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1. Introduction

In practice, descriptions of the system and its components from different reliability assessments may
be based on many sources of information. Some might be unbiased measurements based on existing
statistical models or relative frequencies. Others could come from engineers’ or specialists’ views on
the underlying problem. The opinion of engineers can be crucial, especially for real-world reliability
problems where they may be the only source of information. Natural language statements can be used
to communicate reliability assessments, as these expressions are often better suited to convey reliability
information than numerical expressions. This demonstrates the importance of quantifying reliability
assessment tools.

The phenomenon of aging is one of the most remarkable features of reliability. The mathematical
theory of aging provides important measures for the quantification of aging concepts in reliability
analysis. “No aging” means that the age of a component does not influence how its remaining lifetime
is distributed. “Positive aging” is the process by which the remaining life of a component decreases
with age in the probable sense of the word. Reliability engineers often deal with such situations as parts
deteriorate over time due to increasing wear. However, the remaining lifetime is affected by “negative
aging”. Reliability growth phenomena can occur in certain cases when a system is regularly tested and
improved, even if this happens less frequently. Aging concepts explain how a system or component
gets better or worse with age. The aging characteristics of many classes of life distributions are defined
or classified in the literature. The aging characteristics of the distribution function of a non-negative
random variable (rv), which symbolizes the lifetime of a reliability system, are often very important
for defining the best operating strategies associated with the underlying lifetime event.

Aging classes of life distributions are a subset of the bigger class of non-parametric families of
life distributions, which has been studied in the context of reliability theory and survival analysis in
the literature. The assumption that a distribution function gives rise to an aging property causes it
to belong to a particular family, which can sometimes be supported by a physical understanding of
the failure mechanism since the families are characterized by attributes that have physically relevant
interpretations. For these non-parametric families, numerous statistical techniques can be viewed as
a middle ground between parametric and conventional distribution-free analysis. Life distributions
describe the time until an event occurs, such as failure in a system. Common life distributions include
exponential, Weibull, and their generalizations. Each has specific characteristics that can be leveraged
in reliability analysis. (see, e.g., Barlow and Proschan [4] and Marshall and Olkin [24]).

The preservation properties of classes of life distributions under coherent systems are important for
reliability theory and systems engineering. We illustrate here a breakdown of their importance and
usefulness. Coherent systems are constructed in such a way that their reliability can be analyzed
through their components. These systems can be series, parallel, or more complex configurations.
The overall reliability of a coherent system is determined by the reliability of its components and their
arrangement. Preservation properties refer to the characteristics of certain life distributions that are
preserved when applied to coherent systems. For example, several classes of lifetime distributions
have the property that if individual components have a certain reliability, the coherent system will also
have similar reliability properties. Understanding how lifetime distributions behave in coherent
systems allows engineers and reliability analysts to predict the performance of complex systems
based on the properties of simpler components. In the design domain of an optimization problem, if
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designers know which classes of lifetime distributions preserve certain properties, they can select
components that ensure the desired reliability level of the system. In risk management, preservation
properties help assess risks associated with system failures, enabling better decision-making
regarding maintenance and component selection. In various areas of engineering such as aerospace,
automotive, and electronics, where a system failure can have catastrophic consequences,
understanding these properties is critical to ensuring safety and reliability. In healthcare, where
medical devices and treatments are used, maintaining certain life distribution properties can provide
insight into patient outcomes and device longevity. In finance, understanding the preservation of life
distributions for risk assessment models can help in evaluating the longevity of financial products or
investments. In general, the preservation properties of classes of life distributions under coherent
systems are crucial for effective reliability analysis and system design. They provide the fundamental
knowledge needed to ensure that systems operate reliably over time, which is essential in various
industries where performance and safety are paramount. Understanding these concepts enables better
decision-making and optimization in complex systems.

The (n — k + 1)-out-of-n structures are considered as an important class of coherent systems in the
context of reliability. An (n—k+ 1)-out-of-n structure is a structure of order n that functions if and only
if at least n — k + 1 components function, where 1 < k < n. These structures are important because,
as Barlow and Proschan [3] have shown, the (n — k + 1)-out-of-n structure has the steepest reliability
functions among all monotone structures of order n. Moreover, these types of systems are very useful
from a mathematical point of view, since quantitative results are easy to obtain. Two important special
cases of (n — k + 1)-out-of-n systems are parallel systems and series systems corresponding to k = n
and k = 1, respectively. The (n — k + 1)-out-of-n system structure is a very popular type of redundancy
in fault-tolerant systems. It is widely used in both industrial and military systems. Fault-tolerant
systems include the multi-display system in a cockpit, the multi-motor system in an airplane, and the
multi-pump system in a hydraulic control system.

The problem of obtaining the class of lifetime distribution of systems with the (n — k + 1)-out-of-n
structure has been a key subject in the reliability field. To be more specific, it may be of some interest
to determine, for each class of life distributions, whether the (n — k + 1)-out-of-n structure yields a
system’s life distribution within the same class. In the literature, this kind of problem is referred
to as preservation properties of reliability (or aging) class of life distributions under the structure of
(n — k + 1)-out-of-n systems. Barlow and Proschan [4] showed that the increasing failure rate (IFR)
and the increasing failure rate in average (IFRA) classes are preserved under a system of independent
components with the (n—k+1)-out-of-n structure where component lifetimes are identically distributed.
The preservation property of different classes of life distributions in various cases where the component
lifetimes are possibly dependent has also been studied in the literature. The readers are referred to
Samaniego [32], Navarro et al. [26], Navarro [27], Buono et al. [9], Lindqvist et al. [22], Lindqvist and
Samaniego [23], and Izadkhah et al. [14] for recent developments on the area.

