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1. Introduction

In this paper, we study the following system of nonlinear viscoelastic equations:

Uy — Au— Auy + fozgl(t — DAu)T + |u|"u, = fi(u,v), (x,1) € Qx (0, +0),
V= Av = Avy + [ ot = DAV@T + 20 = fuv), (x,1) € QX (0, +00),

u(x,t) = v(x,t) =0, (x,1) € 0Q X (0, +0), (1.1)
u(x,0) = ug(x), u,(x,0) = uy(x), x € Q,
v(x, 0) = vo(x), vi(x, 0) = vi(x), x € Q.

Here, Q is a bounded domain of R" (n > 1) with a smooth boundary 0Q, g, and g, denote the kernel
of the memory term and the index number m, r > 2, u and v represent the transverse displacements of
waves, and f; and f, are given functions to be specified later.
To motivate our work, we recall some results related to our work. For a single viscoelastic wave
equation of the form
Uy — Au — wAu, + pu, = ulnlul, (x,t) € Q x (0, 00),

Xu and Lian [1] studied the above initial boundary value problem at three different initial energy
levels, they proved the local existence of a weak solution, and in the framework of a potential well,
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they showed the global existence and energy decay of the solution with sub-critical initial energy.
Then, through a scaling technique, they parallelly extended all the results for the subcritical case to the
critical case. A similar result was also obtained in [2, 3]. In [4], Xu et al. considered the following
initial boundary value problem

!
Uy — Au— Auy, + f g(t — s)Au(s)ds — Au, + u, = ululP™!, in Q x (0, o), (1.2)
0

they obtained the invariant sets, and proved the existence and nonexistence of a global solution.
Moreover, they got a finite time blow-up result for certain solutions under a high energy case.
In [5, 6], Messaoudi proved, by using the perturbed energy method and under the supposition that
g'(t) < —&(1)g(r), that the solution energy was a general decay, not necessarily of exponential or
polynomial type. Under the same assumptions on a relaxation function, Liu [7] studied a viscoelastic
wave equation with the dispersion term and proved that the decay rate of the solution energy was similar
to that of the relaxation function. Furthermore, Messaoudi and Al-Khulaifi [8] established a general
and optimal decay of the solution energy where the relaxation function satisfies g’(f) < —&(£)g%(1),
1 <6< % In [9], the author established the optimal explicit and general energy decay results under
the condition g’(¢) < —&(t)H(g(t)), where H is an increasing and convex function near the origin and &
is a non-increasing function.

Subsequently, the above methods used in the single viscoelastic wave equation were extended to
coupled wave systems. For example, Li [10] considered the following wave system:

|t P uy — Au + fotgl(t — D)Au(t)dt + |u, /" 'u, = filu,v), (x,1) € QX (0,+00),
Vv = Av + [ ga(t = DAVDAT + v, = fu,v),  (x,1) € QX (0, +00),

u(x,t) =v(x,t) =0, (x,1) € 0Q X (0, 00), (1.3)
u(x,0) = ug(x), u,(x,0) = uy(x), X € Q,
v(x,0) = vo(x), vi(x,0) = vi(x), x€Q,

where Q C R" (n > 1) is a bounded domain with a smooth boundary 9Q2, 0 < p, m,r > 1. Under
the following assumptions on the relaxation functions: g;(t) < —&(t)gi(t),t > 0,i = 1,2. Based on the
potential well method and the perturbed energy method, the author obtained a general decay result of
the solution. Furthermore, in [11], the author got some sufficient conditions on initial data such that
the solution blows up in finite time at arbitrarily high initial energy. In the same direction and in the
case of p = 0, Liu et al. [12] proved that the solution energy was an exponential decay or polynomial
decay. Later, this result was furthered by Said-Houari [13], who demonstrated that the solution energy

was a general decay. In the same nature, Liu [14] considered the following system:

Pt — A= y1Auy + [} gt = DAUEDAT + fu,v) = 0, (x,1) € X (0, +co),
[VilPvy — Av — v Avy, + fot h(t — D)AV(TD)dT + k(u,v) =0, (x,1) € QX (0, +00),

u(x, 1) =v(x, 1) =0, (x,1) € 0Q x (0, ),
u(x,0) = ug(x), u,(x,0) = uy(x), x € Q,
v(x,0) = vo(x), vi(x,0) = vi{(x), x € Q,

where 1, ¥, > 0 are constans, p is a real number, 0 < p, and Q C R" (n > 1) is a bounded domain with
a smooth boundary 0€). By exploiting the perturbed energy method, the author proved that the solution
energy was an exponential and polynomial decay.
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As far as we know, the decay property for the coupled system (1.1) has not been considered. Inspired
by the literature [8], our aim in this paper is to extend some existing results for a single equation to
the case of a couple viscoelastic wave system (1.1), while handling the additional difficulty caused by
the nonlinear weak damping term and coupled source term. In this article, the energy decay result is
new and the assumptions on the relaxation functions are weak. Then, the purpose of this paper is to
study the decay property of solution energy for the system (1.1) by modifying the method used in the
above literatures. Namely, under a certain class of relaxation functions and initial data, by using some
inequalities and constructing a suitable Lyapunov function, we establish a general decay result for the
system (1.1). Moreover, without restrictive conditions, we also obtain the optimal polynomial decay
rate which seldom appears in previous literatures.

