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Abstract: Inequalities are essential in solving mathematical problems in many different areas of
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from coeflicients of the inverse of specific analytic functions. These problems include the Zalcman
and Fekete—Szegod inequalities, as well as sharp estimates of the second and third-order Hankel
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1. Introduction

This research focuses on the comprehensive connection among analytic functions and their inverses,
which provides new ideas for investigating coefficient estimates and inequalities. The outcome of the
present study is particularly relevant in the framework of geometric function theory (GFT), where
particular geometric properties are established for analytic functions employing methods specific to this
domain of research, but also could offer applications in other related fields such as partial differential
equation theory, engineering, fluid dynamics, and electronics. Tremendous impact in the development
of GFT was given by the Bieberbach’s conjecture, an essential problem related to coefficient estimates


https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.20241404

29832

for functions that lie within the family S of univalent functions. This conjecture suggests that for
f €8, expressed through the Taylor—Maclaurin series expansion:

f(v) :U+deuk, veD, (1.1)
k=2

where D := {v € C: |v| < 1}, the coefficients inequality |d;| < k holds for all k& > 2. The family
of such analytic functions with the series representation provided in (1.1) is represented by A. It is
worth mentioning that Koebe first introduced S as a subclass of A in 1907. Bieberbach [1] originally
proposed this conjecture in 1916, initially verifying it for the case k = 2. Subsequent advancements
by researchers including Lowner [2], Garabedian and Schiffer [3], Pederson and Schiffer [4], and
Pederson [5] offered partial proofs for cases up to k = 6. However, the complete proof for k > 7
remained unsolved until 1985, when de-Branges [6] utilized hypergeometric functions to establish it
for k > 2.

In 1960, Lawrence Zalcman postulated the functional |d,f - de_1| < (k- 1)2 withk > 2 for f € S
in order to establish the Bieberbach hypothesis. This has led to the publication of several papers [7-9]
on the Zalcman hypothesis and its generalized form |/ld,f — doj- 1| < Ak* = 2k + 1 with A > 0 for various
subfamilies of the family S. This hypothesis remained unproven for a long time until Krushkal’s
breakthrough in 1999, when he proved it in [10] for k¥ < 6 and solved it by utilizing the holomorphic
homotopy of univalent functions in an unpublished manuscript [11] for k > 2. It was also demonstrated
that |d — di*"P| < 2D — k! with k, > 2 for f € S. The Bieberbach conjecture landscape is further
enhanced by other conjectures, such as the one presented by Ma [12] in 1999, which is

didy = dja| < G- D k=1), jik=2.

He restricted his proof to a subclass of S. The challenge for class S remains available.

Now, let us recall the concept of subordination, which essentially describes a relationship between
analytic functions. An analytic function g, is subordinate to g, if there exists a Schwarz function w
such that g(v) = g, (w(v)) and it is mathematically represented as g; < g». If g; is univalent in D, then

g (W <g, Web),

if and only if
£1(0) = 22(0) & g1(D) C g2(D).

In essence, this relationship helps us understand how one function is “contained” within another,
providing insights into their behavior within the complex plane. The family of univalent functions
comprises three classic subclasses C, 8*, and K, each distinguished by its unique properties. These
subclasses are commonly known as convex functions, starlike functions, and close-to-convex functions,
respectively. Let us define each class:

. wf @) l+wv
C._{feS. 7w <1_U, veD},
. vff(v) 1+v
8._{feS. ) <1_U, UGD}

AIMS Mathematics Volume 9, Issue 10, 28931-28954.



29833

and

vf’ (v) - 1+v’ veDb.
h(v) 1-v

for some h € 8*. The above family K may be reduced to the family of bounded turning functions

BT by choosing & (v) = v. Moreover, a number of intriguing subfamilies of class S were examined by

replacing }%lj by other special functions. For the reader’s benefit, a few of them are included below:

‘K::{feS:

(i). 8; = 8" (¢%) and C, = C(¢9) [13], Sy = S* (2= ) and Csq = C(12=) [14],
(ii). S;, =S (z+ VI+22) and Cr = C(z+ VI +22) [15], Sy, = 8" (1 + 2 - 12%) [16],
(iii). S?n—l).[ =S W1 @) [17] with ¥, (z) = 1 + 25z + n%z” forn > 2.

