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Abbreviations

The following abbreviations are used in this manuscript:
BVPs Boundary Value Problems
HHFDEs Hilfer-Hadamard Fractional-order Differential Equations

HFIs Hadamard Fractional Integrals

HHFDs Hilfer-Hadamard Fractional Derivatives
CFDs Caputo Fractional Derivatives

HFDs Hilfer Fractional Derivatives

HFDEs  Hilfer Fractional Differential Equations
HFDs Hadamard Fractional Derivatives (HFDs)
CHFDs  Caputo-Hadamard Fractional Derivatives (CHFDs)

1. Introduction

Fractional calculus extends classical calculus by generalizing derivatives and integrals from integer
orders to arbitrary orders. In this field, various definitions of integrals and derivatives exist, with the
Caputo and Riemann-Liouville (R-L) formulations being widely recognized. These formulations have
driven extensive research, extending differential equations from integer to fractional orders. Recently,
Hilfer introduced a generalized R-L derivative, known as the Hilfer derivative, which bridges the gap
between Caputo and R-L derivatives and has attracted significant attention. Recent studies have
investigated the Ulam stability and existence results of differential equations using fractional
Hadamard and Hilfer derivatives, marking a notable advancement in fractional calculus and opening
new avenues for mathematical exploration and application [2,5, 8, 14].

The researchers focus on stability analysis of fractional differential equations using different types of
fractional derivatives and make an important contribution to the understanding of stability properties in
fractional calculus [1,6,25,26]. Beginning with studies on the stability of solutions to linear differential
equations with fractional Caputo derivatives [25], subsequent research investigated the existence and
Ulam stability of solutions to equations characterized by the Hilfer-Hadamard type [1] and extended
the analysis to include the new Caputo-Fabrizio fractional derivative and advance the discourse on
stability in fractional calculus [6]. In addition, studies in [26] investigated the Hyers-Ulam stability
of nonlinear differential equations subject to fractional integrable momentum, expanding the scope of
stability analysis in fractional calculus applications.

Fixed-point theorems are crucial for establishing both the existence and uniqueness of solutions in
various mathematical contexts. Their application also extends to examining the attractivity of
solutions within fractional calculus, facilitating advancements in both theoretical understanding and
practical applications across a broad range of scientific disciplines. For instance, the authors in [7]
studied the complex interplay between nonlinear Caputo fractional derivatives and nonlocal
Riemann-Liouville fractional integral conditions, offering new insights through fixed-point theorems.
Similarly, [24] expanded our understanding of positive solutions for fractional differential equations
with derivative terms, introducing a novel fixed-point theorem to address this challenging problem.
In [3], the authors explored the complexities of fractional boundary value problems, particularly
focusing on mixed boundary conditions, which are essential for modeling various physical
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phenomena. Additionally, [10] extended the applicability of mathematical tools, such as Monch’s
fixed-point theorem, to analyze intricate systems of Hilfer-type fractional differential equations,
opening avenues for further theoretical developments. Lastly, [22] investigated the existence and
uniqueness of nonlocal boundary conditions in the context of Hilfer-Hadamard-type fractional
differential equations, bridging theoretical insights with practical applications.

The study by Fan et al. [11] investigates the synchronization of fractional-order multi-link
memristive neural networks (MNNs) with time delays, proposing a hybrid impulsive feedback control
strategy to achieve drive-response synchronization in these complex systems. This approach offers
valuable insights into the stability and synchronization dynamics in neural networks and chaotic
circuits. In contrast, Li et al. [18] focus on the stability analysis of fractional differential
equations (FDEs) with non-instantaneous impulses and multi-point boundary conditions, providing
new stability criteria for systems with delayed impulses. Their work has broad implications for
biological systems and engineering problems influenced by fractional dynamics. Both articles
contribute significantly to the understanding of control and stability in fractional-order systems, with
distinct applications in neural computation and biological modeling.

In 1892, Hadamard introduced the new concept of Hadamard fractional derivatives, using a
logarithmic function with an arbitrary exponent at its [9]. Building on this foundation, subsequent
research, exemplified by notable works such as [4, 16,20], has explored various extensions, including
the study of Hilfer Hadamard-type fractional derivatives and Caputo-Hadamard fractional derivatives.
It is important to note that Hadamard fractional derivatives and Caputo-Hadamard fractional
derivatives are specific instances of the broader Hilfer-Hadamard type fractional derivatives
framework, distinguished by the parameter 8 with values of 8 = 0 and 8 = 1, respectively. This rich
line of research has led to investigations into the existence and properties of solutions to
Hilfer-Hadamard type fractional differential equations, particularly with respect to non-local
integro-multi-point boundary conditions.

