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Abstract: The flow of a curve is said to be inextensible if the arc length in the first case and the
intrinsic curvature in the second case are preserved. In this work, we investigated the inextensible flow
of a curve on S 2 according to a modified orthogonal Saban frame. Initially, we gave the definition
of the modified Saban frame and then established the relations between the Frenet and the modified
orthogonal Saban frames. Later, we determined the inextensible curve flow and geodesic curvature of
a curve on the unit sphere using the modified orthogonal Saban frame. Also, we gave some theorems
and results for special cases of the evolution of a curve on a sphere. Finally, we gave examples and
their graphs for the inextensible flow equation of curvatures.
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1. Introduction

It is a very interesting topic to study the evolution of space curves with respect to time. Recently,
this topic has attracted a lot of attention and has been investigated by many researchers. The flow of
curves has an important place in many areas such as modeling automobile parts, ship hulls, aircraft
wings, clothing, etc. The study of the motion of inextensible curves is also found in a number of
different engineering applications. It is also used in image processing as well as in the motion of
mobile robots [1], electroosmotically-driven flow [2], acceleration of electrons [3], computer vision [4],
computer animation [5], and the health industry [6]. In a physical sense, inextensible curve and surface
flows are characterized by the absence of any tension energy due to motion [7]. The flow of the
curve was described by Chirikjian and Burdick [8] as the motion of a hyper-redundant (or snake-like)
robot moving in a plane. Geometricians have made great progress in the study of time-dependent
space curves and have contributed to physicists and engineers. There are many studies in the literature
on curve flows in the plane and in different space forms [9, 10]. To start, Kwon and Park worked
on inextensible curve flows and inextensible surfaces in Euclidean 3-space [11, 12]. Then inextensible
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flows of curves are characterized using different frames such as Frenet, Bishop, Darboux, Saban frames
etc. For example, Latifi et al. [13] and Gürbüz have examined inextensible flows in non-Euclidean
space [14] and Yıldız et al. have studied inextensible flows of curves according to the Darboux frame in
Euclidean 3-space [15]. In [16], the modified orthogonal frame was first defined by Sasai in Euclidean
space. Many researchers have studied curves and surfaces using this frame. For example, Atalay G.
introduced special families of curve surfaces [17], the modified orthogonal vector fields with curvature
and torsion of a space curve is studied in Minkowski 3-Space by Bükcü et al. [18]. Smarandache curves
and space curves have investigated by Eren et al. [19,20]. Kızılay and Yakut have studied inextensible
flows of curves according to the modified orthogonal Frenet frame in Euclidean and Minkowskian 3-
space [21, 22]. Throughout this work we use the Saban frame and modified Saban frame. Firstly,
the Saban frame was described by Koenderink [23] and then, Taşköprü and Ali studied Smarandache
curves according to the Saban frame in the Euclidean space [24, 25]. Also, it was studied in the
Minkowski space by Yakut et al. [26, 27].

This paper aims to investigate the properties of the evolution of a spherical curve with respect to
the modified orthogonal Saban frame. The study is organized as follows. We begin with some
preliminaries on the modified orthogonal Frenet frame and classic Saban frame. Section 3 presents
the relationships betweeen the Saban frame and modified Saban frame. Finally, in Section 4 we
consider some basic cases of inextensible curve flows and express the inextensible curve flow as
partial differential equations involving geodesic curvature and examples.

2. Preliminaries

Let ρ: I ⊂ R −→ E3 be a regular unit speed curve in E3, and ρi(i = 1, 2, 3) coordinates be given

in Euclidean space. ρ is a non-singular curve and
3∑

i=1

(
dρi
ds

)2
is non-zero. Thus, we can parametrize ρ(s)

with arc-length parameter s. After this, we only take ρ as follows:

ρ = ρ(s) = (ρ1(s), ρ2(s), ρ3(s)), s ∈ I,

where ρ(s) is analytic in s and I is a non-empty open interval.
We supposed that the curvature κ(s) of ρ is not identically zero. Thus, the orthogonal frame

{E1(s), E2(s), E3(s)} is defined as:

E1(s) =
dρ
ds
, E2(s) =

dE1(s)
ds
, E3(s) = E1(s)xE2(s).