@@v). 8 =8 (1 +sinh(1z)) with0 < A < ln(l + \5) [18].

sinh —
It is observed that a significant area of mathematics is the study of the inverse functions for the
functions in various subclasses of S. The well-known Koebe’s 1/4 theorem states that there exists the

inverse f~! for every univalent function f defined in D, at least on the disk with a radius of 1/4, which
has Taylor’s series form

W) i=w+ Z B,w", |w|<1/4. (1.2)
n=2

Employing the formula f ( ! (w)) = w, We acquire

B, = —d, (1.3)
By = 2d5-ds, (1.4)
B, = 5dyds - 5d5 —dy, (1.5)
Bs = 14d; +3d; - 21d5d; + 6d,d, — ds. (1.6)

We consider the Hankel determinant of f~! given by

Bn Bn+1 v Bn+/1—l
N _ Bn+1 Bn+2 s Bn+/l
Hy, (f l) =1. . .

Bn+/l—1 Bn+/l e Bn+2/1—2

Specifically, the second and third-order Hankel determinants of f~! are defined as the following
determinants, respectively:

Flz,z(f_l) = gi gz = B,B, - Bj,
I B B

Hyi(f') = | B Bs By |=Bs(B:By~B)~ By (B~ BoBs)+ Bs(By — BY).
B; Bi Bs

Asitis seen, f~! is also not necessary to be univalent. Thus, this concept is also a natural generalization
of the Hankel determinant with coefficients of f € S as entries. There are very few publications in the
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literature that address coeflicient-related problems of the inverse function, particularly determinants as
stated above. Due to such a reason, the researchers motivated, and so this led to the publication of
some good articles [19—23] on the above-stated Hankel determinants.

The key mathematical concept in this study is the Hankel determinant A a0 (f), where n,4 €
{1,2,...}. This concept was introduced by Pommerenke [24, 25]. It is composed of the coefficients
of the function f € § and is expressed as

dn dn+l LR dn+/1—l
A dn dl’l oo dn
H/l,n (f) =1. . . " . -
dn+/l—1 dn+/l v dn+2/l—2

This determinant is utilized in both pure mathematics and applied sciences, including non-stationary
signal theory in the Hamburger moment problem, Markov process theory, and a variety of other fields.
There are relatively few publications on the estimates of the Hankel determinant for functions in the
general class S. Hayman established the best estimate for f € S in [26] by asserting that |I-Alz,,, (f )| <Inl,
where 7 is a constant. Moreover, it was demonstrated in [27] that |ﬁ2,2 (f )| <npwhere0 <n < 11/3 for
f € 8. The two determinants I-AIZ’] (f) and I-Alz,z (f) for different subfamilies of univalent functions
have been thoroughly examined in the literature. Notable work was done by Janteng et al. [28],
Lee et al. [29], Ebadian et al. [30], and Cho et al. [31], who determine the sharp estimates of the
second-order Hankel determinant for certain subclasses of S.

The sharp estimate of the third-order Hankel determinant PAI3,1 (f) for some analytic univalent
functions is mathematically more difficult to find than the second-order Hankel determinant. Numerous
articles on the third-order Hankel determinant have been published in the literature in which nonsharp
limits of this determinant for the fundamental subclasses of analytic functions are determined.
Following these arduous investigations, a few scholars were eventually able to obtain sharp bounds
of this determinant for the classes C, 87, and S*, as reported in the recently published works [32-34],
respectively. These estimates are given by

) S—S for feC,
|1 ()| < 1 for feBT,
g for feS".

Later on, Lecko et al. [35] established the sharp estimate for |I-AI3,1 (f )| by utilizing similar approaches,
specifically for functions that belong to the S* (1/2) class. Also, the articles [36-38] provide more
investigations on the exact bounds of this third-order Hankel determinant.

Now, let us consider the three function classes defined respectively by

2uf’ (v)
F@—f(w) T+ev UED}’

Sz, ::{feS:

uf’ 4 1
vf @) <1+-v+ =0 UGD}

s 1 {fGS: Fo-fw 5V
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and

SKexp = {f A Gl O)) vove D}.

