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1. Introduction

The spatial distribution pattern of an animal population in its natural environment may be the result
of several biological effects. In a patchy environment, linear diffusional flows have a stabilizing effect
on the coexistence of competitive species. Shigesada, Kawasaki, and Teramoto [22] studied the spatial
segregation of interacting species and proposed the model

ou .

6—; = Al(d) + anuy + apu)u] +ui(ay — byuy — cjup),  in Qr,
81/12 .

o Al(dy + aziuy + apur)uy] + ux(a, — byuy — couy),  in Qr,
(9141 81/12

— ===, 0Qr,
ov ov on o5
ul(-xa O) = l/lL()(X), MZ(-x, O) = MZ,O(X)’ n Qv

where u; and u, represent the densities of two competing species, d; and d, are their diffusion rates,
a; and a, denote the intrinsic growth rates, b, and b, account for intra-specific competitions, ¢; and
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¢, are the coefficients of inter-specific competitions, a;; and @y, are usually referred as self-diffusion
pressures, and a1, and a5 are cross-diffusion pressures. Here, A is the Laplace operator, € is a bounded
smooth domain of RV with N > 1, 9Q and Q are the boundary and the closure of Q, respectively,
Qr = Qx[0,T)and 0Qr = 9Q x [0, T) for some T € (0, o], v is the outward unit normal vector on
0Q, d;,a;,b;,c;(i = 1,2) are all positive constants, and «;;(i, j = 1,2) denote non-negative constants.
The initial values u; o and u,( are non-negative smooth functions that are not identically zero. For more
details on the backgrounds of this model, we refer to [21,22]; for reaction diffusion, see [7, 15].

Lou and Ni [16] considered positive steady-state solutions to the above strongly-coupled parabolic
system and derived properties of these solutions, including a priori estimates, as well as conditions for
existence and non-existence. To prove those results, they first considered the strongly-coupled elliptic
system
Al(dy + anuy + apup)u] +ui(ay — byuy — ciun) =0, in Q,

Al(dy + aziuy + anpur)us] + us(a, — bruy — coup) =0, in Q,

6141 Buz
— =—=0, 0Q,
ov ov on
u; >0, u, >0, in Q.
For N = 1,a17; = a1 = a»n = 0, Mimura and Kawasaki [19] demonstrated the existence of small

amplitude solutions bifurcating from the trivial solution. Mimura [18] established that large amplitude
solutions exist when «, is suitably large. Mimura, Nishiura, Tesei, and Tsujikawa [20] proved the
existence of non-constant solutions of this problem. Jia and Xue [14] investigated the non-existence
of non-constant positive steady states in a generalized predator-prey system. Xue, Jia, Ren, and
Li [28] proved both the existence and non-existence of non-constant positive stationary solutions for
the general Gause-type predator-prey system with constant self-diffusion and cross-diffusion. For
more information on the parabolic system, we refer to [21,27,29].
In this paper, we study the strongly-coupled subelliptic system on the Heisenberg group

Agl(dy + anu + apvu] + u(a; —bju—cv) =0, in Q,

Agl(ds + asju + anv)vl+v(as — bou —cov) =0, in Q,

ou Ov (1.1)
- _ 7 _ Q

Fialrw 0, on 0Q),

u>0, v>0, in Q,

where Ay is the degenerate subelliptic (also called hypoelliptic in [12]) operator. Here, d;, a;, b;, c;(i =
1,2) are positive constants, and «;;(i, j = 1,2) are non-negative constants. For the degenerate of the
Ay, there are some different forms [14, 16,28]; see Section 2 for further details.

Only one of the diffusion rates or one of the self-diffusion pressures needs to be large to prevent the
formation of a non-constant solution to (1.1).

Theorem 1.1. Suppose that & # ? and 2 # <,
ap 2 az (&)
(i) There exists a positive constant C; = C(d;, a;, b;, c;, 12, a21) such that problem (1.1) has no
non-constant solution if max{a,, @} > C;.
(ii) There exists a positive constant C, = Cy(a;, b;, ¢;, a;j) such that if max{d,,d,} > C,, then
problem (1.1) has no non-constant solution provided that both a; and ay;, are positive.
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In the case of weak competition, if self-diffusion is weaker than diffusion, then (1.1) still has no
non-constant solution.

To obtain some non-existence results from Theorem 1.1, we mainly study the effects of diffusion
and self-diffusion in the strongly-coupled subelliptic system

Agl(d; + anu+ apv)ul + uf(u,v) =0, inQ,
Aul(dy + ariu + anv)v] + vg(u,v) =0, inQ,

ou Ov (1.2)
= Q

oy ov =0, on o,

u>0, v>0, in Q.

For the sake of convenience, we collect here all the assumptions on f, g, some of which will be made
at different times in this paper. Throughout this paper we always follow the following hypotheses:
(H1) £(0,0) = a1,8(0,0) = ar, &£ < —by, % < —by, %L < —¢, % < —¢y, forallu > 0,v > 0, where a;, b,
and c¢; are all positive constants for i=1, 2
(H1) £(0,0) = a;,8(0,0) = a», &£ < -b,, % <0,% <0,% < —¢,, forall u > 0,v > 0, where a;, a5, b
and c; are all positive constants.

(H2) Both {u > 0| f(u,0) = g(u,0) =0} and {v > 0| £(0,v) = g(0,v) = 0} are empty.
(H3) f(u,v) = g(u,v) = 0 has a unique positive root (u*, v*).

It is easy to see that (HI) is more restrictive than (H1"). From (H1’), it follows that if (u#,v) is a
positive root of f(u,v) = g(u,v) = 0, then u < Land v < "2 . For the special case f = u(a; — byu —cyv)
and g =v(a, — bzu — V), it 18 trivial to check that (H1) and (Hl ) hold, and that (H2) is equivalent to
= ¢ 7 and 2t # < while (H3) is satisfied only in bl > 2 > < and b‘ <4 az < 2

For the generahzed predator-prey subelhptrc system w1th cross -diffusion and homogeneous
Neumann boundary conditions, we investigate the existence and non-existence of non-constant
positive solutions to the following subelliptic system

diAg[(1 + apv)u] + ug(u) — p(u)v = 0, in Q,
drAg(1 + axu)v] + v(—as + cop(u)) =0, in Q,

ou v (1.3)
5 = 0—‘/ = O, on 8Q,
u>0, v>0, in Q.

The functions g(u) € C'([0, +o0)) and p(u) € C'([0, +00)) () C?((0, +o0)) are assumed to satisfy the
following two hypotheses throughout this paper:

(H4) ¢(0) > 0,¢’(u) < O, for all u > 0. And there exists a unique positive constant S, such that
q(S)=0

(H5) p(0) =0, er}r(l)l+ p'(u) < oco,ep(S)>aand p'(u) >0 forall 0 <u<S§.

