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Abstract: Regularity for elliptic equations with oscillatory coefficients was concerned. Problem
domains were periodic and consisted of a connected region with normal permeability and a
disconnected matrix block subset with high permeability. Coefficients of the elliptic equations
depending on the permeability of the domains were highly oscillatory. Let ε ∈ (0, 1) be the periodic
size of domain, εµ ∈ (0, 1) the size ratio of a matrix block to the whole domain, and ω2 ∈ (1,∞) the
permeability ratio of the disconnected matrix block subset to the connected sub-region of the domains.
This work presented Lipschitz estimate uniformly in ε, µ, ω for the Green’s functions and the solutions
of the elliptic equations.

Keywords: Lipschitz estimate; permeability; periodic size; Green’s function; oscillatory coefficient
Mathematics Subject Classification: 35J05, 35J15, 35J25, 35J70

1. Introduction

Regularity for elliptic equations with oscillatory coefficients is concerned. Problem domains are
periodic and consist of a connected region with normal permeability and a disconnected matrix block
subset with high permeability. Let Y ≡ [−1

2 ,
1
2 )n for n ≥ 3; Yµ,m (= Bµ/4(0)) be a ball centered at

0 and with radius µ/4 for µ ∈ (0, 1); Yµ, f ≡ Y \ Yµ,m; Ω be a domain in Rn with boundary ∂Ω;
Iε ≡ {j ∈ Zn| ε(Y + j) ⊂ Ω} for ε ∈ (0, 1); Ωε

µ,m ≡ ∪j∈Iεε(Yµ,m + j) be a disconnected subset of Ω;
Ωε
µ, f (≡ Ω \ Ωε

µ,m) be a connected sub-region of Ω. Here, ε is the periodic size of domain; εµ is the
size ratio of a matrix block to the whole domain. Let ω2 ∈ (1,∞) denote the permeability ratio of
the disconnected matrix block subset to the connected sub-region of Ω. For any σ, µ,$ > 0, define
Eσ
$,µ ≡ XΩσ

µ, f
+$XΩσ

µ,m (here, XD is the characteristic function on D). The problem that we consider is−∇ · (Eε
ω2,µ
∇Φ) = F in Ω,

Φ = g on ∂Ω,
(1.1)
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where ε, µ ∈ (0, 1) and ω ∈ (1,∞). Problem (1.1) contains strongly elliptic equations with oscillatory
coefficients; it has applications in flows in fractured media, contaminant flow problems, and the stress
in composite materials [4,8,11,19,31]. It is clear that a solution of problem (1.1) for each ε, µ, ω exists
uniquely in H1(Ω) if F, g are smooth. However, it is not clear how the regularity of the solutions of
problem (1.1) depends on the parameters ε, µ, ω. This work presents the Lipschitz estimate uniformly
in ε, µ, ω for the solutions of problem (1.1).

Regularity for the uniform linear elliptic equations (e.g., ω ∈ [d1, d2], d1 > 0, and ε, µ fixed in (1.1))
with smooth coefficients was investigated extensively in [13, 15, 16, 24]. Regularity for the uniform
elliptic equations with non-smooth coefficients can be found in [21,22,27]. Hölder, W1,p, and Lipschitz
estimates uniformly in ε for uniform elliptic equations with Hölder continuous periodic coefficients
(e.g., ω ∈ [d1, d2], d1 > 0, ε ∈ (0, 1), and µ fixed in (1.1)) and with Dirichlet or Neumann boundary
were derived in [2, 3, 20, 23, 32].

For nonuniform linear elliptic equations, regularity results for diffraction problems (e.g., ε, µ fixed
in (1.1)) are available in [12, 17, 19, 24, 26, 29] and references therein. Hölder and W1,p estimates
uniformly in ε, µ for the nonuniform elliptic equations (e.g., ε, ω ∈ (0, 1) and µ fixed in (1.1)) with
Neumann boundary as well as Lipschitz estimate for the non-uniform elliptic equations with Dirichlet
boundary were shown in [33, 34]. Elliptic equations with highly oscillatory coefficients (e.g., (1.1)1

with ε ∈ (0, 1), ω ∈ (0,∞), and µ = 1) were studied in [30], where the Lipschitz estimate uniformly
in ε, ω for the fundamental solutions and uniform interior Lipschitz estimate for the elliptic solutions
were derived.

Quasi-linear elliptic equations with high-contrast coefficients (whose solutions are minimizers of
convex functionals with (p, q)-growth) may arise from compressible flows in porous media and non-
Newtonian flow through thin fissures [28]. Homogenization for quasi-linear elliptic equations in
heterogeneous media (corresponding to the ε, ω ∈ (0, 1) case) was studied in [28]. Some C1,α and
W2,p estimates of the minimizers of convex functionals with (p, q)-growth in homogeneous media can
be found in [5, 6, 10, 18].

The coefficients of problem (1.1) under ε, µ ∈ (0, 1) and ω ∈ (1,∞) are globally discontinuous
and highly oscillatory as ε closes to 0, but the coefficients are locally smooth in the connected sub-
region Ωε

µ, f as well as in each cell ε(Yµ,m + j) of the matrix block subset Ωε
µ,m. This work presents

the Lipschitz estimate uniformly in ε, µ, ω for the Green’s functions and the solutions of the strongly
elliptic Eq (1.1). We find that the external sources F, g do not generate oscillatory solutions for (1.1)
and that the maximum norm of the gradient of elliptic solutions in the discontinuous matrix block
subset of the problem domains can be very small. These results are different from those in [33, 34]. In
the latter, ω ∈ (0, 1); elliptic solutions can be oscillatory; and the maximum norm of the gradient of
elliptic solutions in the discontinuous matrix block subset of domains can be very large.

Our results are proved by employing a compactness argument in [2, 3] and ideas from [30]. More
precisely, consider the homogenization problems of Eq (1.1) first. Next, find regularity properties
satisfied by the solutions of the homogenized equations and show, by an iteration argument, that
these properties are also satisfied by the solutions of (1.1) from macroscopic scale to some level of
microscopic scale. Then, derive local a priori estimates to explain that the regularity properties are
satisfied by the solutions of (1.1) in all scales. In order to get above a priori estimates, the first step
is to locally flatten the boundaries of the matrix blocks of the domains and to derive estimates for the
elliptic solutions around the boundaries of the matrix blocks. Next is to study the Lipschitz estimates
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for the diffraction problem of each matrix block. Since the elliptic solutions change rapidly around
the boundary of the domains, to obtain the Lipschitz estimate around the boundary, we need estimates
uniformly in ε, µ, ω for the Green’s functions and the corrector functions of the elliptic equations.
Lipschitz estimate for (1.1) can be shown by applying partition of unity and these local a priori
estimates.

The rest of this work is organized as follows: Notations and main results are stated in Section 2.
In Section 3, we derive uniform Lipschitz estimates for diffraction problems and a uniform estimate
for strongly elliptic equations. Section 4 is to consider the Hölder estimate for elliptic equations with
oscillatory coefficients. Interior Lipschitz estimate for the elliptic equations is obtained in Section 5.
Section 6 is to study the boundary Lipschitz estimates for elliptic solutions. Main results (which are
Lipschitz estimates for the Green’s functions and the solutions of the elliptic equations) are proved in
Section 7. Section 8 shows an estimate for a diffraction problem (i.e., proof of Lemma 3.5).

2. Notations and main results

Ck,α, Lp, Wk,p, Hk, and Lp,λ are the Hölder space, Lebesgue space, Sobolev space, Hilbert space,
and Morrey space, respectively [13]. C∞0 contains C∞ functions with compact support; H1

loc(R
n)

contains local H1 functions; H1
#(Rn) ⊂ H1

loc(R
n) contains periodic functions with period Y . [ζ]Cα(D) ≡

sup
x,y∈D

|ζ(x)−ζ(y)|
|x−y|α is the Cα semi-norm of ζ in D and supp(ζ) is the support of ζ. For any set D and r > 0,

D/r = 1
r D ≡ {x| rx ∈ D}; |D| is the volume of D; D1 b D2 means that D1 is a compact subset of D2;

(ζ)D ≡ −

∫
D
ζ dx ≡

1
|D|

∫
D
ζ dx.

βx
r ≡ dist(x, ∂Ω/r) denotes the distance from x to the boundary ∂Ω/r; if r = 1, set βx ≡ βx

r . Suppose
U,V are two vectors, and 〈U,V〉 denotes the inner product of U and V . For any r > 0, Br(x) is a ball
centered at x with radius r, Eε,r

ω,µ(x) ≡ Eε
ω,µ(rx), and ~n,r(x) ≡ ~n(rx) is the unit outward normal vector on

∂Ω/r. For anyσ, µ,$ > 0, defineOσµ,m ≡ ∪j∈Znσ(Yµ,m+j),Oσµ, f ≡ R
n\Oσµ, f , and Kσ

$,µ(x) ≡ XOσ
µ, f

+$XOσµ,m .

Set K$,µ(x) ≡ Kσ
$,µ(x) if σ = 1. Let us make the following statements:

A1. ω ∈ (1,∞), µ ∈ (0, 1), n ≥ 3, ω2µn ≤ 1 ≤ ω2µ,
A2. ε ∈ (0, 1), α ∈ (0, 1),
A3. Ω is a C1,α connected domain.

If x ∈ Ω, a Green’s function Γεω,µ(x, ·) for the elliptic operator −∇ · (Eε
ω2,µ
∇) in Ω is the solution of−∇y ·

(
Eε
ω2,µ
∇yΓ

ε
ω,µ(x, ·)

)
= δ(x, ·) in Ω,

Γεω,µ(x, ·) = 0 on ∂Ω,
(2.1)

where δ(x, ·) is the Dirac delta function with pole at x. Under A1–A3, a Green’s function Γεω,µ(x, ·) ∈
W1,1(Ω) exists uniquely and Γεω,µ(x, y) = Γεω,µ(y, x) for x, y ∈ Ω [25]. Moreover, we prove the following.

Theorem 2.1. Under A1–A3, there is a constant c independent of ε, µ, ω such that any Green’s function
for problem (2.1) satisfies

∣∣∣Γεω,µ(x, y)
∣∣∣ ≤ c|x − y|2−n∣∣∣∇yΓ

ε
ω,µ(x, y)

∣∣∣ +
∣∣∣∇xΓ

ε
ω,µ(x, y)

∣∣∣ ≤ c|x − y|1−n
for x, y ∈ Ω.
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Lipschitz estimate uniformly in ε is the best possible estimate for the solutions of uniform elliptic
equations with periodic coefficients [3, 20, 32]. Here, we show

Theorem 2.2. Under A1–A3 and g ∈ C1,α(∂Ω), there is a constant c independent of ε, µ, ω such that

(1) if F ∈ Lp(Ω) for p > n, then

‖∇Φ‖L∞(Ω) ≤ c
(
‖F‖Lp(Ω) + ‖g‖C1,α(∂Ω)

)
, (2.2)

(2) if F ∈ Lp(Ω) for p > n and F ∈ L2,n+2λ−2(Ω) for λ ∈ (0, 1), then

‖Eε
ω2,µ
∇Φ‖L∞(Ω) ≤ c

(
‖F‖Lp(Ω) + ‖g‖C1,α(∂Ω) + |εµ|λ sup

j∈Iε
‖F‖L2,n+2λ−2(ε(Y+j))

)
. (2.3)

Theorem 2.2 implies that the external sources F, g do not generate oscillatory solutions for
problem (1.1) and that the maximum norm of the gradient of elliptic solutions in the discontinuous
matrix block subset of the problem domains can be very small. Theorems 2.1 and 2.2 are proved in §7.

3. Diffraction problems and strongly elliptic equations

This section derives uniform Lipschitz estimates for diffraction problems and a uniform estimate
for strongly elliptic equations.

3.1. Diffraction problems

Set $ > 0, z = (z1, · · · , zn−1, zn) = (z′, zn) ∈ Rn, andT$(x) ≡ X{(z′,zn)|zn≥0}(x) +$X{(z′,zn)|zn<0}(x),
K$(x) ≡ AX{(z′,zn)|zn≥0}(x) +$AX{(z′,zn)|zn<0}(x).

By [35, Lemma 4.9], and the Poincaré inequality, we see

Lemma 3.1. If $, λ ∈ (0, 1), e ∈ [0, 2], and 0 < m1 < A ∈ C1,0(B2(0)), there is a constant c
independent of $, e such that any solution of

−∇ · (K$2∇Ψ) = G in B2(0)

satisfies

‖T$e∇Ψ‖L∞(B1(0)) ≤ c
(
min

{
‖T$eΨ‖L2(B2(0)), ‖T$e∇Ψ‖L2(B2(0))

}
+ ‖T$e−2G‖L2,n+2λ−2(B2(0))

)
.

By change of variables, Lemma 3.1 implies the following result.

