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1. Introduction

In 1920, Hardy [1] presented a mathematical operator tailored for functions % that are locally
integrable within the space R", commonly denoted as the Hardy operator:

t
Hht) =1 f hé)dé, t>0. (1.1)
0
He derived the subsequent inequality
|Hhl < p'lhle, (1.2)

where it was demonstrated that p” = p/(p — 1) serves as the optimal parameter. Subsequently, Faris [2]
extended (1.1) to n dimensions, with the equivalent form

Hh(r) = 1S O, i)™ f h(&)de.
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In a recent study [3], it was shown that H meets the condition where |S (0, |¢])| represents the Lebesgue
measure of the ball S (0, |¢]) within the n-dimensional Euclidean space R”

|Hh|LP < p'|hILP, 1 <p<oo, (1.3)

with p” identified as the precise parameter. The inequalities represented by Eqs (1.2) and (1.3) have
been expanded to encompass power-weighted Lebesgue spaces as discussed in [4, 5], with the precise
constants determined by the indices of the weights involved. The inequalities denoted by Eqs (1.2)
and (1.3) are termed as Hardy strong-type (p, p) inequalities, as the Hardy operator in these inequalities
maps functions from LP to LP. The writers in [6] confirmed Hardy weak-type (p, p) inequalities, where
the Hardy operator transforms functions from the space LP to L>*. Yet, it has been shown that the best
constant for Hardy weak-type inequalities is 1. Subsequently, the precise parameter for Hardy weak-
type inequalities on Morrey spaces was determined in [7]. Similarly, the determination of the precise
constant for the fractional high-dimensional Hardy operator [8] remained unresolved up to 2015. Zhao
and Lu [9] tackled this problem by expanding Bliss’s findings regarding the fractional one-dimensional
Hardy operator. In [9], the bounded nature of the Hardy operator H, was confirmed, resulting in the
subsequent inequality:

lHyhllza < llAllzs, (1.4)

where k is a constant defined in [9]. Grafakos introduced an m-linear Hardy operator in [4] for functions
hy, hy, ..., h, belonging to L}, (R"), where m is a natural number. The operator is expressed as follows:

1 m
H(h, .., ) f | [niendzr, ... dén.
(&1

1™ Jia,... gt -

The bilinear operator, alternatively referred to as the 2-linear operator, has been studied extensively. In
work by [10, 11], the authors investigated the commutator associated with the bilinear Hardy operator,
defined as follows:

[bis H (i, oo Bn)(E) = DU H (B ooy B )(€) = H(P1, oy By, Bibis i s i )(E).

They established the boundedness of commutators produced by the bilinear operator. In the present
manuscript, we present the concept of fractional m-linear Hardy operators as follows:

1 m
H’y(hh"" hm) =T f l—[hi(é‘:i)dé‘:l"“’ d‘fm
|(‘f| fm)

e Jye.... 1<l -1

1 m
H,(hy, ... hy,) = f — hi(&)dé, ..., déy,.
7 il €Y l;[

We also provide a definition for the commutator of fractional m-linear Hardy operators.

m

(b, HyI(hy, ..., hy)(€) = Z[bi, H,J(hy,s ooy hn)(€)
i=1

m

(b, Hy 1, ooy B €)= Y [bis Hy 111, e i )(E)

i=1
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(i, Hy (R, ooy B )(€) = DUAEYH (i, ooy iy )(€) = Hoy (s ooy Bicty i, i oy i )(€).

[bh H;l](hla5hm)(é‘:) = bl(é‘:)H;(hh’ hm)('f) H*(hla l lahbl7hl+19"'a hm)(é:)a

where ¢ = (€1, &, ..., &,). The primary focus of attention in various monographs, such as [12, 13], has
been on Hardy inequalities. Optimal bounds for Hardy-type inequalities have been established in only
a few instances, and ongoing research in this field continues to be a vibrant area within contemporary
analysis. Current works addressing this topic include [14, 15]. Additionally, investigations into the
sharp constants associated with Hardy-type inequalities on the product of certain function spaces have
been presented in the published work [16]. We highlight several key pieces of literature in the review
of Hardy operators across diverse function spaces, including references such as [4, 5, 17-20].