Barlow and Proschan [4] considered the problem of stochastic partial orderings of distributions
within a class so that, roughly speaking, within the IFR class, the distributions are ordered according
to the degree of IFR-ness, and similarly for other classes of life distributions. The objective of the
current study is to concentrate on two classes of life distributions that induce the concept of aging
speed. We obtain preservation properties of these classes under the formation of (n — k + 1)-out-of-n
systems with independent and identically distributed (i.i.d.) component lifetimes. Our results showed
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that if the distribution of lifetime components of a (n — k + 1)-out-of-n system possesses some kind of
decreasing aging rate over time, then the distribution of the lifetime of the system will also induce the
same property.

The rest of the paper is organized as follows. In Section 2, we provide basic definitions used
throughout the paper. In Section 3, we consider two classes of life distributions, namely
decreasing (increasing) relative failure rate and decreasing (increasing) failure rate relative to average
failure rate, and focus on some of their reliability properties. In Section 4, the preservation property of
the decreasing relative failure rate class under the structure of (n — k + 1)-out-of-n systems is
discussed. In Section 5, we get the preservation of decreasing failure rate relative to the average
failure rate class under the formation of (n — k + 1)-out-of-n systems. In Section 6, illustrative
conclusions of the paper are given and some remarks for future studies are appended.

2. Preliminaries

Let X be a non-negative rv that represents the lifetime of an item. We assume that X has cumulative
distribution function (cdf) Fy, probability density function (pdf) fx, and survival function (sf) Fy =
1 — Fx. The hazard rate (hr) function (or failure rate function) of X, as an instantaneous measure of
risk or failure, is defined as

1
hx(t) = %irr} EP(X >t—0|X>1)= ]_[X(t)

Fx(@®)’

which is well-defined for all 7 > 0, for which Fx(¢) > 0. The average failure rate of X is then given by

1 [ 1 _
Hx(1) = " f hx(x)dx = ;(—ln(Fx(t)))-
0

The functions hx(t) and Hx(t), as two useful reliability quantities, have been used repeatedly in
reliability studies and survival analyses for various purposes, from statistical inference procedures to
advanced stochastic analyses. Most of the important aging classes of lifetime distributions are
constructed using the failure rate or/and the failure rate average due to their monotonicity properties
as well as their non-monotonic behavior (see, for instance, Proschan [29], Lai and Xie [19],
Finkelstein [12], Bhattacharyya et al. [6], and Kayid [17].

Jiang et al. [15] have pointed out that an unimodal failure rate can be effectively viewed as
approximately decreasing, approximately increasing, or approximately constant. Clearly, such
representation is qualitative. In their paper, a quantitative measure, called the aging intensity (Al)
function, defined as the ratio of the failure rate hx(r) to the average failure rate Hx(¢), was studied. The
Al function is defined as P "

Ly(f) = x(®)  thx(®)

Hx(t)  —In(Fx(t))’
Nanda et al. [25] explored the different properties of the Al function in several reliability problems.
The closure properties of the aging classes defined in terms of Al function under different reliability
operations such as the formation of k-out-of-n system, and increasing transformations, were also
presented. Bhattacharjee et al. [5] derived the Al function and also discussed its properties for various
Weibull models. The aging properties of a system are quantitatively analyzed by the AI function.
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Regarding the Al function, Bhattacharjee et al. [5] investigated some system characteristics and the
behavior of some generalized Weibull models. According to Bhattacharjee et al. [5], the Al function
plays a significant and completely unique role in the reliability consideration when researching the
aging behavior of systems. For some recent works on the study of the AI function, we refer the
readers to Sunoj and Rasin [34], Szymkowiak [35], Szymkowiak [36], Szymkowiak [37], and
Bhattacharjee et al. [7].

Here, we provide some elementary materials and definitions that are needed during our
investigation. X describes the lifetime of a device or a system of components. We suppose that X has
cdf Fy, sf Fy, and pdf fy whenever it exists. Two partial stochastic orders are used in this paper, and
they are defined as follows (cf. Shaked and Shanthikumar [33]).

Definition 2.1. Let X and Y represent two random lifetimes, where X and Y have sfs Fx and Fy, and
pdfs fx and fy, respectively. Then, it is said that X is smaller than Y in the

(i) usual stochastic order (written as X <y Y) if Fx(t) < Fy(t), for all t > 0, or equivalently, for all
increasing functions ¢, it holds that E[¢(X)] < E[¢(Y)].

(ii) likelihood ratio order (written as X <, Y) if g—zg is increasing int € Sy U Sy, where Sx = {t >
0: fx(t)>0}and Sy ={t = 0: fy(¢t) > O} are the supports of X and Y, respectively.

It is well-known in the literature that X <;, ¥ = X <;; Y (see, e.g., Shaked and Shanthikumar [33]).
The following definition presents some aging classes of life distributions.

Definition 2.2. (Lai and Xie [19]). It is said that X possesses

(i) increasing [resp. decreasing] failure rate behaviour, denoted by X € IFR (resp. X € DFR) when
hx(t) is non-decreasing [resp. non-increasing] in t > 0.

(ii) increasing [resp. decreasing] failure rate in average property, denoted by X € IFRA (resp.
X € DFRA), when Hx(t) = % fot hx(x)dx is non-decreasing [resp. non-increasing] in t > 0.

It is known that X € IFR implies that X € /FRA and, moreover, X € DFR concludes that X € DFRA
(cf. Lai and Xie [19]).
The following technical definition can be found in Karlin [16].

Definition 2.3. Let K(x, y) be a non-negative bivariate function. It is said that K(-, -) is a totally positive
of order 2 (abbreviated as T P,) function in (x,y) € B, X B, where B, and B, are considered as two
arbitrary subsets of the real line, whenever

K(x1,y1) K(x1,y2)

20, Vxi<xeBy, Yy <yebh. 2.1
K(x,y1) K(x2,¥2) 1 2 1L, VYIS 2 2.1)

If the inequality’s direction in (2.1) is reversed, then K(x,y) is called a reverse regular of
order 2 (abbreviated as RR;) function in (x,y) € B; X B,.