Existence results for a Hilfer-Hadamard type fractional differential equations with nonlocal integro-
multipoint boundary conditions were derived in [21],

HHDP () = f(t, x(1), te[l,T],

x(1) =0, Y Xux() = A I°x(n), (1.1)
i=1

here ¥ € (1,2], 8 € |0,1], X;,A € R, n,& € (1,T) (i = 1,2,...,m), 717 is the HFI of order § > 0,
f:[1,T] xR — R is a continuous function. Problem (1.1) represents a non-coupled system.

Integer order integro-differential equations find applications in various domains of science and
engineering, including circuit analysis. According to Kirchhoff’s second law, the total voltage drop
across a closed loop is equal to the applied voltage, denoted as E(t). This principle essentially stems
from the law of energy conservation. Consequently, an RLC circuit equation has the form

dl(t)

1 t
— tRM+ 35 fo I(s)ds = E(b).

This paper explores the practical application of fractional derivatives in modeling various electrical
circuits, including RC, RL, and RLC configurations, as well as power electronic devices and nonlinear
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loads. The RLC circuit serves as a fundamental component in the assembly of more intricate electrical
circuits and networks. Illustrated in Figure 1, it comprises a resistor with a resistance of R ohms, an
inductor with an inductance of L henries, and a capacitor with a capacitance of C farads, all arranged
in series with an electromotive force source (like a battery or a generator) providing a voltage of E(t)
volts at time t.

R L

——MW——
i(t)

v(t)C_’) C =

Figure 1. Diagram of a RLC circuit.

In [19], Malarvizhi et al. discussed the transient analysis of an RLC circuit in the RK4 order
method. In [12], Gomez-Aguilar et al.studied the electrical circuits RC and RL for the Atangana-
Beleanu-Caputo (ABC) fractional bi-order system:

ABC DBV (1) = 6E(t) — 6V.

In 2016 in [13], researchers derived analytical and numerical solutions of electrical circuits employing
fractional derivatives. By substituting traditional time derivatives with fractional derivatives like
Riemann-Liouville, Griinwald-Letnikov, Liouville-Caputo, and the recently introduced Caputo and
Fabrizio fractional definitions, the authors derived equations capturing the dynamic behavior of these
circuits. Motivated by [13], we have considered the following Hilfer-Hadamard fractional derivative
equation with the RLC model:

HH By = D R _Lf _
D7) = 3 L]I(’[) o . I(¢)dg, te g =11,T], (1.2)
I i
X()=0, X(T) = Y nXE)+ ) o l"X&G), vi>0.m.0 R, G, €T, (13)
i=1 i=1

The Problems (1.2) and (1.3) exhibit nonlocal coupling with integral and multi-point boundary
conditions. The RLC circuit system is shown in Figure 1.

The primary contribution of this endeavor can be outlined as follows:

(1) The existence, uniqueness, and stability of the solution of the Hilfer-Hadamard fractional multi
point integro-differential equation for the RLC circuit model have been investigated via the fixed-point
approach.

(2) We apply a novel hypothesis to verify the existence, uniqueness, and Ulam-Hyers stability of
the solution to the RLC circuit Egs (1.2) and (1.3). We additionally, the paper is structured as follows:
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Section 2 introduces definitions and properties of fractional derivatives, along with an investigation
into the existence of solutions for the boundary value problem. Section 3, we give the main results.
Sections 3.1 and 3.2 focus on the existence and uniqueness of solutions. Section 4 examines Ulam
stability, while Section 5 presents examples illustrating the developed theorems. Finally, Section 6
provides concluding insights.

2. Preliminaries

Definition 2.1. [17] The Hadamard fractional integral of order O € R for the function X : |a, c0) — R
is defined as follows:

ﬂ X,

H 79 —
I X1 = F(ﬁ)f " a, a>b, 2.1

provided the integral exists, where log(-) = log,(-).
Definition 2.2. [17] For a continuous function X : |a, ) — R, the HFD of order © > 0 is given by

Hp? X(t) = p" I X)), n=[9]+1, (2.2)

at

where p" = "L and | 9] represent the integer parts of the real number .

v
Lemma 2.1. [17]If9,y>0and 0 < a <b < oo then

(7% (10g1) ")) = =2

t\y+9-1
Ity +ﬁ)( Oga) '

b

I'(y) (10 t)y—ﬂ—l.