The research showcased in [21] sparked the notion of expanding function spaces. The notion of
varying Lebesgue spaces, symbolized as LP"), was first proposed by Rédkosnik in [22]. Following
this, the advancement of Lebesgue spaces with varying exponents began, along with inquiries into the
boundedness of different operators. One significant instance is the investigation into the boundedness
of the maximum operator on the Lebesgue space characterized by varying exponents LP®) [23, 24].
Lately, the theory of generalized function spaces has garnered interest across various realms of
mathematical analysis, such as image processing [25], electrorheological fluid modeling [26], and
the examination of differential equations [27].

At the same time, central Morrey space and associated function spaces have been applied in
intriguing ways to investigate estimates for operators [28, 29]. Simultaneously, researchers in [30]
introduced the concept of variable exponent central Morrey and presented important findings related
to estimating certain operators. Recent works [31,32] that discuss the continuity of multilinear integral
operators on these function spaces have made significant contributions to the existing literature in this
area. In [33], the researchers established the boundedness of the Hardy-Littlewood maximal operator
M given by

Moy = s o [ e,

o:ball,neo | |

on the Lebesgue space LP"),

In this paper, we will investigate the boundedness of the m-linear fractional Hardy operator on
central Morrey space with a varying exponent. Furthermore, this manuscript encompasses novel
findings that explore the boundedness properties of commutators engendered by H, (or H)) and the
A-central BMO function b within the context of the variable central Morrey space. To regulate the
continuity conditions of the m-linear fractional Hardy operator, we will leverage the boundedness of
the fractional integral defined as

h(&)
L = | ——a.5 4.
7 re |17 = €M7

The bounded nature of the Riesz potential on Lebesgue spaces with varying exponents is documented
in [34].

This article is organized into four sections. The second section comprises several definitions, while
the third section presents key lemmas that will be utilized in the fourth section to derive our principal
findings.
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2. Symbols and descriptions

In this document, the symbol C is employed to denote a constant, and it is important to note that
these constants may assume different values in different contexts. Consider a collection S that is both
not empty and can be measured within R". Here, ys stands for the characteristic function of S, and |S |
represents the Lebesgue measure. To initiate, we will define Lebesgue spaces with a variable exponent
by referring to fundamental literature, such as articles and books [22,24,35,36].

Definition 2.1. Define P(R") as the set comprising all measurable functions q(:) : R” — (1, c0) that
meet the conditions

0 > ¢y 2q(x) 2q->1,
where q; := esssup,z» q(X), q- := essinf err q(X).

Definition 2.2. Consider a measurable function g(-) : R* — [1, o]. The Lebesgue space with a variable
exponent, denoted as L1O(R™), consists of all measurable functions £ such that the following integral,

denoted as F,(h), is finite:
q(x)
F,(h) = f (Ih(x)l) dx < co.
Rn

The space L/“(R") is a Banach space with the norm defined as

h h q(x)
||h||Lq<->:inf{v>0:Fq(;):f (' (x)l) dxsl}.

v

Definition 2.3. Consider a function q(-) defined on R". We present the following:
€) C}gf(R”) comprises all locally logarithmic Holder continuous functions q(-) satisfying

1
19(¢) —a(m| < ; |§—nl<§, E#n, EneER

I S
log(& — nl)

(i) Ifq(-) € Ci)og(R"), then in this case, it satisfies the following condition at the origin:

19(&) — q(0)] < £eR"

log(IL +el)

(iii) If q(-) belongs to the class ng(R”), then in this case, it satisfies the following condition at infinity:

19(¢) — qool < £eR”

= log(i¢] +e)’
for some real number qc,.
(iv) C'*¢ is the set of all globally logarithmic Holder continuous functions q(-), given by the intersection
of C}gf and Cﬁg.

We represent by B(R") a collection of q(-) belonging to P(R") N C°¢(R"), meeting the requirement
that the Hardy-Littlewood maximal operator is bounded on LiV(R") is satisfied.

In [37], it was demonstrated that if q(-) € P(R") N C'°¢(R"), then M is bounded on LiO(R™).
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Definition 2.4. [38] Let f € L'(R"). Define
1
bl Bpor = sup B flb(x) — bpldx,

where the supremum is taken over all balls B ¢ R” and by = ﬁ fB f(»)dy. The function b is said to have
bounded mean oscillation if ||5]|gyom®r) < 0. The bounded mean oscillation space BMO(R") comprises
all f € L'(R™) for which BMO(R") < .