3. Two relative aging classes of life distributions

This section provides the definitions, descriptions, and preliminary properties of some classes of
life distributions that consider the relative aging phenomenon. The concept of relative aging has been
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used to define an order relation between two lifetime distributions to induce that one-lifetime unit ages
faster than the other lifetime unit. The concept of relative aging can also be extended to describe the
aging behavior of a single lifetime unit. For instance, when it is said that a unit with random lifetime X
has an IFR distribution, it is evident that its hr function, Ay (), is increasing in ¢ > 0; however, the speed
of aging and that how fast the hr function increases as time traverses [0, +0) is not considered. Despite
that, the hr function may increase (or decrease) at an increasing rate or it may increase (or decrease) at
a decreasing rate. This is another important aspect of a life distribution that is a fresh feature needing
to be quantified. The following definition is essential to our development.

In this manuscript, we will only consider nonnegative random variables that denote the life length
of a lifetime unit (e.g., a life span). The random variables are assumed to have absolutely continuous
distribution functions.

We first provide the definitions of some classes of life distributions before going into their details.
As two devices or life spans have a lifetime distribution which has increasing hazard rate functions,
one may ask whether one of them ages faster than the other. The following definition introduces two
three notions of aging for a lifetime device concerning its hr function.

Definition 3.1. Let X be a non-negative rv representing the lifetime of a device. Let X have hr function
hy . Then, it is said that X has

(i) increasing (decreasing) relative failure rate property [denoted by X € IRFR (X € DRFR)],
whenever * h};"(g) is increasing (decreasing) int > 0’, for all a € (0, 1).
(ii) increasing (decreasing) failure rate relative to average failure rate property [denoted as X €

IFR/A (X € DFR/A)], whenever ‘—="x9_ js increasing (decreasing) int > 0’ (Righter et al.

f(; hx(x)dx
[30]).
(iii) X has initially increasing [resp. decreasing] failure rate (written as X € Initially-IFR [resp.
X € Initially-DFR]) whenever there exists an T > 0, such that hx(t) increases in t € (0, 7).

Keep in mind that if X is IFR, then hx(at) < hx(¢), for all + > 0, and for all @ € [0, 1]. We know
that if X is IFR, the hr function hx(f) progressively increases as t increases and traverses [0, +00).
Nevertheless, it is not clear how fast the hr function increases in different time intervals. In this context,
if X is IRF'R, the amount of increase of log(/x(¢)) as the time goes from af (for each a € [0, 1]) toward ¢
increases with ¢, i.e., the difference log(hx())-log(hx(at) increases with #, for all @ € [0, 1]. This means
that the speed of aging increases with time. Likewise, the two classes Initially-1FR and Initially-DFR
encompass many parametric families of distributions (see, e.g., Kelly et al. [18]). There are many
parametric distributions that have not monotone hr functions. Despite that, their hr function may have
the initially-increasing or initially-decreasing properties.

Remark 3.1. It is worth pointing out that sufficient conditions for X € IRFR and X € DRFR can
be established. Let A(t, s) be a bivariate function on Ri = [0, 00) X [0, 00). If A(t,s) is TP, [or RR;]
in (t,5) € R%, then X € IRFR [or X € DRFR]. If 21og(A(t,s)) and Zlog(A(t,s)) exist and are
continuous, Theorem 7.1 in Holland and Wang [13] shows that A(t, s) is TP, [or RR,] in (t, s) € Ri if

and only if 22-10g(A(t, 5)) = 0 [or < 0] for all (1, 5) € R>.

In general, the /FR and DFR classes are neither implied by nor do they imply the /RFR and DRFR
classes. The following counterexample presents a situation where X € IFR but X ¢ IRFR.
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Counterexample 3.1. Suppose that X has an Erlang distribution with pdf fx(t) = 4te™*,t > 0 which

has hr function hx(t) = L. This hr function is increasing, thus X € IFR. On the other hand, for all

1+2¢°
t > 0 and for every a € [0, 1], one has a%%z;) = (21‘:(;;;;3

a € [0, 1]. Therefore, h}i‘;z;) is increasing in t > 0. Hence, according to Definition 3.1(i), one concludes

that X € DRFR. Thus, in general DRFR £ DFR.

which is non-negative for all t > 0 and for any

However, we establish two propositions that provide some mild conditions under which X € IRFR
[resp. X € DRFR] implies that X € IFR [resp. X € DFR].

Proposition 3.1. Suppose fx(t) is right-continuous at t = 0 such that 0 < lim,_ o+ fx(x) < oo and
Fx(0) = 1. Then:

(i) X € IRFR implies that X € IFR.
(ii) X € DRFR implies that X € DFR.

Proof. We only prove part (i), as the proof for part (i1) is similar. Since X € IRFR, by Definition 3.1,

-X>~ is non-increasing for ¢t > 0. Therefore, for an <t €[0,00), we have
) g for ¢ > 0. Therefore, for any t, < t, € [0, ), we h

hx(t2) S hx(at)

hx(t)) — hx(aty)
_ fxlaty) Fx(aty)
 fx(at) Fx(aty)

, forall @ € [0, 1].

So, it implies that

hx(t) lim Jx(aty) f?x(afl)
hx(t)) — a—0* fy(aty) Fx(aty)
- lim Jx(aty)
a=0* fy(aty)
_ Jx(0)
 fx(0)

Thus, we have shown that for all #; < #, € [0, o0), it follows that hx(#;) < hx(t,), establishing that X is
IFR. Hence, the proof of part (i) is completed. O

=1, forallt; <1, € [0, ).