This article is organized as follows: In Section 2, some materials needed for our work are presented.
In Section 3, we show the global existence of a solution and establish the general and optimal decay
rates of the solution for the system (1.1).

2. Preliminaries

In this part, some theorems and lemmas needed for our work are given. First, we make the following
assumptions:

(A1) g; : (0, +00) — (0, +00)(i = 1,2) are non-increasing C' functions satisfying

g(0)>0, 1 —f gimdr=1,>0, 1 —f g(@mdr =1, >0.
0 0

(A2) There exists two positive differentiable functions &;(¢) : [0, +o0) — (0, +c0) such that

3
g < -&gl(n, t=0, 1<y< 5 i=12,

and the function &;(¢) satisfies

& <0, f Oo-fi(f)df =+co, Yt>0.
0

(A3) For the functions fjandf,, we assume that

SiCu,v) = [lu+ VPP O+ ) + ulPulv|P?],
S, v) = [lu+ VPP O+ ) + pPvlul*?).

It is easy to verify that

ufi(u,v) +vr(u,v) = 2(p + 2)F(u,v),
utfl (Ll, V) + th2(u’ V) = %F(u’ V)9

where

F(u,v) = [l + VPP 4 2Juv|P*2].

2(p+12)
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(A4) For the nonlinearity, we assume that

{1<p<+00,n:1,2, l<p<t5, n>3,

2<mr<4o00, n=1,2, 2<mr<-2 n>3.

For our work, we introduce the following functionals:

t

1 1 ! 1
J(1) = E(IIVutlli +1IVvli3) + 5( —f 1 ()d7)||Vull; + 5(1 - f g2(0d7)|[VVIl3
0 0

1
+ 5[(81 o Vu)(t) + (g2 0 V»)(®)] — fg F(u,v)dx,

!

!
1(r) := ||Vut||%+||vvt”%+(1_fgl(T)dT)llvullg"'(l_fgl(T)dT)”VVll%
0 0

+(g1 0 Vu)(?) + (820 VV)(1) = 2(p + 2) f F(u,v)dx,
Q

1 1 !
@) = 0l + IR + IVl + 19w1B) + 5(1 - f (a0 IVulls - f Fu, v)dx
0 Q
1 1 !
#3110 V(0 + (220 VD] + (1 - f g2V,
0
where

(810 Vu)(1) = fo 1(t = DIIVu(t) = Vu()|ld,

(820 VW)(1) = fo galt = DIVV(D) — V(D)|Ed.

The following result is concerned with local existence and uniqueness of weak solutions to the
system (1.1). We can easily obtain it by using the Faedo-Galerkin approximation methods and the
Banach contraction mapping principle, which is similar to [15] with slight modification, and the
process of the proof is standard, so we omit it here.

Theorem 2.1 ([15], Theorem 2.1). Suppose that (A1), (A2), and (A4) hold and initial data (ug,u;) €
Hj(Q) x L*(Q), (vo,v1) € Hy(Q) x L*(Q) are given. Then there exists a unique local weak solution
(u, v) of problem (1.1) defined in [0, T'] for some T > 0 small enough.

Lemma 2.2. Assume that (A1)-(A4) hold. Let (u,v) be the solution of the system (1.1). Then the
energy functional E() is non-increasing. In addition, we get the following energy inequality:

dE(t)
dt

1 1
< —llegdlly, = Mlvelly + E(gi o Vu)(r) + E(g,z o)) <0, Vr=0. 2.1
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Proof. Multiplying the first two equations in system (1.1) by u, and v,, respectively, integrating over
Q, and then adding them up, we can get

drl
5 (el + 105 + 172 + 19015 + 195+ 19v1) - f F(u, v)dx]
Q

t
= Ll — vl + f o f Vi) - Vu(r)dxds
0 Q
!
+fgz([—T)fVVt(t)'VV(T)dXdT, 2.2)
0 Q
where

f g1(t—1) f Vu,(t) - Vu(t)dxdr
0 Q

= f gi(t—1) f Vu,(t)-[Vu(T)—Vu(t)]dxdT+ f g1t —1) f Vu,(t) - Vu(t)dxdr
0 Q
:-% f gl(t—‘r) i f |Vu(T)—Vu(t)|2dx)dT+ f gl(T) Z_ f |Vu(t)|2dx)d‘r
0

:—%%[fgl(t—r)fWu(T) Vu(t)lzdxd7]+§di fgl(T)IIVu(t)lzdxdT]
e f g\t —1) f IVu(T)—Vu(t)IzdxdT——gl(t) f \Vu(t)|dx. (2.3)
2 Jo o 2 0

Similarly, we have

fgz(t—T)va,(t)-Vv(T)dxdT

0 o

__ldp \Y VoPdde] + 221 [ Vv(t)dxd

__Ea[ﬁgZ(t_T)Ll v(t) = Vv(t)|“dx T]+§E[£g2(T)L| v(D)|"dx. T]
+%fogé(t—T)LIVv(T)—Vv(t)lzdxdr—%gz(t)‘fglvv(lﬂzdx- (24)

Substituting (2.3) and (2.4) into (2.2) yields

drl 1 ! 1 !