Lemma 3.2. If ω ∈ (1,∞), λ ∈ (0, 1), e ∈ [0, 2], and 0 < m1 < A ∈ C1,0(B2(0)), there is a constant c
independent of ω, e such that any solution of

−∇ · (Kω2∇Ψ) = G in B2(0)

satisfies

‖Tωe∇Ψ‖L∞(B1(0)) ≤ c
(
min

{
‖TωeΨ‖L2(B2(0)), ‖Tωe∇Ψ‖L2(B2(0))

}
+ ‖Tωe−2G‖L2,n+2λ−2(B2(0))

)
.
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Define H1(D)/R ≡ {ζ ∈ H1(D)| (ζ)D = 0} for any set D. See §2 for (ζ)D. We have the following
extension result.

Lemma 3.3. If µ ∈ (0, 1), there is a mapping Πµ : H1(Yµ,m)/R→ H1
0(2Yµ,m) such thatΠµφ = φ in Yµ,m

‖Πµφ‖H1(2Yµ,m) ≤ c‖∇φ‖L2(Yµ,m)
for any φ ∈ H1(Yµ,m)/R,

where c is a constant independent of µ.

Proof. Let c be a constant independent of µ. By [15, Theorem 7.25] and the Poincaré inequality, there
is a linear mapping Π : H1( 1

µ
Yµ,m)/R→ H1

0( 2
µ
Yµ,m) such thatΠζ = ζ in 1
µ
Yµ,m

‖Πζ‖H1( 2
µYµ,m) ≤ c‖∇ζ‖L2( 1

µYµ,m)
for any ζ ∈ H1( 1

µ
Yµ,m)/R.

Define a mapping Πµ : H1(Yµ,m)/R → H1
0(2Yµ,m) as follows: Set ζ(x) ≡ φ(µx) for φ ∈ H1(Yµ,m)/R and

x ∈ 1
µ
Yµ,m, and set Πµφ(y) ≡ Πζ( 1

µ
y) for Πζ ∈ H1( 2

µ
Yµ,m) and y ∈ 2Yµ,m. Then,Πµφ = φ in Yµ,m,

‖Πµφ‖H1(2Yµ,m) ≤ cµ
n
2−1‖Πζ‖H1( 2

µYµ,m) ≤ cµ
n
2−1‖∇ζ‖L2( 1

µYµ,m) ≤ c‖∇φ‖L2(Yµ,m).

So, we prove the lemma. �

Next is a local L2-gradient estimate for elliptic solutions inside the set Y . The idea is from [30].

Lemma 3.4. If ω ∈ (1,∞) and µ ∈ (0, 1), any solution Ψ ∈ H1(Y) of

− ∇ ·
(
Kω2,µ∇Ψ

)
= G in Y (3.1)

satisfies

‖ω2∇Ψ‖L2(Yµ,m) ≤ c
(
‖∇Ψ‖L2(2Yµ,m\Yµ,m) + ‖G‖H−1(2Yµ,m)

)
,

where c is a constant independent of µ, ω. See §2 for Kω2,µ.

Proof. Let c be a constant independent of µ, ω. Take a constant h so that the average is (Ψ− h)Yµ,m = 0.
By Lemma 3.3, there is a ζ ∈ H1

0(2Yµ,m) satisfyingζ = Ψ − h in Yµ,m,

‖ζ‖H1(2Yµ,m) ≤ c‖∇Ψ‖L2(Yµ,m).
(3.2)

Test (3.1) against ζ to get ∫
2Yµ,m

Kω2,µ∇Ψ∇ζ dx =

∫
2Yµ,m

Gζ dx.

Then, we have

ω2‖∇Ψ‖2L2(Yµ,m) ≤ c
(
‖∇Ψ‖L2(2Yµ,m\Yµ,m) + ‖G‖H−1(2Yµ,m)

)
‖∇ζ‖L2(2Yµ,m).

Together with (3.2), we prove the lemma. �
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Lemma 3.5. If ω ∈ (1,∞), µ ∈ (0, 1), ω2µ ≥ 1, and p > n, any solution of

− ∇ · (Kω2,µ∇Ψ) = G in Y (3.3)

satisfies ‖∇Ψ‖L∞(B2/5(0)) ≤ c
(
‖Ψ‖L2(Y\B1/4(0)) + ‖K1/ω2,µG‖Lp(Y)

)
, where c is a constant independent of µ, ω.

See §2 for K1/ω2,µ.

Proof of Lemma 3.5 is given in §8.

Lemma 3.6. If ω ∈ (1,∞), µ, λ ∈ (0, 1), ω2µ ≥ 1, and p > n, any solution of

−∇ · (Kω2,µ∇Ψ) = G in Y

satisfies

‖Kω2,µ∇Ψ‖L∞(2Yµ,m) ≤ c
(
‖Ψ‖L2(Y\B1/4(0)) + ‖K1/ω2,µG‖Lp(Y) + µλ‖G‖L2,n+2λ−2(8Yµ,m)

)
,

where c is a constant independent of µ, ω.

Proof. Let c be independent of µ, ω. If ζ(x) = 1
µ
Ψ(µx) and φ(x) = µG(µx), then

−∇ · (K1/µ
ω2,µ
∇ζ) = φ in 1

µ
Y .

By partition of unity, the argument in [1, pages 3964 and 3965], Lemma 3.2 with e = 2, and the
Poincaré inequality,

‖K1/µ
ω2,µ
∇ζ‖L∞( 2

µYµ,m) ≤ c
(
‖K1/µ

ω2,µ
ζ
∥∥∥

L2( 4
µYµ,m)

+ ‖φ‖L2,n+2λ−2( 4
µYµ,m)

)
≤ c

(
‖K1/µ

ω2,µ
∇ζ

∥∥∥
L2( 4

µYµ,m)
+ ‖φ‖L2,n+2λ−2( 4

µYµ,m)
)
. (3.4)

(3.4) can be written as, by Lemmas 3.4 and 3.5,

‖Kω2,µ∇Ψ‖L∞(2Yµ,m) ≤ c
(
µ
−n
2 ‖Kω2,µ∇Ψ‖L2(4Yµ,m) + µλ‖G‖L2,n+2λ−2(4Yµ,m)

)
≤ c

(
µ
−n
2 ‖∇Ψ‖L2(8Yµ,m\Yµ,m) + µ

−n
2 ‖G‖H−1(8Yµ,m) + µλ‖G‖L2,n+2λ−2(4Yµ,m)

)
≤ c

(
‖∇Ψ‖L∞(8Yµ,m\Yµ,m) + µ1− n

2 ‖G‖L2(8Yµ,m) + µλ‖G‖L2,n+2λ−2(4Yµ,m)

)
≤ c

(
‖Ψ‖L2(Y\B1/4(0)) + ‖K1/ω2,µG‖Lp(Y) + µλ‖G‖L2,n+2λ−2(8Yµ,m)

)
. (3.5)

Lemma 3.6 follows from (3.5). �

3.2. Strongly elliptic equations

By Lemma 3.2 in [19, page 88], we have the following.

Lemma 3.7. Suppose ε, µ, r, εr ∈ (0, 1). There is a constant c (independent of ε, µ, r) and a linear
continuous mapping Π̃ε/r : H1( εr (2Yµ,m \ Yµ,m))→ H1( 2ε

r Yµ,m) such that if φ ∈ H1( εr (2Yµ,m \ Yµ,m)), then
Π̃ε/rφ = φ in ε

r (2Yµ,m \ Yµ,m),
‖Π̃ε/rφ‖L2( 2ε

r Yµ,m) ≤ c‖φ‖L2( εr (2Yµ,m\Yµ,m)),

‖∇Π̃ε/rφ‖L2( 2ε
r Yµ,m) ≤ c‖∇φ‖L2( εr (2Yµ,m\Yµ,m)).
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Lemma 3.8. Suppose A1–A3, ε
r , r,R ∈ (0, 1), and ε

r < R. There is a constant c independent of
ε, µ, ω, r,R such that

(1) if 0 ∈ ∂Ω/r, Ψb ∈ C1(B2R(0) ∩ ∂Ω/r), and−∇ · (Eε,r
ω2,µ
∇Ψ) = 0 in B2R(0) ∩Ω/r,

Ψ = Ψb on B2R(0) ∩ ∂Ω/r,
(3.6)

then

‖Eε,r
ω2,µ
∇Ψ‖L2(BR(0)∩Ω/r) ≤ c

(
R−1‖Ψ‖L2(B2R(0)∩Ω/r) + ‖Ψb‖C1(B2R(0)∩∂Ω/r)

)
, (3.7)

(2) if B2R(0) b Ω/r and −∇ · (Eε,r
ω2,µ
∇Ψ) = 0 in B2R(0), then

‖Eε,r
ω2,µ
∇Ψ‖L2(BR(0)) ≤ cR−1‖Ψ‖L2(B2R(0)). (3.8)

Proof. Let c be a constant independent of ε, µ, ω, r,R.
Step I. Let η ∈ C∞0 (B 3

2 R(0)) denote a bell-shaped function with η ∈ [0, 1], η = 1 in BR(0) and
‖∇η‖L∞(B 3

2 R(0) ≤
c
R . By Lemma 3.4,

‖Eε,r
ω2,µ
∇Ψ‖L2(BR/2(0)∩Ω/r) ≤ c‖∇Ψ‖L2(BR(0)∩Ω/r). (3.9)

If Ψb ∈ C1(B2R(0)∩∂Ω/r), there is a function ζ ∈ C1(B2R(0)∩Ω/r) such that Ψb = ζ on B 3
2 R(0)∩∂Ω/r

and ‖ζ‖C1(B 3
2 R(0)∩Ω/r) ≤ ‖Ψb‖C1(B2R(0)∩∂Ω/r) by [15, Lemma 6.38]. Test (3.6) against (Ψ − ζ)η2 to see, by

A1,

‖Eε,r
ω,µ∇Ψ‖2L2(BR(0)∩Ω/r) ≤ c‖Eε,r

ω,µ(Ψ − ζ)∇η‖2L2(B 3
2 R(0)∩Ω/r) + c‖Eε,r

ω,µ∇ζ‖
2
L2(B 3

2 R(0)∩Ω/r)

≤ c
(
R−2‖Eε,r

ω,µΨ‖
2
L2(B2R(0)∩Ω/r) + ‖Ψb‖

2
C1(B2R(0)∩∂Ω/r)

)
. (3.10)

Step II. If ε
r (Yµ,m + j) ⊂ B2R(0) ∩Ω/r, we see, by Lemmas 3.7 and 3.5 and A1,

‖ωΨ‖L2( εr (Yµ,m+j)) ≤ ω
(
‖Π̃ε/rΨ‖L2( εr (Yµ,m+j)) + ‖Ψ − Π̃ε/rΨ‖L2( εr (Yµ,m+j))

)
≤ cω

(
‖Ψ‖L2( εr (2Yµ,m\Yµ,m+j)) +

εµ

r
‖∇(Ψ − Π̃ε/rΨ)‖L2( εr (Yµ,m+j))

)
≤ cω

(∣∣∣εµ
r

∣∣∣ n
2 ‖Ψ‖L∞( εr (2Yµ,m\Yµ,m+j)) +

∣∣∣εµ
r

∣∣∣1+ n
2 ‖∇Ψ‖L∞(2 ε

r (Yµ,m+j))

)
≤ cωµ

n
2 ‖Ψ‖L2( εr (Yµ, f +j)) ≤ c‖Ψ‖L2( εr (Yµ, f +j)). (3.11)

See §1 for Yµ, f . In (3.11), we use, by Lemma 3.5,∣∣∣ε
r

∣∣∣ n
2 ‖Ψ‖L∞( εr (2Yµ,m\Yµ,m)) +

∣∣∣ε
r

∣∣∣1+ n
2 ‖∇Ψ‖L∞( εr (2Yµ,m\Yµ,m)) ≤ c‖Ψ‖L2( εr Yµ, f ).

(3.7) follows from (3.9)–(3.11). (3.8) follows by (3.9), (3.11), and a modification of the argument
for (3.10). �

From now on, A1–A3 are always assumed.
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4. Hölder estimate

This section includes three subsections. The first subsection (see §§4.1) is to consider a
homogenization problem for periodic elliptic equations. Then, we derive the Hölder estimate for
the elliptic equations in the interior region (see §§4.2) and around the boundary (see §§4.3). If
i ∈ {1, 2, · · · , n}, find Xω,µ,i ∈ H1

#(Rn) by solving−∇ ·
(
Kω2,µ(∇Xω,µ,i + ~ei)

)
= 0 in Y ,

(Xω,µ,i)Y = 0,
(4.1)

where ~ei is the unit vector in the i-th coordinate direction. See §2 for Kω2,µ, H1
#(Rn), and (Xω,µ,i)Y .