It is remarkable here that in Example 3.1, lim,_,o+ fx(x) = 0, X € DRFRbut X ¢ DFR, which shows
that the condition 0 < lim,_,o+ fx(x) < oo in Proposition 3.1 cannot be dropped.

In the following proposition, we prove that the /RFR and DRFR properties of a lifetime
distribution translate the initially-increasing and initially-decreasing (i.e., [Initially-IFR and
Initially-1FR) properties of the hr function of the lifetime distribution to the entirely-increasing and
entirely-decreasing (i.e., /FFR and DF'R) properties of the hr function.

Proposition 3.2. The following implications hold:

(i) Let X € IRFR. Then, X € Initially — IFR yields X € IFR.
(ii) Let X € DRFR. Then, X € Initially — DFR yields X € DFR.
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Proof. We prove the result of assertion (i). The proof of assertion (ii) is analogous. Since X € Initially—
IFR, thus for every ff < t5 € (0,7], one has hx(t}) < hx(t;) < hx(r). On the other hand, since

X € IRFR, thus for all t; < 1, € (0, ),

hx(t) S hx(aty)
hx(ty) — hx(at))’

We need to demonstrate that for all 1; < f, € (1, +00), it holds that hx(1) < hx(t;) < hx(t;). To this
end, let us fix #; < t, € (1,+0), and select an @ > 0 such that @ < min(%, é). Now, observe that
at; < at € (0,7]. Since X € Initially-1FR, thus, hx(at;) < hx(at;) < hx(t). From (3.1), it follows that
forall t; < 1, € (1,+00), hx(t) > hx(t;) > hx(7), and, consequently, X is IFFR. The proof of part (i) is

thus obtained. O

for all @ € [0, 1]. 3.1

Remark 3.2. The classes of lifetime distributions proposed in Definition 3.1(i) reflect the irregular
variation of the hazard rate function over time. For instance, if X possess the IRFR property, then the
fluctuations of hyx increase with time, while if X possess the DRFR property, then the hazard rate
function is becoming regularly more stable with time. The lifetime distribution classes in
Definition 3.1(ii) are closely related to the concept of aging intensity (Al) function. Let X be a
non-negative rv with sf Fx and hr function hy, then Lx(t) = —1;}?%2)(1)) is called the Al function of X. In
this case, X € IFR/A (X € DFR/A) is equivalent to saying that X has an increasing (a decreasing) Al
function (see, e.g., Nanda et al. [25]).

The classes of life distributions given in Definition 3.1 are connected as below.
Proposition 3.3. If X € IRFR (X € DRFR), then, X € IFR/A (X € DFR/A).

Proof. Suppose X has Al function Ly. From Remark 3.2, it is sufficient to show that Ly is an
increasing [a decreasing] function. We have

hx(1)
% foz hx(x)dx
1

1 hx(x)
0 hx(t)d

1

hx(dt)
f() hx(7) (o 9

Lx(r) =

where the last expression is due to the change of variable @ = 3. Now, assume that X € IRFR

[X € DRFR]. Then, according to Definition 3.1(i), h}f(g? 18 decreasmg [increasing] in ¢ > 0, for all

1 . N
a € (0, 1). Thus, fo %Z?da is also decreasing [increasing] in ¢ > 0. The required result is obtained. O

Subsequently, we present a counterexample that demonstrates that the implication in Proposition 3.3
cannot be reversed.

Counterexample 3.2. Suppose that X is a non-negative rv with the following sf

1
e 1
= e , 0<r<1,
FX(t) = et
e , t>1,
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where A > 0, form which the hazard rate function is derived as

d - de7r, 0<t<1
- __ — 12 s — ’
hx(®) dt In(Fx(®)) { Ae7!, t>1.
The Al function of X is, therefore, obtained as
L) = thy(t) :{ 1, 0<r<1,
f hxodx ULzl

which is decreasing in t > 0, which means that X € DFR/A. However, one can see, after some
calculation, that

I ?eiG D, 0<t<1,

x(®) ={ lew"! I1<t<i
hx(at) ’ - e’
X 1, =1,

which is not decreasing in t > 0, for every a € (0, 1). As a result, X ¢ DRFR.

The following proposition presents a necessary and sufficient conditions under which X € IRFR
(X € DRFR).

Proposition 3.4. Let hy be a differentiable function.

Then, X € IRFR (X € DRFR) if, and only if, 1*%

o s increasing (decreasing) int > 0.

Proof. We give the proof of the non-parenthetical part, as the parenthetical part is similarly proved.

Note that X € IRFR if, and only if, ?t In ( hh)‘(gz)) > 0, for all # > 0 and for all @ € (0, 1), or equivalently

if, 12 In(;20) > 0,V £ > 0 and ¥ @ € (0, 1). It is seen that

t hx(t) \ _ thy(@)  athy(at)
o \hx(an) ~ hx(®  hxlan)
thy (1) athy(at)

> hx() T hx(ar) ?

is increasing in ¢ > 0. The proof is completed. O

which is non-negative if, and only if
X( )

Vit>0andV a € (0,1). This is also equivalent to
saying that

In the context of Proposition 3.4, it is notable that the monotonicity o is important to
make relative aging order among series systems (see, e.g., Theorem 7 1n L1 and Li [20] and also
Theorems 4.8—4.10 in Ding and Zhang [11]). Li et al. [21] used the monotonicity of fi‘((:)) in
Theorems 5.1 and 5.2 of their work to establish some results on stochastic ordering of special order
statistics in the scale model. Therefore, it seems that two lifetime distribution classes of IRFR and
DRFR have a key role in establishing relative ordering properties of series and parallel systems in the
reliability context. The shape of the hazard rate function is not identified when X possesses either
IRFR property or DRFR property. In spite of that, in Proposition 3.4, a function was found whose
monotonicity characterizes the the IRFR property and the DRFR property of life distributions.
However, the log-convexity and the log-concavity of a monotone hr function provide a relative aging
behavior in the sense of the /RFR and DRFR properties. The following proposition clarifies the issue.