@ ("Dl (log ) X = oo\ log s

a

In particular, if y = 1, then the following is the case:

(W22 ) =
Definition 2.3. [I5] Forn—1 <p <nand0 < q < 1, the HHFD of order math frakp and the type q
for i e L'(a,b) is defined as
(L) =IO X))
=TIV
=IO DL X)), q =6 +ny -6y,

(logé)_ﬁ #0,0<¥<1.

where " T 23 and (HDE;) are given in Definitions 2.1 and 2.2, respectively.

Lemma 2.2. [23]If¢ € £'(a,b),0 < a<b < oo, and ("I "¢)(t) € AC[a,b], then
’Hz)ﬂ (‘Hﬂz)a+ QO)(t) ‘HIQ (7{741)&1+90)(t)

© "D o)) (1og )"

= Ir'a-j) ’

a
where 6 > 0,0 <y < land g = 6 + ny — dy,n = |6] + 1. Observe that I'(q — j) exists for all
j=12,---,n—1andq € |6,n].

=o(t) -
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2.1. Problem formulation

Let us consider the general structure of the Hilfer-Hadamard fractional order RLC circuit integro-
differential equation with nonlocal boundary conditions:

THDMX(1) = Hi, X(t) W(X(s“))) tedJ =117,

2.3
X(1) =0, X(T) = ZU,X(§,)+ZQIV‘X(§I) > Ome ek Gged. OO

i=1

where #* 9?8 is the Hilfer-Hadamard fractional derivative of order ¢ € (1,2), and type B8 € |0, 1] and
1ni,0; € R parameter 7" is the Riemann-Liouville fractional integral of order v; > 0, € [1,7],0; €
Ri=1,.t

t E(t) R 1 (!
H (4, X (), f F(t, ¢, X(c)ds)) = %—ﬂ(t)—@ fl Ke)ds, 2.4
and
t
HX()) = f F(t, 6, X(6)ds). 2.5)

Using some fixed-point theorems, the existence and uniqueness results are established. For (2.3), we
employ Banach’s fixed-point and Schaefer’s fixed-point theorem for uniqueness and existence results.

This section is concerned with the existence and uniqueness of solutions for the nonlinear Hilfer -
Hadamard fractional derivative boundary value problem (1.3). First of all, we prove an auxiliary lemma
dealing with the linear variant of the boundary value problem (1.3), which will be used to transform
the problem at hand into an equivalent fixed-point problem. In the case n = [] + 1 = 2, we have
y=79+2-9)p.

Lemma 2.3. Leth € C(|1, T],R) and that
[
1= (logT)" Z n(logé&) Z ol (logg)” "2o0. (2.6)
i=1 i=1

Then, X is a solution of the following linear Hilfer-Hadamard fractional boundary value problem:

HHDIEX () = h(t), te T = [1,T],
t

! 2.7
X =0, XD =Y X&)+ Y al"X@), w>0mo e geed.

i=1 i=1

which satisfies the following equation:
(1ogt) [ ¢ d fl - 1h(g> . h(g)
X(t) =— [ F(ﬂ) —de + ZQII ) f DT 2de (2.8)
1 (1og %) 1@ ] f )" lh(g) ds.
T J S S @
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Proof. Applying the Hadamard fractional integral operator of order ¥ from 1 to t on both sides of
Hilfer-Hadamard fractional differential equations in (2.7) and using Lemma 2.2, we find that

S I X)(1) logty~! - S I X)(1)

logt)~* =" I*h(t),
I(y) TGy eeh )

X(t) -
and we obtain,

- t —
2, | (1 gi)ﬂ 1), (2.9)

X)) = co(logt)y_1 + cl(logt) + R0 1 0 c -

where ¢y and ¢; are arbitrary constants. Using the first boundary condition (X (1) = 0) in (2.9) yields
¢, = 0, since y € [#4, 2]. In consequence, (2.7) takes the following form:

X(T) = Z X (&) + Z oI X, (2.10)

i=1

and using the notation (2.10), we obtain the following :

| &ﬂlh(g) * o b f mlh@
[Z"Wﬂ)f ) @1

17 o-1h(s)
7w ) (ee) ng]-

Substituting the value of ¢; in (2.9) results in Eq (2.8) as desired. By direct computation, one can obtain
the converse of the lemma. The proof is completed. O

3. Main results
Let & = C(L1,7],R) be the Banach space endowed with the norm

IX]| := max |X(t)].
te[1,T]

