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1. Introduction

Let 7(n) be the Dirichlet divisor function. It is known that for a real number x > 2,

> 1(n) = xlog x + 2y = Dx + A(x), (1.1)

n<x

where vy is Euler’s constant. It was first proved by Dirichlet that
A(x) < Vx.
Let 6 denotes the smallest number such that
A(x) < x"*¢ (1.2)

holds for any ¢ > 0. Many authors worked on making # smaller, such as Voronoi [1], Corput [2],
Kolesnik [3], Huxley [4], etc. Until now the best result, namely 6 = 131/416 is due to Huxley [4].

It is conjectured that 6 = 1/4, which is supported by the classical mean square result: Suppose 7T is
a large real number, then for any € > 0, one has

T
1 ;
2 _ 3/2 Fte
fl N(x)dx = —CoT + 0 (1), (1.3)
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where

o 7(n)
Cr=). -
n=1
This result was given by Cramér [5] in 1922. In 1956, Tong [6] showed that the error term in (1.3) can
be reduced to T log5 T. In 1988, Preissmann [7] reduced the error term to T log4 T. In 2009, Lau and

Tsang [8] proved that
T
1
f A (x)dx = —C,T*? + O (T log® T log log T).
1 67T2

Let k > 2 be a fixed integer. Toth and Zhai [9] considered the average of divisor function of k
variables. They obtain the asymptotic formula

D0 tn--om) = FPy(log x) + O (1) (1.4)
ny, - NgSX
holds for any £ > 0, where 6 is the exponent in (1.2) and P;(¢) is a polynomial in ¢ of degree k. We
denote Ai(x) by
A= ) Tlm - m) — ¥ Py(log x). (1.5)
Ny, g SX

We have the following theorem:

Theorem 1.1. Suppose T > 2 is a large real number, then we have

K
f ACO)dx = 5 T* H Lyy(log T) + 0 (TH737%), (1.6)
1

where Lyi_»(u) is a polynomial in u of degree 2k — 2, and the implied constant about “O” depends on
k and e.

2. Some lemmas

We present some lemmas.

Lemma 2.1. Suppose x > 2 is large then for any 1 < N < x, we have

(e
%COS(47T\/I’Z_——)+O( )

x!/
Ax) = N1/2

Proof. See [10, Chapter 3.2]. m|
Lemma 2.2. Suppose T > 2, T° <y < T, and let

01(x,y) = o 2%005(47[\/”___)

02(x,y) = A(x) = 61(x, y),

then we have

2T T3/2
f 6% (x,y)dx < —51og’ T + T log* T.
T Yy
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Proof. See, for example, the following references: Lau and Tsang [8], Tsang [11], Zhai [12]. |

Lemma 2.3. Suppose Gy, my are fixed real positive numbers, let G(x) be a monotonic function defined
on |a, b] such that
Gl < Go

and m(x) be a differentiable real function such that
I’ ()| > mq

on la,b], F(-) = cos(-) or sin(-) or e(-), then

b
f G(x)F (m(x))dx < Gomy ™.

Proof. See [10, Lemma 2.1]. O
Lemma 2.4. Let k > 2 be a fixed integer and let sy, - - , sy be complex numbers. Then for Rs; > 1,
where j=1,2,--- ,k, we have

o T(ny )
S T - (s sFs s,
ny, =1 o nk

where

Fi(sy, -+, 80 =
(s1,7 50 o

ny,- =1
This series is absolutely convergent provided that Rs; > 0 and R(s; + s) > 1(1 < j,I < k), and
f(ny, -+ ,m) is multiplicative and symmetric in all variables.
Moreover, forry,--- ,ri € {1,2},

[

Z S, )T () -7 ()

ST, LSk
n n,

(2.1

ny, ne=1
is absolutely convergent provided that Rs; > 0 and R(s; + s;) > 1(1 < j, I < k).
Proof. See Toth and Zhai [9, Proposition 2.1], and the convergence of (2.1) is a direct corollary. O

Lemma 2.5. Suppose x,y are large real numbers, k > 2 is a fixed integer, s,w are given real numbers
such that 0 < s < 1/2 < w < 1, f is defined in Lemma 2.4. Let M; and M, denote the vectors

(my, - ,my) and (Myyq, -+ - ,myx), Dy and D, denote (]—[l;} mj) and (Hfi;ll mj), respectively. Let
M) f(My)g(M;,M
Tor(X,y: 5, W) = Z JMy) f(Mp)g( 1S 2) ) T(nl)T(’?Vz),
w5 oo DiDa(myamy) (n1ny)
ny,n<y
e _m
Iﬂzk i12
(M) f(Mp)g(M;, M) 7(n1)7(n2)
Tei(s,w) = Z ) ;)fD (;gm ;S 2 (nln )W2 ’
M, Myt 102 (mymoy 1712
ny,npeN
g _my
moj " np
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where g(M,M,) is any function that satisfies

2k €
gM;, M) <« [ﬂ mj] )

J=1

then we have:
(i) T, (s, w) is absolutely convergent.
(ii) We have

-2s+¢& +

Toi(s,w) = Tor(x,y; 5, W) < X yl_zw 1og3 y.