By the energy method and A1, ‖Kω,µ∇Xω,µ,i‖L2(Y) ≤ c, where c is a constant independent of µ, ω. If
ζ(x) = Xω,µ,i(x) + 〈x, ~ei〉 for i = 1, · · · , n, then ∇ ·

(
Kω2,µ∇ζ

)
= 0 in Y . By Lemmas 3.5 and 3.6, the

Poincaré inequality, and (4.1)2,‖Kω2,µ(∇Xω,µ,i + ~ei)‖L∞(Y) = ‖Kω2,µ∇ζ‖L∞(Y) ≤ c,

‖Xω,µ,i‖L∞(Y) ≤ c,
(4.2)

where c is independent of i, µ, ω. Define a n × n matrix Kω,µ, whose (i, j)-entry is

Kω,µ,i, j ≡

∫
Y

Kω2,µ

(
δi, j + ∂ jXω,µ,i(x)

)
dx where δi, j ≡

1 if i = j,

0 if i , j.
(4.3)

By remark in [19, pages 43 and 44] and (4.2), Kω,µ is a continuous symmetric positive definite matrix
of µ, ω and satisfies

m3I ≤ Kω,µ ≤ m4I, (4.4)

where I is the identity matrix and m3,m4 are positive constants independent of µ, ω. For any σ > 0
and i = 1, · · · , n, define

Xσω,µ,i(x) ≡ σXω,µ,i(x/σ), Xσω,µ(x) ≡
(
Xσω,µ,1(x), · · · ,Xσω,µ,n(x)

)
. (4.5)

After translation and rotation, we can move any point z ∈ ∂Ω to 0. By A3, there is a number
γ∗ ∈ (0, 2) and a C1,α function Υ : Rn−1 → R such that

Υ(0) = 0 = ∇Υ(0),
‖∇Υ‖L∞(Rn−1) ≤ m5,

m6 xn ≤ β
x ≤ m7 xn for any x = (0, xn) ∈ Bγ∗(0) ∩Ω,

Bγ∗(0) ∩Ω/r = Bγ∗(0) ∩ {(x′, xn) ∈ Rn| rxn > Υ(rx′)} if r ∈ (0, 1].

(4.6)

If r = 0, we define Bγ∗(0) ∩ Ω/r ≡ Bγ∗(0) ∩ {(x′, xn) ∈ Rn| xn > 0}. See §2 for βx. Here, γ∗,m5,m6,m7

are positive numbers independent of z (∈ ∂Ω), x (∈ Bγ∗(0) ∩Ω). By [15, Lemma 6.38] and its remark,

Lemma 4.1. Under A3 and (4.6), there is an operator Π̂ : C1(B2R(0) ∩ ∂Ω/r) → C1(B2R(0) ∩ Ω/r)
for any R, r ∈ (0, γ∗2 ) such that if ψ ∈ C1(B2R(0) ∩ ∂Ω/r), then Π̂(ψ) = ψ on B3R/2(0) ∩ ∂Ω/r and
‖Π̂(ψ)‖C1(B3R/2(0)∩Ω/r) ≤ c‖ψ‖C1(B2R(0)∩∂Ω/r), where c is a constant independent of R, r. Note space C1

above can be replaced by space Cα for α ∈ (0, 1).
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4.1. Homogenization

Lemma 4.2. Suppose 0 ∈ ∂Ω and a sequence {ε, µε , ωε , rε , ψε , ψb,ε ,Kωε ,µε } satisfies
−∇ ·

(
Eε,rε
ω2
ε ,µε
∇ψε

)
= 0 in B1(0) ∩Ω/rε ,

ψε = ψb,ε on B1(0) ∩ ∂Ω/rε ,

ψb,ε(0) = 0,
‖ψε‖L2(B1(0)∩Ω/rε ), ‖∇ψb,ε‖C(B1(0)∩∂Ω/rε ) ≤ c,

(4.7)

and
ε, ε/rε → 0, rε ∈ (0, 1)→ r ∈ [0, 1], Kωε ,µε → K∗. (4.8)

Then,

(S1) ‖Eε,rε
ω2
ε ,µε
∇ψε‖L2(B4/5(0)∩Ω/rε ) are bounded independent of ε, µε , ωε , rε ,

(S2) a subsequence of {ψε , ψb,ε} (same notation for subsequence) satisfies
ψε → ψ in L2(B4/5(0) ∩Ω/r) strongly

Π̂(ψb,ε)→ ψb in C(B4/5(0) ∩Ω/r) strongly

Eε,rε
ω2
ε ,µε
∇ψε → ζ in L2(B4/5(0) ∩Ω/r) weakly

as ε
rε
→ 0,

(S3)

−∇ · ζ = 0 in B4/5(0) ∩Ω/r,

ψ = ψb on B4/5(0) ∩ ∂Ω/r,
(S4) ζ = K∗∇ψ.

Here, Kωε ,µε (see (4.3)) and K∗ are symmetric positive definite matrices; convergence of Kωε ,µε in (4.8)
is from (4.4); see Lemma 4.1 for Π̂.

If B1(0) b Ω/r, (S1)–(S4) are also true. In this case, ψb,ε and ψb in (4.7) and (S2) should be
neglected.

Proof of Lemma 4.2 is given in §8.

4.2. Interior region

Assume B1(0) b Ω.

Lemma 4.3. For any α ∈ (0, 1), there are θ1, θ2 ∈ (0, 1) (depending on α) with θ1 < θ2
2 and ε0 ∈ (0, 1)

(depending on α, θ1, θ2) so that if ν ∈ (0, ε0) and θ ∈ [θ1, θ2], any solution of−∇ · (Eν
ω2,µ
∇ψ) = 0 in B1(0),

‖ψ‖L2(B1(0)) ≤ 1
(4.9)

satisfies (
−

∫
Bθ(0)

∣∣∣ψ − (ψ)Bθ(0)

∣∣∣2 dz
)1/2

≤ θα. (4.10)

See §2 for (ψ)Bθ(0).
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Proof. Consider the elliptic equation

− ∇ · (K∗∇ψ) = 0 in B4/5(0), (4.11)

where K∗ is a constant symmetric positive definite matrix satisfying (4.4). Any solution ψ of (4.11)
satisfies

‖ψ‖C1(B1/2(0)) ≤ c‖ψ‖L2(B4/5(0)),

where c is a constant. For any α′ ∈ (α, 1), we have, by Theorem 1.2 in [13, page 70],

−

∫
Bθ(0)

∣∣∣ψ − (ψ)Bθ(0)

∣∣∣2dz ≤ θ2α′ −

∫
B4/5(0)

|ψ|2dz, (4.12)

if θ (depending on α) is sufficiently small. Let us find θ1, θ2 ∈ (0, 1) such that θ1 < θ2
2 and (4.12) holds

for any θ ∈ [θ1, θ2].
We claim (4.10). If not, there is a sequence {ν, µν, ων, θν, ψν,Kων,µν} satisfying (4.9) and

ν→ 0, θν → θ, Kων,µν → K∗,

−

∫
Bθν (0)

∣∣∣ψν − (ψν)Bθν (0)

∣∣∣2dz > θ2α
ν .

(4.13)

See (4.3) for Kων,µν . Convergence of Kων,µν in (4.13)1 is from (4.4). By Lemma 4.2, there is a
subsequence (same notation for subsequence) such thatψν → ψ in L2(B4/5(0)) strongly

Eν
ω2
ν ,µν
∇ψν → K∗∇ψ in L2(B4/5(0)) weakly

as ν→ 0, (4.14)

where K∗ is a constant symmetric positive definite matrix satisfying (4.4). Also, the limit function ψ
in (4.14) satisfies (4.11). Equations (4.12)–(4.14) imply

θ2α = lim
ν→0

θ2α
ν ≤ lim

ν→0
−

∫
Bθν (0)

∣∣∣ψν − (ψν)Bθν (0)

∣∣∣2dz = −

∫
Bθ(0)

∣∣∣ψ − (ψ)Bθ(0)

∣∣∣2dz ≤ θ2α′ −

∫
B4/5(0)

|ψ|2dz.

We get a contradiction if θ2 is sufficiently small. So, Lemma 4.3 is proved. �

Lemma 4.4. For any α ∈ (0, 1), there are θ1, θ2 ∈ (0, 1) (depending on α) with θ1 < θ2
2 and ε0 ∈ (0, 1)

(depending on α, θ1, θ2) so that if ε ∈ (0, ε0), θ ∈ [θ1, θ2], and k ∈ N with ε
ε0
< θk, any solution of

− ∇ · (Eε
ω2,µ
∇U) = 0 in B1(0) (4.15)

satisfies (
−

∫
B
θk (0)

∣∣∣U − (U)B
θk (0)

∣∣∣2dz
)1/2

≤ θkα‖U‖L2(B1(0)). (4.16)

Proof. This lemma is proved by induction for k. Let J ≡ ‖U‖L2(B1(0)). For k = 1, if ψ ≡ U
J , then ψ

satisfies (4.9) with ν = ε. (4.16) follows from Lemma 4.3. If (4.16) holds for some k ∈ N with ε
ε0
< θk,

define
ψ(z) ≡ J−1θ−kα(U(θkz) − (U)B

θk (0)
)

in B1(0).
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Then, ψ satisfies (4.9) with ν = ε/θk. By Lemma 4.3,

−

∫
Bθ(0)

∣∣∣ψ − (ψ)Bθ(0)

∣∣∣2 dz ≤ θ2α. (4.17)

Rewrite the left-hand side of (4.17) in terms of U in Bθk+1(0) to see

−

∫
Bθ(0)

∣∣∣ψ − (ψ)Bθ(0)

∣∣∣2 dz = −

∫
B
θk+1 (0)

∣∣∣U − (U)B
θk+1 (0)

∣∣∣2
J2 θ2kα dz. (4.18)

(4.17) and (4.18) imply (4.16) for k + 1. This proves Lemma 4.4. �

Lemma 4.5. For any α ∈ (0, 1), there is a number ε† ∈ (0, 1) (depending on α) such that if ε ∈ (0, ε†),
any solution of (4.15) satisfies

[U]Cα(B1/2(0)) ≤ c‖U‖L2(B1(0)), (4.19)

where c is a constant independent of ε, µ, ω.

Proof. Let θ1, θ2, ε0 be the same as Lemma 4.4; define J ≡ ‖U‖L2(B1(0)) and ε† ≡ ε0θ2
2 ; let ε < ε†. For any

h ∈
( ε
ε0
, θ2

]
, there are θ ∈ [θ1, θ2] and k ∈ N such that h = θk. Lemma 4.4 implies, for any h ∈

( ε
ε0
, θ2

]
,

−

∫
Bh(0)

∣∣∣U − (U)Bh(0)

∣∣∣2dz ≤ h2αJ2. (4.20)

Since ε < ε† ≡ ε0θ2
2 , take h = 2ε

ε0
∈

( ε
ε0
, θ2

]
. Define

ψ(z) ≡ J−1ε−α
(
U(εz) − (U)B2ε/ε0 (0)

)
in B2/ε0(0).

By (4.20), ψ satisfies (4.9)1 with ν = 1 and ‖ψ‖L2(B2/ε0 (0)) ≤ c. By [15, Theorems 8.17 and 8.22], and
Lemma 3.5,

[ψ]Cα(B1/ε0 (0)) ≤ c, (4.21)

where c is constant independent of ε, µ, ω. By Theorem 1.2 in [13, page 70], inequality (4.21)
implies (4.20) true for h ≤ ε

ε0
. In other words, (4.20) holds for h ≤ θ2, i.e.,

−

∫
Bh(0)

∣∣∣U − (
U

)
Bh(0)

∣∣∣2dz ≤ ch2αJ2 for h ≤ θ2, (4.22)

where c is a constant independent of ε, µ, ω. For any z ∈ B1/2(0), we repeat the above argument to
see that (4.22) is also true with 0 replaced by any z ∈ B1/2(0). Theorem 1.2 in [13, page 70] implies
[U]Cα(B1/2(0)) ≤ cJ, where c is independent of ε, µ, ω. �

By Lemma 4.5, [15, Theorems 8.17 and 8.22], and Lemma 3.5, we conclude the following.

Corollary 4.6. There is a constant c independent of ε, µ, ω such that any solution of (4.15)
satisfies (4.19).
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4.3. Boundary region

Assume 0 ∈ ∂Ω.