For the case @;; = 0 of the subelliptic system (1.3), we have the following theorem.

Theorem 1.2. There are positive constants d,,d,, @, such that ifd, > dy,d, > dy and &y, < @1, then
problem (1.3) has no non-constant solution.

In general, for the subelliptic system (1.3), we obtain the following theorem.
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Theorem 1.3. There are positive constants d,,dy, @1, &> such that ifdy > di,d» > d» and @y, <
@12, @2 < @y, then problem (1.3) has no non-constant solution.

The paper is organized as follows. In Section 2, we collect some well-known facts about H" and the
subelliptic operator Agy. Section 3 gives an overview of competition-diffusion in the strongly-coupled
model. Section 4 is devoted to studying diffusion and self-diffusion in the strongly-coupled model. In
Section 5, we derive the predator-prey model.

2. Preliminaries

In this section, we list some facts related to the Heisenberg group and sub-Laplacian Ay. For proofs
and more information, we refer, for example, to [3,4,8,9, 12].

The Heisenberg group H" is the Euclidean space R*"*!(n > 1) endowed with the group action o
defined by

€00 &= (x+ X0,y + Yo, t + 1o +2 D (xiyiy = i), 2.1)
i=1
where € = (X1, , X, V15" s Vs 8) := (X, ,8) € R" X R" X R, & = (X0, Y0, tp). Let us denote by 6, the
dilations on R*"*!, i.e.,
5/1(6) = (/1)(:, ﬂ’y’ /lzt) (22)

which satisfies §,(& o &) = 6,(&) o 61(8).
The left invariant vector fields corresponding to H”" are of the form

0 0
Xi=—+2yi, =1,---,n,
ox o "
0 0
Yi=—-2x——, i=1,---,n,
8}7,' ot
0
ot
The Heisenberg gradient of a function u is defined as
Vgu = (Xqu, -+, Xuu, Yiu, - -+, Yyu). (2.3)
The sub-Laplacian Ag on H" is
Ag= ) X2+ Y72, (2.4)
i=1
with the expansion
wilis i i i i
Ay = + + 4y, — 4x; +4(x* + v —.
T Lig Ty Voxer ~ ayan @+ 5n

It is easy to check that
[Xi, Y] = —=4T6;;, [Xi, X;1 = [V, Y;]1=0,i,j=1,--- ,n
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and {Xy, --,X,, Y, --Y,} satisfies the Hormander’s rank condition (see [12]). In particular, this
implies that Ay is hypoelliptic (see [12]), and the solution of equation including Ay satisfies the
maximum principle (see [2,4]).

Denote by Q = 2n + 2 the homogeneous dimension of H". The norm |£| 1s the distance of £ to the
origin (see [8]),

- 1
p=les = (i +yP + )%, (2.5)
i=1
Using this norm, one can define the distance between two points in H” in the natural way

ds(€m) =m0 &,

where 7! denotes the inverse of 1 with respect to the group action o, i.e., 77! = —n.
The open ball of radius R > 0 centered at & is the set

By (&0, R) = {n € H" | du(n, &) < R}.
By the dilation of the group, ¢ — |£|,; is homogeneous of degree one with respect to 6, and
|Bi(&, R)| = [Bu(0, R)| = |Bu(0, 1)| R,

where |-| denotes the Lebesgue measure. Noting that X; and Y; are homogeneous of degree minus one
with respect to ,, i.e.,
Xi(0,) = 2160.(X)), Yi(62) = 10,(Y)),

then Ay is homogeneous of degree minus two and left invariant.
We denote the Sobolev space by

Nl = ( f W@ de), 1< p < oo,
Q

llull (@) = €8S supgeqlu(f)l.

and
W(Q) = {u | u, Vyu € L*(Q)},

which is a Banach space about the norm
lleellwr2qy = Nl 2y + Vel 2(0)-

Denote by WS’Z(Q) the closure of Ci*(Q) in W'2(Q).
Let us state Sobolev’s and Poincaré’s inequalities in H", see [10, 13, 17].

Lemma 2.1. Let U be a bounded domain in H" and Q cc U. If 1 < p < Qandu € Wé’p(Q), then

there exists C > 0 depending on n, p and €, such that for any 1 < g < 5—_Qp,

( f )7 < C( f Vul?)?. (2.6)
Q Q

flul”ﬁCfIVHul”. 2.7)
Q Q
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For the maximum principle, we refer to [2,4].

Lemma 2.2. Let Q be a bounded domain and K(¢) > 0, u satisfies
—Agu+ KEu >0 onQ, u=0 inoQ,

then u > 0 on Q. Furthermore, u > 0 on Q, unless u = 0.
The following Hopf-type lemma is from [4, 6, 26].

Lemma 2.3. For a domain V in H" := H* x R ¢ C™! let the Eoint Py € 0V satisfy the interior
Heisenberg ball condition (see [6]). Assume that U € C*(V) N C'(V) is a solution to

_LQ’U > CI(Z)U’

for ci1(z) € L*(V), where

A Z( ~ + 4y, " )+4(/12+Z(x sy
a—a/lz /1 (9/1 i Vi l i Vi (9t2

IfU(z) > U(Py) =0,z€V, then
ou
—(Py) >0,
5 (Po)
where v is the outer unit normal to OV at P.
If c1(z) = 0, then the above conclusion is also valid when we drop the assumption U(Py) = 0.

To handle the equations in this paper, we also give a maximum principle as follows.

Lemma 2.4. Suppose that h € C(Q x R).
(i) If w € C*(Q) N C'(Q) satisfies

Asw + h(E,w(€) = 0 on Q, ‘Z—V: <0 inoQ, (2.8)

and w(&y) = max w, then h(&y, w(&)) = 0.
Q

(ii) If w € C2(Q) N Cl(ﬁ) satisfies

Agw + h(&,w(€) <0 on Q, ‘;—VVV >0 inQ, (2.9)

and w(&y) = minw, then h(&y, w(&y)) < 0.
Q

Proof. We prove (i) only since (ii) can be established in a similar way.
If & € Q. Since w(&)) = maxw, we have Agw(&) < 0. Thus, the conclusion holds from (2.8).
Q

If & € 0€2. We argue by contradiction. Suppose that /(£, w(&o)) < 0. Then, by the continuity of
h and w, there exists a small ball By in Q with 0By () 0Q = {&y} such that h(&, w(€)) < O for & € By.
Therefore, by (2.8), we have Agw(¢) > 0 for all £ € By.