Definition 2.5. [39] For any p(-) from P(R") and any A in R, the variable exponent central Morrey
space BPO{(R") is characterized by

BPOARY) = {f € LR < || fllgoagen) < 0.

where
1/ x B(O,R)”LPO(R”)

sup .
r>0 [BO, R)Mx 50,8yl Lr0 )

Replacing the variable exponent with a constant exponent results in the classical A-central Morrey
space.

Ival BrOA(Ry =

Definition 2.6. [39] Let p(-) € P(R") and 1 < % The variable exponent A-central BMO spaces,
denoted as CBM OPO4(R™), are delineated as

CBMO"" M (R") = {f € L'"R") : I flleamoroagn < oo},
where

CBMO¥ (-),A (Rn) S B

3. Primary propositions and lemmas
This section starts by introducing a number of pertinent lemmas that will assist in demonstrating

the boundedness of our main results.

Lemma 3.1. [40] Let q(-), q1(-), and q,(+) belong to the set P(E).
(a) For h € L19(E) and f € L1 O(E), the following inequality holds:

f SR < rllhllsoe 1l o,
E

whererq—1+——q—andm+q/() 1.

(b) If h € L1"O(E), f € L?Y(E), and —- q() = % + ﬁ then the following inequality holds:

/Al a0 ey < Ty rq1”h”L‘il(')(E)”f”L‘Iz(')(E)

where ry, 1, = (1 + (ql) (q1)+) .
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Proposition 3.2. [33] Let E be an open set and let p(-) € P(E) satisfy the following conditions:

lp() = p(2)| < > |t =2 (3.1

o 1
log(lt—z])" 2

—c
Ip(t) — p(2)| < log(ltTe)’ 1] < Iz]. (3.2)

Then, p(-) € B(R"), where C is a positive constant independent of t and z.

Lemma 3.3. [41] If q(-) € B(R"), there exists a constant 0 < § < 1 and a positive constant C such
that for all B in R" and all measurable subsets O C B

O)(RP B
sl _ 1B

olleogn — 10
ol e 10\’
— < Cl—= .
Iy 5l oo e |B]

Remark. Suppose q(-) € P(R") and satisfies conditions (3.1) and (3.2) in Proposition 3.2. Then, q (-)
also meets these conditions, implying that both q( ) and q () belong to B(R"). Utilizing Lemma 3.3, we

obtain constants 61, € (0, ——) and 6,5 € (0, —) such that the inequalities

’()+ ’()+

“XO”qu(‘)(R”) < C(@)é11 (3‘3)
”/YB“L‘H(')(R") |B|

622
I oll o200 gn) < C(lOl) (3.4)
”XB“L%(')(RH |B|

hold for all balls B c R" and subsets O C B Similarly, ifql(-), q’z(-) € B(R"), then by Lemma 3.3 we

have constants 633 € (0, ——) and 844 € (0, —) such that

’()+ ’()

”/\/0” o) ) 933

S <c(%) (3.5)
”XB”L‘II()(R" | |

“XO” ‘e " 044

@ <c(%) (3.6)
Woll o~ \IB

for all balls BC R" and O C B.

Lemma 3.4. [41] If the function q(-) is a member of the set P(R") for all balls O in R" and there exists
a positive constant C, then the following inequality holds:

-1 -1
C <10 lxollrollxollpa < C.
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Proposition 3.5. [42] Let q(-) be an element of the set P(R"), where 0 < y < (p’|’)+. Define g (-) as
follows:

Loty
q¢) q0) n

Then, the inequality
Uy 1l oy < ClL Ao,

holds. Proposition (3.5) is instrumental in establishing the subsequent lemma (refer to [43]).

Lemma 3.6. Assume that vy, q(-), and g (-) are defined as in Proposition 3.5. The following inequality
holds for all balls By = x € R" : |x| < 2* with k € Z:

—k
”/YBk”Lq O®R") < Cc2” y”/YBkHLq(')(R”)‘

Lemma 3.7. [43] Assume p(-) € P(R"). Then, for every b € BMO and any j, k such that j > k, the
following holds:

“Ibllsmo < sup 1B = bp)xsllro < Clibllsmo-

B ”XB”
(b — bp)xs,ll < (j — BIIDlsmolly |-

4. Principal findings

Lemma 4.1. If q(-) belongs to both P(R")and C'¢(R"), and p(-) satisfies - ol % - % with z% =

m +.5 (), then the inequality can be expressed as follows:

J2n—y) - -
s oz < C2%len Ik e -

Proof. We suppose f = yp; and employ the definition of /,:
I)’(/\/Bj)(-x) 2 Czjy)(Bj(-x)a

XB,(x) < C277L(xp) ().

