously g(x)lg1(x), g(x)g2(x). So

(81(x)) < (g(x)), (g2(x)) < (g(x)).

This implies C; + C;, C (g(x)).

Since g(x) = gcd(gi(x), g2(x)) can be obtained, there exist b;(x), b,(x) € F,[x], such that g(x) =
b1(x)g1(x) + by(x)g2(x). We get g(x) € (g1(x)) + (g2(x)). Note that C; + C, is an a-polycyclic code of
length n over F,. Thus (g(x)) € C; + C,. Therefore, C; + C, = (g(x)).

Set for any c(x) € C + C», c(x) = c1(x) + c2(x), where ¢;(x) € Cy, c2(x) € C,. Since e1(x) and e,(x)
are, respectively, idempotent generators of C; and C,, and Theorem 2.3 implies that e¢;(x) and e,(x)
are, respectively, the unities of C| and C,, we observe that

c(x)(er(x) + e2(x) — e1(x)ex(x)) = (c1(x) + c2(x))(er(x) + ex(x) — e(x)ex(x))
= c1(0)e1(x) + c1(0)ez(x) — c1(x)er(x)ex(x)
+ ca(x)e1(x) + ca(x)ex(x) — ca(x)er(x)ex(x)

= c1(x) + c2(x) = ().

It follows that e (x) + e;(x) — e;(x)e,(x) is the unity of C; + C,, and is also the idempotent generator of
Ci + C,. O

Proposition 2. Let C, and C, be a-polycyclic codes over F,, and g,(x) and g,(x) are generator
polynomials of Cy and C,, respectively. Then C| C C, if and only if g,(x)|g(x).

Proof. Necessity. Set C; € C,, namely, (g1(x)) € (g2(x)). Then g;(x) € (g1(x)) C (g2(x)), so there

exists f(x) € F,[x], such that g,(x) = g>(x) f(x), implying g>|g;.
Sufficiency. Set g|g1, so there exists f(x) € F,[x], such that g;(x) = g>(x)f(x). It shows g(x) €
(g2(x)). As {(g>(x)) is an ideal of R,, thus {(g(x)) C (g2(x)), then C; C C,. O
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3. MDS codes and the check matrix of polycyclic codes over F,

In 2009, Loépez-Permouth [8] discussed the basic properties of polycyclic codes and sequential
codes over F,. In reference [8, Theorem 3.2], it was found that the Euclidean dual codes of polycyclic
codes are sequential codes over F,.

Proposition 3. [8] Let C be an a-polycyclic code over F,. Then C* is an a-sequential code over F,,.

From this, it can be concluded that the Euclidean dual codes of polycyclic codes are not necessarily
polycyclic codes. Therefore, Alahmadi defined the inner products of annihilator and annihilator dual
codes in [1]. This section continues on this basis, studying annihilator dual codes of the a-polycyclic
code over ;. Let p(x) € F,[x], and denote by {p(x)}a = {r(x)|p(x) = r(x)mod(x" — a(x)), deg(r(x)) <
n—1}.

Definition 3.1. [1] Let o, € F), and let C be an a-polycyclic code of length n over F,.
(1) The annihilator product of a(x) and B(x) is defined to be

(@, B)a = ({a(x)B(x)}a)(0).
(2) The annihilator dual code C° of an a-polycyclic code C is defined to be
C° ={B e Fa,B)a =0,Ya € C}.

By [14, Lemma 2.4], the following conclusion holds.

Lemma 3.2. [14] Let C be an a-polycyclic code over F,. Then C° = {(h(x)), where h(x) is the check
polynomial of C.

Definition 3.3. /3] Let C be a code with parameter [n, k,d] over F,. If n = k +d — 1 is satisfied, then
C is called a maximum distance separable code, also known as an MDS code.

As is well-known, MDS codes are good codes. This has prompted many scholars to study them.
It is well-known that a linear code C is an MDS code if and only if C* is an MDS code (see [3,
Theorem 2.3.1]). Naturally, let us consider whether we can get the annihilator dual code C° of C and
still maintain the property of MDS when the a-polycyclic code C is MDS.

The following Theorem 3.7 indicates that for a = (4,0, ..., 0)-polycyclic codes, where A € ]FZ, the
annihilator dual codes C° of A-constacyclic codes over I, also maintain the MDS property. It is easy
to obtain another type of good code from one type of good code, which is of great significance in
theoretical research and practical applications.

Lemma 3.4. [3] Let C be an a-polycyclic code of length n and dimension k over Fy, Gix, and H ,_jyx,
are the generator matrix and check matrix of code C, respectively. Then, the following statements are
equivalent:

(1) Cisan MDS code;

(2) Any k column of the generator matrix of C is F,-linearly independent;

(3) Any n — k column of the check matrix of H,_ixn is Fy-linearly independent;

(4) C* is an MDS code.
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The following two lemmas give the generator matrix of a-polycyclic codes and the check matrix of
A-constacyclic codes, respectively.