Lemma 4.7. For any α ∈ (0, 1), there are θ̆1, θ̆2 ∈ (0, 1) (depending on α, ∂Ω) with θ̆1 < θ̆2
2 and

ε̆0 ∈ (0, 1) (depending on α, θ̆1, θ̆2, ∂Ω) so that if ε, εr ∈ (0, ε̆0), r ∈ (0, 1), and θ ∈ [θ̆1, θ̆2], any solution
of 

−∇ · (Eε,r
ω2,µ
∇ψ) = 0 in B1(0) ∩Ω/r,

ψ = ψb on B1(0) ∩ ∂Ω/r,

‖ψ‖L2(B1(0)∩Ω/r), ‖∇ψb‖C(B1(0)∩∂Ω/r) ≤ 1,
ψ(0) = 0

(4.23)

satisfies (
−

∫
Bθ(0)∩Ω/r

|ψ|2dz
)1/2

≤ θα. (4.24)

Proof. Consider the elliptic equation
−∇ · (K∗∇ψ) = 0 in B4/5(0) ∩Ω/r,

ψ = ψb on B4/5(0) ∩ ∂Ω/r,

ψ(0) = 0,

(4.25)

where r ∈ [0, 1] and K∗ is a constant symmetric positive definite matrix satisfying (4.4). See (4.6) for
the definition of B4/5(0) ∩ Ω/r for r ∈ [0, 1]. Any solution ψ of (4.25) satisfies, by [15, Theorems 8.25
and 8.29],

‖ψ‖Cα′ (B1/2(0)∩Ω/r) ≤ c
(
‖ψ‖L2(B4/5(0)∩Ω/r) + ‖∇ψb‖C(B4/5(0)∩∂Ω/r)

)
,

where α′ ∈ (α, 1) and c is a constant depending on ∂Ω. By Theorem 1.2 in [13, page 70],

−

∫
Bθ(0)∩Ω/r

∣∣∣ψ∣∣∣2dz ≤ θ2α′
(
‖ψ‖2L2(B4/5(0)∩Ω/r) + ‖∇ψb‖

2
C(B4/5(0)∩∂Ω/r)

)
, (4.26)

for sufficiently small θ (depending on α, ∂Ω). Let us find θ̆1, θ̆2 ∈ (0, 1) such that θ̆1 < θ̆2
2 and (4.26)

holds for any θ ∈ [θ̆1, θ̆2].
We claim (4.24). If not, there is a sequence {ε, µε , ωε , rε , θε , ψε , ψb,ε ,Kωε ,µε } satisfying (4.23) and

ε, εrε → 0, rε → r, θε → θ, Kωε ,µε → K∗,

−

∫
Bθε (0)∩Ω/rε

|ψε |
2 dz > θ2α

ε .
(4.27)

See (4.3) for Kωε ,µε . Convergence of Kωε ,µε in (4.27)1 is from (4.4). By Lemma 4.2, there is a
subsequence (same notation for subsequence) such that

ψε → ψ in L2(B4/5(0) ∩Ω/r) strongly
Π̂(ψb,ε)→ ψb in C(B4/5(0) ∩Ω/r) strongly
Eε,rε
ω2
ε ,µε
∇ψε → K∗∇ψ in L2(B4/5(0) ∩Ω/r) weakly

as ε
rε
→ 0, (4.28)
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where K∗ is a constant symmetric positive definite matrix satisfying (4.4). The limit function ψ

in (4.28) satisfies (4.25). Equations (4.26)–(4.28) imply

θ2α = lim
ε→0

θ2α
ε ≤ lim

ε→0
−

∫
Bθε (0)∩Ω/rε

|ψε |
2 dz = −

∫
Bθ(0)∩Ω/r

|ψ|2 dz

≤ θ2α′
(
‖ψ‖2L2(B4/5(0)∩Ω/r) + ‖∇ψb‖

2
C(B4/5(0)∩∂Ω/r)

)
.

We have a contradiction if θ2 is sufficiently small. So, Lemma 4.7 is proved. �

Lemma 4.8. For any α ∈ (0, 1), there are θ̆1, θ̆2 ∈ (0, 1) (depending on α, ∂Ω) with θ̆1 < θ̆2
2 and

ε̆0 ∈ (0, 1) (depending on α, θ̆1, θ̆2, ∂Ω) such that if ε ∈ (0, ε̆0), θ ∈ [θ̆1, θ̆2], and k ∈ N with ε
ε̆0
< θk, any

solution of 
−∇ · (Eε

ω2,µ
∇U) = 0 in B1(0) ∩Ω,

U = Ub on B1(0) ∩ ∂Ω,

U(0) = 0

(4.29)

satisfies (
−

∫
B
θk (0)∩Ω

∣∣∣U∣∣∣2dz
)1/2

≤ θkα
(
‖U‖L2(B1(0)∩Ω) + ‖∇Ub‖C(B1(0)∩∂Ω)

)
. (4.30)

Proof. This is proved by induction. Set J̆ ≡ ‖U‖L2(B1(0)∩Ω) + ‖∇Ub‖C(B1(0)∩∂Ω). For k = 1, if ψ ≡ U
J̆

and
ψb ≡

Ub

J̆
, then ψ, ψb satisfy (4.23) with r = 1. So, (4.30) follows from Lemma 4.7. If (4.30) holds for

some k ∈ N with ε
ε̆0
< θk, defineψ(z) ≡ J̆−1θ−kαU(θkz) in B1(0) ∩Ω/θk,

ψb(z) ≡ J̆−1θ−kαUb(θkz) on B1(0) ∩ ∂Ω/θk.

Then, ψ and ψb satisfy (4.23) with r = θk. By Lemma 4.7,

−

∫
Bθ(0)∩Ω/θk

|ψ|2dz ≤ θ2α. (4.31)

Rewrite the left-hand side of (4.31) in terms of U in Bθk+1(0) ∩Ω to see

−

∫
Bθ(0)∩Ω/θk

|ψ|2dz = −

∫
B
θk+1 (0)∩Ω

∣∣∣U∣∣∣2
J̆2 θ2kα

dz. (4.32)

(4.31) and (4.32) imply (4.30) for k + 1. This proves Lemma 4.8. �

Lemma 4.9. For any α ∈ (0, 1), there is a number ε̆† ∈ (0, 1) (depending on α, ∂Ω) such that if
ε ∈ (0, ε̆†), any solution of (4.29) satisfies

[U]Cα(B1/2(0)∩Ω) ≤ c
(
‖U‖L2(B1(0)∩Ω) + ‖∇Ub‖C(B1(0)∩∂Ω)

)
, (4.33)

where c is a constant independent of ε, µ, ω.
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Proof. θ̆1, θ̆2, ε̆0, J̆ are the same as Lemma 4.8; ε̆† ≡ min{ ε̆0θ̆2
3 , ε†}. See Lemma 4.5 for ε†. There is a

constant c independent of ε, µ, ω so that, by (4.29)3,

‖Ub‖C1(B1(0)∩∂Ω) ≤ c‖∇Ub‖C(B1(0)∩∂Ω). (4.34)

For any x ∈ Bθ̆2/3(0) ∩Ω, define βx ≡ |x − x∗| = miny∈∂Ω |x − y|, where x∗ ∈ ∂Ω, and defineζ(z) = U(z) − U(x∗) in B1(0) ∩Ω,

ζb(z) = Ub(z) − U(x∗) on B1(0) ∩ ∂Ω.
(4.35)

Then, ζ and ζb satisfy 
−∇ · (Eε

ω2,µ
∇ζ) = 0 in B1/2(x∗) ∩Ω,

ζ = ζb on B1/2(x∗) ∩ ∂Ω,

ζ(x∗) = 0.

(4.36)

Let c be a constant independent of ε, µ, ω, x, x∗. Since θ̆1 < θ̆
2
2, for any h ∈ [ ε

ε̆0
, θ̆2], there are θ ∈ [θ̆1, θ̆2]

and k ∈ N such that h = θk. By Lemma 4.8, any solution of (4.36) satisfies

−

∫
Bh(x∗)∩Ω

|ζ |2dy ≤ h2α J̆2
∗ for h ∈ [ ε

ε̆0
, θ̆2], (4.37)

where J̆∗ ≡ ‖ζ‖L2(B1/2(x∗)∩Ω) + ‖∇ζb‖C(B1/2(x∗)∩∂Ω). Next, consider case (1) βx > 2ε
3ε̆0

and case (2) βx ≤ 2ε
3ε̆0

separately.

Case 1. For βx > 2ε
3ε̆0

. If ρ ∈ [β
x

2 ,
θ̆2
3 ], then Bρ(x) ⊂ B3ρ(x∗). (4.37) with h = 3ρ implies

−

∫
Bρ(x)∩Ω

∣∣∣ζ − (ζ)Bρ(x)∩Ω

∣∣∣2 dy ≤ c −
∫

B3ρ(x∗)∩Ω

|ζ |2 dy ≤ cρ2α J̆2
∗ . (4.38)

Define A(y) ≡ Eε
ω2,µ

(βxy + x)

ψ(y) ≡ |J̆∗|−1|βx|−α
(
ζ
(
βxy + x

)
−

(
ζ
)

Bβx (x)

) in B1(0).

By (4.38) with ρ = βx, we get ‖ψ‖L2(B1(0)) ≤ c. Also, ψ satisfies

− ∇ · (A∇ψ) = 0 in B1(0). (4.39)

Apply Corollary 4.6 to (4.39) to obtain [ψ]Cα(B1/2(0)) ≤ c, which implies

−

∫
Bρ(x)

∣∣∣ζ − (ζ)Bρ(x)

∣∣∣2 dy ≤ cρ2α J̆2
∗ for ρ < βx

2 . (4.40)

Case 2. For βx ≤ 2ε
3ε̆0

. If ρ ∈ [ ε
3ε̆0
, θ̆2

3 ], then Bρ(x) ⊂ B3ρ(x∗). (4.37) with h = 3ρ implies

−

∫
Bρ(x)∩Ω

∣∣∣ζ − (ζ)Bρ(x)∩Ω

∣∣∣2 dy ≤ c −
∫

B3ρ(x∗)∩Ω

|ζ |2 dy ≤ cρ2α J̆2
∗ . (4.41)
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Again, we define
A(y) ≡ Eε

ω2,µ
(εy + x),

ψ(y) ≡ |J̆∗|−1ε−α
(
ζ(εy + x) − (ζ)Bε/ε̆0 (x)∩Ω

)
in B1/ε̆0(0) ∩ (Ω − {x})/ε,

ψb(y) ≡ |J̆∗|−1ε−α
(
ζb(εy + x) − (ζ)Bε/ε̆0 (x)∩Ω

)
on B1/ε̆0(0) ∩ (∂Ω − {x})/ε.

Then, ψ satisfies −∇ · (A∇ψ) = 0 in B1/ε̆0(0) ∩ (Ω − {x})/ε,
ψ = ψb on B1/ε̆0(0) ∩ (∂Ω − {x})/ε.

By (4.41) for ρ = ε
ε̆0

, ‖ψ‖L2(B1/ε̆0 (0)∩(Ω−{x})/ε) + ‖∇ψb‖C(B1/ε̆0 (0)∩(∂Ω−{x})/ε) ≤ c. By [15, Theorems 8.25
and 8.29] and Lemma 3.5,

[ψ]Cα(B1/2ε̆0 (0)∩(Ω−{x})/ε) ≤ c. (4.42)

(4.42) implies that (4.41) holds for ρ ≤ ε
2ε0

. (4.34), (4.35), (4.38), and (4.40)–(4.42) imply that, if
x ∈ Bθ̆2/3(0) ∩Ω and ρ < θ̆2/3,

−

∫
Bρ(x)∩Ω

∣∣∣U − (U)Bρ(x)∩Ω

∣∣∣2 dy = −

∫
Bρ(x)∩Ω

∣∣∣ζ − (ζ)Bρ(x)∩Ω

∣∣∣2 dy ≤ cρ2α J̆2
∗ ≤ cρ2α J̆2. (4.43)

The Hölder estimate of U follows from (4.43) and Theorem 1.2 in [13, page 70]. �

By [15, Theorems 8.25 and 8.29], Lemma 3.5, and Lemma 4.9, we conclude the following.

Corollary 4.10. There is a constant c independent of ε, µ, ω so that any solution of (4.29)
satisfies (4.33).

Lemma 4.11. If z ∈ Ω, q ∈ (0, 2], and 0 < h < R < 3, any solution of (4.29) satisfies

sup
Bh(z)∩Ω

|U | ≤ c
(
(R − h)

−n
q ‖U‖Lq(BR(z)∩Ω) + ‖∇Ub‖C(BR(z)∩∂Ω)

)
,

where c is a constant independent of ε, µ, ω, h,R, z.