On both sides, we apply the norm and utilize the outcomes of Proposition 3.5 and Lemma 3.6,
correspondingly. This leads to

I Bl oo oy < C2_jy||IyXB,-||Lq<~>(Rn)
< C2_jy|b(Bj”Ll’<')(R")
< C2_j7|L\/B a0 @n Bl 20 @n)
< C2*" ||y ||_ sl

qu()(]R") J qu()(R,,

4.1)

Theorem 4.2. Suppose p(-) € P(R") satisﬁes conditions (3.1 ) and (3.2) as stated in Proposition 3.2.
We define the variable exponent q(-) as % + 7 = pé.), where m = qll() qz() IfA=4+0+: L and
A > (033 + 044 + ), where 633, 044, and 6 are the same constants as those appearing in equaltttes (3.5)

and (3.6), then we have
Hy(f1, llgeoa < Cllfillgnoa |l f2llgro .
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Proof. If we represent fi; = fi-xi = fi-xa, and fo; = fo-xi = fa- xa, for any i € Z, then we can express

A® =) A@ - xi0 = D fiulx).

[=—00 I=—00

@ =) AE X0 = D ful).

[=—00 I=—00

Utilizing the generalized Holder inequality, we obtain

|Hy(f1, f2)(x) - x (0] <

1
|x|2n—y

ff|ﬁ()’1)||f2()’2)|d)’1d}’2'Xj(x)
Bj JB;

1
P f Ol f LAY - x(x)
X I B,

J
—27
< €27 3 W fullmooeo il g g | ol o

j=—00

Using Lemmas 4.1 and 3.3, we have derived the following inequality:

||Hy(f1, ) 'Xj”L‘i(')(R")

J
. N
< €27 3 il ltill e g 1ol o ill i gy 27" I 0 e

j=—o00

J
—i(on—
<C Z ”ﬁi“LqH‘)(R")||f2i”L42(')(R")”Xi”Lq’l(')(Rn)”Xi”Lq’z(-)(Rn)z D il Lo @ - 4.2)

[=—00

To proceed, inserting (4.1) into (4.2) yields

J
H, (fi, £2) - X llsoen < € il gl fall oo llill o g I0ill 50 g

j=—o00
-1 -1
X HXJ“L‘/I()(R")“XJ“L(/Z()(R")

J
< C " Mhilznognlllinoe

i=—co

||Xi||L‘1'2(')(Rn) ”Xi”qul(')(R")

)
bt 150y I L0

J
<C Z 2"533(1_”2”644(1_1)||fli||L‘11<'>(R”)”fZi”L‘Iz(')(Rn)

[=—00

J
0 044)(i—J
< C ) 20 DY fill oo | ol -

j=—o00

J
o O044)(i—j A A
”Hy(fl’ fZ) 'Xj”Lq(‘)(]R”) < C”fl”B‘il(')v/ll ||f2||B‘12(')v12 Z 2(11 33 +n0u)( J)lBl" 'B;] 2“)(i||L‘11(‘)(]Rn)”Xi||L‘12(‘)(Rn)-

j=—00
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Given the conditions -~ = L + 1 _ Zand A = A, + A, + 2, we can express the equation as follows:

_ 1 1
q9¢)  q()  @0)

1 L1
|b(i||Lq(.)(R,,) = |Bj|® = |Bi|fll(‘)+‘12(*)

Y
n

_Y
= “Xi”Lq]<-)(Rn)||Xi||qu<-)(Rn)|Bi| .

The inequality can be rewritten as

J
833 +1844) (i~ j A +h+1
I (fir ) Xllisoe < Cllfillgmonllfallgaos Y 2000806 D BTyl
[=—00

J 1
- |B;| Dy ill ooy
< C”fl”BPMl ||f2||BP2ﬂz Z 2(n633+n644)(t J)|Bj|/l i - HXj”Lq(')(R")—-
Pl |B| Il 1l oo )

J
033+044+0+)n(i—j A
< Clifillgnallfollgrain D 205 O DED Byl .