Proof. (1) Since my/my, = ny/n,, we can find positive integers t;, 1, g1, g» such that

my n h

b
my, ny b

where (t,,1,) = 1 and t,g, = my, thg1 = ma, 182 = ny, g = ny. Denote by Ml’ and Mz’ the vectors
(my,- - ,my_y) and (my4q, - - -, mox—1 ), respectively, then we have

Z IfFM, gDl f My, tag)lligM 1181, My, g )| (t182)7(t282)

Toi(s,w) <
ok DD, (1181)*(1281)*(1182)" (£282)"

M, M, ent-!
11,2,81,826N
(t1,2)=1

< Z lfFML gDl f My, tag)llgMy , t1g1, My, thg)IT(t)T(t2)72(82)
= D1 Dy(t181)(1281)*(t112)" 222
My A e 1D2(1181)°(1281)*(1112)" 82
11,12,81,826N
(t1,12)=1
M, 1ig)lIF My, ag)lIgMy | g1, My s taglr(t)T(ta) <o 72
< Z lf(My, t1g)Ilf (M2 szg)!}géi(ﬁ(;ﬂﬁf; 2, hg)|T(tr) (2)2 giiﬁ)
M, M, eN#-! g=1
t1,t2,g1€N
< Z lFOVL L 518D FML g )llgML , £181, My, tag)le(t)T(t)
S D Dag %5 (t112)"+"
M1 ,Mz eN'
t1,t2,g1€N
= Uy,
where we use the conclusion: For a given real number ¢, we have
© 3
D "W o e 1), 2.2)
n=1 ne

moreover, for a large real number U, using partial summation and the conclusion

Z X(n) < Ulog3 U,

n<U

AIMS Mathematics Volume 9, Issue 10, 29197-29219.
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we have

2 U

1

Z ‘ (Cn) < f —Cd[Z Tz(n)]

v : WU
< U log’ U.

Since for any real 6 > 0,

T(n)/n’ < 1,

then
U = Z |f(M1’, f1g1)||f(M2l, hgDllgMy, 1181, My, gl 7(t1)7(12)
1= - ‘ )
T D Dy(t,81)*(t281)* (t11)"
ltlztz,zgleN
< Z |f(M1/,f1g1)||f(M2/,f2g1)||g(M1,,f1g1,M2/,l‘281)|
W T DDy (1181)*(t281)*
ltlztz,zg]EN

SO, 1g)If (M, 1))

< E
T e (D1D2)'=5(1181)°*(1281)°~*
1 ,ivi2

tl,l‘z,gleN
ML, 1) My, 181)|

< :
. ’MZEN"" (D1 D) (1181)°4(1281")*~*
1 ,V12

’
11,12,81,81 €N

= Uz.

Lett,g, = my, tzgll = my by Lemma 2.4, we have

’ ’ ’ ’
U = Z LfF (M, my)||f (M, moy )|e(my ) t(may )
2 = Py
e (D Do) =my~omy ™"
1 V2
mk,mZk’eN
2

’
3 Z |f(M, mp)lT(my)
- 1-¢ —
M, eNk-! Dy mye
mypeN

< 1.

Thus, we conclude that (i) holds.

(i1) Since my, - - , My_1, Myyq, - - - , My—1 are symmetric, we have
Tor(s,w) = Toi(x,y;8,w) < T + T, + T3,

where
lfFMDILf(M)l|g(My, Mo)|  7(n1)7(12)

D\ DymySmy;* n¥ny"

T, =T(x;s,w) = Z

M, MpeN¥
ny,npeN
my _ﬂ
myg 1"

mp>x

(2.3)

(2.4)

(2.5)
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Z LfOML)||f (M) llg(My, M) 7(n1)7(112)

Ty =To(x;s,w) =
DD>m;Sm»® ny"¥ny"
M, MGeN® 1Dy mMyy 1"12
ny,npeN
mp o _ny
m2k n
mgp>Xx or mpp>x

M M M, M
Ty = Ta(y: 5, w) = Z I/ ( 1)l||)f§) 2)|Lg( S1, 2l T(nlva(Zz)'
M, , M elk 1221 ok T

n1,n2€N
Ink _ )171

m2k n
ni>y or ny>y

Similar to (i), let (#;,%,) = 1 and Hg =my, gy = My, 1182 = Ny, 1282 = Ny, and denote by Ml, and le
the vectors (my, - -+ ,my_1) and (myyq, - - - , My ) respectively, then

Z SO, 1gD)If My, 1g)IgMy |, 1181, My, 1281)|T(1182)7(1282)