Proof. We trace the argument in [14, pages 80–82]. Let c denote a constant independent of ε, µ, ω, h,R.
First, consider z ∈ ∂Ω case. By translation, we move z to the origin and assume (4.6). For any
θ, τ ∈ (0, 1), find x ∈ BτR(0) ∩Ω so that |U |2(x) > sup

BτR(0)∩Ω

|U |2 − θ. By Corollaries 4.6 and 4.10,

sup
BτR(0)∩Ω

|U |2 < θ + |U(x)|2 ≤ θ + 2
∣∣∣(U)B 1

2 (1−τ)R(x)∩Ω

∣∣∣2 + 2
∣∣∣U(x) − (U)B 1

2 (1−τ)R(x)∩Ω

∣∣∣2
≤ θ + 2

∣∣∣(U)B 1
2 (1−τ)R(x)∩Ω

∣∣∣2 + c
∣∣∣(1 − τ)R

∣∣∣2α[U]2
Cα(B 1

2 (1−τ)R(x))

≤ θ + c
∣∣∣(U)B 1

2 (1−τ)R(x)∩Ω

∣∣∣2 + c(1 − τ)2α
(
(U2)BR(0)∩Ω + ‖∇Ub‖

2
C(BR(0)∩∂Ω)

)
≤ θ +

c
(1 − τ)n (U2)BR(0)∩Ω + c‖∇Ub‖

2
C(BR(0)∩∂Ω),

where c is independent of θ. Let θ → 0 and define h ≡ τR to obtain

sup
Bh(0)∩Ω

|U | ≤
c

(R − h)
n
2
‖U‖L2(BR(0)∩Ω) + c‖∇Ub‖C(BR(0)∩∂Ω). (4.44)
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So, we obtain Lemma 4.11 for 0 ∈ ∂Ω and the q = 2 case.
To show Lemma 4.11 for 0 ∈ ∂Ω and the q ∈ (0, 2) case, we apply Young’s inequality to (4.44) to

see

sup
Bh(0)∩Ω

|U | ≤
c

(R − h)
n
2
‖U‖q/2Lq(BR(0)∩Ω) sup

BR(0)∩Ω

|U |
2−q

2 + c ‖∇Ub‖C(BR(0)∩∂Ω)

≤
1
2

sup
BR(0)∩Ω

|U | +
c

(R − h)
n
q
‖U‖Lq(BR(0)∩Ω) + c‖∇Ub‖C(BR(0)∩∂Ω). (4.45)

Lemma 4.11 for 0 ∈ ∂Ω and the q < 2 case follows from (4.45) and Lemma 3.1 on [13, page 161].
Next, consider the BR(z) ∩ ∂Ω = ∅ case. Lemma 4.11 is proved by repeating the above process

without Ub. So, we skip the proof. �

By Corollaries 4.6 and 4.10 and Lemma 4.11, we obtain the following.

Corollary 4.12. If q ∈ (0, 2], there is a constant c independent of ε, µ, ω so that any solution of (4.29)
satisfies

‖U‖Cα(B1/2(0)∩Ω) ≤ c
(
‖U‖Lq(B1(0)∩Ω) + ‖∇Ub‖C(B1(0)∩∂Ω)

)
.

5. Interior Lipschitz estimate

The section is to study the interior Lipschitz estimates for strongly elliptic equations. Assume
B1(0) b Ω.

Lemma 5.1. For any α ∈ (0, 1), there are constants θ, ε0 ∈ (0, 1) depending on α such that if ν ∈ (0, ε0),
any solution of −∇ · (Eν

ω2,µ
∇ψ) = 0 in B1(0),

‖ψ‖L∞(B1(0)) ≤ 1
(5.1)

satisfies

sup
z∈Bθ(0)

∣∣∣ψ(z) − ψ(0) −
(
z + Xνω,µ(z)

)
bω,µ,ν

∣∣∣ ≤ θ1+α, (5.2)

where bω,µ,ν ≡ K−1
ω,µ

(
Eν
ω2,µ
∇ψ

)
Bθ(0) and K−1

ω,µ is the inverse matrix of Kω,µ. See §2 for
(
Eν
ω2,µ
∇ψ

)
Bθ(0)

and (4.3) for Kων,µν .

Proof. Consider −∇ · (K∗∇ψ) = 0 in B4/5(0), whereK∗ is a constant symmetric positive definite matrix
satisfying (4.4). By [15, Corollary 6.3], there is a θ ∈ (0, 1) such that, for any α′ ∈ (α, 1),

sup
Bθ(0)

∣∣∣ψ(z) − ψ(0) − z(∇ψ)Bθ(0)

∣∣∣ ≤ θ1+α′‖ψ‖L∞(B4/5(0)). (5.3)

We claim (5.2). If not, there is a sequence {ν, µν, ων, ψν,Kων,µν} satisfying (5.1) andν→ 0, Kων,µν → K∗,

sup
z∈Bθ(0)

∣∣∣ψν(z) − ψν(0) −
(
z + Xνων,µν(z)

)
bων,µν,ν

∣∣∣ > θ1+α.
(5.4)
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By Lemma 4.2, (5.1)2, and Corollary 4.6, there is a subsequence (same notation for subsequence) of
{ψν} such that, as ν→ 0, 

ψν → ψ in C(B4/5(0)),
‖ψ‖L∞(B1(0)) ≤ 1,
Eν
ω2
ν ,µν
∇ψν → K∗∇ψ in L2(B4/5(0)) weakly,

−∇ · (K∗∇ψ) = 0 in B4/5(0),

(5.5)

whereK∗ is a constant symmetric positive definite matrix satisfying (4.4). By (5.4)1 and (5.5)3, we see

lim
ν→0

bων,µν,ν = lim
ν→0
K−1
ων,µν
−

∫
Bθ(0)

Eν
ω2
ν ,µν
∇ψν dx = (∇ψ)Bθ(0). (5.6)

By (5.4)2, (5.5), (4.2), (4.5), (5.6), and (5.3),

θ1+α ≤ lim
ν→0

sup
z∈Bθ(0)

∣∣∣ψν(z) − ψν(0) −
(
z + Xνων,µν(z)

)
bων,µν,ν

∣∣∣
= sup

z∈Bθ(0)

∣∣∣ψ(z) − ψ(0) − z(∇ψ)Bθ(0)

∣∣∣ ≤ θ1+α′‖ψ‖L∞(B4/5(0)).

We get a contradiction. So, (5.2) is true. �

Lemma 5.2. For any α ∈ (0, 1), there are constants θ, ε0 ∈ (0, 1) depending on α such that if ε ∈ (0, ε0),
k ∈ N with ε

ε0
< θk, and

− ∇ · (Eε
ω2,µ
∇U) = 0 in B1(0), (5.7)

there are constants aε,kω,µ, bε,kω,µ satisfying
|aε,kω,µ| + |bε,kω,µ| ≤ cJ,

sup
z∈B

θk (0)

∣∣∣∣U(z) − U(0) − εaε,kω,µ −
(
z + Xεω,µ(z)

)
bε,kω,µ

∣∣∣∣ ≤ θk(1+α)J, (5.8)

where J ≡ ‖U‖L∞(B1(0)) and c is a constant independent of ε, µ, ω.

Proof. For k = 1, (5.8) is from Lemma 5.1 with ν = ε and ψ = U
J . In this case, aε,1ω,µ = 0, bε,1ω,µ =

K−1
ω,µ

(
Eε
ω2,µ
∇U

)
Bθ(0). By Lemma 3.8 and (4.4), |bε,1ω,µ| ≤ cJ, where c is a constant independent of ε, µ, ω.

If (5.8) holds for some k ∈ N with ε
ε0
< θk, define

ψ(z) ≡
U(θkz) − U(0) − εaε,kω,µ −

(
θkz + Xεω,µ(θ

kz)
)

bε,kω,µ
θk(1+α)J

in B1(0).

By induction and (4.1), ψ satisfies (5.1) with ν = ε/θk. Apply Lemma 5.1 to obtain

sup
z∈Bθ(0)

∣∣∣ψ(z) − ψ(0) −
(
z + Xε/θ

k

ω,µ (z)
)
bω,µ,ε/θk

∣∣∣ ≤ θ1+α, (5.9)

where bω,µ,ε/θk ≡ K−1
ω,µ

(
Eε/θk

ω2,µ
∇ψ

)
Bθ(0). Define

aε,k+1
ω,µ ≡ −X

1
ω,µ(0)bε,kω,µ and bε,k+1

ω,µ ≡ bε,kω,µ + Jθkαbω,µ,ε/θk . (5.10)

By Lemma 3.8, (4.4), and ‖ψ‖L∞(B1(0)) ≤ 1, we see |bω,µ,ε/θk | is a constant independent of ε, µ, ω, k.
By (5.10) and (4.2), we obtain (5.8)1. Rewrite (5.9) in terms of U in Bθk+1(0) and apply (5.10) to
obtain (5.8)2. �
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Lemma 5.3. There is a number ε0 ∈ (0, 1) such that if ε ∈ (0, ε0), any solution of (5.7) satisfies

‖Eε
ω2,µ
∇U‖L∞(B1/2(0)) ≤ c‖U‖L∞(B1(0)), (5.11)

where c is a constant independent of ε, µ, ω.

Proof. Let α, θ, ε0, J be the same as Lemma 5.2 and c be a constant independent of ε, µ, ω. Suppose
k ∈ N satisfies θk+1 ≤ ε

ε0
< θk. By Lemma 5.2,

sup
z∈Bε/ε0 (0)

∣∣∣∣U(z) − U(0) − εaε,kω,µ −
(
z + Xεω,µ(z)

)
bε,kω,µ

∣∣∣∣ ≤ c
∣∣∣ ε
ε0

∣∣∣1+α
J. (5.12)

Define

ψ(z) ≡
U(εz) − U(0) − εaε,kω,µ −

(
εz + εX1

ω,µ(z)
)
bε,kω,µ

ε1+αJ
in B1/ε0(0).

(4.1) and (5.12) imply that ψ satisfies (5.1)1 with ν = 1 and ‖ψ‖L∞(B1/ε0(0)) ≤ c. [15, Corollary 6.3] and
Lemma 3.6 imply

‖Eε,ε

ω2,µ
∇ψ‖L∞(B1/2ε0 (0)) ≤ c. (5.13)

(5.13), (5.8)1, and (4.2) imply (5.11). �

Remark 5.4. By [15, Corollary 6.3], Lemmas 3.6 and 5.3, we conclude any solution of (5.7)
satisfies (5.11).

6. Boundary Lipschitz estimate for elliptic solutions

Assume (4.6). Let ~d = (d1, · · · , dn), di ∈ [γ∗2 , γ∗], and R~d ≡ Πn
i=1[−di, di]. See (4.6) for γ∗. Find a

bell-shaped function η̂ ∈ C∞0 (R~d) satisfying η̂ ∈ [0, 1] and η̂ = 1 in Πn
i=1[−γ∗4 ,

γ∗
4 ]. For any r, εr ∈ (0, 1),

findWε,r
ω,µ,n ∈ H1(R~d ∩Ω/r) satisfying−∇ ·

(
Eε,r
ω2,µ

(
∇Wε,r

ω,µ,n + ~en
))

= 0 in R~d ∩Ω/r,

Wε,r
ω,µ,n =

(
1 − η̂

)
Xε/rω,µ,n on ∂(R~d ∩Ω/r),

(6.1)

where ~en is the unit vector in the n-th coordinate direction. See (4.5) for Xε/rω,µ,n and §2 for Eε,r
ω2,µ

. Adjust

the constant vector ~d of R~d so that if ε
r (Yµ,m + j) ⊂ Ωε

µ,m/r for any j ∈ Zn, then |R~d ∩
ε
r (Y + j)| is either 0

or | εr |
n. Define 

D,r ≡ R~d ∩Ω/r,

D
ε,r
∗ ≡

⋃
j∈Zn; ε

r (Yµ,m+j)⊂R~d ∩Ωε
µ,m/r

ε
r (Y + j). (6.2)

From (6.2)1 and the definition of Ωε
µ,m in §1, we see̂η = 0 on ∂D,r ∩ ∂Dε,r

∗ ,

D,r \ D
ε,r
∗ ⊂

{
x ∈ Ωε

µ, f /r
∣∣∣ βx

r = dist(x, ∂Ω/r) ≤ 2 ε
r

}
.

(6.3)
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Let Gε,r
ω,µ(x, ·) be a Green’s function of −∇ · (Eε,r

ω2,µ
∇) inD,r, that is, a solution of−∇y ·

(
Eε,r
ω2,µ
∇yGε,r

ω,µ(x, ·)
)

= δ(x, ·) inD,r,

Gε,r
ω,µ(x, ·) = 0 on ∂D,r,

(6.4)

where δ(x, ·) is the Dirac delta function with pole at x. So, Gε,r
ω,µ(x, ·) ∈ W1,1(D,r) exists uniquely [25].

Below is a local L∞ estimate.

Lemma 6.1. If r, εr ∈ (0, 1), x ∈ D,r, and t > 0, any solution of−∇ · (Eε,r
ω2,µ
∇ϕ) = 0 in Bt(x) ∩D,r,

ϕ = 0 on Bt(x) ∩ ∂D,r
(6.5)

satisfies

|ϕ| (x) ≤ c
∣∣∣∣∣ −∫

Bt(x)∩D,r
|ϕ(z)|2 dz

∣∣∣∣∣1/2, (6.6)

for some constant c independent of ε, µ, ω, r, x, t.

Proof. To start, we assume x = 0 ∈ D,r and define ζ(z) = ϕ(tz). Then, (6.5) implies−∇ · (Eε,rt
ω2,µ
∇ζ) = 0 in B1(0) ∩D,r/t,

ζ = 0 on B1(0) ∩ ∂D,r/t.

Note ε
rt ≤ 1 or ε

rt > 1. If ε
rt ≤ 1 (resp., ε

rt > 1), then Lemma 4.11 (resp., [15, Theorems 8.25 and 8.29]
and Lemmas 3.2 and 3.5) implies

‖ζ‖L∞(B1/4(0)∩D,r/t) ≤ c‖ζ‖L2(B1(0)∩D,r/t), (6.7)

where c is a constant independent of ε, µ, ω, r, t. By (6.7),

|ϕ(0)| = |ζ(0)| ≤ c
∣∣∣∣∣ ∫

B1(0)∩D,r/t
|ζ(z)|2dz

∣∣∣∣∣ 1
2

≤ c
∣∣∣∣∣ −∫

Bt(0)∩D,r
|ϕ(y)|2dy

∣∣∣∣∣ 1
2

.