The correlations between orthogonal frame {E1(s), E2(s), E3(s)} and classical Frenet frame
{e1(s), e2(s), e3(s)} at κ , 0 are 

E1(s) = e1(s),
E2(s) = κ(s)e2(s),
E3(s) = κ(s)e3(s).

(2.1)

Moreover,
E2(s0) = E3(s0) = 0,

when
κs0 = 0
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and E2(s) and E3(s) vary analytically what squares of the length in s. Differentiating the Eq (2.1), we
find 

E1
′

(s)
E2

′

(s)
E3

′

(s)

 =


0 1 0
−κ2(s) κ

′
(s)
κ(s) τ(s)

0 −τ(s) κ
′
(s)
κ(s)



E1(s)
E2(s)
E3(s)


and

τ = τ(s) =
det (ρ′(s), ρ′′(s) ρ′′′(s))

κ2(s)
,

where τ is the torsion of ρ. Furthermore, {E1(s), E2(s), E3(s)} provides that:

⟨E1(s), E2(s)⟩ = ⟨E1(s), E3(s)⟩ = ⟨E2(s), E3(s)⟩ = 0,
⟨E1(s), E1(s)⟩ = 1, ⟨E2(s), E2(s)⟩ = ⟨E3(s), E3(s)⟩ = κ2(s),

where ⟨, ⟩ denotes the inner product of the Euclidean 3-space [16, 18].
Now, let’s define a new frame that is different from the Frenet frame in terms of structure. Suppose

that ρ: I ⊂ R −→ S 2 is a regular unit speed curve lying fully on S 2 in E3. Then its position vector is ρ,
which implies the tangent vector

t = ρ′.

We now set a vector

ξ(s) = ρ(s) ∧ t(s)

along ρ. We have orthonormal Sabban frame {ρ(s), t(s), ξ(s)}. This frame is called the Sabban frame of
ρ on S 2. The corresponding Frenet formula of ρ, according to the Saban frame, given by

ρ′(s) = t(s),
t′(s) = ρ(s) + κg(s)ξ(s),
ξ′(s) = −κg(s)ξ(s),

(2.2)

where

κg(s) = det(ρ(s), t(s), t′(s))

is the geodesic curvature of ρ following relations and holds:

ξ = ρ ∧ t, ρ = t ∧ ξ, t = ξ ∧ ρ.

The Eq (2.2) is in matrix form [23]:
ρ
′

(s)
t
′

(s)
ξ
′

(s)

 =


0 1 0
−1 0 κg(s)
0 −κg(s) 0



ρ(s)
t(s)
ξ(s)

 . (2.3)
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3. The modified orthogonal Saban frame with curvature on S 2

Definition 3.1. Let ρ be a spherical curve with unit speed and s is the arc parameter of ρ(s) and

ρ′(s) = T (s).

Assume that T (s) is the unit tangent vector of ρ(s) and

∆(s) = ρ(s) ∧ T (s),

where ρ(s) ∧ T (s) is vector product of ρ(s) and T (s). The relations between those and the classical
Saban frame {ρ, t, ξ} at nonzero points of κg are

ρ(s) = ρ(s,
T (s) = κg(s)t(s),
∆(s) = κg(s)ξ(s).

(3.1)

This frame {ρ(s),T (s),∆(s)} is called the modified orthogonal Saban frame of ρ(s) on S 2 .

