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Keywords: Eisenstein series; Dedekind 7-function; class one infinite series; differential equations
Mathematics Subject Classification: 11F20, 11M36, 34K60

1. Introduction

Differential equations are essential in applied mathematics, serving as fundamental instruments in
the progress of various fields including clinical, engineering, physics, chemistry, and many more. As
a tribute to Ramanujan’s contributions, we aim to develop ordinary differential equations by utilizing
the derived relationships of Eisenstein series of various levels. Considerable research efforts have
been dedicated to ordinary differential equations satisfied by modular forms. In his notebook, as
referenced in [1], Ramanujan devoted significant attention to Eisenstein series, notably P, O, and R,
and presented numerous captivating differential identities involving infinite series and theta functions.
A comprehensive study of A-functions and several modular equations for 4 has been conducted by
Naika et al. [2]. In their research, Cooper and Ye [3] conducted an extensive examination of the
h-function and demonstrated its application in the formation of differential equations. Additionally,
Cooper [4] has documented specific relationships between Eisenstein series of different levels and
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h-functions. Ramanujan [1] recorded certain differential equations related to n-functions, while
Berndt et al. [S] massively highlighted the importance of constructing differential equations that
incorporate both n-functions and FEisenstein series. In their recent work [6, 7], Vidya and Rao
demonstrated elegant linkages between Eisenstein series and theta functions. These relationships
were later used to construct differential identities and evaluate certain convolutional identities.
Additionally, Vidya and Kumar, as cited in [8], derived differential equations that incorporate
identities associated with the n-function. They emphasized the importance of developing these
equations to facilitate the generation of incomplete integrals involving n-functions.

Additionally, on page 188 of his lost notebook [9], Ramanujan recorded specific formulas linking
the class one infinite series 7,,(q), where r = 1,2, ..., 6, with the Eisenstein series P, Q, and R. The
main proof of six formulas for 7,,(q) was presented in a research paper by Berndt and Yee [10]. An
additional proof of these formulas appeared in Liu’s paper [11].

These authors took great delight in exploring the inherent beauty of mathematics through their
work on constructing differential identities that are satisfied by A-functions. The convergence of the
Eisenstein series to an infinite product is a key result that underscores the deep connections between
modular forms and infinite series. Motivated by the work of these researchers, we have showcased
differential identities satisfied by Ah-functions, utilizing the derived relations among infinite series and
h-functions. In addition, we have shown that the sum of an infinite series converges to an infinite
product.

The main focus of this paper is the development of various differential identities involving 7-
functions and the infinite products known as A-functions. First, we extract results of [4] and establish
a relationship between Ramanujan-type Eisenstein series and s-functions. These results can be found
in Section 3. These derived relations are further used in Sections 4 and 5 to construct interesting
differential equations involving h-functions and to establish relations among two elegant infinite
series. Section 2 is dedicated to documenting initial findings that supports in achieving the main
goals.

2. Preliminaries

Ramanujan provided the following definition of a general theta function in his notebook [5, p.35].
Let a, b, and g be any complex number with |ab| < 1,

(59

fla,b) := Z D12 p=1)/2
i=—o00

= (=a; ab)w(—b; ab)(ab; ab),

where,
@@= |(1-ag), lg<1.
i=0
The following instances are particular cases of theta functions as defined by Ramanujan [35, p.35]:

0@) = faa) =) d = (g5

[=—00
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— 3y — N i+1)/2 _ (6122612)00
W) = f(q.q) Zojq v
F=9) 1= f=q.=g) = ) (~D'qO™" = (g:9) = (@), 2.1)
where
q= eZﬂi‘r.
We denote
f(=4" = fu

Definition 2.1. Cooper [4] documented certain relations involving n-functions in his notebook, as
described below:

5 2.4 3
mn mn mn
ra(q) = == (@) = . rdq) = —,
mms PR ;s
4.8 9.3
1 +8r,(q) = %, 1 +9r,(q) = %,
1 e
3 2.3
mm2 312
1=3n(g") = ——, 1+n(g) =35
URUN mmyns

Definition 2.2. Ramanujan [9] presented the class one infinite series,

i(3i+1)