- <e

(f ) = f(-v)
These classes have been studied by Faisal et al. [39], Tang et al. [40], and Mendiratta et al. [13]
respectively. In this paper, we improved the bound of the third-order Hankel determinant 'Fll 1 ( f ‘1)

b

which was determined by Hu and Deng [41] and published recently in AIMS Mathematics.
Furthermore, we obtain the bounds of the initial three inverse coeflicients together with the sharp
bounds of Krushkal, Zalcman, and Fekete—Szegd functionals along with the Hankel determinants

'ﬁz,z (f‘l)‘ and 'Flll (f“ )‘ upper bounds.
2. A set of lemmas

Let B, be the class of Schwarz functions. It is noted that w € 8, can be written as
w ) = Z o', veD. 2.1
n=1

We require the following lemmas to prove our main results.
Lemma 2.1. [42] Let w (v) be a Schwarz function. Then, for any real numbers o and ¢ such that

1 1 4
¢ = {IQISE, —1S§S1}U{5SIQIS2,E(IQI+1)3—(IQI+1)S§SI},

2 (ol + D o] e }
R = 2< <4, ———— <¢< — +8)p,
(©,¢) { lol Tl 12 S<1; (Q )

1
1 2 4 3
(0,¢) = {5 <lol<2, - 5(1 +lo) <¢ < ﬁ(l + oD - (1 +IQI)},

the following sharp estimate holds:

|0'3 + 00105 + goﬂ <l
Lemma 2.2. [43] If w (v) be a Schwarz function, then

lon| <1, n>1. (2.2)

Moreover, for 7 € C, the following inequality holds

|0'2 + Toﬂ <max{l,|7]}. (2.3)

Lemma 2.3. [44] Let w (v) be a Schwarz function. Then

ool < 1=loif, (2.4)

|0'2|2
< 1—lo|* - : 2.5
o] o T+ |o] (2.5)
loul < 1=lo P = ol (2.6)

Lemma 2.4. [45] Let w (v) be a Schwarz function. Then
|o'10'3 - 0'§| <1- |0'1|2
and

los + L+ A) oo + 03 + (1 +20) olos + Ao < max(1,]Al},  Ae€C. (2.7)
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3. Third-order Hantel determinant
In this section, we will improve the bound of the third-order Hankel determinant 'I—AI3, 1 ( f ‘1)‘ with

inverse coefficient entries for functions belonging to the class S .
Theorem 3.1. Let f~! be the inverse of the function f € St . and has the form (1.2). Then

|15, ()| < 0.0317.

Proof. Let f € St,. Then, by subordination relationship, it implies

2uf’ 2
o) ,  veD 3.1)
F@ - f(v)  T+eww
and also assumes that
W)= W+ o+ F ot (3.2)
Using (1.1), we obtain
2uf’ (v) 2 3 2 4
——————— =1+ 2dov + 2d5v" + (—2d»rd5 + 4d + (—2d; + 4d + e 3.3
f@W) - f(-v) 2V 3V + (—2dayds v ( 3 5)1} (3.3)
By some easy calculation and utilizing the series expansion of (3.2), we achieve
2 1 1 1 1 1 1
T oo = 1+ SO + 50‘21)2 + (—ﬁof + 50'3) v+ (—go%(rz + 50’4) vt (3.4)
Now by comparing (3.3) and (3.4), we obtain
1
d, = 4—10'1, (3.5)
1
dy = Zo'z, (3.6)
1 1 1
d4 = _9_60-?+§O-3+§O-10-2’ (37)
d LYSNPLIPE S I (3.8)
—04+ —=05 — —005. .
: g ' 3272 37177
Putting (3.5)—(3.8) in (1.3)—(1.6), we obtain
1
B, = —10'1, (3-9)
1 1,
B; = _ZO-Z + gO’l, (310)
13 1 9
By, = —— 03— gt — , 3.11
: 192717872 T 32712 G-11)
5 , 1, 5
Bs = 3—20'2—10'10'2+ﬁ0'1—§0'4+ﬁ(710'3. (312)
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The determinant ‘PAIM ( f ‘1)| can be reconfigured as follows:

‘193,l ( f‘l)' — [2B,B;B, — B2 — B3Bs — B + B3Bs|.

From (3.9)—(3.12), we easily write

~ _ 1 1 1 5 3
'H3,1 (f 1)‘ = = ‘—o% + (50'2 + 80‘%) o103 + %0{’ - 50’3 + 2004
5 5 1
_&0-?0-2 + EO’%O‘% - 50'%0'4 .