Theorem 3.2. Let ρ: I ⊂ R → S 2 and {ρ(s),T (s),∆(s)} be a unit speed regular curve on S 2 and the
modified Saban frame, respectively. Thus, the derivative formulas of the modified orthogonal Saban
frame are 

ρ
′

(s)
T
′

(s)
∆
′

(s)

 =


0 1
κg(s) 0

−κg(s)
κ
′

g(s)
κg(s) κg(s)

0 −κg(s)
κ
′

g(s)
κg(s)



ρ(s)
T (s)
∆(s)

 . (3.2)

Proof. Differentiating the Eq (3.1) with respect to s and considering (2.2), we obtain

ρ
′

(s) = t(s),

T
′

(s) =
(
κg(s)t(s)

)′
= κ

′

g(s)t(s) + κg(s)t
′

(s)

= κ
′

g(s)t(s) + κg(s)(−ρ(s) + κg(s)ξ(s))

= −κg(s)ρ(s) + κ
′

g(s)t(s) + κ2g(s)ξ(s)

= −κg(s)ρ(s) +
κ
′

g(s)

κg(s)
T (s) +

κ2g(s)

κg(s)
∆(s)

= −κg(s)ρ(s) +
κ
′

g(s)

κg(s)
T (s) + κg(s)∆(s)

and

∆
′

(s) =
(
κg(s)ξ(s)

)′
= κ

′

g(s)ξ(s) + κg(s)ξ
′

(s)

AIMS Mathematics Volume 9, Issue 10, 29573–29586.



29577

= κ
′

g(s)ξ(s) + κg(s)
(
−κg(s)t(s)

)
= κ

′

g(s)ξ(s) − κ2g(s)t(s)

= κ
′

g(s)
∆(s)
κg(s)

− κ2g(s)
T (s)
κg(s)

= −κg(s)T (s) +
κ
′

g(s)

κg(s)
∆(s).

Therefore, from these given expressions, the derivative formulas of the modified orthogonal Saban
frame is 

ρ
′

(s)
T
′

(s)
∆
′

(s)

 =


0 1
κg(s) 0

−κg(s)
κ
′

g(s)
κg(s) κg(s)

0 −κg(s)
κ
′

g(s)
κg(s)



ρ(s)
T (s)
∆(s)

 .
Thus, the theorem is proved. □

If we take
κg(s) = 1

in the modified orthogonal Saban frame, the properties of the curves given relative to the known Saban
frame are obtained.

4. The evolution of modified orthogonal Saban framed curves on S 2

In this section, we briefly review the main results for inextensible flows of curves on S 2. The arc
length of l of the initial curve is defined as

ρ : [0, l] × [0, ω)→ E3,

(u, t)→ ρ(u, t).

Consider a family of differentiable curves with l parameters. Here, u is the variable parameter of the
curves and 0 ≤ u ≤ l. Thus, the speed of ρ is given by

v =
∥∥∥∥∥∂ρ∂u

∥∥∥∥∥ ,
and from which it follows that the arclength s is

s(u) =

u∫
0

∥∥∥∥∥∂ρ∂u
∥∥∥∥∥ du =

u∫
0

vdu, (4.1)

where “∥, ∥” denotes the standart norm of E3. Also,

∂

∂s
=

1
v
∂

∂u

and
ds = vdu.
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Definition 4.1. The modified orthogonal Saban frame of curve ρ on S 2 is {ρ,T,∆} and the flow of curve
ρ is defined as

∂ρ

∂t
= f1ρ + f2T + f3∆,

where f1, f2, f3 components are scalar velocity functions [11, 12].

Definition 4.2. Let ρ(u, t) be a family of curves on S 2. If the flow ∂ρ

∂t of ρ(u, t) satisfies the condition

∂

∂t

∥∥∥∥∥∂ρ∂u
∥∥∥∥∥ = 0,

then this flow is called inextensible [11, 12].

Theorem 4.3. Let {ρ,T,∆} and
∂ρ

∂t
= f1ρ + f2T + f3∆

be modified orthogonal Saban frame and smooth flow of the curve ρ on S 2, respectively. The flow is
said to be inextensible if

∂ f2

∂s
= −

1
κg

f1 −
κ
′

g

κg
f2 + κg f3.