Given Lemma 2.1, we introduce an operator ¥ : & — & associated with the problem (2.3) as follows:

logt) T : £, X(1), H(X
oo e [ s [* (1 ) HUAOHEKNE)

IT S

Z L f {1 1 Hulh X HXONS) |
4T ;

) L (10g _)ﬂ_l%(t,X(t),?{(X(g)))(g) dg]
r@) Ji S S
I tyo-1H (1 X(1), H(X()))(s)
el (1ogE) . ds, te[l,T]. (3.1)
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In the sequel, we used the following notation:

(3.2)

~ (10g7)" . (1og7)"”" [ Z‘: ini(log )’ . Zt: 5(10gz) ™" . (10g7)’

TTW+ ) || r@+1) S Tr@+v+1) TO+D]

=
Here, we introduce some assumptions for the following sequels.

(@) The function H; : J x E x E — & is completely continuous, and then there exists a function
u € LY(J,R) such that:

|7‘(1(t,X,y)|S/J(t), tEj, X’&yea-
(®,) The function H, is continuous, and there exist constants £, £, > 0 such that:

|H (1, X1, Y1) — Hi(t, Xo, Vo)l <Li|1X = KXol + L)Y — Yo,
Vted, Xp, Y, €&, i=1,2.

(@Q;) The function H; is continuous, and there exists a constant M > 0 such that:

Hi(t, 6, X)) —Hit, e, X)) < MX, =X, VeT, Xi€&,i=1,2.

3.1. Existence results

In this subsection, we present different criteria for the existence of solutions for the problem (2.3).
First, we prove an existence result based on Krasnoselskii’s fixed-point theorem.

Theorem 3.1. Let H; : [1,T] X R — R be a continuous function satisfying (2.3). In addition, we
assume that the following condition is satisfied:
(Q)) There exists a continuous function ® € C(L1,T|,R* such that

|H1 (1, X, W) < O(t) € [1,T| xR.

Then, the nonlinear Hilfer-Hadamard fractional boundary value problem (1.3) has at least one solution
on | 1,7T], provided that the following condition holds:

(log‘.T) log‘J' ! |771 logfl |{j|(logg,“,-)mvi (log‘J’)ﬂ
{ [2 ) :

F(ﬁ+1) I'g+1) 1I“(19+vi+1) Ir'o+1)

}L <1 (3.3)

=

Proof. By assumption (Q;), we can fix p > Q|®|| and consider a closed ball
B, ={X € C(LL,TLR) : [IX]| < p}, where [|D]| = supy; 7 |P(1)] and Q is given by (3.2). We verify the
hypotheses of Krasnoselskii’s fixed-point theorem by splitting the operator # defined by (3.1) on 8B,
to C(L1,T],R) as ¥ = F1 + F>, where ¥, and F, are defined by the following:

a FHE XX, HX )G
F00 = s [ (1o < s el
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[

(logt)’ -1 H (X (), H(X
(%X)(t)_ [Zn’r(ﬁ) f‘ 601 11 XD HX ),

IT S
t
, | 41 1 H (0 XOHX NS,
" el r(ﬁ)f g
1 194, XD, HX )6
“Tw) J, (logg) ; ]’teu’ﬂ'
For any X, X, € 8,, we have the following:
X0 + FX0) (3.4)
(1°g’f) ' f fl L XOHX ),
- H F(l?) S
. 4 o1 [ (4. XOHX NG,
+ZQ’I r(ﬁ)f ;
) L (1 _)ﬂ—l|%(t,X(t>,w<X<g>>><g>| ;
o J, V8% 5 ¢
L b [H G X, HX )G
* 1(1°gz~> : ds.

3 y— : . A v 3
S((log ‘J') log‘T [Z |77, log§, Z |{J|<log {l) N (log T))Dlld)ll,

F@+1) LTI +vi+D) IO +]

=

< QD] < p. (3.5)

Hence, ||F1(X)(t) + F2(X2)(D)|| < p, which shows that 7 (X)(1) + F2(X>)(1) € B,. By condition (3.3),
it is easy to prove that the operator ¥, is a contraction mapping. The operator ¥ is continuous by the
continuity of . Moreover, H; is uniformly bounded on 8, since

(log T)?

171Xl < o+ D

[1DIl.