Now we begin by utilizing Lemma 2.1 with o = —% and ¢ = —é that

1 1
03|03+ (—E)O']O'z +(—8)0':;’] < |O'3|
and also by using Lemma 2.3, we have
2 2
ol <1- 20 <120
1+ |oq| 2

Applying it and also using |o4| < 1 — los* — o1, we achieve

[ (57)| < = E ol

= 64
where
1 5 3 5
E(,) = 1-0* ==+ —0+=P +2(l - 0* - )+ =o't + =oF
(@1 772" T5767 T2 (1-0 )480- 167
1
+§0'2(1—O'2—l‘2), o =|oq|, t =|oy.

But E is a decreasing function of the variable o-; consequently,
E(o,t) <E0,1)=1- Et - Et‘ + 2t.

The function E (0, f) reaches its maximum value in [0, 1] if ¢ = —% + % 13,s0 E(0, 1) < 2.0322, which
completes the proof. m|

Conjecture 3.2. If the inverse of f € S7 is of the form (1.2), then

'1:13,1 (f_l)‘ < =
Equality will be obtained by using (1.3)—(1.6) together with
uf'(v) 1 1,

+ - - =)+

f-f=v) 2 24

AIMS Mathematics Volume 9, Issue 10, 28931-28954.
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4. Inverse coefficients for S,
We begin this section by computing the estimates of the first three initial inverse coefficients for

functions in the family S, .

Theorem 4.1. Let the inverse function of f € S},  has the series form (1.2). Then

2
|B2| < ga
2
|B3| < ga
1
|By| < 3

The equality can easily be obtained by utilizing (1.3) up to (1.5) together with

2@y L Ly orm -
m—l"‘zv 24v +---, form=1,2,3. (4.1)

Proof. Let f € Sj, . Then we easily write

2uf’" (v)
f@) = f(-v)

and here w represents the Schwarz function. Also, let us assume that

14l 1 4
—1+5w(v)+5(a)(v)) , veD,

wW) =0+ o + o3+ ot 4 4.2)

Using (1.1), we obtain

2uf” (v)

= 1 +2d 2d507 + (4d, — 2drd3) v°
) - f (v + 2drv + 2d3v° + (4dy hd3) U

+ (4ds — 2d5) v -+ - . (4.3)
By some easy calculation and utilizing the series expansion of (4.2), we have

4 1 4 4 ! - 1
1+ 3V (v) + 3 (@) =1+ 3o + 30'2112 + 30'3113 + (30'4 + 50'1') vt (4.4)

Now, by comparing (4.3) and (4.4), we obtain

d = %0’1, (4.5)
ds = gaz, (4.6)
d, = %0'3+%0'10'2, “4.7)
ds = éaﬁ%a‘h%ag. (4.8)
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Substituting (4.5)—(4.8) in (1.3)—(1.6), we obtain

B, = ~390
8 2
B3 = 2—50'%—50'2,
8 1 18
B, = —ga?—gag+g0'10'2,
B 7711, 144 +12 +22 1
= —0]— —0702+ —0103+ =05 — =04.
: 25007 ' 125 T 25 M52 5
Using (2.2) in (4.9), we achieve
2
|B2|s§.

To prove the second inequality, we can write (4.10) as

|B3|:§O'2+ —g oql-

Applying (2.3) in the above equation, we achieve

2
|B;| < g
From (4.11), we deduce that
1 18 8
|Bs| = g o3+ (—?)0'10'2 + gO’? .
Comparing it with Lemma 2.1, we note that
18 8
= —-— d = —=.
0 3 an S 5
It is clear that 2 < |o|] < 4 with
2 +1 45 1 131
l@l(l@l ) = <g and ¢ < —(Q2+8) = —.
lol” + 2ol +4 151 12 75
All the conditions of Lemma 2.1 are satisfied. Therefore
1
|B4] < 5

The required proof is thus completed.

Now, we compute the Fekete-Szegd functional bound for the inverse function of f € S, ..

Theorem 4.2. If f~! is the inverse of the function f € S;,,, with series expansion (1.2), then

}, TeC.

2
|33 - TB§| < max{g,

4t -8
25

This functional bound is sharp.