So, (6.6) holds for the x = 0 case. If x , 0, (6.6) is proved by shifting x to the origin of the coordinate
system and repeating the above argument. �

Lemma 6.2. If r, εr , α ∈ (0, 1), there is a constant c independent of ε, µ, ω, r, α such that any Green’s
function of (6.4) satisfies, for x, y ∈ D,r,

∣∣∣Gε,r
ω,µ(x, y)

∣∣∣ ≤ c|x − y|2−n,

|Gε,r
ω,µ(x, y)| ≤ c|βx

r |
α|x − y|2−n−α,

|Gε,r
ω,µ(x, y)| ≤ c|βx

r |
α|βy

r |
α|x − y|2−n−2α,

(6.8)

and 
∣∣∣∇yGε,r

ω,µ(x, y)
∣∣∣ ≤ c|x − y|1−n for |x − y| ≤ 4 ε

r ,

|∇yGε,r
ω,µ(x, y)| ≤ c

r
ε
|βx

r |
α|βy

r |
α|x − y|2−n−2α for |x − y| ≥ 4 ε

r .
(6.9)

See §2 for βx
r ≡ dist(x, ∂Ω/r).
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Proof. Let c be a constant independent of ε, µ, ω, r, α and set ρ ≡ |x − y|.

Step I. For (6.8)1. Take ξ ∈ C∞0 (Bρ/3(y) ∩D,r) and find ϕ ∈ H1
0(D,r) satisfying−∇ · (Eε,r

ω2,µ
∇ϕ) = ξ inD,r,

ϕ = 0 on ∂D,r.

Note ϕ is solvable uniquely in H1
0(D,r). By the Sobolev embedding theorem [15],

‖∇ϕ‖L2(D,r) ≤ c‖ξ‖
L

2n
n+2 (D,r)

≤ c ρ‖ξ‖L2(Bρ/3(y)∩D,r). (6.10)

By [25] and Lemma 6.1,
ϕ(x) =

∫
Bρ/3(y)∩D,r

Gε,r
ω,µ(x, z)ξ(z) dz,

|ϕ(x)| ≤ c
∣∣∣∣∣ −∫

Bρ/3(x)∩D,r
|ϕ|2 dz

∣∣∣∣∣ 1
2

≤ c
∣∣∣∣∣ −∫

Bρ/3(x)∩D,r

∣∣∣ϕ∣∣∣ 2n
n−2 dz

∣∣∣∣∣ n−2
2n

.

(6.11)

(6.10) and (6.11) imply ∣∣∣∣∣ ∫
Bρ/3(y)∩D,r

Gε,r
ω,µ(x, z)ξ(z)dz

∣∣∣∣∣ ≤ c
∣∣∣∣∣ −∫

Bρ/3(x)∩D,r

∣∣∣ϕ∣∣∣ 2n
n−2 dz

∣∣∣∣∣ n−2
2n

≤ cρ
2−n

2 ‖∇ϕ‖L2(D,r) ≤ cρ
4−n

2 ‖ξ‖L2(Bρ/3(y)∩D,r). (6.12)

(6.12) and Lemma 6.1 imply∣∣∣Gε,r
ω,µ(x, y)

∣∣∣ ≤ c
∣∣∣∣∣ −∫

Bρ/3(y)∩D,r
|Gε,r

ω,µ(x, z)|2dz
∣∣∣∣∣ 1

2

≤ cρ2−n.

So, (6.8)1 is proved.

Step II. For (6.8)2,3. Recall ρ ≡ |x−y|. By (6.8)1, it is enough to show (6.8)2 for case βx
r <

ρ

6 . By (6.8)1,

|Gε,r
ω,µ(x̃, y)| ≤ c|x − y|2−n for any x̃ ∈ Bρ/3(x) ∩D,r.

Applying [15, Theorems 8.25 and 8.29], Lemmas 3.2 and 3.5, Corollary 4.12, and (4.6)3 to Gε,r
ω,µ(·, y)

in Bρ/3(x) ∩D,r, we obtain

|Gε,r
ω,µ(x̃, y)| ≤ c|βx̃

r |
α|x − y|2−n−α for any x̃ ∈ Bρ/6(x) ∩D,r.

(6.8)2 follows by setting x̃ = x. (6.8)3 is obtained by (6.8)2 and an argument similar to that for (6.8)2.
So, we skip its proof.

Step III. For (6.9). If ρ = |x − y| ≤ 4ε
r , then [15, Theorem 4.16], Lemmas 3.2 and 3.5, and (6.8)1 imply

‖∇yGε,r
ω,µ(x, ·)‖L∞(Bρ/2(y)∩D,r) ≤ cρ−1‖G(x, ·)‖L∞(B3ρ/4(y)∩D,r) ≤ c|x − y|1−n.

So, (6.9)1 holds. If |x − y| ≥ 4ε
r , set t = ε

r . By [15, Theorem 4.16] and Lemmas 3.2 and 3.5,

‖∇yGε,r
ω,µ(x, ·)‖L∞(Bt/2(y)∩D,r) ≤ c t−1‖G(x, ·)‖L∞(B3t/4(y)∩D,r). (6.13)

(6.9)2 follows from (6.13) and (6.8)3. �
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Recall problem (2.1). Trace the argument of Lemmas 6.1 and 6.2 to see

Corollary 6.3. There is a constant c independent of ε, µ, ω such that any Green’s function of
problem (2.1) satisfies ∣∣∣Γεω,µ(x, y)

∣∣∣ ≤ c|x − y|2−n for x, y ∈ Ω.

Lemma 6.4. Solution of (6.1) exists uniquely in H1(D,r). For any r, εr ∈ (0, 1), there is a constant c
independent of ε, µ, ω, r such that

‖Wε,r
ω,µ,n‖L∞(D,r) ≤ c

ε

r
.

Proof. Let c denote a constant independent of ε, µ, ω, r.

Step I. Unique existence of a solution of (6.1) in H1(D,r) is from the Lax-Milgram theorem [15]
and (4.2). If Yε,rω,µ,n ≡W

ε,r
ω,µ,n − X

ε/r
ω,µ,n inDε,r

∗ (see (6.2)), then−∇ ·
(
Eε,r
ω2,µ
∇Yε,rω,µ,n

)
= 0 inDε,r

∗ ,

Yε,rω,µ,n =Wε,r
ω,µ,n − X

ε/r
ω,µ,n on ∂Dε,r

∗ .

By the maximal principle [15], (4.2), and (6.3)1,

sup
D
ε,r
∗

|Wε,r
ω,µ,n| ≤

c ε
r

+ sup
∂Dε,r
∗ \∂D

,r
|Wε,r

ω,µ,n|. (6.14)

Next, we show
|Wε,r

ω,µ,n(x)| ≤ c
ε

r
for x ∈ D,r \ D

ε,r
∗ . (6.15)

If (6.15) is true, (6.14) and (6.15) imply Lemma 6.4.
Step II. We claim (6.15). The solution of (6.1) can be written asWε,r

ω,µ,n = Xε/rω,µ,n + U1 + U2, where U1

is the solution of −∇ ·
(
Eε,r
ω2,µ
∇U1

)
= 0 inD,r,

U1 = −η̂ Xε/rω,µ,n on ∂D,r,

and U2 is the solution of −∇ ·
(
Eε,r
ω2,µ

(∇U2 + ∇Xε/rω,µ,n + ~en)
)

= 0 inD,r,

U2 = 0 on ∂D,r.

By (4.2), (4.5), and the maximal principle [15],

‖Xε/rω,µ,n‖L∞(D,r) + ‖U1‖L∞(D,r) ≤ c
ε

r
. (6.16)

Set D̂,r
` ≡ {x ∈ D

,r| dist(x, ∂Ω/r) ≤ `}. Find η̆ ∈ C∞(D,r) so that η̆ ∈ [0, 1], η̆ = 1 in D̂,r
2ε/r,

‖∇η̆‖L∞(D,r) ≤ c r
ε
, and supp(η̆) ⊂ D̂,r

3ε/r. By (6.2) and (6.3), D,r \ D
ε,r
∗ ⊂ D̂

,r
2ε/r and Eε,r

ω2,µ
(x) = Kε/r

ω2,µ
(x)

for x ∈ Dε,r
∗ . For any x ∈ D,r \ D

ε,r
∗ , by Green’s formula, (6.8), (6.3), and (6.4),

U2(x) = −

∫
D,r
∇yGε,r

ω,µ(x, y)Eε,r
ω2,µ

(
∇Xε/rω,µ,n(y) + ~en

)
dy
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= −

∫
D,r
∇yGε,r

ω,µ(x, y)(1 − η̆(y))Eε,r
ω2,µ

(
∇Xε/rω,µ,n(y) + ~en

)
dy

−

∫
D,r
∇yGε,r

ω,µ(x, y)η̆(y)Eε,r
ω2,µ

(
∇Xε/rω,µ,n(y) + ~en

)
dy

= −

∫
D̂
,r
3ε/r

Gε,r
ω,µ(x, y)∇η̆(y)Eε,r

ω2,µ

(
∇Xε/rω,µ,n(y) + ~en

)
dy

−

∫
D̂
,r
3ε/r

∇yGε,r
ω,µ(x, y)η̆(y)Eε,r

ω2,µ

(
∇Xε/rω,µ,n(y) + ~en

)
dy.

If x ∈ D,r \ D
ε,r
∗ and y ∈ D̂,r

3ε/r, then βx
r , β

y
r ≤ c εr . By (4.2)1, (6.8)1,3, and α ∈ (1

2 , 1),∣∣∣∣∣ ∫
D̂
,r
3ε/r

Gε,r
ω,µ(x, y)∇η̆(y)Eε,r

ω2,µ

(
∇Xε/rω,µ,n(y) + ~en

)
dy

∣∣∣∣∣
≤ c

r
ε

( ∫
D̂
,r
3ε/r∩B4ε/r(x)

+

∫
D̂
,r
3ε/r\B4ε/r(x)

) ∣∣∣Gε,r
ω,µ(x, y)

∣∣∣ dy

≤ c
r
ε

( ∫
B4ε/r(x)

|x − y|2−ndy +
∣∣∣ε
r
|2α

∫
D̂
,r
3ε/r\B4ε/r(x)

|x − y|2−n−2αdy
)
≤ c

ε

r
.

Similarly, (4.2)1, (6.9), and α ∈ ( 1
2 , 1) imply∣∣∣∣∣ ∫

D̂
,r
3ε/r

∇yGε,r
ω,µ(x, y)η̆(y)Eε,r

ω2,µ

(
∇Xε/rω,µ,n(y) + ~en

)
dy

∣∣∣∣∣
≤ c

( ∫
D̂
,r
3ε/r∩B4ε/r(x)

+

∫
D̂
,r
3ε/r\B4ε/r(x)

) ∣∣∣∇yGε,r
ω,µ(x, y)

∣∣∣ dy

≤ c
( ∫

B4ε/r(x)

|x − y|1−ndy +
∣∣∣ε
r
|2α−1

∫
D̂
,r
3ε/r\B4ε/r(x)

|x − y|2−n−2αdy
)
≤ c

ε

r
.

So, ‖U2‖L∞(D,r\D
ε,r
∗ ) ≤ c εr . Together with (6.16), we obtain (6.15). So, Lemma 6.4 is proved. �

Lemma 6.5. Let θ, ε0 be the same as in Lemma 5.1 and 0 ∈ ∂Ω/r. There are constants θ̃, ε̃0 ∈ (0, 1)
with θ̃ < θ, ε̃0 < ε0 such that if ε

r < ε̃0, r ∈ (0, 1), and−∇ · (Eε,r
ω2,µ
∇ψ) = 0 in B1(0) ∩Ω/r,

ψ = ψb on B1(0) ∩ ∂Ω/r,
(6.17)

and if ψb(0) = ∂Tψb(0) = 0,
‖ψ‖L∞(B1(0)∩Ω/r), [∇ψb]Cα(B1(0)∩∂Ω/r) ≤ 1,

(6.18)

then

sup
Bθ̃(0)∩Ω/r

∣∣∣∣ψ(x) −
(
xn +Wε,r

ω,µ,n(x)
)

dω,µ,ε,r
∣∣∣∣ ≤ θ̃1+τ.