T1 =
N o DD (t:81)°(1281)°(1182)" (1282)"
11,62,81,82€N
(t1,12)=1
mp>x
< Z lFML gD f My, tag)llgM , tig1, My, g DIr(t)T(12)72(82)
= D .D-(t s(t S(t5)Y 2w
My AL e 1D2(1181)°(1281)*(1112)" &2
11,12,81,82€N
(t1,12)=1
m|>x
< Z lFML gD f My, tag)llgM , tig1, My, tag DIt T(t2) i 7(g2)
DD 2s ti1r)5+W 2w
M, My e 1D2g17°(1112) ol 82
t1,12,81EN
mp>x
< Z |f(M1,, t181)||f(M2,, tzgl)”g(Ml,’ g, le, hg)lr(t)T(t)
) 4 D1D2g12s(tlt2)s+w
M] ,Mz eN
tl,tz,gleN
m|>x
=T, (2.6)
where we use (2.2).
Let
D, = D,/my,
by (2.4), we have
' 1/, 181 2/, 281118 1/, 1815 2/, 281)IT)T
T Z SV, gD f (M, 1hg)llgMy , 1181, My, 1hg1)|T(t1)T(22)
1 ) - DlDz(tlgl)ls—3s(t2gl)3stlw—s+38t2s+w—38
M, M, eNk!
tl,t2,gleN
mp>x

<

Z |f(M1/, tlgl)”f(Ml/, tzgl)”g(Ml’, Hhgi, Mz,, hg)l

, D\ Ds(t181)*(1281)%
Ml ,MQ eN
t1,12,81EN
m|>x
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lfFM,, 1gDIIf My, g0
, l_sDzl_a(f 181)>57%(t,81)%

<
, - 1-¢&
Ml ,M2 eNk—] ml D]

11,12,81EN
m|>x

IFOM tig)IIfF My, 1281

<
/1—8 — ’
=eDy" D, T (1) e (g )

M M, ekt T
’
11,12,81,81 €N
mp>x

= T] N. (27)

Let hg = my, tzgll = ka,, we have

’ , , ,
e Z FOM,, m)llF My, moy e r(may) 1
1 - .

_ - - ;
M, M, ekl mll 2s+5aD1 l)2 smkzs 4877’12](

mk,mZk,EN

mp>x

r6s Z lFM,, m)llf My, mo () t(my )

9 — _ ’2
mll 23+55D1 D21 SmeS 4am2k €

11-¢ 2¢ m 25—6¢&

<X

r1—-¢
M, M, ent-!

mk,mZk,EN

« 26 Z lf (ML, my)lT(my) Z lf (ML, my)lT(my)

D1 I—Smk28

r1—¢

£ 1-2s+5¢ 2s—4e "

M, et T Dy my M, eNk-1
myeN myeN

< x—2S+8,

the convergence of the two series in the last step can be obtained by Lemma 2.4, and we use the
arbitrariness of &.

For T, if m; > x, we replace the condition “m; > x” by “t;g; > x” in (2.6), thus

M, M, M, M, ,
T, < Z If(My L gD f My, g )lIgM L 1181, My, g )lT(t)T(22) -

T, .
, = D1D2g12S(t] t2)5+w
M1 ,Mz ENk71
t1,12,81€EN
ngi>x
Using (2.4) we have
T a |f(M1 ) tlgl)”f(MZ ,lzg1)||g(M1 , flgl,Mz R f281)|T(l‘1)T(t2)
2 - E : :
» = DlDz(tlgl)23—36(l2g1)3st1w—s+3st2.s+W—3g
M; M, ENk_l
11,12,81EN
ngi>x

<

Z |f(M1’, tlgl)”f(M2,, t2gl)”g(Ml,, ngi, Mz,, hg)l

, = D Dy(t181)*7%(1281)%*
M; .M, eN*~
11,12,81EN
ng1>x

Z lFM,, gDl My, 1ag)

<
(D1 Dy)'=5(1181)* 74 (t281)*®

’ ’ k*l
M; M, eN
11,12,81€N
Hg1>x
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<

Z SO, g)If (M, 1)

T e (D1 D>)'=5(1181)* % (t281")%¢
1 ,ivi2

’
11,12,81,81 €N
ngi>x

=T, . (2.8)

Let 1hg = my, tzgl, = m2k,, we have

" Z SO, mollf ML, oy e mi)t(may) 1

_ _ 12e 25—6¢&
M]/ leeN"‘l (DlDz)l Emkzs 48m2k m

’
my,mpy €N
mi>x

osi6e Z lFM, mOllf My, moe(my) t(may)

(D, Dz)l_smkzs_4sm2k’28

<X

’ ’
M; .M, eNk-1
’
my,moy €N

« 256 Z |f(M, my)lr(my) |f(My, my)|T(my)
l-¢,. 25—4 I-e,. 2
M]leNk71 Dl mk T M{ENkil Dl mk i

mieN myeN

the convergence of the two series in the last step can be obtained by Lemma 2.4, and we use the
arbitrariness of . If my; > x, exchange ¢, and #,, we can also obtain

T, < x725%¢,

For T3, if n; > Y, similar to (i), we obtain (#;,%,) = 1 and 1hg1 = My, gy = My, 1182 = Ny, 1282 = Ny,
then

T, = Z |f(M1,, tlgl)”f(M2,, l281)||g(M1’, g, le, hg)|T(t182)7(1282)
W T D1 Dy(1181)*(1281)°(1182)" (1282)"
tll,t;,gigzeN
(t1,12)=1
182>y
< Z IfFM, gD f My, tag)llgM s t1g1, My, g DIr(t)T(12)72(82)
W T D1 Dy(t181)*(1281)5(t112)" g2*"
tll,t;,glz,gzeN
(t1,12)=1
ng>y
< Z IFOML gDl fF My, g DIigM, 111, My, tag)le(t))7(ta) Z 72(82)
N D1D2g12s(tlt2)s+w v g22w
]fl:tzfgl‘EN g

b

Z SO, 51gD)Ilf My, gD lIgMLy , 111, My, tag1)t(t)T(12)

1-2w 3
< lo
y gy D1D2g12stll+s—wt2s+w

’ =N
M] ,M2 eN
t1,12,81EN

where we use (2.3) by taking U = y/t,.