(4.9)
(4.10)
4.11)

(4.12)
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Proof. Putting (4.9) and (4.10), we obtain

|B3—TB§| = ‘-gO’z-gO’l gO’l
2 N 2r—-4\ ,
= —|o
502 5 !
Application of (2.3) leads us to
2 |4t -8
By — B3| < =, ‘.
- max{S = }
The bound of the above functional is best possible, and it can easily be checked by (1.3), (1.4), and (4.1)
with m = 2. O

By replacing 7 = 1 in Theorem 4.2, we arrive at the below result.
Corollary 4.3. If the inverse of the function f € Sj, ' is f ~1 with series expansion (1.2), then

2
|&—%H§.

This estimate is sharp, and equality will be obtained by using (1.3), (1.4), and (4.1) with m = 2.

Next, we investigate the Zalcman functional upper bound for /™! € Sj, .

Theorem 4.4. If f € S*gm and its inverse function f~! have the form (1.2), then

1
|B2B3 - B4| < g

The above estimate is sharp.

Proof. Taking use of (4.9)-(4.11), we achieve

\B,B; — Bi| 1 N 14 N 24
- =—|o —— o0 + —07].
203 A =313 5 102+ 550
From Lemma 2.1, let
14 d 24
=—— an = —.
¢=77 $7 25

It is clear that 2 < |o| < 4 with

2lol(lel +1) 35

12
Framed s W s=p@es)=5

Thus, all the conditions of Lemma 2.1 are satisfied. Hence
1
|B,Bs — By| < 3

The required estimate is best possible and will easily be obtained by using (1.3)—(1.5), and (4.1) with
m=3. O

AIMS Mathematics Volume 9, Issue 10, 28931-28954.



29841

Further, we intend to compute the Krushkal functional bound for the family S;
Theorem 4.5. If f € 83[’5 and its inverse function f~! have the form (1.2), then

3l,s*

|Bs— B3| < 3

This estimate is sharp.

Proof. Putting (4.9) and (4.11), we obtain

18 32
|B4— 2| 0'3+ —? 010, + g o
From Lemma 2.1, let
18 d 32
=—— an = —.
¢=77 5725
It is clear that 2 < |o| < 4 with
2ol (ol + 1) 45 1/, 131
= < and < — +8)=—.
of +2lgl+4 151 ° < z(0"+8)= 73

Thus, all the conditions of Lemma 2.1 are satisfied. Hence

This estimate is best possible and will be confirmed by using (1.3), (1.5), and (4.1) with m = 3. O

In the upcoming result, we will investigate the estimate of H,, ( f ‘1) for the family S3, |
Theorem 4.6. Let the inverse function of f € Sj,  has the series expansion (1.2). Then

This inequality is sharp, and equality will easily be achieved by using (1.3)—(1.5) and (4.1) with m = 2.

Proof. The determinant H,, ( o ) can be reconfigured as follows:

I:IQ’Q (f_l) = BQB4 - Bg
= —d; + dody — d3d5 + d;.

Substituting (4.9)—(4.11), we achieve

N _ 4| 4 1 1
’HZ,Z(f 1)' = E"gO'?'FgO'%O'Q 20'10'3+0'2
4 (1 1({ 8 2
= g|§(0'2 0'10'3)4-5(—%0'?4‘30'%0'24'0%)
4 2 2 2
< %|0'2—0'10'3|+50 250'1+50' o'2+0'2
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4 4
= Y+
50 50
where
Y = o3 - o0,
and o 5
Y, = '—g(ﬁ + 50'%0'2 + 0'5 .

Utilizing Lemma 2.4, we acquire Y; < 1. Applying (2.4) along with triangle inequality for Y,, we have

1 < (1= 10P) + gz ol + 2 (1 = o) b

By setting |o-;| = % with % € (0, 1], we obtain

23x*  8x?
L 1=NG.
%5 5 ()

|Y>| < -

Clearly N’ (%) < 0, N () is a decreasing function of », indicating that it achieves its maxima at % = 0,
that is,

Y2 < 1.
Therefore A A
Ay () < 2y, + —y, < —
() s gt s 3
and so the required proof is accomplished. O

Theorem 4.7. Let f~! be the inverse of f € S3,, With series expansion (1.2). Then
|25, ()| < 0.11600.
Proof. The determinant |I:I3’ 1 ( f ‘1)‘ is described as follows:

‘193,l ( f‘l)' — [2B,B; B, — B2 — B3Bs — B} + B3Bs|.