Proposition 3.5. Let hy be a differentiable function.
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(i) If hx(¢) is increasing and log-convex, then X € IRFR.
(ii) If hx(¢) is decreasing and log-concave, then X € DRFR.

Proof. Denote y(t) := fi‘((;). To prove (i), note that if hx(f) is increasing and log-convex, then
%(ln(hx(t))) = % is non-negative and increasing in ¢t > 0. Thus, y(¢) = t%(ln(hx(t))), which is the

multiplication of two non-negative increasing functions is also an increasing function in ¢ > 0. From
. . .. 1,

Proportion 3.4, it is deduced that X € IRFR. In order to prove (ii), set y*(¢) := t. h;x(g) Then, the proof

is obtained if we show that y*() is increasing in t > 0. As hx(f) is decreasing and log-concave, then

d%(ln(hx(t))) is negative and decreasing in ¢ > 0, and consequently, —%(ln(hx(t))) = _}Z‘(g) is

non-negative and increasing in ¢ > 0. Hence, y*(¢) = t. (—%(ln(hx(t)))) is also increasing in ¢ > 0. The
proof is thus obtained. O

From Proposition 3.5, it follows that if g—lkk In(hx(?)) > ()0, for k = 1,2, then X € IRFR (X €
DRFR). It is to be mentioned here that the log-convexity of the hr function has been utilized by
Burkschat [10] to obtain some dependence properties in multivariate settings.

It is known that X € IFR(X € DFR) implies that X € IFRA(X € DFRA). However, the converse
is not true in general (see, e.g., Lai and Xie [19]). The following proposition provides a sufficient

condition under which X € IFRA(X € DFRA) yields X € IFR(X € DFR).

Proposition 3.6. (i) Let X € IFRA and also X € IFR/A. Then, X € IFR.
(ii) Let X € DFRA and also X € DFR/A. Then, X € DFR.

Proof. Denote by Ly, the Al function of X. Then, it is seen that

1
hx(t) = r thx(t)

_ —In(Fx(®) _ thx(1)
t —In(Fx(1))

_ fot hx(x)dx

-Lx(t), V>0, (3.2)

which is the product of two non-negative increasing functions provided that the conditions in (i) are
satisfied. From (3.2), hx(¢) is the product of two non-negative decreasing functions under the conditions
given in (ii). Hence, the proof is obviously validated. O

To highlight the importance of the presented classes of life distributions in Definition 3.1, some
standard parametric families of distributions such as Weibull and gamma are considered in the sequel
to see whether these distributions induce the IRFR (DRFR) property and, consequently, the
IFR/A (DFR/A) property.

Example 3.1. Suppose that X has Weibull distribution with shape parameter ¢ > 0 and scale parameter
A > 0, having sf Fx(t) = exp(=(A1)°). It is seen that y(t) = Z’;((tt)) =c—1,Yt >0, which is constant.
Therefore, X simultaneously possesses the IRFR and DRFR properties. By using Proposition 3.3,
X also possesses the IFR/A and DFR/A properties. In view of Remark 3.2, the reader may see also
Theorem 2.1 in Nanda et al. [25], which states that X possesses both the IFR/A and DFR/A properties

if, and only if, X has Weibull distribution. This is an indication that, analogous to the exponential
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distribution that reports no aging, the Weibull distribution also shows that there is no relative aging
phenomenon. More accurately, for the purpose of model selection, a life unit which does not experience
any shocks and work routinely may have a random lifetime X that follows Weibull distribution.

In some situations, a distribution is defined in terms of its density, but the distribution function and
survival function cannot be given in closed form. In addition to the normal distribution, an example
includes the gamma distribution. When neither the survival function nor the hazard rate can be given in
closed form, a direct study of hazard rate behavior and also the relative aging property of the underlying
distribution may not be particularly plain.

In the next example, we bring the gamma distribution as having DRFR and IRFR properties.

Example 3.2. Let X have gamma distribution with shape parameter b > 0 and scale parameter A > 0,

having pdf fx(t) = ==t exp(=At). Depending on the amount of the parameter b, for every A > 0,

T
y(t) = % is either increasing or decreasing in t > 0, as we shall show in this example. Then, by

using Proposition 3.4, either the IRFR property or the DRFR property holds. We have

d
1) = t— In(hx(¢
y(®) 7 n(hx(1))
d tb—le—/lt
=t—In| ———
dt ft xb-le=Axdx
tbe—/lt
ft"" xb-le=xdx
tbe™ — At ftoo xPle ¥ dx

00
ft xb-le=2xdx

=(b-1)-ar+

=b-1+

It can be easily seen that
et = f (Ax — b)xb~te ¥ dx.
t

Therefore,
0= (b 1y 4 I A= 0~ b
y() == =
ft xb-le=x(x
. [+ 0P ey — b)dy
fooo(y + 1)P-le=Vdy
where after the second equality, the change of variable y = x — t was made. We show that if b < 1, then

y(t) is increasing in t > 0. It will also be shown that if b > 1, then y(t) decreases int > 0. Fort > 0,
define a non-negative rv Y(t) with pdf

=(b-1) (3.3)