AIMS Mathematics Volume 9, Issue 10, 29197-29219.
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We denote the latter series by X, using (2.4) we have

v Z FM,, 618D My, g DIlgM , tig1, My, hg)le(t)7(t)
D Dy(1:81)%(t281)°t: ' ™1,

Ml,,Mz,ENkfl
t1,0,81€EN
< Z FM,, 618D My, g DllgM , tig1, My 181
e D1 Dy(t181)(1281)*
ltlzlz,Z&EN
< Z IfFM,, tigDIIf My, 121
e (D1 Dy)'~5(t181)5#(t281)°~¢
ltlzt2u2§]€N
< Z lFM,, fgDIIf My, g1 )
e (D1D2)!#(1181)"4(1281")"*
1,12
tl,lz,gl,gl/EN

Let 1181 = my, tzgll = mgk,, we obtain

IR

Z LSO, mllfF M, mo e (mi)T(may )

DD ) Em,5~€m,, ¢
M N et (D1D2) ~*my*~*moy

’
my,my €N

-y FOVL, my) ()

l-¢ s—&
M1 ’ GNk_l Dl mk
mpeN

<1

by Lemma 2.4, thus
Ty <y 1og’ y.

If n, > y, exchange t; and 1,, similarly we obtain
Ty <y 1og’ y.

Above all, we obtain
—2s5+¢&

T,,T, < x and T; <y log’y,

then (ii) holds from (2.5).
3. Expression of A (x)

We shall give a more explicit expression of Ai(x). According to Lemma 2.4,

tneem) = Y fomy, m)T(d) - T(dy)

mydy=ny, - mgdp=ny

AIMS Mathematics Volume 9, Issue 10, 29197-29219.
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holds for any ny,--- ,n; € N, where f is multiplicative and symmetric in all variables.

Therefore, we deduce by (1.1) that

D )= > fm,em)

N, <X My, MESX

Z Slmy, - m) |

My, <X

_]»

(£

~.
1l
—_
QU
N
=
~
3

=
—_——

<
~——

+

>
—_—
I =
~——
P —

I
g
=
3
L
1~
<
| =

3
3
N
=
~
T
3
~

My, <X j=1 m; ny
k i X X X
o] DL S mo|[ [ M= (A=A
2 mp mip<x j=1 m] my N1

L[]

k X
- Z;ksxf(ml, ) (]f—[ M (J,)] +E(x), 3.1)
where
M(u) = ulogu + 2y — lu. 3.2)

Here we have

| Rty 1 o s

mg<x m=1
= x*Py(log x) + O (¥71*) (3.3)
by the proof of Theorem 3.4 in T6th and Zhai [9]. From (1.2) we have
A(—) < (e

m; m;
for any 1 < j < k, then

k=2
B < 3 |fom,eeomy) M(i) A(i)A( x )
my - <X i=1 m; my My—1

Volume 9, Issue 10, 29197-29219.

AIMS Mathematics



29207

i1
« k22 Z lf Gmyy - smg) | (g )2 bre
0 I
my, Mmp<X m mk_Z(mk_lmk) (mk—lmk)2 Ore
[Se]
B lfGmy, - my) 1
=t L g (Mg my ) 2°+°
< xk—]+s,

where the convergence of latter series can be obtained by Lemma 2.4. Then we conclude that

A(x) = AG(x) + O (xk_“g)

follows by (1.4), (3.1), (3.3), and (3.4), where

A () = k Z flm, - mk)[l]:_l[M( )] (k)

< MESX

4. Mean square of A;"(x)

(3.4)

(3.5)

. 2T, . )
Suppose T > 2, we shall first estimate fT (A (x))*dx. Since my,--- ,my_, are symmetric, we can

divide A" (x) into three parts,
A (x) = M+ OM, + Ms),

where the implied constant about “O” depends on k and &,

k-1
M, =M (x,y) =k Z flny, -+ m )HM(mi)

My, Mg <y =1

M= Mo(y)i= D [flmee my) M(mi)A(
J

my, - M <X j=1
my>y

k-1
My = Ms(x,y) = > |f(m1,~--,mk)|ﬂM(%)A(
J=1 J

my, - M <X
mg>y

where y is a parameter that satisfies 72 < y << T. So we obtain

2T 2T 2T
f (A (x))2dx = M*dx + O ( f (MM, + MoM5 + M, Mg)dx)
T T T

2T

+ 0( (M22+M32)dx).
T

>
—_—
§|><

.