[=—00

The inequality can be simplified further to

J
1H, (fi A llgioa < Cllfillgso | fallpoon Y 20+ 0sroebni=n,

i=—co

Utilizing the condition A > —(933 + d44 + 0), we obtain the desired condition:

H, (f1, fllgeoa < Cllfillgroall fall o -
Theorem 4.3. Let q,(-) and q,(-) belong to P(R") and satisfy the conditions (3.1) and (3.2) as stated in
Proposition 3.2. Define the variable exponent q(-) as follows:

= — 4+ — —

q¢) @) qi()

IfA=4+A+ % andy < n(011 + 025 — 0 + ), where 811, 622, and & are constants as they appear in
inequality (3.3) and (3.4), then we have

11 1y
-

IH,(f1, )0 gaora < Cllfillnoa | follgnos .

Proof. Using Holder’s inequality, we derive

1
G R0 xS [ [ ROy )

<C > 2O fillo o

i=j+1

X \Dyill o <~>(Rn)||/\,/i||Lq’2(~>(Rn)Xj(x)~

* —i(2n—
H; (fio )G X oo < C D 27N il o oll oll oo

i=j+1

X “Xi”Lq’l(‘)(Rn»“Xi”Lq’z(-)(Rn)|IXj||Lf1(~)(R")~
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29698

Based on inequality (4.1), we obtain

H(fi ) X o < € M fullnoll faillro

i=j+1

-1
X |D(i||Lq<»)(Rn)||Xj||Lq<->(Rn)

L
<C > 20N full ol Fallro o

i=j+1
(o]
o |BilY B>
< Cllfillgnonllpllgnon Y 2002 BN oo B
L |B| 1 |B| 2
i=j+1 J J
”Xi”Ltll(')(Rn) “Xi“qu(')(R”)
X —“lelL‘Il(‘>(R")_ ”Xj”L‘IZ(‘)(R")
||)(j||qu(->(Rn) “Xj”L‘H(')(R")
) B: A1 +42
< C||f1||3q1<~)~41||f2||3«2<'),/12 Z 2(n6—m511—m522)(]—z) 'EI |Bj|/ll+/lz
i=j+1 Y

X |LYj”L‘IIU(R")“Xj”qu(')(R")-

Hereweemployﬁ: +——%and/l:/ll+/12+%:

IR
() q0)

Y
”)(j”Lq(‘)(Rﬂ) = ”Xj”[ﬂl(-)(Rn)|IXj||qu(->(Rn)|Bj| "

* 6—nd11—n62)(j—i
I (s )00 < x ey < Cllfillgao | fallens, Y 2007007022070
i=j+1

A+

Bi i+ +2L
|Bj| " 2+n”/\/j||Lq(')(R")

B;

o0
d—nd11—ndrp—nA j—1 A
< Cllfillgaro Lol gonorts Z 2 (n=nd11=ndz A+ Bl oo ey

i=j+1
[ee)

I (fis ) Ogsox < Cllillnorn | fallgnos, Y, 2007007102400,
i=j+1

By employing the condition y < n(d1; + d2, — d + 1), we achieve the desired result:

IH,(fi, )OI geoa < Cllfillgnoa | f2llgooa.

Theorem 4.4. Suppose p(-) € P(R") satisfies conditions (3.1) and (3.2) as stated in Proposition 3.2.

1 . T A A o1 L1 = Y
We define the variable exponent q(-) as T n =0 where 0= 20T a0 IfA=v+A4+A+2 and

q1(
A > (033 + O4q + 0), where 33, d44, and 6 are the same constants as those appearing in equalities (3.5)
and (3.6), then we have
b, Hy1(f1, fllgeoa < Cllbllcsposrs | fillgnoa |l f2ll gooa,
where b = (by, by) and b € ||b||cprroa-

AIMS Mathematics Volume 9, Issue 11, 29689-29706.
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Proof. Utilizing the generalized Holder inequality and Lemma 3.7, we obtain