Tu(g) =1+ Y (=160 = D*g" 5" + 6i + D*q 7|, 2.2)
i=1
and expressed T (g) for k = 1,2,...,6 in terms of Ramanujan-type Eisenstein series:
- T N s
P(g):=1 242‘ i 242;51(])q :
J= J=

Throughout, we denote
P(q") = P.
In addition, a fascinating relationship was made by Berndt [10]:
T2(q) = (45 PP (q). (2.3)

Definition 2.3. [4] For |g| < 1, the h-function is defined by

®© (l _ q12i—1)(l _ q12i—11)
L (1 _ q12i—5)(1 _ q12i—7) :

h:=h(g) :=q

The weight two modular form y;, in terms of A-function is defined by

N

d = K
iz = (I@l%’h =1- Z}(lz(s) _q

1—gq*

s=1
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where

1, if s=1 or 11 (mod 12),
X12(s) =4—1, if s=5o0r7 (mod 12),

0, otherwise.

Lemma 2.4. [4] The relation among an infinite series and h-functions is given by

h(dyi2)
P(q) 6 2 3 -6 2 O dh
(1-h%)
P@| (3 2 0 o L1 3 @wman

(1-h%)

P(¢) 2 =2 2 2 0 2|l a5
N 5 3 1 (1-h?)

@) |z 3 =5 1 3 Ol|lgcaoem
6 2 2 _1 1 2
P(qlz) 11 I 5 9 1 (11

2 1 6 12 6 e dE

3. Relations among Eisenstein series and /-functions

Theorem 3.1. Let

and

Then the connections among the Ramanujan-type Eisenstein series and h-function holds:

(1)

(i)

(iif)

(iv)

)

(vi)

AIMS Mathematics

h+E:M
1
—h+E:V.

4vQQu? — Su? + 16u — 4)
— P, —2P,—3P; + 18P, = ,
e S U—Du-2)u-dHu+2 "

12v( + 10u? — 20u)

= 7P + 10P, + 3P3 + 6P = ,
! 2 e L T DU - dHu-2)wu+2) "
2v(—2u — 4
—P1—3P3+12P6:M)}12,
u(u—2)
AvQu® + 8u— 18
—3P1+2P2+3P3+6P6: V(u o )ylz,

u(u—4)(u+2)

4v(5u® — 18u*> — 12u + 16)
3P, — 10P, — 15P; + 42P; = ,
! 2 3 T T M- Du-wu+2) P

4v(u® — 6u® + 12u — 16)
Py — 6Py + 3P3 + 6P = ,
L s e = D -2 +2) 2
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24v(u* + 8u — 6)
w(i—du—2) "

(Vll) —13P1+10P2+21P3+6P6:

Sv(—u+4)
— P+ 2P, +9P; — 18Py = —————vy»,
(viii) | > 3 6= - D= 2)}712
) v(u* = 2u* — 32u + 52
(ix)y —-P+3P;= ( ) Y12,

B3u(u— D —4Hw—-2)u+2)
6v(Tu* — 16u® — 32u? + 96u — 64)
— 5P, + 8P, + 15P; — 24P¢ = ,
) L s T e = T T D —Hu—w+2) "
3v(u? + 16u — 32)
Y12,
u(u—4)(u—-2)

8v(—u? + 32u — 64)

(XI) —7P1+6P2+15P3—6P6:

i —9P; +10P, + 33P; —42P¢ = ,
(xii) 1 2 3 6 (i — 4w —2) Y12
4y
— P +3P,+P3—2P4—3P¢ +2P;, = ————— V15,
(xiif) 12 + I3 4 6t 2012 (u—4)(u+2)y12
dv(12u + 6
(XiV) —2P1+3P2+2P3+2P4—3P6—2P12: V( “ ) Y12,

u—-Du-4Hw+2)

12v(10u + 8)
— 5P+ 11P, + 9P3 — 6P4 — 15Pc + 6P, = ,
(xv) 1 2 3 4 6 12 (- A + 22))’12

12v(8u? + 2u + 8)
] — 4P, +7Py + 6P, —3P¢ — 6P, = R
(xvi) 1 2 4 6 12 (it — 1)(14_4)0[_’_2))’12