Proof. We have the definition of the initial curve, and Eqs (3.2) and (4.1). Since〈
∂ρ

∂u
,
∂ρ

∂u

〉
= v2,

and the operators ∂
∂u and ∂

∂t are commutative, we hold

2v
∂v
∂t
=
∂

∂t

〈
∂ρ

∂u
,
∂ρ

∂u

〉
=2

〈
∂ρ

∂u
,
∂

∂u

(
∂ρ

∂t

)〉
=2

〈
∂ρ

∂u
,
∂

∂u
( f1ρ + f2T + f3∆)

〉
=2v

〈
1
κg

T,
∂

∂u
f1ρ + f1v

1
κg

T +
∂

∂u
f2T + f2v

−κgρ + κ′gκg T + κg∆

〉
+ 2v

〈
1
κg

T,
∂

∂u
f3 + f3v

−κgT +
κ
′

g

κg
∆

〉
=

2v
κg

∂ f2

∂u
+

1
κg

f1v +
κ
′

g

κg
f2v − κg f3v

 .
Thus, we get

∂v
∂t
=

1
κg

∂ f2

∂u
+

1
κg

f1v +
κ
′

g

κg
f2v − κg f3v

 . (4.2)
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Now suppose that ∂ρ
∂t is extensible. From the Eqs (4.1) and (4.2), we get

∂

∂t
S (u, t) =

u∫
0

∂v
∂t

du =

u∫
0

∂ f2

∂u
+

1
κg

f1v +
κ
′

g

κg
f2v − κg f3v

 du = 0.

This means that
∂ f2

∂u
= −

1
κg

f1v −
κ
′

g

κg
f2v + κg f3v

or
∂ f2

∂s
= −

1
κg

f1 −
κ
′

g

κg
f2 + κg f3.

The reverse of the proof is done in a similar way. □

Theorem 4.4. Let
∂ρ

∂t
= f1ρ + f2T + f3∆

be the smooth flow on S 2. The form of derivative formulas is given as follows:

∂ρ

∂t =
(
∂
∂s f1 − κg f2

)
T +

(
κg f2 +

∂
∂s f3 +

κ
′

g

κg
f3

)
∆,

∂T
∂t =

1
κ2g
λ∆,

∂∆
∂t = −κ

2
g

(
κg f2 +

∂
∂s f3 +

κ
′

g

κg
f3

)
ρ − 1

κ2g
λT,

(4.3)

where

λ =

〈
∂T
∂t
,∆

〉
.

Proof. Using the modified orthogonal Saban frame and Eq (4.3), we obtain

∂ρ

∂t
=
∂

∂t
∂ρ

∂s

=
∂

∂s
( f1ρ + f2T + f3∆)

=
∂

∂s
f1ρ +

1
κg

f1T +
∂

∂s
f2T + f2

−κgρ + κ′gκg T + κg∆

 + ∂∂s f3∆ + f3

−κgT +
κ
′

g

κg

∆.
Thus, we get

∂ρ

∂t
=

(
∂

∂s
f1 − κg f2

)
ρ +

κg f2 +
∂

∂s
f3 +
κ
′

g

κg
f3

∆. (4.4)

Now, using Eq (4.4) and differentiating the modified orthogonal Saban frame with curvature according
to t, we get 

∂
∂t ⟨ρ,T ⟩ = 0 =

〈
ρ, ∂T
∂t

〉
,

∂
∂t ⟨ρ,∆⟩ = 0 = κ2g

(
κg f2 +

∂
∂s f3 +

κ
′

g

κg
f3

)
+

〈
ρ, ∂∆
∂t

〉
,

∂
∂t ⟨T,∆⟩ = 0 = λ +

〈
T, ∂∆
∂t

〉
.

(4.5)
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From Eqs (4.4) and (4.5) we obtain

∂T
∂t
=

1
κ2g
λ∆

and

∂∆

∂t
= − κ2g

κg f2 +
∂

∂s
f3 +
κ
′

g

κg
f3

 ρ − 1
κ2g
λT.