1
(b1, Hy1(f1, f2)(x) - x j(0)] < Iz”yff|f1()’1)f2()’2)(b1(x)—bl()’l))|d)’1d)’2'Xj(x)

|x|2” ” Z f f A ALG)B1(X) = (D), + (b1)s, — bi(y))ldyidys - x j(x)

i=—00

1
< X2 Z fB_fB_|f1(Y1)f2(Y2)(b1(x)—(bl)B,.)ldyldyz x /(%)

1 J
|2 Zfo fB ,. fB ,. LAGDLGGIG) = (B)s)ldyidys - x (x)

=1+11

I :|x|2" 5 Z f f LA LO2)(B1(x) = (b1)p)ldydys - x j(x)

i=—00

—i(2n—
< €2/ Z I fullzoneo o il g il e

[=—00

X Will jayor gy [(B1(X) = (B1) B )x j ().

J
—i(2n—
Mgz < C2772 " fillganoon ill g Lol 200

j=—00

X ADill 5 e 121 () = 1) ¥ OO o0y

J
—i(2n—
< C27 D N | il lill o g ol ey

i=—00

X eill 0y G = DMBllsasoll s e

1 WMZ f f A ODAOBIG = Bs)idyidys ()

—i(2n—
< 27/ Z I fillzonco e 1Bl maolbell e g ol s ey

i=—00

X il 50 1)

J
—i(2n—
|| oo gy < €277 Z Il iillzoo@nllbrllsaolWill 4 g 1 faill a0 @y

[=—00

X ”Xi”Lq’z(')(Rn)lIlelL‘I('>(R")~
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From inequalities (4.3) and (4.4), we have

J
—i2n— . .
”[bl,H'y](fl,fZ) ')(j”Lq(')(]Rn) < 27/ Z (J- l)||f1i||L<11<'>(Rn)||Xi||Lq’1<->(Rn)||fZi||qu('>(Rn)

i=—00

X ill 50 g 101 nto o Al e
Using Lemmas 4.1 and 3.3, we have derived the following inequality:

I[b1, H (fl,fz) Xj”Lq( (R

. L -2j
<2 Z (= DMlIbllsasollfillsrer g ill e g I Fall e il gy 22Dt s

I=—00

J
. . —i(2n—
< C >~ (= Dlballsaroll fill oo Foll ooy il g il g0 g 27 P W Aoy (45)

[=—00

To proceed, inserting (4.1) into (4.5) yields

J
Itbr. HyJ(Fi. ) X llsosey < € 3 (G = Dlbillaollfillne ol il szl g Iill 0

i=—co

X Il

qu( )(R”

el

qu( ) (R

”Xl‘”L‘Ié(')(Rn) ”Xl”Lq,l()(R”)

<C Z (= DB gl full ool foll o e

i=—co

)
13150 I 0

J
633(i—))Anbasli—j) + _ +
< C ) 2PN G by lsmoll fill o genll oll e

i=—00

J
S33+n644)(i—) ¢ ¢
< C ) 200D G by lsuoll fill o o I foillnor ey
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Given the conditions - = L + L —
() q1() ()
follows:

I IR

and 1 = v+ 1; + &, + L, we can express the equation as
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The inequality can be rewritten as
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The inequality can be simplified further to
j . -
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Utilizing the condition A > —(933 + d44 + 0), we obtain the desired condition:
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Similarly, we can easily estimate the following result:
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Theorem 4.5. Let q,(-) and q,(-) belong to P(R") and satisfy the conditions (3.1) and (3.2) as stated in
Proposition 3.2. Define the variable exponent ¢(-) as follows:

11 1y
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Ifl=v+A4+ A+ % and A < néy; +ndyp —nod — % where 611, 022, and 6 are constants as they appear
in (3.3) and (3.4), then we have
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Proof. Using Holder’s inequality, we derive
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Using Lemma 3.7, we derive
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4.7)
From the combination of Eqs (4.6) and (4.7), we have
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Based on inequality (4.1) and Lemma 3.3, we obtain
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By employing the condition A < ndy; + ndy — nd — 2, we achieve the desired result:
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Analogously, we can expeditiously approximate the subsequent outcome:
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5. Conclusions

This manuscript makes significant contributions to the study of m-linear fractional Hardy operators
in central Morrey spaces with varying exponents. The results presented provide a deeper understanding
of the boundedness properties of commutators associated with H, (or H}) and the A-central BMO
function.
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