From (4.9)—(4.12), we easily write

N 1 4 61 12 67
-1y _ 2 6 3 4
H3,l(f )' - g‘_0-3+§0-20-10-3_@0-1—?O-Z—ﬁo'lo'z
52 4
+g0'%0'§ - 50'%0'4 + 20,04 .

The below inequality follows easily by using Lemma 2.1 with o = —‘5‘ and¢ =0

< |o3]

4
o3 [0'3 + (—g) o105 + (0) 0'?

AIMS Mathematics Volume 9, Issue 10, 28931-28954.



29843

and also by virtue of Lemma 2.3, we have

2 2
o2 o2

<1- —lF<1- — o .
o3| < 1+ (o] loi|” < 3 o
Applying it and also using |o4| < 1 — lo2> = |o1 |, we achieve
N 1
—1
A ()] < 3 E el lonaD.
where
1 61 12 67 52 4
E(,) = 1-0*— =+ —0%+ = + —c't+ =P+ —o*(l -c? - 1
(@) T 72 Tes? T o507 T 57 sg( o 1)
+2t(1-0? - 1), o =loil, 1= ol

But E is an increasing function of the variable o; consequently,

1 2
E(o,1) < E(0,1) = 1—§t2+§t3+2t.

The function E (0, ¢) reaches its maximum value in [0, 1]if = 1, so E (0, ¢) < f—g, which completes the
proof. O

Conjecture 4.8. If the inverse of f € Sj, | is of the form (1.2), then

A5 ()] < 5

This result is best possible.
S. Initial coefficients for SK,,
Next, we begin this section by determining the estimates of the first four initial coefficients for

functions in the family f € SKeyp.
Theorem 5.1. If the function f € SKe, has the series form (1.1), then

1
lda| < ?,
lds] < 2
lda| < 1i6’
|ds| < 2—10

The equality is attained by the following extremal functions:

L A C) RN S SR _
Ty S Y e form=1,2,3.4 5.1)

AIMS Mathematics Volume 9, Issue 10, 28931-28954.
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Proof. Let f € SKcp. Then there exists a Schwarz function w such that

2@f’ ) )

- = , veD. (5.2
F@—-F o) )
Also, assuming that
W) = W+ o+ o0 ot (5.3)
Using (1.1), we obtain
2(wf (v))
wf’ @) 1= 1+ 4dyv + 6d30” + (=12dads + 16dy) U + (=185 + 20ds) v +--- . (5.4)

(f@ = f=v)

By some easy calculation and utilizing the series expansion of (5.3), we achieve

1 1
eV = 1+ow+ (0'2 + Eo’%) v+ (0'3 + 00 + 60’?) v
L, 1 4. 1, 4
+ 0'4+0'10'3+§0'2 240'1+§0'10'2 [T SRR (5.5
Now by comparing (5.4) and (5.5), we have
1
d, = 4—10'1, (5.6)
1 1
d3:€@+§ﬁ, (5.7)
1 5 3
dy, = EO} @O’? + 3_20-10-29 (5.8)
1 1 1 1 1
ds = —03+— —of. 59
5= 5072t g0t pgTi0 ¥ 5g 010 560 (59)
Using (2.2) in (5.6), we obtain
1
|ds| < T
Rearranging of (5.7), we obtain
1
|ds| = gl 201
Applying (2.3) in the above equation, we achieve
1
|ds] < 8
For d,, we can write (5.8), as
|ds| = ! + + > o
1= 16|73 2T Y
From Lemma 2.1, let
_3 and _ 2
) T

AIMS Mathematics Volume 9, Issue 10, 28931-28954.



29845

It is clear that % < lo| £ 2 with

4 5

—(1 S| =-—< d <1.

27( +lol)” = (1 + ol 77 =€ an ¢<
Hence the conditions of Lemma 2.1 are satisfied. Therefore

1
dy] £ —.
ldal < 7¢

From (5.9), we deduce that

. (5.10)

|ds| = %|§(20'10'3+O'4+O'§+O'?+30’%O'2)+5(0'4+0'%_go-‘l‘_o-%O-Z)

The initial segment is estimated by % by utilizing (2.7) with A = 1. Lemma 2.3 uses for the estimation
of the second segment in the following:

1
—50"1‘+0'4—0'%0'2+0'§ < 5

1'2
2

2
[— ol = 1o+ 1+ Slonal* + o (1= lona ) + |0'2|2] :