Since w(&)) = maxw, it follows from the Hopf boundary Lemma 2.3 that %(fo) > (, which
By
contradicts the boundary condition in (2.8). O
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For the following Harnack inequality, we refer to [3,23,25].
Lemma 2.5. Let Q be a bounded domain and K(¢) € C (ﬁ), u satisfies
—Agu+ KEu =0 onQ, u=0 inodQ,

then there exists a positive constant C = C(||K(&)||1~q), 2), such that max u < C min u.
Q Q

3. Competition-diffusion model

In this section, we consider the non-existence of non-constant solutions to the following semilinear
subelliptic system
diAgu + uf(u,v) =0, inQ,

dyAgv +vg(u,v) =0, inQ,

ou Ov 3.1
5 = 5 = 0, on 89,
u>0, v>0, in Q.

Throughout this section, C and C; will always denote generic positive constants depending only on f, g
and/or Q. Let (1", v*) be a positive root to f(u,v) = g(u,v) =0,

af  of
M= ( E o0 ) (32)
ou  dv (u,v)=(u*,v*)

and | M| denotes the determinant of the matrix M.

Theorem 3.1. Suppose that (HIl’) and (H3) hold. Then (u,v) = (u*,v*) is the only solution of
problem (3.1) if either

(i) IM| > 0 or

(ii) IM| < 0 and max{d,, d,} > C; for some constant C,.

To prove Theorem 3.1, we need some preliminary results. In this section, set
rl = {(Z’t,v) € IR+ ><}R+ | f(u,V) = O}’
I ={(u,v) e Ry xR, | g(u,v) = 0},
Iy = {(u,v) € Ry X R, [ fu,v) 2 0 2 g(u, )},
L ={(u,v) e R, xR, | f(u,v) <0 < g(u,v)}.

Lemma 3.2. Suppose that (H1’) and (H3) hold.
(i) IfIM| > O, then

L c{uv)yeR.xRy|lu<su',v>viand L C {(u,v) e R, XR, |u>u*, v <v'}. (3.3)
(ii) IM| < O, then
L c{uv)eR.xRy|lu>u', v<viand L c {(u,v) e R, XR, |u<u*, v>v}. (3.4

(iii) IM| = O, then there are three possibilities: the two sets 1| and I, satisfy (3.3), or they satisfy (3.4),
or one of them is equal to the set {(u*,v*)}.

AIMS Mathematics Volume 9, Issue 10, 29529-29555.
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Proof. We shall show (1) only, since parts (ii) and (iii) can be shown in similar ways. By (H1’), the
curves I'1, I, can be represented as

IN={u=FW),0<v<oo}, In={v=G),0 < u< oo}

It is easy to show that F, G are non-increasing functions with F(v*) = u* and G(u*) = v*. Then, our
conclusion follows from (H3) and the observation that if |M| > 0, I'; lies above I'; for 0 < u < u* in uv
plane, and I'; is below I'; for u > u*. O

Lemma 3.3. Suppose that (HI’) and (H3) hold.
(i) IFIM| > O, then (u,v) = (u*,v") is the only solution of problem (3.1).
(ii) If IM| < O, then any solution (u,v) of problem (3.1) satisfies the following estimate:

maxu > u" > miny, maxv > v’ > minv. (3.5)

Q Q Q Q

Proof. Let u(¢)) = max u, by Lemma 2.4 and (H1’), we have
Q

0 < f(u€o), v(&o)) < f (mﬁax u, mﬁin v), (3.6)

and in a similar way, we can obtain that

f(minu, maxv) <0,
0 Q
g(mén u, mﬁax v) >0, (3.7

g(max u, minv) < 0.
Q Q

The (3.6) and (3.7) show that

(max #,minv) € I and (minu, maxv) € I,.
Q Q Q Q

By Lemma 3.2, we have, if |M| > 0,

maxu < u" <minu, maxv <v' < minv.

Q Q Q Q

This implies that (u,v) = (1", v"), hence (i) is established. Part (ii) follows similarly from Lemma 3.2.
O

We shall present a priori estimates on solutions of the strongly-coupled subelliptic system (1.2).

Lemma 3.4. Suppose that (H1) holds. Then, there exists a positive constant C = Cl (a;, b;, c;) such that
for any solution (u,v) of problem (1.2) satisfying the following estimates:

maxu < C( + 22), maxv < C( + 22, (3.8)
Q d; Q d,

AIMS Mathematics Volume 9, Issue 10, 29529-29555.
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Proof. Let¥Y = u(d, + ajju + a,v), then ¥ satisfies

Ag¥ +uf(u,v) =0, inQ,

oY

ov

Let (&) = max ¥, then by Lemma 2.2 and the positivity of u, we have f(u(&), v(&)) > 0. Therefore,
Q

=0, on 0Q.

£(0,0) 2£(0,0) — f(u(€), v(£0))
=(f(0,0) = f(u(€0), 0)) + (f(u(&0), 0) = f(uo), v(£0)))

0 0
=(—3—f(m, 0)u(éo) + (——f(u(fo), m2))v(&o)
u ov
>biu(&o) + c1v(&o),

where the last inequality follows from the assumption (H1) and n; > 0,7, > 0. Hence, we have
u(éo) < 3+ tand v(§o) < 2. Then,

max ¥ = W(&) < —(d1 + C¥11— + a’lz—)
Q bl Cq

which in turn implies that

(di + @;ymaxu)maxu < max ¥ < —(d1 + ozlla— + aqzﬂ). 3.9
Q Q Q b, by C
If @y; < d, it follows directly from (3.9) that
a  ana
< —(1+—=+ . 3.10
mélxu b ( o e ) ( )
If @y; > d,, by (3.9) we obtain
a
a“(max Lt) < _(dl + all— + 0'12_)
Q by by c
then
(max <A e anay a g a | and G.11)

by an b anc by bl dic
Combining (3.10) and (3.11), we obtain the first half of (3.8). The estimate of max v can be obtained
Q
in a similar way. O

Proof of Theorem 3.1. By Lemma 3.3, it suffices to consider the case |[M| < 0. Let (u, v) be an arbitrary
solution of (3.1). We claim that there exists a positive constant C, independent of (u, v), such that

C
lle — il ) < —, (3.12)
d,
where i is the average of u in Q, i.e., it = |—g12| fQ u.

AIMS Mathematics Volume 9, Issue 10, 29529-29555.
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Following the proof of Lemma 3.4, by (H1’), we obtain

a a

max{||ullz=), [VllL=@} < C1 = maX{b_’ —} (3.13)
1 G
Substituting u — & into the problem (3.1), we have
o
Agu—n)+==0, inQ,
e dy (3.14)
i) =0, on 0Q,
ov
where f: uf(u,v) can be estimated by
Il = Nl f(t, Vllz=ey < C = o Jax, | f (u, V). (3.15)

Multiplying (3.14) by u — i1, by Green’s identity, Holder’s inequality, and Poincaré’s inequality, we
derive

2l __C _ Cc
f|VHM| < —— | lu—ul £ —llu-illpq < —IIVaull2q),
Q di  Jg d, d,

which implies that
C
ot — il 2 ) < a7 (3.16)
1

By Lemma 2.1 and (3.14), (3.15), we get

||f||L°°(Q)) < g’
d, d,

e — @tllw22q) < C(llu — il 2q) +
and hence, by Sobolev embedding theorem [3,11],

C .
e — #l| =) < 7 if Q<4
i

_ c .
||u—u||L%(Q)§al—1 if Q>5.