Finally, we prove the compactness of the operator ;. For t;,t, € |1, T],t; < t;, we have the following
case:

-1 iy - (1 X (1, H (X))
IF1X(t) - ﬂX(tl)l_r(ﬂ) f [ =) —(loe) ] . ds

° 201 IH(E X (), HX()))()
(log E) c ds

[200gt, ~ logt)” + [(log )" — (log )]

+ _
')
1l
S Ir@+1)

which tends to zero independently of X € B,, as t; — t,. Thus, ¥ is equicontinuous. By the
application of the Arzela—Ascoli theorem, we deduce that operator #; is compact on 8B,,. Thus, the
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hypotheses of Krasnoselskii’s fixed-point theorem hold. In consequence, there exists at least one
solution for the nonlinear Hilfer-Hadamard fractional boundary value problem (2.5) on |1, T, which
completes the proof. O

Our next existence result is based on Schaefer’s fixed-point theorem.
Theorem 3.2. Assume that (Q,) is verified. Then (2.3) admit at least one solution on .

Proof. We shall use Scheafer’s fixed-point theorem to prove that # has at least a fixed-point on &. It is
to note that £ is continuous on & because of the continuity of H;.

Now, we shall prove that # maps bounded sets into bounded sets in & Taking r > 0, and (X) €
B, = {(X|X € & ||X]||lg < X)}, then for each t € |1, T ], we have

PXO) =

(1°gt) ‘ f fl o1 H (. XOHX NG,
H F (19) S

o ‘i Gino-1H (1, X (), H(X($))(s)
Zgijlwf (log—) ! dg

S
L [ (1o XD HH NS,
T'@) gg s ¢
19 LH, (1, X (1), W(X(g)))(g)
F(ﬂ)f - ds, tell,T]. (3.6)

Step 1. # is continuous.
Let X, be a sequence such that X,, — X in . For each t € J, one has

[(PXa))(D) — (P(X))(t)l

logt - 1 l d
_ dogt I f V" (6, X, (6), HX () = Hi (6 X(S), HX ()

IT

! (i e d
+Zginﬁ—Jr\q)f (10gé)ﬁ ’l(ﬂl(g,/\’n(S‘),W(/\’n(S‘)))—7{1(§,X(§),7’((X(§))))?§

d
f (log = )ﬂ (5, Xi(6), H(Xo(6))) — %(g,X@),ﬂ(X(g))))—g]

F(ﬁ)

o f (log ~ )’9 {Hi(s, Xa(6), H(Xo(s)) — Hils, X(s), (H(X(g))))—|

(log "' ¢ f £i\0- dg
< [;m@ 1 (log ;) |(%(g,xn(g>,mxn(g)»—w1<g,x<g>,w<)<(g>>))|?

\ 1 ¢ i\O+vi— d
+Z@im—+vi) | (log Sy e, X060, HOX, 6 = s X HX IS

T f (log ~ )’9 HH (. Xu(6), HXo(9) = Hh (5. X(6). W(X(g))))l—]
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1 t t g d
+—f (log —)" 1I(7{1(§,Xn(§),7{(2<n(§)))—%(g,X(g),W(X(g))))I—g
ra) J, S S

o
_(ogy~! < mi(log )

T [,-_1 T+ ) NS X9, HX(9) = Hh(s, X(6), HIX(ED)le

f

(IOg éj)ﬁwi
+ Z 9i I(Hi(s, Xi($), H(X(s))) = Hi(s, X(s), H(X(S)))lle
i=1

F(ﬂ+vi)

. (ogD)’
r@+1)
, (og 7)?
r@+1)

I(H1(5, Xu(s), H(Xu(6))) — Hi(s, X(5), H(X (S‘))))Hs]

I(H1(5, Xu(s), H(Xu())) — Hi(s, X(5), H(X(E)))lle-

Since the function H, is continuous, then we obtain
[(PX))(D) — (PX))D)
K
(log )1 o |77i|(10g fi)
<L 2 T NG KO HX ) = 6 XO.HXODle

i=1

f (lOg é‘.)ﬂ"'vi
1
+ ;Qi @+ I(HC, X, H(Xa () = HC XC), HXON)le
, (ogT)”
r@+1)
, (ogT)’
r@+1)

IHLC, X)), H(X,(4)) — HL G, X, W(X(-))))Ils]

Therefore, the operator # is continuous.
Step 2. P(8,) is bounded.
For eacht € 4 and X € B,, we obtain that:

I(PX)(t)I
(1°gt I ff fz -1 H, (1, X(1), H(X (§)))(§)
| F(ﬁ) S
. (1 -1 H, (1, X(1), W(X(g)))(c)

+ZQ“T r(ﬂ)f s
B L (10g Ty PACXO HXONG)

r@ J, V8 ; ¢

1 ' t\o-1H, (1, X(1), W(X(C)))(G)
e (1o ) ! de, tel,7].