1|0'1|4+1<1
6 272

By adding the bounds of the segments of (5.10), we achieve

1
< —.
|ds| < 20

Thus, the proof is completed. O
6. Inverse coefficients for SK,,
Lastly, we will investigate the estimates of first three initial inverse coefficients for functions in the

family SKexp.
Theorem 6.1. If the inverse function of f € SK, is of the form (1.2), then

1
|BZ| S Za
1
|Bs| < 5
|By| < 1
T

Equalities hold in these bounds and will be confirmed by using (1.3)—(1.5) and (5.1) withm = 1,2, 3.
Proof. Applying (5.6)—(5.9) in (1.3)—(1.6), we achieve

1
B, = —4—10'1, (6.1)
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1, 1
B3 = —0'1—60'2,

11 1
By, = —o0103—- 03,

96 16
1, 43, 7 1, 1
32071 " 9607

Using (2.2) in (6.1), we obtain

For B5, we can write (6.2), as

For B4, we consider

1 11
|B4| = E 03 +(—F)0'10'2+(O)0'? .
From Lemma 2.1, let
11
=—— d =0.
o 6 an S

It is clear that % < lo| £ 2 with

2 17 4 391
—3zlel+=-5<¢  and §Sﬁ(1+|0|)3—(1+|0|)=

This shows that all conditions of Lemma 2.1 are satisfied. Thus

IBI<1
"=16

Thus, the required proof is completed.

Theorem 6.2. If f € SK.y, has inverse function f~! with a series form (1.2), then

1 -2+ 37
|B3—TB§|§max6{l, g }, TeC.

This inequality is sharp.
Proof. Employing (6.1) and (6.2), we have

1 1 3t

|B3 —TB§| = 8 0Oy — ZO-% + g(f%
1 N 3r-2\ ,
= —|o
6| ° g !

729°

(6.2)
(6.3)

(6.4)
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Implementation of Lemma 2.2 along with triangle inequality leads us to

1 -2+ 37
B; — B3| < 11, :
15, 72|_max6{ . }
The functional bound is sharp and will be obtained from (1.3), (1.4), and (5.1) with m = 2. O

By replacing 7 = 1 in Theorem 6.2, we arrive at the below result.
Corollary 6.3. If f € SK., has the inverse function with a series form (1.2), then

1
|Bs - B3| < <

The functional bound is sharp. Equality will be achieved by utilizing (1.3), (1.4), and (5.1) with m = 2.
Theorem 6.4. If the inverse of the function f € SK, is expressed in (1.2), then

1
By, — ByB;3| < —.
| B4 23|_16

This outcome is sharp, and it will be confirmed easily by using (1.3)—(1.5), and (5.1) with m = 3.
Proof. From (6.1)—(6.3), we have

7 1
|B4—BQB3|: — 0'3——0'10'2——0'? .

16 6 6

From Lemma 2.1, let

o= —% and ¢ = —é.
It is clear that % < lo| £ 2 with
SO+lo) ~(+leh =25 < and <1
Thus, all the conditions of Lemma 2.1 are satisfied. Hence
|By — ByBs| < L
16
and hence the proof is completed. O

Theorem 6.5. If the inverse function of f € SK, is provided in (1.2), then

1
|Bs— B3| < —.
16

Equality will be held by using (1.3), (1.5), and (5.1) with m = 3.
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Proof. Putting (6.1) and (6.3), we have