2

Since o3 > 2, this proves (3.16). Iterating this argument finitely many times, we establish (3.12).

Furthermore, it follows from (3.12) that

C
|max u — minu| < 2||u — il|j~q) < —. (3.17)
Q Q d,

Then, we will show that there exists a positive constant C (independent of u and v), such that

. C
o — || () < 7 (3.18)

It follows from the above process and Lemma 3.3 that

C . . _C
<mmnu<u <maxu<u+ —,
Q dl

ﬁ__
d, Q

AIMS Mathematics Volume 9, Issue 10, 29529-29555.
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that is

which in turn implies that

ot — u'|l o) < Ml — bl + | — u'| < —

<a
Simultaneously, there exists a positive constant C (independent of u and v) such that the following
inequality holds

. C
v =vli=@) < 7 (3.19)
1

From (3.7), it follows that for some ¢; > 0,4, > 0,

0
——g(max u,{>)(max v — minv) =g(max ¢ — min v) — g(max ¥ — maxv)
v a o Q Q Q o o

<g(minu — max v) — g(max ¥ — maxv)
Q Q Q

Q
0
=— —g(gl, max v)(max ¥ — min u).
ou Q Q Q
Hence, by (H1’) and (3.17), we deduce that
[ C
max v — miny < M(maxu —minu) < —,
Q Q (&) Q Q 1

which, together with Lemma 3.3, shows that (3.19) holds.

At last, we prove that there exists a constant C; (independent of u and v), such that if max{d,,d,} >
C}, then the only solution of (3.1) is (u, v) = (u*, v*).

Multiplying the first equation of (3.1) with u — u, by Green’s identity, we obtain

d, f Vaul? = f (u — ) (uf(u, v) — if (i, 7))
Q Q
= fQ (u — @) ((u — @) f(u,v) + @ fu,v) — (@, 7))

SCflu—ﬁ|2+Cf|u—ﬁllv—\7l
Q Q
C =12 =2
=— | lu—-ul"+e& v — 9. (3.20)
€ Ja Q

For the second equation of (3.1), we proceed slightly differently, as follows.
& [ 19t = [ = D0g0e) - 5@ )
Q Q
= f [8(u, )V = 5 + (v = D)(g(@, v) — g(@, 7)) + 9(v = P)(g(u, v) = (@, v))]
Q

k) 0
= f {[g(u,v) + va—gw, o)y = PP + 52 (61, v)(u — B)P(v — 7))
Q \Y ou

AIMS Mathematics Volume 9, Issue 10, 29529-29555.
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<C f (g(u,v) — cv)|v — \7|2 +C f |t — ullv — v
Q

Q
:Ej\u—m%+j}g%w—cﬁ+@w—ﬂ{ (3.21)
€ Ja Q

where ¢;(¢) lies between u# and u(¢), and ¢, (¢) lies between v and v(£) for each € € Q. From the above
conclusions, it follows that (3.18) and (3.19) hold. And then, by (3.18) and (3.19), if d; > C,

gu,v) — v =g(u,v) — gu’,v*) — crv
=g(u,v) — gu*,v) + g(u*,v) — gu*,v") — c2v
< =bollu = ull =) = c2llv = Vi]lo) — 2V

o, C_.C_
S—by— —c— -
2d1 2d1 2
<2

2

Choosing € = % in (3.21), we have

dZJWWWFSCL[m—ﬁF—QL;fW—vR (3.22)
Q Q 4 Q

Combing (3.20) and (3.22), we arrive at
&) f |Vul®,
Q

dlf}wWFschfm—aF
Q Q

which implies that if d; > C,, then Vgzu = 0, i.e., u is constant.

Then, (3.22) guarantees that v = ¥, a non-negative constant.

In view of part (i) of Lemma 3.3, we see that these constants must be positive. Hence, from the
assumption (H3), we conclude that (&, v) = (u*, v").

A similar argument applies when d, is large, leading to the same conclusion. This completes the
proof of Theorem 3.1. O

IA

As a consequence of Theorem 3.1, we have the following corollary:

Corollary 3.5. If f = u(a; — byju — c;v) and g = v(ay — byu — c,v), then (u,v) = (u*,v*) is the only
solution of problem (3.1) if either

(i) £ >4 >4 or

(ii) i—; < Z—; < ;—; and max{d;, d,} > C, for some constant C}.

Remark 1. The equations in Theorem 3.1 and Corollary 3.5 involve subelliptic operators, which are
more general than elliptic operator as described in [16], and the proof mainly relies on Lemma 2.4,
which is the subelliptic case.

4. Diffusion and self-diffusion model
In this section, we mainly study the effects of diffusion and self-diffusion in the strongly-coupled
subelliptic system (1.2). Throughout this section, C will always denote generic positive constants

depending only on d,, d,, @12, @, and the nonlinearity f, g, but independent of a1, a,,.
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Theorem 4.1. Suppose that the conditions (H1) and (H2) hold. Then, there exists a constant C such
that if max{ay, @y} > C, the problem (1.2) has no non-constant solution.

Lemma 4.2. Suppose that (HI) and (H2) hold.

(i) If f(u,v) = g(u,v) = 0 has no positive root, then there exists a constant C such that (1.2) has no
solution provided that max{a;, @y} > C.

(ii) If f(u,v) = g(u,v) = 0 has at least a positive root, then there every small € > 0, there exists a
constant C(g) such that if max{a,, @2} > C(g), for any solution (u,v) of (1.2), there are two positive
constants @i,V that f(@1,V) = g(it,9) = 0 and ||u — itl| =) + ||V = V|1~ < &

Proof. We prove (ii) at first; suppose that the conclusion is false. Without loss of generality, we assume
that there exists a constant &y > 0, and a sequence {a 4, @224}, With @11 — o0, such that

llotx — tll ) + vk = VM=) = €0 4.1)
for any positive root (i, V) of f(u,v) = g(u,v) = 0, where (4, v¢) is a solution to

Aul(d, + ayxur + apvi)ued + wif(ue, vi) = 0, in Q,

Aul(dy + agiug + @ pvi)vil + vig(ug, vi) = 0, in Q,

(9I/tk 6Vk (42)
X _ZX_p Q

oy Ov ’ on oK,

Uy > 0, Vi > 0, in Q.