5 Ul i+ 19015 + 199415 + 51 - fo I @ADIIVull + (1 - fo g2(0)dT)|IVv3
1

+ 51810 V(1) + (g2 0 V()] - fQ Fu,v)dx]

1
= —letelly, = lvelly + [(g1 o Vu)(®) + (g5 0 Vw)(D)] - —gl(f)IIVMllz - —gz(t)||VV||2

Then, we have
1
E'(t) = =l lly, = lvill; + = [(g1 o Vu)(t) + (g5 0 Vv)(1)] - —gl(t)IIVullz - _gz(t)”VV”z

< —lludly = vl + 5 [(g1 o Vu)(1) + (g5 0 Vv)(1)] < (2.5)

This completes the proof. O
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Now, we establish the global existence theorem.

Lemma 2.3. Assume the assumptions (A1)-(A4) hold and the initial data (u, u;) € Hé(Q) x L*(Q),
(vo,v1) € Hé(Q) x L*(Q) such that

B=n2z2p0)" <1, 06
I(O) = I(ug, vo) > 0,

and then we have
I(t) = I(u(®),v(®) >0, te€][0,T,]. 2.7

Proof. Due to I(uy) > 0, then by continuity of I(¢) about variable ¢, there exists a maximal time
0 < T* < T such that

1020, te[0,T7],
which implies that V¢ € [0, T™],

t

1 1 ! 1
J(t)=E(IIVutII§+IIVvt||§)+5(1—fgl(f)dT)IIVu||§+§(l—fgz(f)dT)IIan%
0 0

1
+ 5[(5’1 o Vu)(t) + (g2 o Vv)(1)] — f F(u,v)dx
Q

p+1 ' 2 2 2
= I(t 1- dr)||V \Y, \Y
750 5655l fo G @ADIVUR + (Va3 + 19,13

(1= [ @IV + (1 o Vo) + (g2 0 V0]

S p+1
2(p+2)

+(1 - fo gDV + (g2 © VV)(t)]- (2.8)

t
[(1 - f gi@dD)|IVull; + (g1 0 Vu)(@) + Vus|l5 + [IVvill3
0

By (Al) and (2.1), we see that

!

t
11||Vu||§+lzIIVVII§S(1—fgl(T)dT)IIVu||§+(1—fgz(T)dT)IIVVIﬁ
0 0

2(p+2) 2p+2) 2(p+2)
< < E(r) < E(0). 2.
< p+1J(t)_ PP (< b i1 0) 2.9)
By (A3), (2.25), and (2.6), we can deduce that
2(p+2) f F(u, v)dx < n(li]|Vull; + LIIVVI3)"*?
Q

= (L 1IVull3 + LIV (LIIVull3 + LIIVYIE)
20p+2 p+1 .

<n| (If+ 1 LEO)] WIVuR + LISV, Vee 10,77 (2.10)
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From (2.6) and (2.10), we infer that

2(p+2) f F(u,v)dx
Q
< B IIVull3 + LIVVIB)

!

Sﬁ(l—fogl(T)dT)IIVu||§+,3(1—fOgz(T)dT)IIVVI@
S(l—fogl(T)dT)IIVu||§+(1—fOgz(T)dT)IIVVIli-

Therefore,
I(t) >0, VYtel0,T"].

By repeating these steps, T is extended to T,. O

Theorem 2.4. Assume that (A1)—(A4) hold, the initial data (ug, u;) € H& (Q)XL*(Q), (vo, vy) € Hé Q)
L*(Q), and satisfies (2.6). Then the solution is bounded and global in time.

Proof. Applying Lemmas 2.2 and 2.3, we can obtain

E(0) > E(t) = J(1) + (||ut||2+||vt||)

p+1
> 2+ 2) (lllqullz + LIIVVIE + 11Vull; + IIszllz) (2.11)
which implies that the solution of system (1.1) is global and bounded. O

Lemma 2.5 ([16]). Suppose that g € C[0, o0], w € L}OC(O, ), and 0 < 0 < 1; and then we have that

fo g@w()ldr < | fo 2@ lw(@)ldr} ™ | fo @I H@dr) . (2.12)

Lemma 2.6 ( [8]). Assume that g; satisfies (A1) and (A2), fori = 1,2, and then

+00

EDgT(Ndt < 400, VO<O<2-1. (2.13)
0

Proof. From (A1) and (A2), we can obtain
&g (1) = &gl (g (1) < —ging; " (1). (2.14)
Integrating (2.14) over (0, +0) and using the condition 0 < 8 < 2 — vy, we can deduce that

> —g O

f fl(t)gl Y(Hdt < — f gl’.(;)gil—e—y(t)dt:m‘o < +o00. (2.15)