4.1)

4.2)

AIMS Mathematics Volume 9, Issue 10, 29197-29219.
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4.1. Mean square of M(x,y)

First, we deal with szT M,%dx. By Lemma 2.1 we obtain

k=1
Mi(x,y) =k mZ Sflmy,- .’mk)]j:llM(mij)(él(mik’y)—i_éz(mik’y))

MY

= Mi(x,y) + Mi(x,y),

where

k—1
MuGey =k Y flm,--,my) M(i)al(i,y),

iy, Ky j=1 mj M
k=1 . .
MlZ(x’y):k Z f(ml"" ’mk) M(_)52(_ay)’
. m; my
mp, ,mME<y j=1 J
and 6,(-,y) and 0,(-, y) are defined in Lemma 2.2, thus we have
27 27 2T
My (x, y)dx = M*(x,y)dx + O (f (Mn(X, VMia(x,y) + Mip*(x, )’)) dx). 4.3)
T T T
Let My, M, be defined in Lemma 2.5, using
1
cosacosf = E(cos(a —pB) + cos(a + ),
we have
&= X
MilGey) =k ), fOM)fOM) ﬂ M( ) ﬂ (—)
My, Mk <y j=1 =k+ m/
x!/? T(nl)‘r(n2) X
X — 4 / ar 222 _ 2
22 (o) 4 mnzz;y n13/4n2*/4 ( 4 4)COS( T — 4)
2h—
X
=k* M) fM M
s Zm:m TN l;l ( ) l:l (m ) 7T2(mkmzk)”4
T(n)7(n2) np
X _ 4 4
2 e ool = ) s+ ) )
=k (S o(x, y) + S 1(x,y) + S2(x,y)), (4.4)
where

_ SML)f(My) T . x 7(1)7(n2)
Soy) =73 Z “(mam)* ﬂM( ]) 1_[ (m) Z 3,3
mp, mop<y Jj=k+1 J nlfﬂlz’lle%z)ﬁk

AIMS Mathematics Volume 9, Issue 10, 29197-29219.
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FM) M) (X)ZH (")
[ — — M m.
S1(x,y) Zm . ()t L \my jﬂl m;
T(n)7(n2) m 2
nymogFnomy
_an F(M)f(My) (1) T M(i)
52, y) m Zm (<Y (mkak)1/4 n m;j Jj=k+1 7

m
T(”l)T(nZ) n 1y
X Z Py Tl (4”( —+ m—zk) ‘/})

ny,n2<y k

So, it turns to evaluate

2T 2T 2T
f = f So(x, y)dx, f = f S 1(x, y)dx, f = f S(x, y)dx.
0 T 1 a 2 T

We need to give more explicit expressions for (]_[’;;i M(mii)) and (H?ﬁ;}rl M(mii)). By the proof of
Theorem 3.3 in Té6th and Zhai [9] in the case fj(n) = 7(n), a; =1, 6; =1 (1 < j < k—1) we obtain

k=1 -1

n M( ) my - Mgy Z Cl] (logmla s log mk—l)(log x)ll ’ (45)

i m; T M-y

where
Ci,(logmy,--- ,logmy_) = Z (s s Jr-n)(logmy)’t - - - (log my—p)*!,

jlf"v.jk—l:O»l
and c(jy,- - , jx_1) are constants (ji,- -, jr-1 = 0, 1). Similarly, when k + 1 < j < 2k — 1, we have

2k—1 x xk_l 2k—1
[] M(—) = Z C(logmyy, - ,logmay1)(log )™, (4.6)
el m; M1 =" Mok—1 7
J 2=
where
Cr,(logmyy, - -+ ,logmy1) = Z (ks> 5 Ja—1)(10g mk+1)jk+1 -+ -(log mZk_l)jZk—l ,

Ji1> 5 jak-1=0,1

and c(jks1, "+ » jox—1) are constants (jiii, -, jox-1 = 0, 1).

4.1.1. Evaluation of fo

We denote C; (logmy,--- ,logmy_;)C,,(logmyy,- -+ ,logmy_1) by C;,(M;,M;), using (4.5)
and (4.6) we have

prels M) f(ML)Cy, ;,(M;, M
So(x.y) = Z (log 1) Z S f(MR)Cy 0 ( l1 2) T(nl)T(ZZ), @7
I 1=0 Mo RSY D D, (mymoy)* (niny)?
n1 np <y
oo =7
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where Dy, D, are defined in Lemma 2.5. Using (2.4) we obtain

k-1 2k-1 € 2k €
Ci, (M, My) < [ﬂmj [ mj] < {]—[ ) .

j=1 Jj=k+1 j=1

Choosing
gM;,M;,) = gll,lz(Ml»MZ) = Cll,lz(Ml’ M,),

s =1/4,w=3/4in Lemma 2.5, we obtain that Sy(x, y) can be written as

3 —
23 K

1
13
Sox,y) = == ), (logx)"™> X Ty (y,y; -, —)
A L 44

= Z(logx)“+12( ( )+0(y—z+€))

I1,1=0
Since g(M;, M) is related to [y, [, we denote T, 4 (‘1—‘, %) in (4.8) by Dy, ;,, we conclude that

2k-3

Qzialog x) + O (¥7372y73%%),

where

k—1
L+l
Q2k—2(t) = Z Dk,ll,lz e,

l1,1=0

Then it follows from (4.9) that

2T k—
Sol(x.V)dx = E : 3 . 1
( ’y) s f k_i(log x)l'+12dx + O\1 2k—§+5y_7 .