We use the same notation of the subsequence of {u;};”, as for the original sequence {u};? |, such that
u; converges uniformly to a constant as k — oo. Set

d, apn
DO = up(uy + —— + ——vp),

Qe ik
then @, satisfies
11 AaQr + ur f (ur, vi) = 0, in L,
0D,
ry
By Lemma 3.4 and the fact a;;; — oo, we know that ||®y||.~q) < C. Hence by standard L” estimates
and the Sobolev embedding theorem [5, 11, 24], we obtain ||(Dk||C1,(,@ < C for some a € (0,1).

=0, on 0Q.

Therefore, a subsequence of {®;};”, converges to some nonnegative function ® in C 1(5), and ® must
satisfy the following problem weakly

Ag® =0, inQ,
00

— =0, onoQ.
ov

By standard subelliptic regularity theory, ® € C*(Q) and therefore ® = &, where @ is a nonnegative
constant. Letting &t = \/6 we get that

A d, apn
u,%—uzz(l)k—cl)——uk——ukvk—)O
11,k d11,k
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as k — oo. Hence u; — it uniformly.

Next, we claim the subsequence of {v;};>, and also denote {v;};”,, such that v; — ¥ uniformly as
k — oo, where ¥ is some nonnegative constant.

Before establishing the above assertion, we show how to derive a contradiction via the fact that
(ug, vi) = (@1, V) uniformly as k — oo.

Integrating the equations of (4.2) in 2, we have

f e f g, ve) = f veg it ve) = 0. 43)
Q Q

From this, we conclude that f(it, V) = g(i1,v) = O for (i1, ¥). Suppose that f(ir,v) # 0. Without loss of
generality, we may assume that f(i, V) > 0. Since (u, vy) — (i, ) uniformly, f(ug,vi) — f(@, ) as
k — oo. Hence, f (i, V) > O for k large, and therefore

fukf(uk’ vi) >0
Q

for large k since u is always positive, which contradicts (4.3). A similar contradiction can be deduced
if g(@, ) # 0.
By (H2) and the assumption that f(0,0) = a; > 0, g(0,0) = a, > 0, we must have

u>0,9>0.
That is, (uy, vi) — (@, V) uniformly with
u>0,9>0 and f(&1,V) = g(@1,7) =0,

which contradicts (4.1) and thus establishes (ii) of Lemma 4.2.

To finish the proof of part (ii) of Lemma 4.2, it remains to show the above assertion.

If {a24},>, is unbounded. We choose a subsequence of {az .}, still denoted as {a2 4}, ,, such
that @y — o0 as k — co. We can then argue in very much the same way as before to conclude that
vy — ¥ for some non-negative constant 7.

If {@2s4};2, 1s bounded. Without loss of generality, we may assume that @z — a2, € [0, ). Set

T = (do + aaiuty + @20 (Vi) Vie-
Since {a2 4}, is bounded, by Lemma 3.4 it is easy to know that ||'T||;~) < C. Hence, Y} satisfies

Ag Ve + viglug, vi) =0, in Q,
0y 4.4)

av = O’ on (')Q

By standard L” estimate and the Sobolev embedding theorem, we obtain [|Yillcieg < C for some
a € (0,1). Then, by passing to a subsequence if necessary, we may assume that {(;};>, converges to
some nonnegative function T in C'(Q). By the definition of Y and the fact u — &, we see

T — (dz + Cl’mﬁk + azz,kvk)vk -0
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in C1(Q). If @, > 0, it is easy to get vy — ¥ in C'(Q), where

—(dz + azlft) + \/(dz + amuk)z + 4a22T S

0.

V=
20’22

Letting k — oo in (4.4), we can know that Y satisfies the following problem weakly

or (4.5)

AgY + vg(it,v) =0, inQ,
0, on 0Q.

v
The standard subelliptic regularity theory ensures that T € C3(Q), _and hence is a classical solution
of (4.5). Note that T > 0. If T = 0, then we claim that v, — 0 in C'(Q). Since u; — #, by (4.2) we can

argue similarly as before to show that f(iz,0) = 0 and & > 0, which contradicts (H2). Therefore, T > 0
and is not identically zero in Q. The problem (4.5) can be rewritten as

g(@,v)

dz + a1 + @V
oY
— =0, on 0Q.
ov

By Lemma 2.2, T > 0, and thus ¥ > 0 in Q. Since ¥ is a solution of

5 4.6)
@ =0, on 0Q,

{AH[(dz + Cl’zlﬁ + 022\7)17] + ﬁg(l’/\t, f/) = O, in Q,
ov

by Lemma 2.4 and the positivity of ¥, we obtain g(iz, max¥) > 0. Thus, from assumption (H1), it
Q

follows that
g(it, (&) > g(it,max v) > 0, V& € Q.
Q

Integrating the equation of (4.6) in Q shows

0= ff/g(ﬁt,fz)) > ff/g(it, max V) = g(it, max V) ff/ >0,
Q Q Q Q Q

which implies that ¥ = max? > 0. That is, if @y — @ > 0, then there exists a subsequence of
Q
{ak};2, which converges uniformly to some positive constant.
If @y, = 0, we have already established that

T

Vg 2 V= ———
d2+a21u

[>9)

in C l(ﬁ) as k — oo. Then, our conclusion that a subsequence of {v};, converges to some positive
constant follows from the same arguments as in the case @y, > 0 with obvious modifications. This
proves our assertion, and the proof of part (ii) is now complete.
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Finally, we return to the proof of part (i). Suppose that the conclusion in (i) fails. Then, we can
assume that there exists a sequence of solutions {(u, vi)};2, to (4.2) with a4 — 0.

Similarly to the processes in part (ii), we show that there exists a subsequence of {(u, vi)};>, that
converges uniformly to some non-negative (i, V). Again, (4.3) and the arguments following it guarantee
that f(i1,7) = g(ia,v) = 0. By (H1) and (H2), we conclude that &# > 0 and ¥ > 0. However, this
contradicts our assumption of (i). O

Lemma 4.3. Suppose that (H1) and (H2) hold and min{d,, d,} > €.

(i) If f(u,v) = g(u,v) = 0 have no positive root, then there exists some positive constant C, = C(€, a1,
12, Q21, @) such that (1.2) has no solution provided that max{d,,d,} > C,.

(ii) If f(u,v) = g(u,v) = 0 have a positive root, then for any small € > 0, there exists a positive constant
C, = Cy(g, €, 11, a2, @21, @22) such that if max{d,d,} > C», for any solution (u,v) of (1.2), there are
two positive constants it, V that f(i1, V) = g(it, V) = 0 and ||u — itl| =) + ||V — V=) < &

Proof. We shall only prove part (ii), as (i) can be shown in a similar way. For the proof of (ii), we still
argue by contradiction. We assume that there exist two positive constants €, and &, and a sequence
{dx, dry}i, withd — oo and dyx > €, such that

llotx — @il o) + Vi = V=) = €0 4.7)
for any positive root (i, V) of f(u,v) = g(u,v) = 0, where (4, v¢) is a solution to

Aul(dj + anue + apvidue] + uef(ug, vi) = 0, in Q,

Aul(day + arug + anvi)vil + vigur, vi) =0,  in Q,

Ouy. Oy 4.8)
_—— = Q

oy Ov 0 on 90,

u, >0, v >0, in Q.