Lemma 3.5. [8] Let C be an a-polycyclic code of length n and dimension k over F,. C = (g(x)),
where g(x) = go + g1 X+ + g, X", g,_i # 0. Then the generator matrix of C is

8o 81 " 8n—k
80 81 - 8nk

80 81 Enk Jiy,

Lemma 3.6. [2] Let 6 be an automorphism over F,. Let C be a 6-A-constacyclic code of length n and
dimension k over F,, n|Ord(0), A € F;, (1) = A4, C = (g(x)), the first coefficient of g(x) is 1, and g(x)
is the right factor of x" — A. Set h(x) = ’f;(;)ﬂ, h(x) = hy + hix + ... + x*, and hy = 1. Then the check
matrix of C is

he OChg-y) - -- 6 (ho)
, hy P(hi—y) -+~ 61 (ho)

e O ) o 07 )
Specifically, when 6 = 1, then C is a A-constacyclic code of length n and dimension k over F,, and
the check matrix of C is

hy ey -+ hy

H= e . (3.1)

he ey -+ ho

(n—k)xn
From this, we can obtain the following theorem.

Theorem 3.7. Let C be a A-constacyclic code over F,. Then C is an MDS code if and only if C° is an
MDS code.

Proof. Let C be a A-constacyclic code of length n with dimension k over F,, and then by Lemma 3.6,
the check matrix H,_yx, 18 (3.1). Obviously C is a linear code over F,, by Lemma 3.4: C is an MDS
code if and only if any n — k column of the check matrix H,_x, of C is F,-linearly independent. By
Lemma 3.2: C° = (h(x)), where h(x) = hy + hyx + - - - + Iy x*, and lemma 3.5 knows that the generator
matrix of C° is

ho hy ... MW
hg hy .. h
G = CoT . (3.2)
hy h ... W (rmiysen
Compare (3.1) with (3.2), and it is easy to see 4,H;, + --- + A,«+H,; ., = 0 if and only if AIGZ_iIH +
R /ln—kGZ—in,k .1 = 0, where each 4; € F,, and H; and G‘J’. are the j-th column vector of H and G°,
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respectively. So any n — k column of the check matrix (3.1) of C is F,-linearly independent, if and only
if any n—k column of the generator matrix (3.2) of C* is F,-linearly independent. Again by Lemma 3.4:
Any n — k column of the generator matrix (3.2) of C° is F,-linearly independent if and only if C° is an
MDS code. Then, C is an MDS code if and only if C° is an MDS code.

O

In reference [8], the generator matrix of a-polycyclic codes of length n with demension k is given.
But the check matrix is not given. The following Theorem 3.8 gives the check matrix of a-polycyclic
codes.

Theorem 3.8. Let C be an a-polycyclic code of length n with dimension k over F,, deg(a(x)) < n—k—1,
C = (g(x)), and g(x) and h(x) are the generator polynomial and check polynomial of C, respectively,
where g(x) = go+g1x+ -+ gui X" (gt = 1,80 # 0), and h(x) = hg+ hyx+ -+ x*(he = 1, by # 0).
Then the check matrix H = (h; j)u—iyxn of C satisfies

0, 1<j<i
hij =1 hiyiejs i< j<i+k;
k . .
Zs:2k+i—j+l an+k+i—j—shs’ i+k< J < n.
That is to say, the form of the check matrix H is as follows:
hk hk—l hO hn—k—l,n hn—k—2,n e h2,n hl,n
hk hk—l e hO hn—k—l,n hn—k—2,n o h2,n
H = L . . . SN )
. T T t- te hn—k—Z,n
. . . hn—k—l,n
Iy, Iy, e ceoho i
k . .
where h; j = 3 opvicjr1 Qnikriejoshs, I+ k < j<n.
n—k—2

Proof. Due to deg(a(x)) < n—k— 1, we set a(x) = @, X" + a,_1_rx + .-+ a;x + ay. For any
c(x) € C = (g(x)), there exists s(x) € F,[x], such that c(x) = s(x)g(x). Since h(x) = hg + hijx +-- - +
hx*(hi = 1, hy # 0), we can obtain

c(X)h(x) = s(x)g(x)h(x) = s(x)(x" —a(x)) = Omod(x" — a(x)).
Letc(x) =co+cix+ -+ c,.1x"!, and then

0 = c(x)h(x)
=(co+c1x+ -+ X (o + hyx+ -+ - + i xb)
=ty +Hx+ -+t X" 'mod(x" — a(x)),

where 1y, 11, ..., t,_1 are as follows:
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1o : coho + Cpthy + Cpahy + -+ - + Cpgrrhi—s + Chprr iy + Cpihi = 0,

t i cthy + cohy + cpihy + -+ - + Cpgp3hi—s + Coply—1 + Cpgrihi = 0,

ti=3 @ Ck=3hp + Crahy + Ccpshy + - - - + 1 hy—s + Chahyy + Cpzhy = 0,
fkp : Croho + Cr3hy + Croghy + - + cohy_g + Cpthy—y + cpaly = 0,
tiq : Ch1ho + Chohy + chzho + - - - + crhy—r + cohy—1 + C_1hy = 0,

te : chy + co1hy + cohy + - -+ cohyy + el + cohy = 0,

tiw1 = Cherho + Chy + Crthy + -+ - + c3hyo + oy + ¢y = 0,

thet : Cpthy + Cpahy + cr3hy + - - - + Cppr1ir + Cpihi—y + Cpopmithie = 0.