This completes the proof. □

Theorem 4.5. Suppose that the modified orthogonal Saban framed curve ρ is inextensible. The
evolution of the curvature is given by

∂κg

∂t
= κ2g f1 + κg

∂

∂s
f3 + κ

′

g f3 + λ
∂

∂s
1
κ2g
+

1
κ2g

∂

∂s
λ,

∂

∂t

(
1
κg

)
=

1
κg

∂

∂s
f1 − f2 − κ

2
g f2 − κg

∂

∂s
f3 − κ

′

g f3

and

λ =κ2g

 ∂∂s (κg f2) +
∂2

∂s2 ( f3) +
∂

∂s
(
κ
′

g

κg
f3) + κ

′

g f2 +
κ
′

g

κg

∂

∂s
f3 +
κ
′2

g

κ2g
f3

 .
Proof. Since

∂

∂s
∂ρ

∂t
=
∂

∂t
∂ρ

∂s
,

∂

∂s
∂ρ

∂t
=
∂

∂s

( ∂∂s f1 − κg f2

)
ρ +

κg f2 +
∂

∂s
f3 +
κ
′

g

κg
f3

∆
=

(
∂

∂s2 f1 −
∂

∂s
(κg f2)

)
ρ +

(
1
κg

∂

∂s
f1 − f2

)
T

+

 1
κg

f1 +
∂

∂s
f2 +
κ
′

g

κg
f2 − κg f3

 −κgρ + κ′gκg T + κg∆


+

 ∂∂s (κg f2) +
∂2

∂s2 f3 +
∂

∂s
(
κ
′

g

κg
f3)

∆ + κg f2 +
∂

∂s
f3 +
κ
′

g

κg
f3

 −κgT +
κ
′

g

κg
∆


and

∂

∂t
∂ρ

∂s
=
∂

∂t

[
1
κg

T
]

=
∂

∂t

(
1
κg

)
+

1
κ2g
λ∆.
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Then, we get

∂

∂t

(
1
κg

)
=

1
κg

∂

∂s
f1 − f2 − κ

2
g f2 − κg

∂

∂s
f3 − κ

′

g f3

and

λ =κ2g

 ∂∂s (κg f2) +
∂

∂s2 ( f3) +
∂

∂s
(
κ
′

g

κg
f3) + κ

′

g f2 +
κ
′

g

κg

∂

∂s
f3 +
κ
′2

g

κ2g
f3

 .
Considering that the operators

∂

∂s
∂∆

∂t
=
∂

∂t
∂∆

∂s

are commutative,

∂

∂s
∂∆

∂t
=
∂

∂s

−κ2g κg f2 +
∂

∂s
f3 +
κ
′

g

κg
f3

 ρ − 1
κ2g
λT


= −

(
∂

∂s
(κ3g f2) +

∂

∂s
(κ2g
∂

∂s
f3) +

∂

∂s
(κgκ

′

g f3)
)
ρ

−

(
κ2g f2 + κg

∂

∂s
f3 + κ

′

g f3

)
T −

1
κ2g

∂

∂s
(λ) T − λ

∂

∂s

(
1
κ2g

)
T −

1
κ2g
λ

−κgρ + κ′gκg T + κg∆


and

∂

∂t
∂∆

∂s
=
∂

∂t

−κgT +
κ
′

g

κg
∆


= −
∂

∂t

(
κg

)
T −

1
κg
λ∆ +

∂

∂t

κ′gκg
∆ − κgκ′g κg f2 +

∂

∂s
f3 +
κ
′

g

κg
f3

 ρ − κ′gκ3gλT.
So, we obtain

∂κg

∂t
=κ2g f1 + κg

∂

∂s
f3 + κ

′

g f3 + λ
∂

∂s
1
κ2g
+

1
κ2g

∂

∂s
λ

and

∂

∂t

κ
′

g

κg
=

1
κg
λ −

1
κg
λ = 0.

This completes the proof. □

In what follows, we compute the curve flow according to the modified Sabban frame for some
special spherical curves.
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Example 4.6. Let ρ(s) be a unit-speed regular curve of the modified orthogonal Saban frame on S 2.

ρ : I ⊂ R→ S 2,

u→ ρ(u) =
(

cos(u)
√

1 + u2
,

sin(u)
√

1 + u2
,

u
√

1 + u2

)
.