120(=2u — 4
(wvid) Py + 2Py + 3Py — 12P; — 6Pg + 12y, = 222 =D
ulu—1u—-4)
(4v)
Y12,

u(u—4)
12v(u® + 10u? — 20u)
' - 7P, + 10P P Pe =
(xix) 1+ 10P; + 3P;5 + 6P = Du—-Hu-2u+2y° ">

6v(—u® + 6u — 8)
— P, +4P>, +3P3 — 12P¢ = ,
(xx) 1 t4alfy + 303 6 = D — )+ 2))’12

12v(® + 10u? — 20u)
) —7P, + 10P; + 3P; + 6P = ,
() L s O T D - -+ 2"

12v(—u® + 261> — 52u)
i) —11P, +26P; + 15P; — 42P¢ = ’
(xxii) 1 2 3 6 (u—Du—dwu-2)(u+ 2)y12

Cuxiii) P +op v(u* — 200’ — 48u® + 32u — 30)
xxiii) — = ,
L - DU -Hu—-wu+2) 2

8v(u* + 20u° — 4814% + 32u - 30)
v) = 5P, + 10P, + 9P; — 18P = ,
(i) s T e - D - Hu-Du+2) 2

12v(u? — 4u — 10)
— P+ P, —3P;—6P,+15Ps+6 = ,
(xxv) 1 2 3 4 6 P12 = D) — A)u — 2)Y12

. 12v(—u® — 2u + 6)
4P, — Py — 6Py — 15P5 + 6P, = :
(xxvi) 1= P 4 6+ 06l (u—1D)(u—4)u- Z)ylz

(xviii) P;—Py—3P;+Ps=6
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12v(e® — 14u? + 16u — 24)

i) SPy— 8P, —9P; — 12P, + 24P¢ + 12P, = ’
(vxvid) - SPy =8P =9Py = 12Py + 24P + 12P1 = o o v 2
12v(—u® + 2u® — 16u + 24)
(u—Dw—4)wu-2)(u+?2)

Av(u® — 18u* + 42u — 16)

(xxviii) P+ 8Py +3P; — 12P, — 24P¢ + 12P, =

Y12,

] 2Py — P, —6P3 — 6P, + 9P¢ + 6P, = )
(xxix) 1 2 3 4 6 12 (i — (i — 4w —2) Y12
A2 - 5
(XXX) P1+P2+3P3—6P4—9P6+6P12:—V(u ) Y12,
u(lu—1)(u—-2)
Mv(® — 6u + 8
(xxxi) = Py + Pyt Py — 2Py — 3Pg + 2Py = W —0U+8)
u(u—1)(u—-2)
120(—1d® + 2u% — 6u + 8
(xxxii) 2P, + Py + 6Py — 6Py — 21Pg + 6Py = -2l ¥ 2 —0ut)

(u—-—Du-4)(u-2)

12v(u® - 2u* - 8)
ii) Py — 4Py +3P; — 12P4 + 12Pg + 12P, = :
(xxxiii) P, 2+ 3P; 4+ 1206 + 12l u(u — 1)(u—2)(u+ 2)y12

dv(—u? + 6u* - 8)
j — P +4P, +5P; —4P4 — 12P¢ + 4P, = :
(xxxiv) 1 2 3 4 6 12 u(u — 1)(u—2)(u+ 2)y12

Proof. Through the utilization of Lemma 2.4 and subsequent simplification using Maple, we derive the
requisite relationships. O

4. Formation of differential identities involving n-functions and /-functions

In Theorems 4.1-4.4, we formulate differential equations in consequence of Eisenstein series of
different levels that associates A-functions and the derivative of weight two modular forms.

Theorem 4.1. If

S(q) = ra(@rp(q),
then the following differential identity holds:

ds vQu® — 5u* + 16u — 4
49— = ( ) yiz| S =0, 4.1)
dg ([2u—-1)wu—-4)wu-2)(u+?2)
where
h + ! h+ !
—=u, - — =
h h
Proof. We note from (2.1) that, S (¢) may be reformulated in terms of n-functions given by
9
UL
S(g) = -
M

Rewriting the expression for S (¢) using the theta-function,

05

S = —.
@W=Fmp
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Further expressing the above in terms of g-series notation and then logarithmically differentiating with
respect to g, we reach the following outcome:

(o)