Here, x = (x1, · · · , xn−1, xn) = (x′, xn); α ∈ (0, 1); τ = α
2 ; ∂Tψb(0) is the tangential derivative of ψb at

0; dω,µ,ε,r is the n-th component of K−1
ω,µ(E

ε,r
ω2,µ
∇ψ)Bθ̃(0)∩Ω/r; K−1

ω,µ is the inverse matrix of Kω,µ (see (4.3)).
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Proof. The proof is similar to that of Lemma 5.1. Let r ∈ [0, 1] and (ψ, ψb) satisfy
−∇ · (K∗∇ψ) = 0 in B4/5(0) ∩Ω/r,

ψ = ψb on B4/5(0) ∩ ∂Ω/r,

ψb ∈ C1,α(B1(0) ∩ ∂Ω/r), ψb(0) = ∂Tψb(0) = 0,

where K∗ is a constant symmetric positive definite matrix satisfying (4.4). See (4.6) for the definition
of B4/5(0) ∩ Ω/r for r ∈ [0, 1]. By [15, Theorem 4.16], there are θ̃ ∈ (0, 2

3 ) and τ′ satisfying τ < τ′ < α
such that

sup
Bθ̃(0)∩Ω/r

∣∣∣ψ − xn(∂nψ)Bθ(0)∩Ω/r

∣∣∣ ≤ θ1+τ′
(
‖ψ‖L∞(B4/5(0)∩Ω/r) + [∇ψb]Cα(B4/5(0)∩∂Ω/r)

)
. (6.19)

Fix a small θ̃ ∈ (0, 1) so that (6.19) holds. Lemma 6.5 follows by a contradiction argument (see
Lemma 5.1), Lemma 4.2, Corollary 4.12 (for uniform convergence of solutions), and Lemma 6.4 (for
limε/r→0 ‖W

ε,r
ω,µ,n‖L∞(B4/5(0)∩Ω/r) = 0). �

Lemma 6.6. θ̃, ε̃0, τ, α are the same as Lemma 6.5. If ε < ε̃0, k ∈ N with ε
ε̃0
< θ̃k, and

−∇ · (Eε
ω2,µ
∇U) = 0 in B1(0) ∩Ω,

U = Ub on B1(0) ∩ ∂Ω,

Ub(0) = ∂T Ub(0) = 0,

(6.20)

there are constants dε,k−1
ω,µ satisfying
|dε,k−1
ω,µ | ≤ cJ̃,

sup
B
θ̃k (0)∩Ω

∣∣∣∣∣U − k−1∑
j=0

θ̃τ j
(
xn + θ̃ jWε,̃θ j

ω,µ,n(̃θ− jx)
)

dε, jω,µ

∣∣∣∣∣ ≤ θ̃k(1+τ) J̃,
(6.21)

where J̃ ≡ ‖U‖L∞(B1(0)∩Ω) + [∇Ub]Cα(B1(0)∩∂Ω) and c is independent of ε, µ, ω.

Proof. This is proved by induction. If k = 1, set ψ ≡ U/J̃, ψb ≡ Ub/J̃. Then, ψ and ψb satisfy (6.17)
and (6.18). So, (6.21) holds by Lemma 6.5 with r = 1. Here, dε,0ω,µ is the n-th component of
K−1
ω,µ(E

ε
ω2,µ
∇U)Bθ̃(0)∩Ω. By Lemma 3.8 and (4.4), |dε,0ω,µ| ≤ cJ̃, where c is a constant independent of

ε, µ, ω. Suppose (6.21) holds for some k with ε
ε̃0
< θ̃k, and we define, in B1(0) ∩Ω/̃θk,

ψ(x) ≡ J̃−1θ̃−k(1+τ)
(
U (̃θkx) −

k−1∑
j=0

θ̃τ j
(
θ̃kxn + θ̃ jWε,̃θ j

ω,µ,n(̃θk− jx)
)

dε, jω,µ

)
,

ψb(x) ≡ J̃−1θ̃−k(1+τ)
(
Ub(̃θkx) −

k−1∑
j=0

θ̃τ j̃θk xn dε, jω,µ

)
.

By induction and (6.1), ψ and ψb satisfy (6.17) and (6.18) with r = θ̃k. Lemma 6.5 implies

sup
Bθ̃(0)∩Ω/̃θk

∣∣∣∣∣ψ(x) −
(
xn +Wε,̃θk

ω,µ,n(x)
)

dω,µ,ε,̃θk

∣∣∣∣∣ ≤ θ̃1+τ, (6.22)
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where dω,µ,ε,̃θk is the n-th component of K−1
ω,µ(E

ε,̃θk

ω2,µ
∇ψ)Bθ̃(0)∩Ω/̃θk . By Lemma 3.8 and (4.4), |dω,µ,ε,̃θk | is a

constant independent of ε, µ, ω, θ̃k. Rewrite (6.22) in terms of U in Bθ̃k+1(0) to obtain

sup
B
θ̃k+1 (0)∩Ω

∣∣∣∣∣U(x) −
k−1∑
j=0

θ̃τ j
(
xn + θ̃ jWε,̃θ j

ω,µ,n(̃θ− jx)
)

dε, jω,µ − θ̃
kτ J̃

(
xn + θ̃kWε,̃θk

ω,µ,n(̃θ−kx)
)

dω,µ,ε,̃θk

∣∣∣∣∣ ≤ θ̃(k+1)(1+τ) J̃.

If dε,kω,µ ≡ J̃dω,µ,ε,̃θk , then (6.21) holds for k + 1. �

Lemma 6.7. Let 0 ∈ ∂Ω and ε̃0, α be the same as Lemma 6.6. Suppose ε ∈ (0, ε̃0), and any solution
of (6.20) satisfies

‖Eε
ω2,µ
∇U‖L∞(B1/2(0)∩Ω) ≤ c

(
‖U‖L∞(B1(0)∩Ω) + [∇Ub]Cα(B1(0)∩∂Ω)

)
, (6.23)

where c is a constant independent of ε, µ, ω.

Proof. By (4.6), there is a local coordinate x = (x′, xn) so that

B1(0) ∩Ω =
{
(x′, xn) ∈ Ω| |x′|2 + |xn|

2 < 1, xn > Υ(x′)
}
.

To obtain (6.23), it suffices to show, for any (0, xn) ∈ B1/2(0) ∩Ω,∣∣∣∣Eε
ω2,µ
∇U(0, xn)

∣∣∣∣ ≤ c
(
‖U‖L∞(B1(0)∩Ω) + [∇Ub]Cα(B1(0)∩∂Ω)

)
. (6.24)

This is because one can derive (6.23) for any x ∈ B1(0) ∩ Ω by moving the origin along the boundary
∂Ω and repeating the same argument as that for (6.24).

Let θ̃, J̃, τ be the same as Lemma 6.6; c is a constant independent of ε, µ, ω; let k satisfy θ̃k+1 ≤ ε
ε̃0
<

θ̃k. If x ≡ (0, xn) ∈ B1/2(0) ∩Ω, either (1) 1
2 θ̃

` ≤ xn <
1
2 θ̃

`−1 and 1 ≤ ` ≤ k or (2) 0 < xn <
1
2 θ̃

k.

Case 1. For 1
2 θ̃

` ≤ xn <
1
2 θ̃

`−1 and 1 ≤ ` ≤ k. By Lemma 6.6,

sup
B
θ̃`−1 (0)∩Ω

∣∣∣∣∣U(y) −
`−2∑
j=0

θ̃τ j
(
yn + θ̃ jWε,̃θ j

ω,µ,n(̃θ− jy)
)

dε, jω,µ

∣∣∣∣∣ ≤ c θ̃`(1+τ) J̃. (6.25)

Hence, by Lemma 6.4, (4.6)3, and (6.25),

sup
B
θ̃`−1 (0)∩Ω

|U | ≤ cJ̃
(
θ̃`(1+τ) + (βx + ε)

`−2∑
j=0

θ̃τ j
)
≤ cβx J̃. (6.26)

See §2 for βx. Note ε ≤ ε̃0θ̃
k ≤ 2̃ε0

1
2 θ̃

` ≤ 2̃ε0xn ≤ c̃ε0β
x. By (6.26),

sup
Bβx/2(x)

|U | ≤ cβx J̃. (6.27)

Define A(y) ≡ Eε
ω2,µ

(βxy + x)

ψ(y) ≡ |βx|−1 J̃−1U(βxy + x)
in B1/2(0).
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By (6.27), ‖ψ‖L∞(B1/2(0)) ≤ c. Also ψ satisfies −∇ · (A∇ψ) = 0 in B1/2(0). By Remark 5.4,
‖Eε

ω2,µ
∇U‖L∞(Bβx/4(x)) ≤ cJ̃. This proves (6.24) for Case (1).

Case 2. For 0 < xn <
1
2 θ̃

k. By Lemma 6.6,

sup
B
θ̃k (0)∩Ω

∣∣∣∣∣U(y) −
k−1∑
j=0

θ̃τ j
(
yn + θ̃ jWε,̃θ j

ω,µ,n(̃θ− jy)
)

dε, jω,µ

∣∣∣∣∣ ≤ cJ̃ θ̃k(1+τ).

By Lemma 6.4 and (6.21)1,
sup

B
θ̃k (0)∩Ω

|U(y)| ≤ cJ̃ ε. (6.28)

Define ψ(x) ≡ J̃−1ε−1U(εx) in B1(0) ∩Ω/ε,

ψb(x) ≡ J̃−1ε−1Ub(εx) on B1(0) ∩ ∂Ω/ε.

By (6.28), ψb(0) = ∂Tψb(0) = 0,
‖ψ‖L∞(B1(0)∩Ω/ε) + [∇ψb]Cα(B1(0)∩∂Ω/ε) ≤ c.

By (6.1), ψ and ψb satisfy −∇ · (Eε,ε

ω2,µ
∇ψ) = 0 in B1(0) ∩Ω/ε,

ψ = ψb on B1(0) ∩ ∂Ω/ε.

By the definition of Eε,ε

ω2,µ
(see §2), [15, Theorem 4.16], and Lemma 3.6,

‖Eε,ε

ω2,µ
∇ψ‖L∞(B1/2(0)∩Ω/ε) ≤ c.

This proves (6.24) for Case (2). �

Remark 6.8. By [15, Theorem 4.16], Lemma 3.6, and Lemma 6.7, any solution of (6.20)
satisfies (6.23).

7. Proofs of Theorems 2.1 and 2.2

We now prove Theorems 2.1 and 2.2.

Lemma 7.1. There is a constant c independent of ε, µ, ω such that any Green’s function for
problem (2.1) satisfies

|∇xΓ
ε
ω,µ(x, y)| + |∇yΓ

ε
ω,µ(x, y)| ≤ c|x − y|1−n for x, y ∈ Ω. (7.1)

Proof. If x, y ∈ Ω and x , y, set ρ ≡ |x − y|. Consider−∇ · (Eε
ω2,µ
∇Γεω,µ(x, ·)) = 0 in Bρ/2(y) ∩Ω,

Γεω,µ(x, ·) = 0 on Bρ/2(y) ∩ ∂Ω.
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By [15, Theorem 4.16], Lemmas 3.2 and 3.5, Remarks 5.4 and 6.8, and Corollary 6.3,

‖∇Γεω,µ(x, ·)‖L∞(Bρ/4(y)∩Ω) ≤
c
ρ
‖Γεω,µ(x, ·)‖L∞(Bρ/2(y)∩Ω) ≤ cρ1−n. (7.2)

Since Γεω,µ(x, y) = Γεω,µ(y, x) for any x, y ∈ Ω [25], a similar argument as (7.2) gives

‖∇Γεω,µ(·, y)‖L∞(Bρ/4(x)∩Ω) ≤ cρ1−n.

So, (7.1) is proved. �

Theorem 2.1 follows from Corollary 6.3 and Lemma 7.1.

Next, we prove Theorem 2.2. Suppose g ∈ C1,α(∂Ω) for α ∈ (0, 1), F ∈ Lp(Ω) for p > n, and Φ is a
solution of problem (1.1). Define

ψ(x) =

∫
Ω

Γεω,µ(x, y)F(y) dy.

By [25] and Lemma 7.1, 
−∇ · (Eε

ω2,µ
∇ψ) = F in Ω,

ψ = 0 on ∂Ω,

‖∇ψ‖L∞(Ω) ≤ c‖F‖Lp(Ω).

Suppose U ≡ Φ − ψ, then −∇ · (Eε
ω2,µ
∇U) = 0 in Ω,

U = g on ∂Ω.

By partition of unity, Remarks 5.4 and 6.8, and Lemma 4.11,

‖Eε
ω2,µ
∇U‖L∞(Ω) ≤ c(‖U‖L∞(Ω) + ‖g‖C1,α(∂Ω)) ≤ c‖g‖C1,α(∂Ω).

Therefore,
‖∇Φ‖L∞(Ω) ≤ c

(
‖F‖Lp(Ω) + ‖g‖C1,α(∂Ω)

)
. (7.3)

So, (2.2) follows from (7.3).
Next, consider problem (1.1) in each cell ε(Y + j) for j ∈ Iε (see §1). For convenience, let j = 0,

that is, consider
− ∇ · (Eε

ω2,µ
∇Φ) = F in εY . (7.4)

Let us define ζ(x) ≡ 1
ε
Φ(εx) and φ(x) ≡ εF(εx). Then,
−∇ · (Eε,ε

ω2,µ
∇ζ) = φ in Y ,

‖Eε,ε

ω2,µ
∇ζ‖L∞( 1

2 Y) = ‖Eε
ω2,µ
∇Φ‖L∞( ε2 Y),

‖φ‖Lp(Y) = ε1− n
p ‖F‖Lp(εY) for any p > n,

‖φ‖L2,n+2λ−2(Y) = ελ‖F‖L2,n+2λ−2(εY) for any λ ∈ (0, 1).