O
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Lemma 2.7 ([17]). Suppose that the conditions (A1)—(A4), (2.6), and (2.11) hold, u € L*(0, T; Hé (Q)),

and g is a continuous function. For 0 < 8 < 1, there exists C > 0 such that

(810 Vu)(0) < C{( 15%@mﬂﬂmfﬁﬁﬁovamay
0

Proof. From the hypothesis on # and Lemma 2.7, we can obtain

(g1oVu)(r) = f f g1t —D)|Vu(r) - Vu(‘r)lzdrdx
aJo

< {f(; fo‘ g}“)(l‘ —1)|Vu(t) — VM(T)lszdx}yy%liG{ fg‘fo Q= DIVut) - VM(T)|2dex}ﬁ'

Now, for 0 < 8 < 1 and the conditions (2.6) and (2.11), we have
! !
f f g{_e(t —)|Vu(r) — Vu(T)Iszdx = f g%_e(t - T)f |Vu(r) — VM(T)|2dxdT
aJo 0 Q
!
scfgﬁmwmg
0

scfgﬁmmam
0

The proof is now complete.

By taking 6 = 1, we have

2y-2

(g1 0 Vu)(®) < C| f o o) (8] o Vi ).

Similarly, we have
(g2 o VV)(Z’) < C{f 1/2(T)d7_}2~/ 1[(g2 o Vv)]Zy 1( )

The following lemmas are crucial for studying the decay of a solution.

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

Lemma 2.8 ( [8]). Assume that g;(¢) satisfies (A1) and (A2), and (u, v) is the solution of (1.1), and then

we obtain

&1(0(g1 o Vu)(t) < C[-E' (1],
&(D)(g2 0 VV)(1) < C[-E'(1)]57.

(2.21)

Proof. Multiplying both sides of (2.19) by &(¢) and using (A2), (2.1), and (2.13), we can deduce that

£1(1)(81 © Vu)(1)
<ce o f S @ar|TT T (g o Vi T (1)

f fl(‘z')g1 (T)dT 27 1(§1gl o VM)2y (1)
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! 1 =, i
<(| f &()g] (D)t (=g} 0 Vi) 51 (1)
0
< C[-E'(®)]7. (2.22)
Similarly, we have
&(0)(g2 0 V)(1) < C[-E' (D)) . (2.23)
]
Lemma 2.9 ([18], Lemma 4.2). There exist two positive constants y; and vy, such that
flﬁ(u, VIPdx < yi(Ll[Vull3 + LIVVIE?*,  i=1,2. (2.24)
Q

Lemma 2.10 ([18], Lemma 3.2). Assume that (A4) holds. Then there exists > 0 such that, for any
(u,v) € H)(Q) x H)(Q), we obtain

2(p+2)

rons) + 2l < n(h IVl + LIVVIBY*. (2.25)

[lu + V|| pi2 S

3. The decay result

In this section, we state and prove the decay result for the global solutions. For obtaining the general
decay rate estimate, let us consider the following functionals:

L(t) := ME(?) + x(2) + {(2), 3.1

where M and ¢ are positive constants and

x(® ::futudx+fv,vdx+fVuVu,dx+vaVv,dx, 3.2)
Q Q Q Q

{@) = f (Auy — uy) f g1t = 1)(u(t) — u(r))drdx
Q 0

t
+ f(Av, - v,)f g2(t — T)(v(t) — v(1))dtdx. (3.3)
Q 0
Lemma 3.1. For M large enough and € small enough, we have that the following relation
viL(t) < E(t) < v, L(1) (3.4)

holds, where v; and v, are two positive constants.

Proof. Applying the Holder inequality, Young inequality, Sobolev embedding theorem, and (2.9), for
Yo > 0, we have

2

2 2
lluadll; + T*IIVMIIZ,

1 1 1
fguzudx < llullallull> < Ellutllﬁ + Ellullﬁ <5

1 1
fVu;Vudx < [IVu |l Vull> < EIIVqu% + EIIVuH%,
Q
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fAutfgl(t—‘r)(u(t)—u(‘r))d‘rdx
Q 0
stutfgl(t—T)(Vu(t)—Vu(T))dex
Q 0
< 6V + - t Vu(t) - Vu(o)ldr) d
<4l u,||2+5fg(f0gl<r—r>| u(t) = Vu(oldr) dx

1-1
< 0lIVully + — (g1 © V),

f u, f ¢1(t — T)u(t) — u(t))drdx

Q 0
< ollulB + — f ( f t (t—T)(u(t)—u(T))dT)zdx
= tll2 46 Jgo A 81

(1-1)C:

< Slluill; + 15 =(g1 © Vu)(@).