4.1.2. Estimates off1 and fz
Let My, M, Dy, D, be defined in Lemma 2.5, then by (4.5) and (4.6) we have

2T k-3 k=1
x*72 Ci,., (M, My)
— 1 L1+l 1,62
[=[ 57 Yognyrs 3, S

11,b=0 My, Mk <y

SM)DfVL) 1(n)T(m) [m [ no
X Z mk1/4m2k1/4 3/4n23/4 ( ( Zk) )
ny,np<y

Let

(4.8)

4.9)

(4.10)

G(x) = x* 3 (log x)'*2,  F() = sin(-), m(x) = 47r( JE ﬂ) Vx, a=T, b=2T
my myk
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in Lemma 2.3, change the order of integration and summation, then we have

f: By i D Crix(M,My)  f(M) (M) 7(n1)7(12)
, 4m? iom e DD, mAmy /4 ny 340,304
ni,n2sy

2T 3 n n
X f x*72(log x)""*" sin (47r( =+ /—2) \/}) dx
T ny myy

- Z |Cr (M, Mp)| - [fMDILSMR)] 7(n)T(n2)

D1D2 mkl/4m2kl/4 n13/4n23/4

My, Mok <y

ny, <y
1
3 T2
X T2k 2+8 —_—
’ﬂ + ,"_2
my, mok
then we use
2k €
@+ > 2ab, Ci (M, My) < || [m;
j=1
to obtain

f« pove Y (H?ilmf)g,|f<M1>||f(Mz)|.r(nl)r(nz).(mmk)*
2

m ey D1D2 m my 't 33\ nyng
ni,na<y
« TA-1HkDE Z fMDIfFML)| 7(n)T(n2) T*
My e Mok<y D1D2 niny nmEmo®
ni,np<y
o0
« TH-1+Qk+3)e Z |f (Ml f (M) Z 7(ny)7(ny)
& &
my, myr=1 DlDzmk nmyy 1<y niny
2
(o8]
< T2k—1+(2k+4)a Z |f (M)
Dym®

my, mog=1
where by partial summation we obtain

< log*y < log* T <« T®.

Z 7(ny)7(n2)
ni,np<y iy

Since € > 0 is arbitrary, using Lemma 2.4 we conclude that

f<< T2k—l+s‘
2

Then we turn to estimate fl similar to f2 we have

k-1

f sz xzk—g Z
L Jr 4An?

11,[b=0 My, Mk <y

C,;,(M;,M
(logx)llﬂz Z 11,12;1D12 2)

(4.11)
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Z fMDfMo) tn)r(na) - f, (0 [m [ Vx| dx
o m A my A ny34ny3 my oy
nympgFnamy

Let
G(x) = ¥ 3(log )2, F(-) = cos(-), m(x) = 4n( ﬂ— ”2)\/‘ a=T, b=2T

in Lemma 2.3, change the order of integration and summation, then we have

1 Z Z Ci.i, (M, M) f(My) f(M5) Z 7(ny)1(ny)
1/4 1/4 3/4,,.3/4

1,=0 my, ,my<y DD, M Mok n,nsy i
nymog#Enamy

2T 3 n n
X f 72 (log x)"1*" cos (471( , /—1 -, /—2) \/}) dx
T my nyj

k-1
1Cr, (M, M) (M) f (M) 7(n1)7(n2)
< Z D.D ) /4, 1/4 Z 3/4,, 3/4
11,L=0 my, ;mo<y 172 My ok ny,na<y? =,
nymop#Enymy
1
> T2k—%+£.

T2
1
| \[ Mo |

Since
2k €
Ci,(M;, M) < l_[ m;| ,
J=1
we have

2k i
[ermse 5 (IEm) i) 3 e
1/4 1/4 3/4 3/4
1 ey D1D2 my " moy e n | / o

nymog#£Enamy

< Tzk_1+(2k+1)5 |f(M1)||f(M2)| Z T(l’ll)T(l’lz) .
o DiDomy gt Ly Ay | o [
1S nlmz,k#;zmk s M2k
M M
_ gtk § lLf E) ;3'%1 21)/|4 (R, +Ry), 4.12)
PR 1720k 2k
where
R = Z T(n)7(nz) 1
= 7.13/47,3/4 » P
ni,ne<y, nymog#Enamy m 2 | L —2|
& |l my, mok
\/; V mo | 10(mkmz,€)1/4
R — Z T(n)t(ny) 1
2= 1.13/47,3/4 » prai
11,2 <y, nymyFnyng " 2 [/ = =]
n g (n]n2)|/4 "k 2k
\/; V Mok 10(mkm2k)1/4
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Then we have

Ry< ) T()T(ny)  (mgmag)'

Lo 4
n3/4ny34 ‘ (niny)'/4 < (mymae)* log™ T, (4.13)

ny,m<y
where we use partial summation to obtain

Z 7(ny)t(ny)