( + t)b—le—/ly
o) = B 320, (3.4)
fo +onrle
It can be easily verified that for b < 1 (resp. b > 1) (y + 1)’ is TP, (resp. RR,) in (y,t) € R2.
Thus, in the spirit of (3.4), we conclude that Y(t,) <, Y(t,) (resp. Y(t1) >, Y(t0)), forallt, < t, € R,.
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As the <, order is stronger than the < order, it follows that Y(t,) <y Y(t,) (resp. Y(t;) >4 Y (1)),
Vit <t e R,. Inview of (3.3), we have y(t) = E[AY(t) — 1]. Since ¢(y) = Ay — 1 is increasing iny > 0,
thus from definition, E[AY(t;)—1] < E[AY(t;)— 1], (resp. E[AY(t;)—1] > E[AY(t;)—1]),V t; <1, € R,.
Hence, if b < 1 (resp. b > 1), then y(t) is increasing (resp. decreasing) in t > 0, which reveals that the
gamma distribution with the shape parameter b and the scale parameter A has the IRFR property and,
as a result of Proposition 3.3, it also has the IFR/A property when b < 1. In the case, where b > 1 it
can be shown by a similar discussion that the gamma distribution has the DRF R property and, further,
the DFR/A property.

4. Preservation of DRFR class of life distributions

The lifetime of a (n — k + 1)-out-of-n system with n components with random lifetimes X, --- , X,
is the kth-order statistic of X1, - - - , X,,. Denoting by X;.,, - - - , X,,., the ordered values of X, --- , X,, the
lifetime of a (n — k + 1)-out-of-n system is represented by X;.,. In this paper, we will consider systems
with homogenous independent components. Thus, it is assumed that Xy, --- , X,, are n non-negative
rvs following a common absolutely continuous cdf Fy, the associated pdf fx and corresponding sf Fy.
Then, X., has pdf

n! _
1) = FYX O FE ) fx(0), 4.1
feon® = oY OFF 00 @.1)
and the sf of X., is obtained as
2 n! P k k=1
Fy (1) = TR - y) T dy. 4.2
Definition 4.1. (Oliveira and Torrado [28]). Suppose that X is a non-negative rv with pdf fx and cdf
Fx that is absolutely continuous. The reversed hazard rate function of X is given by hy = I{f{((’t)) Then,

it is said that X has a decreasing proportional reversed failure rate (written as X € DPRFR) whenever
thx(t) is decreasing in t > 0.

The preservation properties of aging concepts related to (n — k + 1)-out-of-n and coherent systems
have been discussed in the literature, including works by Alimohammadi et al. [1], Alimohammadi and
Navarro [2], Eryilmaz [8], Sahoo and Hazra [31], Tavangar [38], and Torrado [39], along with their
references. Now, we show the following technical lemma, which is essential to get the main result of
this section.

Lemma 4.1. If X € DFR/A, then X € DPRFR.

Proof. First, we show that ¢(u) := % is increasing in u € (0, 1). We can see that
[+ In(y)dy
e(u) = :
I,

1
:f(1+ln(y))- 1I[u<y<1]
0 fl[u<y<1]dy

0
= E[¢(Y,)], forall u € (0, 1),
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Hu<y<1]
i Tu<y<11dy
indicator function of the set A. Since fy (y) is TP, in (u,y) € (O, 1)?, thus Y, <i Y., for every
u; < up € (0,1), and therefore, Y, <y Y,,, forall u; <u, € (0,1). As ¢(y) = 1 + In(y) is an increasing
function in y € (0, 1), from definition we obtain E[¢(Y,,)] < E[¢(Y,,)], Y u; < up € (0, 1). This reveals
that ¢ is an increasing function. Now, let us write

where ¢(y) = 1 + In(y), Y, is a non-negative rv with pdf fy (y) = and I[A] represents the

Fx(2)
1——Fx(t)thX(t)
—Fx(t)In(Fx(1))  thx(t)

1-Fx(t) —In(Fx(1)
@(Fx()Lx(?).

thy (1) =

l\iote that o(Fx()) is decreasing in ¢ > 0 and also, by assumption, Ly(f) is decreasing in ¢ > 0. Hence,
thx(t) is decreasing in ¢ > 0, or equivalently, X € DPRFR, which completes the proof of the lemma. O

The result of Lemma 4.1 may be of an independent interest. It is known that X € DFR yields
X € DRHR. However, from Lemma 4.1 it is obvious that X € DFR/A also yields X € DRHR. This is
because when tﬁx(t) is decreasing in ¢ > 0, Zx(t) is also decreasing in ¢ > 0.

Next, we present a preservation property of the DRFR class under (n — k + 1)-out-of-n structure,
which reveals that if the lifetime of the components of a system with this structure possesses the DRFR
property, then the lifetime of the system also possesses the DRF R property.

Theorem 1. Let X be a non-negative rv with sf Fy and hazard rate function hy. Let X,,...,X, be n
independent non-negative rvs, which are identically distributed (n independent copies of X). If X €
DRFR, then X;., € DRFR, Yk=1,...,n.

Proof. By dividing (4.1) to (4.2), the hazard rate of Xj., is obtained as

F N F @) fx (@)

hx,., (1) = —
k \I(‘)FX(I) yn_k(l —y)k_ldy
Fk—l ¢ Fn—k+1 ¢
=7 <: Sl I (D). (4.3)
X n—k(1 — y)k—1
o k= yyeidy
O
By appealing to (4.3), one has:
hx,, (1) = Y(Fx(1)) - hx(t), forall > 0, (4.4)

th:n ®
hxk:n (at)

n—k+1:1_,\k—1
where W(u) = W, for u € (0, 1). It suffices to prove that

every a € (0, 1). In view of (4.4), one has

is decreasing in t > 0, for

hx,., (1) _ hyx (1) W(Fx(1)
hx,(at)  hx(at) Y(Fx(ar)