Similarly, we have
1 C?
fg v < sl + I,

1 1
f Vi Vvdx < =Vl + =V,
Q 2’ 2

f Av, f g2t — T)W(1) — v(1))drdx < 51|V, Il; + b (g2 0 Vv)(),

! 1-5L)C?
f Vi f g2(t = (V1) — v(r))drdx < §l[vll; + %(gz o Vw)(®).
o Jo

When M is large enough and ¢ is small enough, we arrive at
e eC? e eC?
L(t) < MEQ@) + S llull; + —=IVully + Sl + ==Vl
2 2 2 2
g g P> g
+ ilquzlli + EIIVuH% + EIIVwII% + EIIVVIE
1-nc:

1-1 *
+ 6l Va |I5 + 15 (g1 0 Va)(t) + O3 + a5 81oVu®)

1-1 (1 - L)C?
+0|[Vvill5 + 4—52(5'2 o V)(1) + Slvill5 + 4—;(82 o Vv)(1)

M ¢ M ¢ M & M &
S(Z+37+ O3 + (F+35+ Ovill3 + (7 + E)Ilvuzlli (S E)IIVVIIIE - Mf F(u.v)dx

2 2 o
M ! eC? ¢ , M ! eC? ¢ 5
+[?(1—j(;g1(1)d7')+ > +§]||Vu||2+[?(1—j;gz(T)dT)+ > Jri]nvvu2
M 1-] ) M 1-1 2
][5+ 5 L+ D@10 Vi@ + [+ (1 + CD(g2 0 T)()
< —E(0)
V1
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Analogously, we have

M & M & M & M &
L) 2 (5 = 5 = Ol + (5 =5 = Olvdlly + (5 = DIVuliy + (5 = DIVwill ~ M fg F(u.v)dx
M ! eC? g M ! eC? g
A= fo i(0dr) = == = S|IVully + [ (1 - fo ga(n)dr) = == = [Vl
M 1-1 ) M 1-1 5
|5 = 5 L+ D10 V)0 + [ 5 = — =21+ € (g2 0 W)(0)

1
> —E@).
V2
O

Lemma 3.2. Under the assumptions (A1)-(A4), let (u,v) be the solution of system (1.1). Then the

functional
)((t):futudx+fvtvdx+fVuVu,dx+vaVv,dx 3.5
Q Q Q Q
satisfies
, 2 2 C: 2
X' @ <Ml +[vill; +2(p +2) | F(u,v)dx + (4 = DIIVull;
Q 104 2
-1 C? I , 1-1
Vu)(t - — ||V —_— V(¢
+ 2, (g1 0 u)()+(4a 2)II 5 + 2 (g2 0 VW)(0)
2(p +2)E(0)

2 DEON e, G6)

) ivudy + 1 + a2 =

1 C2m—2
+[1+ a2 T
Proof. Taking a time derivative of (3.5) and applying Eq (1.1), we can deduce
X' () = f upudx + ||”t||§ + fvttVd-x + ||Vt||§
Q Q
+ f VuVu,dx + ||Vul5 + f VvVvdx + Vi3
Q Q
t
= llugllz = IVull3 + 1IVaur|l3 + f f g1t = D)Vu(t)dtVu(t)drdx
aJo
t
+ vl = VWIS + Vv i3 + f f g2(t = DVV(T)dTVv(H)dTdx
aJo

- f || uudx + f ufidx — f vl 2 v,udx + f v frdx. (3.7)
Q Q Q Q

We now estimate the third term on the right-hand side of (3.7), yielding

fVu(t)fgl(t—T)Vu(T)dex
Q 0

1 1 !
<519+ 5 [ ([ ai-nvumar)ax
1 1 !
< 317+ 5 [ ([ eite=09utr) - Vuto) + 9ucoiar) dx, 38)
Q 0
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at present. We estimate the second term in the right-hand side of (3.8), for V n; > 0, and we arrive at
!
2
f ( f g1t = D(Vu(®) = Vu()| + Vu())dr) dx
o Jo

< [ ([ aie=omutn - Vi) ax+ [ ( [ et oivuciar) ax

Q 0 Q 0

+2 fQ ( fo g1(t = DIVu(r) = Vu(n)ldr)( fo g1t = DIVu(nldr)dx
1 d 2
—)f(fgl(t—T)IVu(T)—Vu(t)IdT) dx
m Ja Jo
+(1+m) f ( f &1t = DIVu(Dldr) dx
Q 0

1
<+ a)(1 = I)(g1 o Vu)(@) + (1 + ) = 1)?|[Vull5. (3.9)

<+

Inserting (3.9) into (3.8), we get
!
f Vu(r) f g1(t — )Vu(r)drdx
Q 0
1 1 1
< 5(1 + (1 + 7)1 = ID)|Vull3 + 5(1 + a)(l = L)(g1 o Vu)(@). (3.10)
Similarly, for ¥V 7, > 0, we have
!
f Vv(t) f gt — 1)Vv(r)drdx
Q 0
1 1 1
< 5(1 + (1 +m)(1 = L)V + 5(1 + 77_)(1 = 1)(82 0 Vv)(@). (3.1D)
2

For the fourth term in the right-hand side of (3.7), for Ya > 0, we can get

1

-2 2m-2 2

f || uudx < a@llugll;, 5 + o [luell5
0 a

2m-2 2m-2 CZ 2
< @GVl + IVl
2 2(p +2)E(0)\m-2 C:
2m—2 2 2
< aC (=) IVull + 2 Vul. (3.12)
Similarly, we can get
i (2(p+2)E(0)\r-2 C?
lezl *vvdx < aC? z(ppT) IVvil5 + @HVV”%- (3.13)