< log'y < log*T.
nin;

ny,np<y

And for Ry, by Lagrange’s mean value theorem we have

VB = VB2 = (NBiB2) 211 - B2l
for any
B =B €R,
thus let
Bi =ni/m, B =na/my

in R, we obtain

R < Z T(n)t(ny) 1
1 7,334 A | 74
n,n2<y my. mog "N nyny
nyMogFnomy

3 T(n1)7(n2)
= (mymoy)? Z TORTE .
ny,na<y nl 1’12 |n1m2k_n2mk|

nymogFnamy

For some real numbers N, N, satisfying 1 < Ny, N, <y, one has

7(ny)7(n2)
(n1n)'2|nymyy — nomy|

R < (mkak)% log®y Z

Ni<n;<2N;
No<na<2N;
nymog#£Enamy

. (mma) 3 y* Z 1 (4.14)

1/2 _ ’
(NiNp)V= - o o — oy
No<ny<2N,
nymogFnami

we denote the latter sum by 7 (my, my;). Let
lnymy — nymy| = r,

we have
r = —nlmgk(mod mk),

so we can find a constant ¢, such that

1 <co<my, r=mt+cy,

AIMS Mathematics Volume 9, Issue 10, 29197-29219.
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where 7 is an integer such that 0 < ¢ < 2y?, thus

1

T (my, moy) = —_—
o, [ mop — nomy|

Ni<ni<2N; Nr<np<2N,
Mok Fnomy

Ni<n1<2N; 1<1<2y?

< N;logy,

similarly, we have
T (my, my) < Ny logy,

thus
T (my, my) < (N1Nz)2 logy.

By (4.14) we have

3
(mymoy)*y*®

AL (Ni1N>)? logy << (mymy) i T (4.15)
14¥2

R «

Finally by (4.12), (4.13) and (4.15) we obtain
R1 + Rz < T‘E(mkak)3/4,

thus

DlDzmk1/4m2k1/4

M M
f<< T2k=1+(Qk+De Z LfOML)||f (ML) T m M my 31
1

My, Mok <y

« T2k-1+(2k+2)e Z |f(Ml)||f(Mz)|mk1/2"’lzk1/2

DD,
My, Mok <y
M M T%
« T2 1020y Z lfMDIf(M)] T
DD, myemyy

My, Mok <y

2
- N M)
< T2k 1+(2k+4)e |f( 1
Y Z Dllflflk"3

my, =1

<« TH ey, (4.16)

since € > 0 is arbitrary, 7 < y <« T, and the convergence of the latter series can be obtained by
Lemma 2.4. Above all, by (4.4), (4.10), (4.11), and (4.16) we obtain

2T

K2 k=1 2T X
Mi1*(x, y)dx =12 Z Dk,zl,zzf %72 (log x)"*2dx
T s T

+O(T%35y73) 1+ O (T2 *7y). (4.17)
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4.1.3. Other terms in (4.3)

We are going to estimate sz "m 12(x, y)dx,

2T 2T k=1 X X 2
M’ (x,y)dx = I fT ( >, f(Ml)ﬂM(;)éz(m—k,y)] dx

T <y j=1 /

2k—1

2T i xlog x xlog x
<[ ¥ If(Ml)IIf(Mz)I(]_[ ol s

mi, mop<y J=1 I =k /

o 3 SODIOL (T s, 52(i,y)
my, - Mk <y mk

DD, T
1
- ML) X T X 2
T2k 2+& Lf(l— f 6 21 d f 6 201~ d .
< Z DD, ., 2 - ,ylax , 2 Mok ,y|ax

my e Mok <y

X X
E A
ny nyy

By Lemma 2.2 we have

o1 X 3 z 2
(f 522 (m—,}’) dx) =My f 522 (u,y)du
T k T

my

1
3 1

T: T ?
< (mk( — log’ T + — log* T]]
mkiyi ny

T%+e

1
<« —— + 177,

similarly, we have

=
H
)
+
)

oy N 3
(f S5, (—,y)dx) < ——— + T2,
T Moy myp 2y

2T 3 3
M M Tite Tite
M122(x’ y)dx < T2k—2+8 E |f( l]))llll])ci 2)' ( + é )[ L )

ml, my<y

Thus,

1 1

> SV (My))

s,
< TZk 3 +38y 3 l ]
D\ Dymyimys

ml, mpr=1

< TH-1+3ey73 (4.18)

since y < T, and the convergence of the latter series is given by Lemma 2.4.
Then by (4.17), (4.18), and Cauchy-Schwarz’s inequality, we are able to obtain

1
2T 2 T2k—%+s

2T 2 2T
Muzdx) ( Mlzzdx) <
T

M“Mlzdx < ( (419)

T T

r
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So from (4.3) and (4.17)—(4.19), we obtain

2T k2 k=1 27 ,
M*dx =— Z Dy, lzf x*72(log x)"2dx
T

2
T 4n I1,h=0

+0(T3*y3) + O (TH*2y). (4.20)

4.2. Error terms in (4.2)
Let My, M, Dy, D, be defined in Lemma 2.5, then for fTZT M;52dx we deduce that

(i)