For the problem (4.8), Lemma 3.4 implies that

max{ug, vi} < Cy = Ci(€, a1, a2, @21, a22).
)

To show that u; converges to some constant, let

O = (1 + 2L + 2y, (4.9)

dyk dik
Then by similar arguments as in the proof of Lemma 4.2, we see that @, converges uniformly to some
non-negative constant ®. By (4.9) and the fact d;; — oo, u; converges uniformly to @. If {dy;},7,

is unbounded, then it is easy to show that a subsequence of {d,};7, also converges to a non-negative
constant. If {d,;};>, bounded, setting

Ty = (doy + @ity + @vi)Vvi,

we know that a subsequence of {1};?, converges to some non-negative function Y, and hence a
[

subsequence of {v;};7, converges to a nonnegative function ¥. Then, we can proceed further as in the
proof of Lemma 4.2 to show that 7 is a constant that derives a contradiction. O
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Lemma 4.4. Suppose that (H1) and (H2) hold and a,; > 0.

(i) If f(u,v) = g(u,v) = 0 has no positive root, then there exists a positive constant C3 = Cz(ay1, @12,
Qs1, Q) such that (1.2) has no solution provided that d; > Cs.

(ii) If f(u,v) = g(u,v) = 0 has a positive root, then for any small € > 0, there exists a constant
Cy = Cy(e,an, a2, a1, a2) such that if di > Cy, for any solution (u,v) of (1.2), there exist two
positive constants @i,V that f(@1, V) = g(i1, V) = 0 and ||u — itl|p~) + ||V = V|~ < &

Similar results hold if «y; > 0 and d, is large enough.

Proof. In view of Lemma 4.3, it suffices to consider the case d,; — oo and d,; — 0. For this case, by
following the proof of Lemma 4.3, we obtain

a 0/12 ai

< —(l+—=—+—)<—(0+—=+—
max i < o L1+ b dlk C1) ( b, )
and u o a
max v, < [—(1 + =2 + —)]
Q 2 an by
for large k. Then, we can prove Lemma 4.4 in the same way as Lemma 4.3. O

Proof of Theorem 4.1. In view of part (1) of Lemma 4.2, we may assume that f(u,v) = g(u,v) = 0 has
at least a positive root. Setting

= {(M,V) € R+ ><}R+ |f(I/l,V) = g(l/l,V) = 0}

By (HI) and (H2) we know

o0 = inf {u,v}> 0.
(u,v)eS

Choosing € = g in Lemma 4.2, there is a positive constant C(6) and C such that if max{a, @2} > C(6),
then for any solution (i, v) of (1.2),

)
3 <u(é), v(é)<C, YéEe€Q. (4.10)
Without loss of generality, we may assume that a; is sufficiently large. Let (i, V) be the average of

(u,v) in Q. Multiplying the first equation of problem (1.2) by u# — & and integrating in €2, by the same
arguments as in (3.20), we get

f [(d; + 201 u + a1pv)|Vgul® + apuVgu - Vgv]
Q

_ f (= Duf(u,v)
Q

C
S—flu—ﬁ|2+sf|v—\7|2. 4.11)
€ Ja Q

By Lemma 3.4, (4.10), and Poincaré’s inequality, we have

C
’falquHu-VHv < —fIVHu|2+8f|VHv|2.
Q € Ja Q
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Using (4.10) and Poincaré’s inequality, we obtain

C 1
(@110 ——) f IVaul* < &(1 +—) f|VHV|2, (4.12)
e Ja A Jo

where A, is the smallest positive eigenvalues of the sub-Laplace operator subject to the homogeneous
Neumann boundary condition (see [1]). For the second equation of problem (2.1), we proceed as
in (3.21) to obtain

f [(dz + aru + 2&22V)|VHV|2 + (},’21VVHI/L . VHV]
Q

= f v —=v)vgu,v)
Q
< ¢ f lu— @l + f (g(u,v) — c2v + &)lv — 7. (4.13)
€ Jo Q

By Lemma 4.2, for any small ¢, there exists C(g) such that if ay; > C(¢), then
et = @l o) + IV = V) < €
for some (it, V) € S. And then
llg(, Vi) = llg(u, v) — g(@, )|z~ < Ce.

Asv > %, we know that for a;; > C(¢) and & small enough,

0
g(u,v)—62\7+8S(C+1)8—% <0.

C
dzfIVHVI2=fa21VIVHu||VHVI+ —flu—b'tl2
Q

Therefore

Q € Ja
C
<= f \Vaul* + & f |Viv]?. (4.14)
€ Ja Q
Combining (4.12) and (4.14), we have
9 2 1 2
(16 — —) |Vaul” + (d, — e(2 + —)) Vv~ < 0. (4.15)
g Jo A7 Ja
Choosing & small enough, for ; sufficiently large, Vyu = Vyv = 0, then (u, v) is constant. |

Theorem 4.5. Suppose that the conditions (HI) and (H2) hold. For any € > 0, there exists some
positive constant Cs = Cs(€, a1y, @12, @21, @p2) such that if min{d,, d,} > € and max{d,,d,} > Cs, then
problem (1.2) has no non-constant solution.

Proof. Replacing a;,6 by d; in both (4.12) and (4.15), and following the proof of Theorem 4.1 with
the help of Lemma 4.3 instead, we see immediately that this theorem holds. O
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Theorem 4.6. Suppose that the conditions (HI) and (H2) hold.

(i) There exists a positive constant Cs = Cq(dy, @11, @12, @21, @2) such that if dy > C¢, problem (1.2)
has no non-constant solution. Furthermore, if ay, > 0, then Cq can be chosen independent of d,.

(ii) There exists a positive constant C; = C7(dy, a1, @12, @21, @22) such that if dy > C, problem (1.2)
has no non-constant solution. Furthermore, if ay; > 0, then C7 can be chosen independent of d,.

Proof. We shall establish part (i) only, since (i1) can be shown in a similar way. By letting € = d, and
C¢ = max{Cs,d,} in Theorem 4.5, we know that the first assertion of (i) follows immediately from
Theorem 4.5. To prove the second assertion, we first note that by choosing & = g, from Lemma 4.4
it follows that minv > %. Then, we modify the proof of Theorem 4.1 by replacing the constant d,

Q

in (4.14) and (4.15) by 2a, minv, and the term 4,6 by d; in both (4.12) and (4.15). The remaining
Q

arguments are rather similar as before and are thus omitted. O

It follows immediately from Theorem 4.6 that

Corollary 4.7. Suppose that the conditions (H1) and (H2) hold, a;; > 0 and ay, > 0. Then, there
exists a positive constant Cg = Cg(ay1, @12, @21, @22) such that if max{d;,d,} > Cs, problem (1.2) has
no non-constant solution.