1dS 3 3| rq
—_—_ 4 - p + P 3 o |-
$ dq 2q q r=1 - q r=1 - q r=1 - q r=1 - q

2rq*" N — 3rg? — 18rg®

By utilizing the definition of the Eisenstein series and performing simplifications, we obtain the
following result:
qgdS 1
—— = -[-P, — 2P, — 3P; + 18P¢].
S dg 8[ 1 2 3 o]
Finally, incorporating Lemma 2.4, and representing Eisenstein series in terms of 4-functions, followed
by simplification, we derive

gdS (1 —h)(2h° = 5k +22h* — 141° + 2212 — 5h +2)
Sdg  (I—h+hm)(1 +2h+ k(1 - 4h + D) (1 = 2h + h2)

Y12-

Further, denoting
1 1
h+—=u, —h+-=
no no
and then simplifying, we derive expression (4.1).
By applying the same methodology used to derive the previously mentioned result, we can formulate

the following set of differential equations:

. rdq) 4" f s ds v + 10U — 20u)
If § = = ’ th > S = 0,
O D= ™7 "M R D Hu- 2w "
4/3 8
. q f6 ds vQu +4)
If S(q) = ru(q)rq) = , then g— + |——y1n|S =0;
(i) (@) = ra(@)r(q) i nqg.t [3u(u — 2))’12]
rdq)  CPERS ds  [vQu®+8u—18)
If S(q) = = , then g— - S =0;
w WSa= = g g a2 "
5/6 £3 £7 3 2
. T ds [v(5u® — 18u® — 12u + 16)
If S = . = , th - S =0;
(iv) (q) = r(@re(q) 5 N4 w2 2
(@) ¢ fifsfs ds [vu®—6u*+12u - 16)
If S(g) = = , th —_— = =0;
W S @O= 0™ " g euw- D w2
where
h+ L u, —h+ L v
h h
Therefore, the proof is completed. O

Theorem 4.2. If
S(q) = (1 + 8ru(q))ra(q),

then the following differential identity holds:

ds v(u? + 8u — 6)
_— | =0 4.2
Cldq (it — 2) (1t — 4))’12 N ; 4.2)
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where
h+ L h+ I_
h =u, h = V.
Proof. We note from (2.1) that S (¢) may be reformulated in terms of 7-functions given by
5.7
YPURUL
S(q) = ———.
m

Rewriting the expression for S (¢) using the theta-function,
L
f13 '
1

Further expressing the above by g-series notation and then by logarithmic differentiation with respect
to ¢, we get the following result:

S(q) =

1ds 3 +1 — 13rg" < 10rg” < 21rg o 6rg®
S dq B 2q q r=1 1_qr r=1 1—612’ r=1 1_q3r r=1 1_q6r .

By utilizing the definition of the Eisenstein series and performing simplifications, we obtain the
following result:
q dsS 1
=—— = —[-13P; + 10P, + 21P; + 6P¢].
Sdg 2 4[ 1 2 3 6]
Finally, incorporating Lemma 2.4, and expressing the Eisenstein series in terms of A-functions,
followed by simplification, we derive

qds _ (1 —h®)(h* + 8h> —4h> + 8h + 1)
Sdg  (1+h2)(1-4h+h>)(1-2h+h?)

Y12-

Further, denoting
1 1
h+—-=u, -h+—-=v,
ho no '
and then simplifying, we derive expression (4.2).
Applying the same methodology used to derive the aforementioned result, we can construct the

following set of differential equations: for

1 1
]’Z+E:M, —h+E:V.
. _(+8r@) _ £f ds v(u—4) o
@) If S(g) = ) o f , then q% + [m)’lz] S =0
) ~ 9P R ds v(ut — 2u® - 32u + 52) N
(@) If S(g) = (1 +8ru(g)ry(q) = f—16, then (]% - [12u(u D= =2t 2))’12] S =0
(1 +8r(q) _ BS° ds  [v(Tu* - 161> — 321 + 96u — 64) N
(iii) If S(g) = Y 20 then qZ] —[ 20— D= D= 2w+ 2) )’12]5 = 0;

AIMS Mathematics Volume 9, Issue 10, 28955-28969.
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1/3 £3 £5 2
. q ") 1 ds [v(® + 16u - 32)

If S(g) = (1 +8rq)re(q) = , then g— — S =0;

(iv) (@) = (1 +8ri(q)re(q) 71, N 4 T Suu = D=2
(1 +8r(q) LS ds [v(u® - 32u + 64)

If S(g) = = , then g— S =0.
v) () ) WYY en T + 3w D —2)’"
The proof is completed. O

Theorem 4.3. If
S(q) = (1 +9r,(@)(1 = 3r,(q")),

then the following differential identity holds:

ds %
—_——— S =0, 4.3
qdq [(u_4)(u+2)y12] (4.3)
where | .
h+Z=u, —h+E:V.