(7.5)

By Lemma 3.6 and (7.5),

‖Eε
ω2,µ
∇Φ‖L∞( ε2 Y) = ‖Eε,ε

ω2,µ
∇ζ‖L∞( 1

2 Y) ≤ c
(
‖∇ζ‖L∞(Y) + ‖φ‖Lp(Y) + µλ‖φ‖L2,n+2λ−2(Y)

)
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= c
(
‖∇Φ‖L∞(εY) + ε1− n

p ‖F‖Lp(εY) + |εµ|λ‖F‖L2,n+2λ−2(εY)

)
. (7.6)

(7.3) and (7.6) imply

‖Eε
ω2,µ
∇Φ‖L∞(Ω) ≤ c

(
‖F‖Lp(Ω) + ‖g‖C1,α(∂Ω) + |εµ|λ sup

j∈Iε
‖F‖L2,n+2λ−2(ε(Y+j))

)
.

So, (2.3) is proved.

8. Conclusions

This work studies the regularity of Dirichlet problem for strongly elliptic equations with oscillatory
coefficients in periodic heterogeneous media. Diffusion coefficients of the elliptic equations are highly
oscillatory functions. This work shows that the elliptic solutions are not oscillatory solutions and
the Lipschitz norms of the elliptic solutions are bounded above uniformly in periodic size and the
magnitude of the permeability of the media. These results are useful in the analysis of the regularity
of the solutions in porous medium problems. The regularity of Neumann problem for strongly elliptic
equations with oscillatory coefficients will be considered later.
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Appendix I

Proof of Lemma 3.5.

Let Γ(z− y) denote the fundamental solution of the Laplace equation in Rn [15] and D be a bounded
smooth domain. Define a single-layer and a double-layer potential as, for any smooth function ζ on
the boundary ∂D, 

S∂D(ζ)(z) ≡
∫
∂D

Γ(z − y) ζ(y) dS

D∂D(ζ)(z) ≡
∫
∂D
∇yΓ(z − y)~ny ζ(y) dS

for z ∈ ∂D,

where ~ny is the unit vector outward normal to ∂D. By [12, pages 148–151], [7, page 226], and a similar
proof as [34, Lemma 3.2], we see

AIMS Mathematics Volume 9, Issue 10, 29135–29166.

https://dx.doi.org/https://doi.org/10.1017/S0308210509000985
https://dx.doi.org/https://doi.org/10.1080/03605302.2020.1858098
https://dx.doi.org/https://doi.org/10.1016/j.jde.2016.06.027
https://dx.doi.org/https://doi.org/10.1016/j.na.2015.01.019
https://dx.doi.org/https://doi.org/10.1016/j.jde.2018.11.036


29164

Lemma 8.1. For any α ∈ (0, 1), the linear operatorsS∂D : Cα(∂D)→ C1,α(∂D),
D∂D : Cα(∂D)→ C1,α(∂D)

are bounded; I −m2D∂D for m2 ∈ [−2, 2] are invertible in C1,α(∂D); and

‖ζ‖C1,α(∂D) ≤ c‖(I −m2D∂D)(ζ)‖C1,α(∂D),

where I is the identity operator and c is a constant independent of m2.

If ~n is the unit vector outward normal to ∂ 1
µ
Yµ,m, we define, for any y ∈ ∂ 1

µ
Yµ,m and any function ζ

on 1
µ
Y , ζ±(y) ≡ lim

t→0+
ζ(y ± t~n), bζc(y) ≡ ζ+(y) − ζ−(y),

∂±nζ ≡ ∇ζ± · ~n, b∂nζc(y) ≡ ∂+
nζ(y) − ∂−nζ(y).

(8.1)

Proof of Lemma 3.5. Set Ĵ ≡ ‖Ψ‖L2(Y\B1/4(0)) + ‖K1/ω2,µG‖Lp(Y) and let c be a constant independent of
µ, ω. By [15, Theorem 9.11], any solution Ψ of (3.3) satisfies

‖Ψ‖C1,α(B9/20(0)\B7/20(0)) ≤ cĴ for α ∈ (0, 1). (8.2)

Next, we find ζ ∈ C1,α(B2/5(0)) by solving−∆ζ = K1/ω2,µG in B2/5(0),
ζ = Ψ on ∂B2/5(0).

By [15, Theorem 9.13],
‖ζ‖C1,α(B2/5(0)) ≤ cĴ. (8.3)

Define φ ≡ Ψ − ζ in B2/5(0) and φ̂(y) ≡ φ(µy), ζ̂(y) ≡ ζ(µy) in B2/5µ(0). Then
−∆φ̂ = 0 in B 2

5µ
(0) \ ∂ 1

µ
Yµ,m,

bφ̂c = 0 on ∂ 1
µ
Yµ,m,

bK1/µ
ω2,µ
∇φ̂c · ~n = E on ∂ 1

µ
Yµ,m,

φ̂ = 0 on ∂B 2
5µ

(0),

(8.4)

where ~n is the unit vector normal to ∂ 1
µ
Yµ,m and E = −bK1/µ

ω2,µ
∇ζ̂c · ~n. See §2 for K1/µ

ω2,µ
and (8.1) for

bφ̂c, bK1/µ
ω2,µ
∇φ̂c. Note, by (8.2), (8.3), and the definition of single-layer potential,‖E‖Cα(∂ 1

µYµ,m) ≤ cω2µĴ,∥∥∥S∂B2/5µ(0)
(
∂nφ̂|∂B2/5µ(0)

)∥∥∥
C1,α(∂ 1

µYµ,m)
≤ cĴ,

(8.5)

AIMS Mathematics Volume 9, Issue 10, 29135–29166.



29165

where ∂nφ̂|∂B2/5µ(0) is the normal derivative of φ̂ on ∂B2/5µ(0). On the set ∂ 1
µ
Yµ,m, by Green’s

formula, (8.4), and [12, pages 148–151],
φ̂

2 + D∂ 1
µYµ,m(φ̂) = S∂ 1

µYµ,m(∇φ̂− · ~n|∂ 1
µYµ,m),

φ̂

2 − D∂ 1
µYµ,m(φ̂) = −S∂ 1

µYµ,m(∇φ̂+ · ~n|∂ 1
µYµ,m) + S∂B2/5µ(0)(∂−n φ̂|∂B2/5µ(0)).

Therefore, (
I −

2(1 − ω2)
1 + ω2 D∂ 1

µYµ,m

)
φ̂ =

2
1 + ω2

(
S∂ 1

µYµ,m(−E) + S∂B2/5µ(0)(∂−n φ̂|∂B2/5µ(0))
)
,

where I is the identity matrix. Apply (8.5) and Lemma 8.1 to see

‖φ̂‖C1,α(∂ 1
µYµ,m) ≤

c
ω2

(
‖E‖Cα(∂ 1

µYµ,m) +
∥∥∥S∂B2/5µ(0)

(
∂nφ̂|∂B2/5µ(0)

)∥∥∥
C1,α(∂ 1

µYµ,m)

)
≤ cĴ

(
µ + ω−2). (8.6)

By the maximal principle, (8.4), and (8.6),

‖φ̂‖W1,∞( 1
µYµ,m) + ‖φ̂‖W1,∞(B2/5µ(0)\ 1

µYµ,m) ≤ cĴ
(
µ + ω−2). (8.7)

By assumptions, (8.7), and the definition of φ̂, we see ‖∇φ‖L∞(B2/5(0)) ≤ cĴ, which implies Lemma 3.5.

Appendix II

Proof of Lemma 4.2.

Lemma 8.2. If ε, µε ∈ (0, 1), ωε ∈ (1,∞), ξε(x) = Kε
ω2
ε ,µε

(x)∇
(
x + Xεωε ,µε (x)

)
, and K∗ = lim

ε→0
Kωε ,µε , then

ξε converges to K∗ weakly in L2(Ω).

Proof. By [9, Proposition 1.46], we only need to show
‖ξε‖L2(Ω) ≤ c (independent o f ε),∫

D∩Ω

ξε(x) dx −−−−→
ε→0

∫
D∩Ω

K∗ dx = |D ∩Ω| K∗,
(8.8)

for any rectangle D. (4.2) implies (8.8)1. By (2.9) in [9, page 35] and (4.2),∫
D∩Ω

ξε(x) dx =
∑

j∈A(ε)

εnKωε ,µε +
∑

j∈A′(ε)

∫
ε(Y+j)∩Ω

ξε(x) dx −−−−→
ε→0

|D ∩Ω| K∗,

where A(ε) ≡ {j ∈ Zn| ε(Y + j) ⊂ D ∩ Ω} and A′(ε) ≡ {j ∈ Zn| ε(Y + j) \ (D ∩ Ω) , ∅}. Hence (8.8)2 is
true. So, we prove Lemma 8.2. �

Now, we give the proof of Lemma 4.2. (4.6)–(4.8) are assumed. The proof contains three steps.

Step I. (S1) is from (1) of Lemma 3.8. (S2) is from (S1), Lemma 4.1, (4.7), and the Sobolev embedding
theorem [15]. If φ ∈ C∞0 (B4/5(0)∩Ω/r), then supp(φ)∩∂Ω/rε = ∅ when ε

rε
is small. Test (4.7)1 against

φ to see ∫
B1(0)∩Ω/rε

Eε,rε
ω2
ε ,µε
∇ψε∇φ dx = 0. (8.9)
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As ε → 0, then (S2), (8.9), (4.7)2, and Lemma 4.1 imply (S3).

Step II. Let Dε ≡ B4/5(0) ∩ Ω/rε , D ≡ B4/5(0) ∩ Ω/r, and φ ∈ C∞0 (D). To show (S4), we consider the
identity ∫

Dε

Eε,rε
ω2
ε ,µε
∇ψε φ∇

(
xi + Xε/rεωε ,µε ,i

)
dx =

∫
Dε

Eε,rε
ω2
ε ,µε
∇
(
xi + Xε/rεωε ,µε ,i

)
φ∇ψε dx. (8.10)

See (4.5) for Xε/rεωε ,µε ,i
. If ε

rε
< dist(supp(φ), ∂Ω/r), the left-hand side of (8.10) satisfies,

by (4.7)1, (4.2), (4.5), (S2), and (S3),∫
Dε

Eε,rε
ω2
ε ,µε
∇ψε φ∇

(
xi + Xε/rεωε ,µε ,i

)
dx = −

∫
Dε

Eε,rε
ω2
ε ,µε
∇ψε

(
xi + Xε/rεωε ,µε ,i

)
∇φ dx

−−−−−−→
ε
rε
→0

−

∫
D
ζ xi∇φ dx =

∫
D
ζ ~ei φ dx, (8.11)

where ~ei is the unit vector in the i-th coordinate direction in Rn. Consider the right-hand side of (8.10).
If ε

rε
< dist(supp(φ), ∂Ω/r), then Eε,rε

ω2
ε ,µε

= Kε/rε
ω2
ε ,µε

in supp(φ). By (4.1) and Green’s formula,∫
Dε

Eε,rε
ω2
ε ,µε
∇
(
xi + Xε/rεωε ,µε ,i

)
φ∇ψε dx = −

∫
Dε

Kε/rε
ω2
ε ,µε
∇
(
xi + Xε/rεωε ,µε ,i

)
ψε∇φ dx

= −

∫
Dε

Kε/rε
ω2
ε ,µε
∇
(
xi + Xε/rεωε ,µε ,i

)
ψ∇φ dx −

∫
Dε

Kε/rε
ω2
ε ,µε
∇
(
xi + Xε/rεωε ,µε ,i

)
(ψε − ψ)∇φ dx.

Lemma 8.2, (4.3), and (4.8) imply

lim
ε
rε
→0
−

∫
Dε

Kε/rε
ω2
ε ,µε
∇
(
xi + Xε/rεωε ,µε ,i

)
ψ∇φ dx = −

∫
D
K∗~ei ψ∇φ dx =

∫
D
~ei φK∗∇ψ dx. (8.12)

(4.2) and (S2) imply ∣∣∣∣∣∣
∫

Dε

Kε/rε
ω2
ε ,µε
∇
(
xi + Xε/rεωε ,µε ,i

)
(ψε − ψ)∇φ dx

∣∣∣∣∣∣ −−−−−−→ε
rε
→0

0. (8.13)

(8.10)–(8.13) imply
∫

D
ζ ~eiφ dx =

∫
D
K∗∇ψ ~eiφ dx. Since φ and i are arbitrary, this proves ζ = K∗∇ψ.

So, we prove (S4).

Step III. To show (S1)–(S4) for B1(0) b Ω/r case, we simply repeat the procedure in Steps I and II
and neglect ψb,ε , ψb. Details are omitted.
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