In this case, the other elements and geodesic curvature of the modified Saban frame are calculated,
respectively, as follows:

T (s) = −
1(

u2 + 1
)6

(
sin u + u2 sin u + u cos u

) (
u7 + 3u5 + 4u3 − u2 + 2u − 1

)
+

1(
u2 + 1

)6

(
cos u + u2 cos u − u sin u

) (
u7 + 3u5 + 4u3 − u2 + 2u − 1

)
−

1(
u2 + 1

)5

(
u6 + 2u4 + 2u2 − u

)
,

∆(s) = −
1(

u2 + 1
) 13

2

(
u3 cos u − u2 sin u + u cos u + u sin u

) (
u7 + 3u5 + 4u3 − u2 + 2u − 1

)
−

1(
u2 + 1

) 13
2

(
u2 cos u + u3 sin u − u cos u + u sin u

) (
u7 + 3u5 + 4u3 − u2 + 2u − 1

)
+

1(
u2 + 1

) 13
2

(
cos 2u − u sin 2u + u2 cos 2u

) (
u7 + 3u5 + 4u3 − u2 + 2u − 1

)
,

κg(u) =
1

(1 + u2)
9
2

(
u7 + 3u5 + 4u3 − u2 + 2u − 1

)
.

If we give
f1 = tanh(u), f2 = cos(u), f3 = sin(u)

by using Theorem 4.5, the graphs of the evolution equation of κg(u, t) are shown as Figures 1 and 2.

Figure 1. The evolution of κg(u, t) for
π

2
≤ u ≤

3π
2
, 0 ≤ t ≤ 5.
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Figure 2. The evolution of κg(u, t) for
π

3
≤ u ≤

4π
3
, 0 ≤ t ≤ 5.

Example 4.7. Let ρ(s) be a unit-speed regular curve of the modified orthogonal Saban frame on S 2.

ρ : I ⊂ R→ S 2,

u→ ρ(u) =
(
cos(u), sin(u)cos(u), sin2(u)

)
.

In this case, the other elements and geodesic curvature of the modified Saban frame are calculated,
respectively, as follows:

T (s) =
1
8

sin 4u −
5
4

sin 2u, cos u +
9
8

cos 3u −
1
8

cos 5u,
5
4

sin u +
9
8

sin 3u −
1
8

sin 5u,

∆(s) =
(
1
4

cos 3u −
9
4

cos u
) (

1
2

cos 2u −
1
2

)
,

(
1
4

cos 3u −
9
4

cos u
) (

5
4

sin u +
1
4

sin 3u
)

+
27
16

cos2 u +
3
8

cos u cos 3u −
1

16
cos2 3u,

κg(u) =
(
9
4

cos u −
1
4

cos 3u
)
.

For given
f1 = sec(u), f2 = cos(u), f3 = sin(u)

by using Theorem 4.5, the graphs of the evolution equation of κg(u, t) are shown as Figures 3 and 4.

Figure 3. The evolution of κg(u, t) for
π

2
≤ u ≤

3π
2
, 0 ≤ t ≤ 5.
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Figure 4. The evolution of κg(u, t) for
π

3
≤ u ≤

4π
3
, 0 ≤ t ≤ 5.

5. Conclusions

Geometrically, the evolution of curves and surfaces means a continuous transformation that
transforms one curve or surface into another curve or surface. The aim of studying the evolution of
curves and surfaces is to determine the final shape of given curves and surfaces and to find the
geometric properties that remain invariant during the evolution process. In this work, inextensible
curve flow is studied by using a modified orthogonal Saban frame, which is an orthogonal frame
determined by the intrinsic structure of the sphere. Important results were obtained depending on the
geodesic curvature. It is obvious that the results obtained here will be used in many areas where the
evolutions of curves and surfaces are applied. Computer imaging, computer animation, and image
processing are the main examples. Another application of the evolution of curves and surfaces is the
modeling of the dynamics of shapes in physics, chemistry, and biology. These models are determined
by functions of the intrinsic properties of curves. Since this study uses a frame the modified
orthogonal Saban frame based on the intrinsic property of time, it is expected to contribute to further
research in these fields.
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