Inserting (3.10)—(3.13) into (3.7), and choosing
m=0/(1=1), m="5L/(1-Dh),
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we can deduce

, c? 1
X' (0 < g3 + [vill3 +2(p +2) f F(u,v)dx + (— - —I)IIVuH%
Q
2

[ 1-
" g1 0 Vo) + ( - g)nwni +

2(p + 2)E(0)
p+1

(gz o Vv)(1)

2(p + 2)E(0) -2
T) JiwviB. 3.14)

21
+ [1 + a/Cf’"‘z(

A
Vvl + 1 + a2
O

Lemma 3.3. Under the assumptions (A1)-(A4), letting (u,v) be the solution of (1.1), then the
functional

(@) = f (Auy = uy) f g1t = 1)(u() — u(r))drdx
Q 0

+ f(Avt - v,)f g (t —1)(v(t) — v(1))dtrdx (3.15)
Q 0
satisfies
2 + (e
£ < 6(1+2(1 =1 + 3 g” LEO) NIV + (1= 19(26 + =+ 5 g1 0 V)
8 1(0)(1 + CH(g} o Vu)(t) + |6 f gi(Ddt + 5cfm—2(w)m_2]nvuln§
0 +1

2
~ f g1(@)dr = llul3 +5(1 +2(1 = L)* + b (5: )

2(p+1)
E©)")Ivvi}

1 ’ 2(p + 2)E(0) -
+(1-h)(20+ s —)(g2 o V(1) + |6 fo g2 (T)dr + 5C§r—2(%) 2]||Vvt||§
0
- 820014 C(gh 0 T - fo ga(0)dt = NIVE. (3.16)

Proof. Taking the derivative of {(f) with respect to variable 7, we have
¢ = [ =) [ 616- 000 - utedrds
+ fg (Au, — u,) fo t &1t = ) (u(t) — w(r))drdx
([ aoanhiwuti - ( [ )i
; fg (Avy = viy) fo "2t = D) - v(D)drdx
+ fg (Av, —vy) fo t g1t — 1)) — v(7))drdx

~( fo (1) )[[Vill3 - ( fo g2(t)dr)|vil3. (3.17)
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Inserting Eq (1.1) into (3.17), we get
)=~ fQ Au fo tgl(t—T)(u(t)—u(T))dex
* fg( fotgl(f—T)Au(T)dT)( fO tgl(f—T)(u(t)—u(T))dT)dx
+ fg " uy fo tgl(t—T)(u(t)—u(T))dex
- fg Silu,v) fo tgl(t—T)(u(t)—u(T))dex
+ fg Au j; t g,(t = D)(u(t) — u(t))drdx
- f Uy f t g\(t — D)(u(t) — u(t)drdx
a Jo
—Qfmmﬂwm&{ﬁ}wwmmé
- fg Av fo t &2(t = (D) — W(1)drdx
+ fg ( fo I g:(t = DAVDT)( fo l gx(t = D)((t) - v(1))dr)dx
+ fg Vi, fo [ g2(t — () — v(7))drdx
- fg fou,v) fo tgz(t—T)(v(t)—v(T))dex
+ fg Av, fo t g5(t = DD — v(1)drdx

—fv,f g5(t = )(v(t) — v(1))dtdx
Q 0
—(ﬂmwmwm4£g@MMﬁ (3.18)

We now estimate the terms in the right-hand side of (3.18), for ¥ ¢ > 0, and we can deduce

fAuf g1t —)(u(t) — u(r))drdx < fVuf g1(t — )(Vu(t) — Vu(r))drdx
Q 0 Q 0

[
< 6||Vull3 + 1(gl o Vu)(1), (3.19)

46

f ( f g1t — T)Au(T)dT)( f g1(t — 7)(u(r) - u(T))dT)dx
Q 0 0
< f (ft gi(t = DVu(@dr)( ft g1(t = T)(Vu(t) - Vu(r))dr)dx
Q 0 0
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IA

f f g1t = )(|Vu(r) — Vu(®)| + |Vu(t)|)dT)2dx
Q
45 gl(t —1)ds f f g1(t = D\Vu(t) — Vu(r)|*drdx
< 25[ (f g1t —D)|Vu(r) - Vu(t)ldr) dx
Q 0
+26(1 = 1)? f [Vul*dx + i(1 —1)(g1 o Vu)(®)
o 46

1
< (20 + =) = L)(g1 0 Vu)(#) + 26(1 — L) IVull3,

f "2 f &1t = D)(u(r) — u(7))drdx
Q 0

< Glludl 573 + 415 f ( fo g1t = Du(t) - u(e)dr) dx

1—1,)C? d
< 6C?"2||Vu |3 + ( 451) * f f g1(t = T)(Vu(t) = Vu(r))*drdx
QJ0

2(p +2)E(0)
+1

m— 1-1)C?
V1w + L0 ) o v,

< 6C"( o

For the fourth term, it follows from Lemma 2.9 that

f filw,v) f g1t = D)(u(t) — u(r))drdx
Q 0

_ 2
<6 f F2(u, v)dx + #(g1 o Vu)(1)
Q

(1-1)C?