Proof. According to the information provided in [4, p.189], it appears that S (¢) can be expressed using
theta functions as 0 .
f 2 f 3 f 12

SRR
By reformulating the expression for S(g) in g-series notation and subsequently logarithmically
differentiating with respect to g, we arrive at the following result:

S(g) =

(o)

1dS 1 6|v r o 3rg? « 3 -
_ + rq rq rq +Z
r=1

- - 1_q3r

3rq®
Sdq 8q q|&1-q Hl1-g¥ —q”

1

r=1 r=1

Upon applying the definition of the Eisenstein series and conducting simplifications, we arrive at the

following outcome:

ds 1
gd_q = 7[=P1 + 3Py + Py = 2Py = 3Pg + 2Ppa].

Finally, incorporating Lemma 2.4 and representing Eisenstein series in terms of A-functions, followed
by simplification, we derive expression (4.3).

Employing the methodology utilized in deriving the aforementioned results, we can formulate the
following set of differential equations:

. (1 +9r(q) _ BRS ds v(12u + 6) o
O 8@ =Ta=7 7)) " 2R f then 44~ [(u " Du—-Hwu+2)’ 12] 5 =0

11 6
. ~ N 5o ds v(10u + 8) o
(i) If S(g) = (1+9r(q)( + ry(g?) = O then ¢ — | e a5 = O
(1 +9(q) A ds V(8u? + 2u + 8) N
WSO e~ e " 4 [u(u —Du-Hu+2)’ ”] o

2 2 2 2
() 1 S(@) = (1 = 3ngN(1 + i) = L2070 ds [M

, then + S =0;
q'/o 2 2 Taq " \uw—-Dw -4 12]
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(1-3n(») _fifs ds 4y
) If S(g) = = , then g— — S =0;
P e T T g e
where
1
h+—-=u, -h+ 7=V
Therefore, the proof is complete. O

Theorem 4.4. If
S(q) = (1 +9r()rs(q),

then the following differential identity holds:

@ B v + 10u? — 20u)
Tag " |- Du—-2)u-dHw+2)

yiz|S =0, (4.4)

where
1 1
h+;l:u, —h+E:V.
Proof. Based on the details outlined in [4, p.189], it appears that the expression of S(g) can be

represented utilizing theta functions as

AR

S(q) I

Through rephrasing the expression for S (g) in g-series notation and subsequently applying logarithmic
differentiation with respect to g, we obtain the following outcome:

1dS 1 2|~ 7rq = 10rg” < 3rg™ N o 6rq®

Sdg g q|G1-q Hl-¢ Hl-¢" Hl-g"|

After employing the definition of the Eisenstein series and performing simplifications, we reach the
following result:
q dS 1
—— = —[-7P; + 10P, + 3P3 — 6P¢].
S dg 12[ 1 2 3 6]
Ultimately, by incorporating Lemma 2.4 and expressing Eisenstein series in the context of 4-functions,
subsequent simplification yields the expression (4.4).
Employing the methodology utilized in deriving the aforementioned results, we can formulate the
following set of differential equations: for

AIMS Mathematics Volume 9, Issue 10, 28955-28969.
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(ii) TF S(q) = (14 9r(@)ry(q) = &3{6 then qZ—; - [2(u _Vﬁ”;i;}i;‘;‘f;;;‘j, - 2))’12]5 = 0;
) Tt S(g) = (1+ 9r(@)(ru(q)) = ql;lg 2 then qfl—; - [V?EZEM__z(l);t;__Lf)b(it2?::!__'_32(;)}’12]5 - 0;
o1 30 LR - e e e e
i) If S(g) = (1 - 3r(q*)rula) = % then qfl—; - [ a ‘i(”f)(; f”&i? z)ylz]s = 0;