1
|B: - B)| =

From Lemma 2.1, let

It is clear that % <lo| £ 2 with

2 17 4 391
—Z(ol+ ) =-—< d < — 1+l =1 +o) = =—=.
3 (lol + 1) g =S an S 27( loD™ = (1 + |ol) 79
Thus, all the conditions of Lemma 2.1 are satisfied. Hence
1
B,-Bl| <
B, - B; =16
O
Theorem 6.6. Let f~! be the inverse of f € SK exp s defined in (1.2). Then
( )' |BZB4_ 3|_36
Equality will be achieved by using (1.3)—(1.5) and (5.1) with m = 2.
Proof. From (6.1)—(6.3), we have
N B 1 9
P - et
1 1 L1 {1 , 1 N 17 N
= —|= - -0 — =0 T
36 [3 (72 1) + 5 (g1 - goa + golen + o3
< i| —0'0'| 1‘10'4—10'0' +170'20' + 02
) BT g1 T g3 T 1102 T
1
= —R R
7N T
where
R1 = 0'2 - 0'10'3|
and
1, 1 17
R, = gO‘l — §0'10'3 + 160- 102 +0'2
Utilizing Lemma 2.4, we obtain R; < 1. Also, by virtue of Lemma 2.3 for R,, we achieve
17 o[ IU1| oI )
R, < + —-— - +1
IRy| < T 2 ool "o+ D o1
|0'1| 17|0'2||0'1|2 |0'1| 2 |0'1|3 o1
+ |- +1 - + —. 6.5
= 73 16 e N A (6.5)
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Since (— 8(|(‘;:1|L1) + 1) > (. Thus, we can substitute (2.4) in (6.5), and we easily obtain
o |3 17 2 2 o] 2\2
R < - + — 1- +|-———+ 1|1 -
R < ===+ lonf (1= lonF) YRy (1-1oP)
o1 |0'1|4
— +
8 8

The basic computation of maximum and minimum leads us to

IRy| < 1.
Hence ! ! ]
2 -1
Hz’z (f )' < ﬁRl + ﬁRz < %
The proof is thus accomplished. O

Theorem 6.7. Let f~' be the inverse function of f € SK, and is expressed in (1.2). Then
‘ﬁll ( f‘l)‘ < 0.006671.
Proof. The determinant |I-AI3,1 ( f ‘1)‘ can be expressed as follows:
‘Plll (f—l)' — [2B,B;B, — B2 — B3Bs — BY + B3Bs|.

From (6.1)—(6.4), we easily write

N 1 7 1 1 1 13
-1\ _ 2 2 6 4 2 2
H3,1(f )‘ = ﬁ—0'3+(EO'2+1—00'1)0'10'3—%0'1—@0'10'2—7800'10'2
+4 ) 32 3_|_32
— 00y — ——=0, + —004|.
15774 13572 150
At the beginning, it should be noted that
+ ! + L) < |o|
o3 |o —— oo -—|o o
3|03 59192 10/ =103l
where we have used Lemma 2.1 with o = —% and ¢ = —%. Also, by using Lemma 2.3, we have
|<T2|2 2 |(T2|2 2
<1- - <1- -
o3| < T+ (o] oy |” < > o1
Applying it and also using o4 < 1 — los* = o1, we achieve
N 1
-1
A1 ()] < 552 E (el lonaD.
where
1 1 1 13 4
E(t) = 1-0*— =+ —0+ —0c't+ —0c’ + —0*(l -0 -1
0.9 -t s g T L T (-7 7)
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32 , 32 ) 3 3
+ﬁt+gt(l—0' - 7). o =loil, t= o).
But E is a decreasing function of the variable o-; consequently,

1, 256, 32
< =1 - -t - — —1.
E(o,) <E@0,1)=1 2t 135t +15t

The function E (0, 1) reaches its maximum value in [0, 1] if 7 = =23 + =5 V100329, so E (0, 1) < 1.7079,

which completes the proof. O

Conjecture 6.8. If the inverse function of f € SK, is of the form (1.2), then the sharp bounds

A (771 < 53

Equality will be achieved by using (1.3)—(1.5) and (5.1) with m = 3.

7. Conclusions

The study of Hankel determinant bounds is of great importance in the research community due to
its vast applications in mathematical science. In the current article, we have considered the Hankel
determinant involving the coefficients of inverse functions for various subclasses of analytic functions.
This generalizes the classical definition of the Hankel determinant and could provide more knowledge
of inverse functions. The main focus of this article that we have studied is the coefficient-related
problems along with Hankel determinants for the inverse function of the functions that belong to the
families of symmetric starlike and symmetric convex functions associated with three different image
domains. In particular, these problems include the sharp estimates of some initial inverse coeflicients,
the Zalcman, Fekete—Szeg06, and Krushkal inequalities, along with the sharp estimation of second and
third Hankel determinants containing inverse coefficients for functions in the mentioned families by
using the concept of a Schwarz function. Also, we have given some conjectures that strongly support
our obtained results. Our research introduces a new framework for analyzing the Hankel determinant,
emphasizing the importance of inverse coeflicients in analytic functions, potentially promoting more
attention to coefficient-related problems. This study may be applied to meromorphic analytic functions,
and the same methodology can be used to examine higher-order Hankel determinants, as studied in
articles [46—48].
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