4.5)
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hx(1) Y(Fx ()
hx(at) _ Y(Fx(a1))
is decreasing in ¢t > 0, for all @ € (0,1). We show that if X € DFR/A, then ;g"(gg) is decreasing in
t >0, forall @ € (0,1). Since X € DRFR yields X € DFR/A, thus the proof is obtained. By a similar

method as in the proof of Proposition (3.4), by considering W(Fx(f)) in place of hx(?), it can be verified

Y(Fx(1) - : : . .
that FFatary 1S decreasing in ¢ > 0, for all @ € (0, 1) if, and only if,

As the assumption is decreasing in ¢ > 0, for every a € (0, 1), we only need to prove that

14Y(Fx (1))
Y (Fx(1))

Thus, the proof is obtained if we show that

is decreasing in ¢t > 0.

d _
ZE In(W(Fx(t))) is a decreasing function in ¢ > 0. 4.6)
We have

tdl Y(Fx()) =t 81 Fl@ +al Froklq —81 fﬁw) =k - yyld
En((X()))_ En("()) En(x ®) 5" A YT =) dy

rn—k k—
_FMoFy 20)
k(1 = yktdy

Fx(0) Pk FE(r) ]

= z{(k — Dhx(t) + (n — k + Dhy(®) + fx(t)]

=thy()|(k=1) = (n—k+ D=2 4

Fx@ fom) Y k(1 = yy=tdy

FrroFh()  nFx(n+1- kJ

foFX(t) Y=k (1 = y)e-1dy Fx()

= thx(1)

FrR () Fh () — (nFy(0) + (1 — k) fop X k(g - y)kldy]

= thy(1) _
Fx(t) ;7 yr=*(1 = y)=tdy
0= @+ Dy = k+ Dy R =9y = @Fx(@) + (1 = ) [y =y
Ft) [ yrmk(1 = yy-1dy
KO0 = o Dy - )k dy
fOFX(') YR = y)k-dy
£l = 4 D P (1 = uF () du
[ wPx@y(l - uFx(0)du
=+ D1 = uFy (1)) du

w1 = uFx (1) du

= thx(1)

= thy(1) -

= thx(1)

= thx(1) -

From the assumption, X € DRFR, which by Proposition 3.3, it implies that X € DFR/A. By
Lemma 4.1, thy(¢) is decreasing in ¢t > 0. The proof is then obtained by showing that

=+ D™ (1 — uF (1) du

- — is decreasing in t > 0.
Jy w1 = uFx(t)*"du
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Set ¢(u) = n — (n + 1)u and denote by U’, a non-negative rv that has pdf
W1 = uFx(£)!
k(1 = uFy(0))du

Jor(u) = , ue(0,1).

Then,
=+ D™ (1 = uFy (1) du
w1 = uF () du
It is easy to verify that (1 — uFx(¢))*' is TP, in (u,t) € (0,1) x R,. This concludes that fy:(u) is
TP, in (u,t) € (0,1) X R, or equivalently, U" <, U?, ¥ t; < t, € R,, which further implies that
U' <, U2, ¥t <1, € R,. As ¢(u) is a decreasing function, it is deduced that E[¢p(U")] > E[¢(U?)],

for all t; < t, € R,. The proof of the theorem is completed.
Next, we present an example to examine the correctness of the result of Theorem 1.

= E[¢(U")].

Example 4.1. Suppose that X,, X, and X5 are non-negative rvs, which represent the random lifetimes
of three independent and identical components such that X; ~ G(2,1),i = 1,2,3. From Example 3.2,
X, € DRFR. The sf and the hr function of X is easily obtained as Fx,(t) = (1+At)e™" and hy, (f) = %
Consider a 2-out-of-3 system composed of components with i.i.d. lifetimes X, X,, and X5 having
common gamma distribution with an specified shape parameter b = 2 and an unknown scale parameter

A. In this case, k = 2 and n = 3. The formula given in (4.3) reveals the hr function of X3 as follows

6.2t(e" — (1 + A1)
(el —2(1 + )1 + A1)’

hy, (1) =

from which one can develop that

_ thy, (1)
Vx5 (1) = m
~ At (A1)? 2(1)°

=1- + - .
1+At e —(1+A) 3e¥—2(1+ )

The plot depicted in Figure 1 show that vyx,,(t) is a decreasing function which, in view of
Proposition 3.4, confirms the result of Theorem 1 that X,.3 € DRFR. Similarly, consider a parallel
system with three components with i.i.d. lifetimes X,,X,, and X3, and so k = n = 3. From the hr’s
formula in (4.3), the hr function of X3.5 is obtained as follows:

322t(e — (1 + A))?

hx, () =
00 = B v
which further reveals that
th’,. (1)
f) = 3:3

yX3;3( ) hX3:3 (t)
14 2t(eM - 1) B 3t — (e = (1 + AD))* (e’ = 1))
e —(1+ ) e — (et — (1 + At))? '

In Figure 2, we also plot the graph of the function yx,,(t). As is shown, this function is also decreasing
in t as was expected from Theorem 1. Hence, by Proposition 3.4, we deduce that X3.3 € DRFR.
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hx,..(t

thy, ' (t
The function vy, (t) = -2 ©

0 5 10 15
Time t
th, (1)

Figure 1. Plot of the function yyx,,(f) = h;”( 5 for the values 0 < 7 < 18 in Example 4.1.
2:3

Pt
~

[N w

thy, ' (t
The function vy, (t) = -5 ©

0 5 . 10 15
Time t

Hy. (1)
Figure 2. Plot of the function yy,,(f) = 25313((; for the values 0 < 7 < 18 in Example 4.1.
3:3

5. Preservation of DFR/A class of life distributions

In this section, we establish that a system with the (n — k + 1)-out-of-n structure enjoys the
preservation property of the DFR/A class. This property indicates that if the components of such kind
of systems have lifetime distributions with DFR/A property, then the lifetime of the system also has
the DFR/A property.