< on(LIVull; + LIVVIE* + 15

(g1 0 Vu)(®)
1 -15L)C?

< &y (LlIVullz + LIVVIE P D AIVull; + LIVVIE) + ———(g1 o Vu)(1)

46

2p+1) (1-1,)C?
E(O)) (LIIVull3 + LIV + 4—(;(g1 o Vu)(1),

< &y, (2(p +2)

f Autf g1 (t = )(u(t) — u(r))drdx
Q 0
< f Vu, f g1 (t — )(Vu(t) — Vu(r))drdx
Q 0

1 ! 2
sa||vu,||§+4—5 f ( f gi(t = DIVu(t) - Vu(r)ldr) dx
Q 0

gl( )

< 8lIVull; - (gl o Vu)(n),

5 f ( f tgl(l‘—T)Vu(T)dT) dx+% ( fo tgl(t—‘r)(Vu(t) —Vu(r))dr)zdx

(3.20)

(3.21)

(3.22)

(3.23)
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f u, f g1t — )(u(t) — u(r))drdx
o Jo

<ol + 35 [ ([ gi0- 0l -ular) ax

£1(0)C?

< Slluly — 15

———(g} o Vu)(®).
Similarly, we have
1

! -1
f Avf g2t —1)(v(t) — v(1))dTdx < 5||Vv||§ + 9y 2(g2 o Vw)(1),
Q 0

f ( f g:(t = DAVDT)( f gx(t = D)((t) — v(7))d7)dx
Q 0 0

1
< (26 + 7)1 = B)(g2 0 VW)(®) + 26(1 - LIV,

f w2, f &t = D)W1) — W(1))drdx
Q 0

2(p +2)E(0)yr (1-bh)C:

-2
< OCTH(Z———) Il +

~(82 0 VV)(®),

ffz(u, V)f gt — 1)(v(t) — v(1))drdx
Q
2(p+2) )2(p+1) (1-1,)C? C?

< oy (SR ) IVl + BB + S 2 o T,
f Av, f (1= (D) ~ v < 1T — 22 )<g2 o V)(1).
Q 0

t 0 2
fg v fo 5= D00) ~ v(e)drdx < ol — 20 g 0 ).

Combining (3.18)—(3.30), we can deduce that

2 + 1 C?
@) < o(1+201 = 17+ it (S EO) TG + (1= 10(26 4 35+ 52 )1 V()
0 ! 2 2)E0
- g;—(é)(l + C(g) 0 Vu)(t) + |6 - fo gi(D)dr + 5Cf’"‘2(%) ]IIVutll’g‘

! 2 2
= ([ o=l + o(1 + 201 = 1"+ ya( <I;D+ )
0

EO)")Ivvl

2 t
+(1-15)(26 + 1, g)(g2 o V(1) + [0 - f ga(t)dt + 6C

26 +1
gz( )

=1+ CH(gy 0 W)(1) ~ (f g2(0)dt = &)Vl

2(p +2)E(0)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

) v

(3.31)

O
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Theorem 3.4. Let initial data (uo, u1), (vo,vi) € Hy(Q) X L*(Q) be given and satisfy (2.6). Assume
that (A1)—(A4) hold. Then, for each 7, > 0, there exist strictly positive constants ki, k,, and k3 such that

the solution of system (1.1) satisfies, for all ¢ > #,

E(t) < ke ot

1 . 3
E@®) < ks T, l<y<
[1 +ft;§27‘1(r)d7] 2

where £(7) := min{&, (1), £2(1)}.

Proof. Taking a derivative of (3.1), we can obtain
L'(t)= ME'(t) + X’ (t) + '(¢).

Since g; and g, are continuous and g;(0) > 0, then there exists ¢ > 7, > 0 such that

! 10
f gi(n)dt > f gi(n)dt = go > 0,
0 0

t 10
f &(Mdr > f 2(T)dt = g¢ > 0.
0 0

By using (2.1), (3.6), (3.16), and (3.34), we arrive at

and

L'(t) < =(g0 = 6 = &)llull5 = (g0 — 6 — &)lvill3

-[3 (1+2(1 = 1) + 11, (,f 2E0)")ivug
-2 (1+201 = 1) + 7 (,f )i
5 - g1<0)(1 + gt o Vi + [~ 2201+ igh o T

1 C? 1 c?
+(1—ll)[—+26+—+—](g1oVu)(t)+(1—lz)[—+26+2—5+%

2t DEQ (1 4 qon K4 DEO g,

21, 260 20

— 80— 6 - 6C2(

p+1 p+1

en-5-ac

p+1 +1

= Mluflly, — Mvill, +2(p + 2)3[ F(u,v)dx.
Q

At this point, we choose € and ¢ small enough such that

A Z:go—(5—8>0,

L C 5 2(p+2) 2p+1)
A, ._(5—@)3—5(1&(1—11) + iy — E©0)" )>o0,

202 DEON2 _ (1 4 qer (22 2EOY 2y g, 1o

(3.32)
(3.33)

(3.34)

(3.35)

(3.36)

Jtg2 0 VW)

(3.37)
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2
As ::(%2 - f—;)s ~o(1+200 - 1) + 7212(255: 12)15(0))2(””)) >0,
im0 (R DEO ) a2 DEO )
Asi=go— 06— 5Cf"2(—2(p ;f)lE(O))’_Z e[l + acf’—2(—2(p ;f)lE (0))“2] > 0.