Remark 2. We note that Theorem 1.1 follows from Theorem 4.1 and Corollary 4.7. Moreover, from
Theorem 4.1 and Corollary 4.7 we see that large self-diffusion seems to have a very similar effect to
large diffusion, as observed in [16].

5. Predator-prey model

In this section, we mainly study the predator-prey system (1.3). Throughout this section, C will
always denote generic positive constants.

At first, we study the case @,; = 0, and give the proof of Theorem 1.2. As a by-product a priori
estimate is established by using the maximum principle and the Harnack inequality.

Theorem 5.1. Suppose that d,,d>, and &, are given positive constants. Then, there exists a positive
constant C = C(ay, c2,dy, dy, @13) such that if dy > dy,d, > d, and @, < @y, then every positive
solution (u,v) of (1.3) satisfies C™' < u,v < C.

Proof. Assume that (u,v) is a positive solution of problem (1.3) and denote II = (1 + a,v)u. Then

problem (1.3) becomes
A\ Agll + ug(u) — p(u)yv =0,  in Q,

drAgv +v(—ay + cop(u)) =0, inQ, (5.1)
oIl ov
E = 5 = O, on GQ

Leté, € Qbea point where II(£;) = max I1(¢). By Lemma 2.4, for the first equation of problem (5.1),
Q

we obtain that
u(&1)q(u(&r)) — pué))vér) = 0.
Therefore, u(&)g(u(&,)) > 0. By (H4), we have

O<u()<S
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and

uE)qE)) _ Squg)) _
pwE)) T pu&)

here, the condition lirgl+ p'(u) < oo in (H5) shows that sup “4Y < co. Thus,

0 <v(é) <

ue(0.5) P

max u(@) < max 1) = (1 + FvENuE) < (1+@M)S = C.

Multiplying c; to the first equation of (1.3) and adding it to the second equation of (1.3) and then
integrating over {2, we obtain

f{CZdlAH[(l + apvul + dryAgvy = f [arv — coug(u)].
Q

Q

By Green’s identity, we know that

f {ng] AH[(I + C_¥12V)I/l] + dQAHV} =0.
Q

So
a, fv: CH fuq(u) <0 fq(O)Cl = ¢,q(0)C4|Q|,
Q Q Q

f 29(0)C, 1€
v ——.
Q

a

that is,

The problem (1.3) can also be written as

q(u) = 2Py
AIl=— [ inQ,
S dd v a0 "
Ay = v(=as + Czp(bt)), inQ.
d>

oIl ov

— = — = Q.
ov  Ov 0, ond

Foru < S and d, > d,, we see < 00, so the Lemma 2.5 holds for v,

—az+cop(u) < 2p(S)
dp [72

max v < Cominvy (5.2)
Q Q

for some positive constant Cy. Hence, we have

Co Jov 0)C,C
maxv < Cominv < " fQ < c24WE1Co =Ch. (5.3)
o Q €2 a,

By integrating the first equation of problem (1.3) over €2, we have
f (ug(u) — p(u)v) = 0. (5.4
Q
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Equation (5.4) implies that there exists a point &, € €, such that

(u(&2)q(&2)) — p(u(&2))v(£2)) = 0.
By assumptions (H4) and (HY), it follows that 0 < u(&;) < S. Then,

u(&)q(u(&)
= Do) S
V)= @)

If minv = 0, by (5.2) it follows that maxv = 0. That means that v = O uniformly in €, which is a
Q Q

contradiction. Thus v has a positive lower bound for d, > d,.
In the following, we show that u has a positive lower bound.
By (H5) and p(u) € C?((0, +00)), it follows that

lim G = lim p’'(u) < oo,
u—0* Y u—0*

there exists a positive constant p such that @ < pforsmall 0 < u < S. For d, > d;, we have

—pw >
qw =B g0 +pCr _

di(1+apv) d,
Thus Lemma 2.5 holds for I1,
max IT < Cy minII (5.5)
Q Q

for some positive constant Co. By (5.3) and (5.5), we get

maxu maxIl 1+ @ maxv

2 <2 .2 G0 +apmaxy) < CoCi(1+a@pCy) i=Cs. (5.6)
miny  minll 14+ a@;,;minv o)
Q Q Q

To obtain a contradiction, assume that there exists a sequence {(dy, dax, @124}, satisfying dy; >
dy,drx > dp and @1y < @), for some @), > 0, such that the corresponding positive solutions (i, vy) of
problem (1.3) with (d, d>, @12) = (di x, >, @124) such that min u, — 0 as k — oo. Using (5.6), we have

Q
max u; — 0 as k — oco. By the regularity theory for subelliptic equations, there exists a subsequence of

Q
{(ur, vi)}, which will also be denoted by {(u, vi)}, such that uy — O uniformly as k — co. Integrating
the second equation of problem (1.3) with (&, v) = (u, vx), we obtain

fg vi(=az + c2p(ui)) = 0. (5.7

Since u; — 0as k — oo, we have —a,+cop(uy) < 0in Q for any large k. This contradicts the integrating
identity (5.7) as well as the fact that v, > 0. O

Theorem 5.2. Suppose that p(S) < Z—j, then problem (1.3) has no non-constant solution.
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Proof. Since g(u) < 0 for u > S, we only need to consider the case u < §. Suppose, on the contrary,
that (1.3) has a non-constant positive solution (u,v) for p(S) < f—j Then, v must be non-constant;
otherwise, it is easily seen that # must be constant from the second equation of problem (1.3).

Using the fact that p(u) is increasing in u, and integrating the second equation of problem (1.3) over

Q, we have
0=-d, fAHv = fv(—az + cop(u)) < fV(—Clz + cp(8)).
Q Q Q

Since v > 0, we have p(S) > f—j This contradiction completes the proof. Thus, if (1.3) has a positive
solution, it must be that p(S) > Z—;, which is the condition that p(u) should satisfy according to (HS). O

Remark 3. Theorem 5.2 is directly characterized by the function p(u). When &, = 0, we will prove
the non-existence result. Theorem 1.2, which considers the self-diffusion and cross-diffusion rates d;,
and d,, is given in [14].