Theorem 2. Let X be a non-negative rv with sf Fx and Al function Ly. Let Xy, - - , X, be n independent
and identically distributed (n independent copies of X). If X € DFR/A, then X,., € DFR/A, for any
k=1,...,n
Proof. From assumption, since X € DFR/A, thus Lx(t) is decreasing in ¢ > 0. We need to show that
—k+1 k—1
if Lx(#) is decreasing in t > 0, then Ly, (?) is also decreasing in t > 0. Let W(x) = %, for
0
x € (0, 1) as defined in the proof of Theorem 1. Then, in view of (4.2), one can write
1
b4
(x) (5.1)

—In(Fx,_ (1) = f —~ dx, forallt > 0.
Fxy X
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Using (4.4) and (5.1), we obtain

thy, (?)
—In(Fy,, (1))
MP(Fx(0))hx(t)

J1‘7)((0 TECX) dx
_ l‘hx_(f) = In(Fx()¥Y(Fx (1))
—In(Fx(1)) fFlX o lyix) dx

= Ly(t) - P*(Fx(1)), forall t > 0, (5.2)

Ly, (1) =

where Y*(u) := % So, by using the relationship among the Al function of X and the Al function

of X;., as revealed an (5.3), the proof is obtained if we prove that W*(Fx()) is decreasing in ¢t > 0.
Equivalently, it can be shown that W*(u) is increasing in u € (0, 1). This is also equivalent to showing

that W*(e™) is decreasing in ¢ > 0. We have

Y(e™)

I ¥

e u

()
fot Y(e™) dy
3 Y(e™)
fol Y(e ) da
1

fl Y(Fran) g
0 W(Fr(n)

P*(e™) =

(5.3)

where the second equality is due to a change of variable as y = — In(u), the third equality follows as a
result of a change of variable as @ = %, and T is a non-negative rv with exponential distribution with
mean one. As Ly(t) = 1, for all # > 0, therefore, T € DFR/A. As clarified and proved in the proof
of Theorem 1, for an arbitrary continuous life distribution F'r where T € DFR/A, it is deduced that
‘IKJIZ;?(ZB) is decreasing in ¢ > 0, for all @ € (0, 1), which is equivalent to saying that qu(f; (z;;) is increasing
int > 0, for all @ € (0,1). By applying this into (5.3), it follows that ¥*(e™") is decreasing in ¢ > 0.
The proof of theorem is thus completed. O

The following example presents a situation where Theorem 2 is applicable. To be more specific, we
consider the distribution function given in Counterexample 3.2.

Example 5.1. Suppose that X is a non-negative rv with sf Fx and hr function hy, as given in
Counterexample 3.2. Then, we consider a 2-out-of-3 system with i.i.d. component lifetimes (3
independent copies of X). The sf and the hr function of X,5 can be obtained from (4.2) and (4.3),
respectively. We have

_ _ _ 6(1-F
Frs®) = (3= 2P0, and Iy (0 = T2 o
- X
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We plot the graph of the function Ly,,(t) = _I;(XFZ—;O)(I» in Figure 3. As it is depicted, this function
2:3

decreases with time, which confirms the result of Theorem 2, i.e., X,.3 € DFR/A. If we consider a
parallel system with i.i.d. component lifetimes as three independent copies of X, then the sf and the hr
function of X3.3 are acquired by (4.2) and (4.3), respectively, as follows:

3(1 = Fx(0))*Fx(t)
1= (1= Fx(x)y?

Fy,,(t)=1-(1 - Fx(x))’, and hy,,(t) = hy(f).

In Figure 4, we also plot the graph of Ly, ,(t), where it is shown that this function is decreasing in t,
which again validates the result obtained in Theorem 2. Hence, it was verified that X5.3 € DFR/A.

20

= =
=) o

The function Ly, (t)

o

0 i . 2 3
Time t

Figure 3. Plot of the function Ly, () = % with respect to 0 < ¢ < 3 in Example 5.1.
2:3

30

n
=]

The function Ly, ()

=
=)

0 i . 2 3
Timet

Figure 4. Plot of the function Ly, ,(t) = % with respect to O < ¢ < 3 in Example 5.1.
3:3

It is worth mentioning here that, since the DFR/A class is equivalent to the decreasing aging
intensity (DAI) class, the result of Theorem 2 confirms that the claim raised by Nanda et al. [25] in

their counterexample 2.7 is not correct.
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6. Conclusions

The rate (or speed) of aging is generally related to time and can either increase or decrease with
time; however, it can also be stable and not fluctuate. Barlow and Proschan [4] introduced this concept
by considering members of a class of life distributions, such as the IFR class, and then defining some
partial stochastic orderings to compare these members in terms of the degree of their IFR property.
Nevertheless, the concept of the speed of aging is not limited to the members of specific life distribution
classes. For example, the lifetime of an electrical device may exhibit a decreasing hazard rate during
an initial time interval, e.g., [0, 7¢), with a decreasing rate of aging, and then its hazard rate increases
at an increasing rate as time passes [7g, ©0). In this paper, we have focused on several monotonic aging
classes from which the concept of aging rate is derived. Some interrelationships between these aging
classes and some connections between these classes and other known non-parametric classes of life
distributions proposed in the literature are validated. This paper concludes that, in addition to some
well-known aging classes such as IFR and IFRA, some lesser-known classes of life distributions that
incorporate the concept of aging rate are also preserved under the structure of (n — k + 1)-out-of-n
systems. This may provide new insights for reliability engineers and system designers.

In future studies, preservation properties of the aforementioned classes of lifetime distributions will
be considered under a range of reliability operations such as monotone transformations, shock models,
mixing, and convolution. The aging properties of coherent systems or at least (n — k + 1)-out-of-n
systems with possibly dependent component lifetimes will also be investigated.
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