2
2T

2T k-1

X

M3 (x, y)dx = f D, |f<m1,~--,mk>|ﬂM(—) dx
T my, mg<x j=1 m;

mg>y

T

change order of integration and summation we obtain

2T 2T 1 X x X
| MPydx < f i %k<2T|f(M1)f(M2)|nM( f),E[l (%)A(m—k) A(m—%) dx
e 2T k 1 X 2k=1 X X X
= > M) f (—) [T ) () o5 ) as
j mj my moyy

my,e mop<2T
Mye,mM >y

Jj=k+1

FMDIF M (5,

< A (i) A(i) dx
my e g <2T D\D, T ny Mok
mk,m2k>y
T
« T2 |f(MDI|f (M) A(i) A(i) dx.
my e my<2T DD, T 1y Mo
Mmy.,ma>y

Using Cauchy-Schwarz’s inequality and (1.3), we deduce that

LGl s

ses ([ e (i)

1
2T

< (mk f " Az(u)du] [mZk f & Az(u)du]

mg mak

1
2

T3
< | -,
mkzmzkz
thus, by Lemma 2.4, we have

. |f (M f (M)
M3*(x,y)dx < T*k-1+e 2 ‘ If(MILf (M)l
’ - .
! my e my<2T D Doy my s

my,npg>y
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[fFOMDIfM)l 1, 1y,
. My ¢
Dy Dymyemy®

« T2k—1+e
ml,"%;k<2T
mj,mop>y
Z |f (M)l f (M)

< T2k—%+sy—%+25
D\ Dymemy®

my, ,mop<2T
My, Mok>y

Lf(ML)||f (ML)

D\ Dymemy®

[Se]
1 1
< T2k—f+8y_7 Z
my,- mo=1

T2k—%+s

< (4.21)

D=

y

For fTZT M>2dx, let D, = Dy/my, D, = D,/my.,, similar to szr M5%dx, we obtain by Lemma 2.4

that

My (x,y)dx < T%-3+e

|fOML)||f (M)

1 1
my, my<2T Dl Dka4m2k4

my,mj41>y
_1 _1
S VDI (M)l 5y~
| 1 3 1
my - moy<2T Dy Dy my 3 my tmy 1 ¥ my; 4
mp,Mg41>y

|FQML)[|f (M)

’ ’ 3 1 3 1

24E, % J+e +

<2t D1 Do my 3 my i mye 3 myy s
mp,my41>y

< T2k—%+ay— 142

(o8]

|FOML)[|f (M)

’ ’ 3 1 3 1
Dy Dy my 3 my amygy 3 omy

< T2k—%+sy—%

my,- mog=1

T2k—l+8
<« (4.22)
y?
By (4.20)-(4.22) and Cauchy-Schwarz’s inequality, we are able to estimate the following terms
in (4.2)
2T 2T 2T T2k-5+e
2 2
Mledx < M, dx M, dx| <« ; ,
T T T v
2T 2T 2T 2k-L+e
2 2 r=—
M Mzdx < M “dx Midx| < . ,
T T T N
2T 2T 2T T2k—3+e
MyMsdx < My dx Ms*dx| < — (4.23)
T T T y2
Above all, taking y = T%, then
2T k2 k-1 27 , s
ACY dx=—= > Dy, f 72 (log x)2dx + O (T?757) (4.24)
O T

4 2
r =

follows by (4.2) and (4.20)—(4.23).
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5. Proof of the theorem

Using (3.5) and the Cauchy-Schwarz’s inequality we obtain

2T 2T oT
f Akz(x)dx = f (Ak*(x))Z dx+ O (f Ak*(x)xk—l+gdx) +0 (TZk—1+s)
T T T

k2 . _ ‘
Z Dy, f 73 (log x) i + O (TH5+)

ll =0

T 3 T 3
+ 0[( (A (X)) dx) ( f x2k_2+8dx) ]
T T

k2 k—1

2T
=— D 2 (log x)1*2dx + O (TH5+¢) |
) ZO k.l1.l f; (log x) ( )

l1,=

Then replacing T by T/2, T /22, and so on, and adding up all the results, we obtain

f Ak (X)dx = — Z Dy, lzf x2k‘%(10g X1 dx + O(TZk—§+g)
! 11 b=0 1
— k_T = (log T) + O(Tzk 7+g)
A2 2k-2(108

where we use integration by part several times to obtain Ly;_»(u) is a polynomial in u of degree 2k — 2

denoted by
k-1 l1 +12

(=1(y + 1)! I+t
L (u) = D 1 2'
2k—2(1t) Z k.dy.l rZ:(; (2k — %)r+l(ll +1— r)!u

l1,1=0

To sum up, this finishes the proof of the Theorem.
6. Conclusions

In this paper, we give an asymptotic formula of the mean square of A;(x), which can be viewed as
an analogue of (1.3). We use the convergence of the multivariable Dirichlet series, and it can be used
to show the properties of other multivariable arithmetic functions. In 2023, Téth [13], Heyman and
Toth [14] gave some useful applications of the Dirichlet series.
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