Theorem 5.3. Suppose that JL = + /l]l~(q(0) + 1K) and dy = ;' (—ax + c2p(C) + M)
where K = supvp'(u). If d, > d, and d, > d,, then problem (1.3) has no non-constant solution.
Q

Proof. Let (u,v) be a positive solution of problem (1.3). Multiplying the equations of problem (1.3) by
u — i, v — v, and then integrating over €2, using the mean value theorem, we get

fg [di(1 + @ 2v)|Viul* + do|Viv* + dya@puVsu - Vigv]
= fg [(u — w)(ugu) — p@)v) + (v = V)v(=az + c2p(u))]
= fg (u — wqu)(u — ) + u(q(u) — g()) — pw)(v —v) — v(p(u) — p(i))]
+ fg v =D-ax(v =) + cop)(v — V) + c2¥(p(u) — p())]
= fQ (u— wlgu)(u — ) + g’ (m)(u — i) — pw)(v — v) = vp’ () (u — )]
+ fg (v =V[=ax(v = V) + cap(u)(v = V) + c2vp(¢)(u — )]
= fg [(u = @)*(q(u) + itg’ () = 9P’ (D) + (v = V)’ (=2 + cop(w)) + (u = W)(v = V)(=p(u) + c29p(5))]
< fg [q(0)lu — al® + (=az + c,p(C)|v = ¥ + c2K|u — allv — 7],

where 0 < 17,Z,¢ < C and K = sup #p’ (1), we note here that p’(u) is bounded in any finite interval due
Q
to the assumptions p(u) € C*((0, +o0)) and (H5).
By Theorem 5.1, Cauchy’s inequality, and Poincaré’s inequality, we see
f [di(1 + @12V)|[Viul* + do| VI’
Q

(dy@jpu)?

v/ 2
AT [Vev|“]

. K
< f [(q(0) + 2 KT)u — al* + (—a» + c2p(C) + "Z—T)w — 9P + T|Vaul)® +
Q
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C2K + (d]@]gé)z

) NIVav],

< f [ + 47 (O) + cay KNIVistil® + (A (=az + e p(C) +
Q

where T is taken as any positive constant, specifically A,. Hence, by the assumptions d, > d,,d, > d,
we know that problem (1.3) has no non-constant positive solution. m|

The Theorem 1.2 can be obtained from Theorem 5.3.

Remark 4. If a,, = 0 and @, is small enough as [14], then Theorem 1.2 shows that problem (1.3)
does not admit a non-constant positive solution for some large enough d,, d,, which is consistent with
the result Theorem of 1.1.

Next, we prove Theorem 1.3.

Theorem 5.4. Suppose that dy,dy, @1, @ are given positive constants. Then, there exists a positive
constant C = C(ay, ¢3,dy,ds, @12, @21) such that if dy > dy,d, > dy, @12 < @15 and &y < @»y, then every
positive solution (u,v) of (1.3) satisfies C™' < u,v < C.

The proof of Theorem 5.4 is similar to Theorem 5.1.

62K+CZ

Theorem 5.5. Suppose that di = /ll‘lq(O) +c.Kandd, = /lfl(—az + 20

) with K = sup vp’(u). Then,
Q
there exists positive constants d,,d>, &1y, @y such that ifdy > d, and dy > d>, then problem (1.3) has

no non-constant solution when @, < &2 and &, < @»;y.

Proof. Let (u, v) be a positive solution of problem (1.3). Multiplying the equations of problem (1.3) by
u — i, v — v, and then integrating over €2, using the mean value theorem, we have

fg {(u = W)y Axl(1 + @v)u) + (v = P)daAsl(1 + @u)v])
= fg [di(1 + @ v)|Viul* + dy(1 + @ u)|Vev? + (dy@au + dadinv)Viu - Vigv]
= L [(u — w)(ug(u) — p@)v) + (v = V)v(=az + c2p(u))]
= fg (u — wq)(u — ) + u(q(u) — g()) — pu)(v —v) — v(p(u) — p(i))]
+ fg v = D)-ax(v =) + c2p)(v — V) + c29(p(u) — p())]
= fQ (u— wlgu)(u — ) + g’ (m)(u — i) — pw)(v — v) = vp' () (u — )]
+ fg (v =V[=ax(v = V) + cap(u)(v = V) + c2vp(§)(u — i0)]
= fg [(u = @)*(q(u) + g’ () = 9P’ (D) + (v = V(=2 + cop(w)) + (u = W)(v = V)(=p(u) + c29p(5))]

< f GOVt — &P + (=as + c2p(Cly = P + exKlut — lly - 7],
Q
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where 0 < n,{,¢ < Cand K = sup vp’(u); here, we note that p’(u) is bounded in any finite interval in
Q
view of the assumptions p(u) € C*((0, +c0)) and (H5).

By Theorem 5.1, the Cauchy’s inequality, and Poincaré’s inequality, we have
f [d1 |Vl + ds|Vizvl]
Q
< f [di(1 + @) Vaul* + dy(1 + @) Viv[’]
Q

< f[(q(O) + o KTlu — > + (—ax + c2p(C) + %)Iv — )
Q 4T

C? C?
+(T(dyap)* + HNVHMF + (T (dr@)* + m)|VHV|2]

- _ C?
< f [(A7'(9(0) + i K + (Midh@1)” + )|V
Q
C2K
44,

where T is taken as any positive constant, specifically 4;. Recall that C; = (1 + @, M)S in the proof of
Theorem 5.1. Hence,

N C?
+ (A (—ay + 2p(C) + —— + (L dran)* + 7>|VHv|2],

_ _ C? ~ Y ¢ B C?
d, > 7'(q(0) + x| K + (L dya ) + T) and dy > A]'(=ay + c,p(C) + ﬁ + (Ndo@ay)? + T)
1

1.e.,

CzK+(1+(_212M)252

_ . \//lldl —q(0) — 21K \//lld2+az— 7
@ < @pp =2

d ay <@y = ,
2(Aidyiy 2+ (KSy 0 S 4,
we know that, under the given assumptions, Theorem 1.3 implies that problem (1.3) has no non-
constant positive solution. O

The Theorem 1.3 can be obtained from Theorem 5.5.

Remark 5. If @y, and a,, are small enough as [28], then Theorem 1.3 shows that problem (1.3) does
not admit a non-constant positive solution for some large enough d,, d,, which is consistent with the
result of Theorem 1.1.

6. Conclusions

We consider the Neumann boundary value problem for the strongly-coupled subelliptic system and
the predator-prey subelliptic system on the Heisenberg group. We provide a priori estimates and non-
existence results for non-constant positive solutions of the strongly-coupled and predator-prey systems
with coeflicients under different conditions. Only one of the diffusion rates or one of the self-diffusion
pressures needs to be large to prevent the formation of non-constant solutions in the strongly-coupled
subelliptic systems. For the predator-prey subelliptic system with cross-diffusion and homogeneous
Neumann boundary conditions, we investigate the existence and non-existence of non-constant positive
solutions.
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