Once ¢ and ¢ are fixed, we choose ital “M” sufficiently large such that

M g(0) )
Ag i=— — 1
6= 15 1+C)) >0,
M g (0) 2
Ay =— —=—=(1 0.
7:=7 15 a1+c) >

Hence, the inequality (3.37) can be changed to
L'(t) < =Ajllull; = Aylvill3 = AolIVull3 = AslIVVIE = AalVall3 = AslIVvill3

+ Ao(8) 0 Vu)(®) + Aq(g5 o Vv)(1) — Mlluilly, — MVl + 2(p + 2)e f F(u,v)dx
Q

F (L= + 26+ L, Cf]( Vi)(t) + (1~ )| o +26 + L, C*%]( Vo)1)
)| = — + — oVu —b)| = —+ — o Vv)(®).
V121, 26 251! 211, 26 " 2617
(3.38)
Then, there exist two positive constants m; and m;, such that
L'(t) < —mE(t) + my[(g1 o Vu)(@) + (g2 o Vu)(®)], Yt =1 (3.39)

We let £(7) := min{é& (1), &»(7)}, since &(f) and &,(¢) are non-increasing and non-negative functions,
and then the function £(7) is a non-increasing and non-negative function. In the case when y = 1, by
multiplying both sides of (3.39) by £(¢) and using (A2) and (2.1), we can deduce that

EOL' (1) < —miEDE®) + ma&()(g1 o Vu)(1) + ma(1)(g2 © Vv)(1)
< —mE(E®@) + ma&i(1)(g1 0 Vu)(t) + ma&r(1)(g2 © Vv)(1)
—miEDE®) + ma(&181 © Vu)(1) + ma(§282 0 Vv)(1)
—mEME) — my(g) o Vu)(r) — ma(g5 o Vv)(1)
< -—-méEDE@R) —mE'(t), Yt=t. (3.40)

IANIA

We let F(¢) := &(t)L(t)+my E(t), which is equivalent to E(¢), since the function L(¢) is also equivalent
to E(t) and E(t) > 0, &'(f) < 0. Then we can deduce that &' (¢)L(t) < 0. Then from (3.40), for some
ms, my > 0, we can arrive at

F'(1) = §(OL@) + EOL' (1) + mE' (1)
< EOL'(1) + mE' (1)

< —msE(DE(®)
< —mg(OF (1), (3.41)
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A simple integration of (3.41) leads to
F(t) < Ftg)e ™ o™y i> 4, (3.42)
In the case when 1 <y < %, we again consider (3.40) and use Lemma 2.8 to get, for C; > 0,

EDOL' (1) < —mEWDE() + mp&(1)(g1 o Vu)(®) + ma&(1)(g2 0 Vv)(1)
< —mEDE®) + ma&i(1)(g1 o Vu)(r) + mp&s(1)(g2 © Vv)(1)
< —méDE@D) + C[-E'O]77, Vit (3.43)
Multiplying both sides of (3.43) by £7(t)E(t), where oo = 2y — 2, then applying the Young
inequality, we can infer that
N DET (DL (1) < —mig&”  (OE™ (1) + CLEE) O[-E'(1)]77,
< —mg” N OETT (1) + C1|sEE)7 (1) - C.E ()]
= —(m; — C,&)(€E)"*\(t) = C\C.E (), Yt > t. (3.44)

We choose ¢ < 'g—: such that ms := m; — C1& > 0 and thanks to &'(f) < 0 and E’(r) < 0, we can
deduce that

EHETLY (1) = (o + DE(E OET (L) + o&7  (VET (OE' ()L(1) + £ (ET (1)L (1)
< EMOET (DL (1)
< —ms(£éE)N(f) — C1CLE' (1), Vit > 1. (3.45)

Then we have
(EHETL + C,C.E) (1) < —-ms(EE)"\(2).

Let G := &*'E°L + C,C,E ~ E. Then we deduce that
G'(t) < —ms(€E) (1) < —me&? 'GP, Vit > 15, mg > 0.

By integrating over (%, ) and applying the condition that G ~ E, we arrive at

E(t) < K|— : ]ﬁ Vi > 1. (3.46)
1+ fzo Er-1(rydr

This completes the proof. O
4. Conclusions

In this paper, we consider a system of two viscoelastic wave equations with Dirichlet boundary
conditions. By constructing a suitable Lyapunov function, we establish a general decay result.

Moreover, without restrictive conditions, we also obtain the optimal polynomial decay result.
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