From this, it can be seen that the number of corresponding terms in #, #;11, ..., #, does not exceed n
times, and the number of corresponding terms in #y, t1, ..., fx_; exceeds n times.
For items in #,_;, where the number of times the corresponding item exceeds 7 is ¢, /4, and due to

F ke e
R, = x,,i)zjx) and a(x) = a1 X" + @ X2+ -+ ayx + ag, therefore

Coo1 X it = e x5!

= ¢ hpa(x) X!
= cn_lhk(an_k_lx"_k_l + an_k_zx”_k_z +---+ax+ Clo)xk_]

= Cot M1 X2+ Cpotpya X + -+ Cppar X + ooy hpag X"

It can be seen that after calculation, the term c,_;hia,_s— X" > obtained from c,_1x" 'hx* should
correspond to #,_», the obtained term c,_;hxa,_x_x"~> should correspond to #,_3,..., and the obtained
term c,_ hxa; x* should correspond to 7.

Next, calculate the corresponding terms in #;_, that exceed n times: ¢,_1h;_1 and ¢, h;.

Cn1 X o X7 = ey XX
k=2
= Cpoth—1a(x)x
= Cpmt et (@1 X7 + @0 4+ agx + ag) X

_ n-3 n—4 -1 k=2
= Cpot M1 A1 X770+ Cpmt et Qg X+ -+ oo X1+ e a2

It can be seen that after calculation, the term ¢,_;/_1a,—x—1 X" obtained from c,_;x"* ' h_; x*~! should
correspond to #,_3, the obtained term c,_; hy_a,_;_»x"~* should correspond to f,_4...., and the obtained
term c,,_ hya,x* should correspond to 7. Similarly, c,_,x"~2h;x* can be calculated.

Calculate the corresponding terms in #;_3 that exceed n times: c¢,_1h—2, c,—2h—1 and c,_3h;. By
following this method of calculation, we can obtain
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hk hk—l hO hn—k—l,n hn—k—2,n e hZ,n hl,n
hk hk—l e hO hn—k—l,n hn—k—Z,n o h2,n Co
. . . ¢
. =0.
hn—k—Z,n :
. . Cy—
. . . hn—k—l,n n-1
Iy, P E ho

Therefore, we obtain the check matrix of code C in (3.3), where h; ; = Zfzz,( i1 Qnkri joshs, T+ k <
jsn O

4. Examples
In this section, some examples of polycyclic codes over [, are given to illustrate the main results

obtained in this paper.

Example 4.1. Let FF, be a finite field with 2 elements. Consider a-polycyclic codes of length n = 12
over F,, where a = (1,0, 1,0,0,0,0,0, 1,0,0,0). Note that X" —a(x) = x>+ x+ x>+ 1. The irreducible
decomposition of x" — a(x) on I, is as follows:

XA+ + 0+ 2+l =+ D’ + x4+ D2+ x+ D2

For convenience, write g, = x+ 1, g, = x>+ x+ 1, and g3 = x> + x + 1. So there are a total of 27 a-
polycyclic codes with a length of 12 over F,. Then the parameters of codes Cy = (g18283), C> = (8183,
C; = (glg%g3), and C4 = (glgzgg) are, respectively, [12,6,4], [12,5,4], [12,4,6], and [12,3,6]. They
are all optimal codes (see reference [5]).

Example 4.2. Calculated through Magma software, the following Table 1 provides all generator
polynomials g(x) of (1, 1,0,0,0)-polycyclic codes of length 5 over F,.

Table 1. Polycyclic codes of length 5.

Codes  Parameters g(x) (O
C, [5,0,0] 0 C,
C, [5,3,2] X+x+1 G
Cs [5,2,3] C+a2+1 G,
C, [5,5,1] 1 C

It is clear that Cs is an MDS code, reaching the Griesmer boundary.
5. Conclusions

In this article, we extend the properties of the idempotent generator of cyclic codes to polycyclic
codes over the finite field FF,. The check matrix of polycyclic codes is provided over F,. Specifically,
it has been proven that the constacyclic code is an MDS code over F, if and only if its annihilator dual

code is also an MDS code. Finally, some examples of good codes are provided.
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