(i) Tf S(g) = (1 = 3r,(g)rs(q) = %, then qj—; - [2(:(i‘31)_(;4_”1;u1f”2)_(5?z)yu]S = 0;
R T TR Ca e e

() If S(@) = (1-3r,@)rq) = % then qfl—; - [;(Zzu__lf)”gtﬁz‘u__lg)yn]S = 0;
(xi) Tf S(g) = & _,f(rng» - 221]/22{22 en qZ—; - Lu(vu(z_u;;usi z)ylz]s = 0;

(i) I S(g) = (1 + r(g®)rulq) = % then qf,—; - [%m]s = 0;

o = D L s (I

(xiv) I S(q) = (1+ r(@*)ry(q) = % then qfl—; - [2M(uv(_”31)_(u2f22;(i)+ 2))’12]5 = 0;
(o) If S(g) = & J;b'é]()qz)) = quﬁjg;g, then G [ > (uv(_”i)_(:fzz;(il 5ve(S =0.

Therefore, the proof is complete.

5. Relations among class one infinite series and /s-functions

A representation of the Eisenstein series in terms of the classical class one infinite series was
developed by Vidya and Rao [6], drawing inspiration from the work of Berndt [10]. Making use of
this representation, we obtain interesting formulas that relate the class one infinite series to

h-functions. A few are listed in Theorem 5.2.

AIMS Mathematics
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Lemma 5.1. [6] For every positive integer n > 2, the subsequent relationship among the two distinct
series holds:

(5.1)

P(¢") =1+nqg"" [—TZ(qn) ML 1].

q" "o
Theorem 5.2. Denoting

1 1 d
h+E:u, —h+Z:v and h%:w,

we have the series expansion among Class one infinite series and h-functions:

2 3 6
y D@ T aTad) e T 4q(1_ 1 )

h f /3 fe f

) _l _ s _l ~ 4vQQu® — 5u? + 16u — 4) _
+9 (1 fs) 108¢ (1 J%) w-Du-2u-burz 2t HB=0

i) =7

T>(q) T2(q%) »T2(q) sT2(q%) ( 1 )
— +20 9 36g° ————= —20¢g| 1
fi M S e /3 s o 7

o2 _l_ 5 _l_ 12v(u® + 10u* — 20u) 3
& (1 fs) 304 (1 f6) w—Du=-hu-2u+2 20 =0

T T»(q* T (q 1

h /3 fs Ve
Cpsfy o L) (-4 _
72q (1 f6) u(u_z) y12+9—0,
. T, (q) Tz(Clz) 2 Tz(q3) 5 T2(616) ( 1 )
-3 4 —— +36g° ——= —4q|1 - —
A e A L2

1 1\ 4v(Q2u® + 8u—18)
~9¢*(1 - —]-364° |1 - —| - 11=0
9"( f3) T\ %) ww— by T T

T>(q) T2(q”) >, Ta(q?) sTa(q%) ( 1)
3 ~20 45 252 ~20g[1- =
Vo oy T e Ty N\ h
1)_252q5( 1)_4v(5u3—18u2—12u+16)

+ 45q2(1 - — 1-—
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Proof. By utilizing Eqgs (2.3) and (5.1) within the context of Theorem 3.1 (i) to (xv), and subsequently
streamlining the expressions, we arrive at equivalences involving P(q") expressed in relation to 75(q")
and h-functions, as detailed above. O

xv) -5

6. Conclusions

The function & = h(q) has been explored recently by several researchers. These authors have derived
continued fractions for the i-function and provided numerous modular equations related to it. Notably,
we succeeded in deriving several differential identities using Ramanujan-type Eisenstein series, that
involves h-functions. These identities could prove valuable in the development of new mathematical
functions or in constructing incomplete elliptic integrals. The new differential identities could serve as a
foundation for further studies and discoveries in mathematics. Additionally, we successfully connected
two different series derived by Srinivasa Ramanujan. By linking the Ramanujan-type series with a
class one infinite series, we have demonstrated that the sum of the class one infinite series converges
to an infinite product that incorporates h-functions. By relating these series, this work deepens the
understanding of Ramanujan’s contributions and their connections to modern mathematical theories.
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