aogtr“ f fz 9~ llu(g)l
- i @)

ICH G, Xn(), H(X () = Hi( XC), HXONNe — 0, as n — oo.
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i g
1 4 (] P+vi—1 |,U(§')|
- log Z)™M 22
+§er(ﬁ+vi)f(og ) A

f (To 19 1|/l(§)| ]
r(ﬂ) ds

f ( 19 1|,U(S')|
F(ﬁ) dg,

N©)lle(log ty”! Z lml log fz Z o (logg)™"  (log T’ |+ (log7)"  _
]| I'd+1) — '+ v) Ir@+1) Ir@+1)

(3.7)

i=

Thus, ||P(X)|| < L.
Step 3. P(8,) is equi-continuous.
For1l <t, <t, <7, and X € B,, we obtain

[(PX)(t2) — (PX)(t)]

(logt)"! — Gogt)" '+ 1 [ (g iy T XOHHON)
- i [ 207 ), (e s “

i=1

i 1 o QW (s, X6 HXOI
4w+ J, c

f (1o _)19 HHL(S, X(9), HXO)I ]
) S
th

1 ( (log _)ﬂ_l ~(log t )0_1) [Hi (s, X(g? HX () dg'
L ( g2 )ﬂ 16, X(6). HX@) |
. ,

(logt )1 — (log t,)?!
|D|

r@+1) "rT@+v) T@+1)

(( log h )19—1 ~(log t )19_1) |H (s, X(gzj H (X(g)))|d§'

i=

2'77 (1oge)’ +ig(log§i)’”“ , og0))

tz( tz )19 1[Hi(s, X(s), W(X(g)))|
s

As t, — t;, the R.H.S. of the above inequality — 0. Consequently, we deduce that ¥ is completely
continuous.
Step 4. The priori bounds.

We need to show that the set A = {X € & : X = Q(P(X)); Q € (0, 1)} is bounded. For this, let
X e A X=QP(X)) for some Q € (0, 1). Thus, for each t € I, one has

(logt)" 1 ¢ (tog &) HALXOHXONE) |
PX)() —Q{ - [ " f -
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, { (KO HX@NE)
+ZQ‘I r(ﬁ)f "

S
_L (0 _)ﬂ—lWtX(t)ﬁ(X(g)))(g) p
@) gg : 3
- L H (XD, HX@)(E) ,
r(ﬁ)f c §}, te[l, 7] (3.8)

This implies, by (Q,), that:

(PX)H)]
<logt>f*1 ‘ f fl L KO X)),
LT F(ﬁ) S
4 a1 . X(). HX @,
+ZQ‘r<ﬂ+ )f (lo ;
f o _)ﬁ s X HAGD
r(ﬁ) c

f (log 1) 1 Hi (s, X(g) W(X(g)))l
F (19)

(logtr“ f 5, 9~ llu(g)l
oo 1 T @)

f

o i \9+v—1 (S
+ZQiF(ﬁ—+vi)f (log—) e ds

ﬂ1|ﬂ(§)|
r(ﬁ)f (log 2) ds|

9- 1|,U(S‘)|
r(ﬁ)f (lo _)

(log " |,7,.|( ngf) L (og )’ (log 7)”
S [Zl EREY ||u(g>||a+izzlgi T 5 K + T 6 le]
(log T)” -
+ T 1 0Ol = . (3.9)

Thus, [|u(s)lle < R.
Therefore, the set A is bounded. Hence, we deduce that # has a fixed-point that is a solution to the
presumed problem (2.3) as an outcome of Schaefer’s fixed-point theorem. O

3.2. Uniqueness results

The next theorem contains the second main result in this paper, which is the uniqueness of the
solution to the presumed problem (2.3).
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Theorem 3.3. Suppose that the conditions (Q,) and (Q3) are satisfied such that:

(10g7)  (1027)" [ > i(1ogé) S l(1oec)™  (1027)"
J

Ir'o+1) L1 Iro+1) — I'@G+vi+1) TI'@W@+1)

(L + Lz)M{

}< 1. (3.10)

i=1
Then, the presumed problem (2.3) has a unique solution on .

Proof. We consider the operator P : & — & defined as

PX)) =

(logt)’ f fl o1 H 4, X X))
I1 F (19) S

, 4 XD HE D)),
+ZQII r(ﬂ)f S

B L " (1 _)ﬂ—l H(1, XD, HX ()
o ®5 5 ¢
f 0 TH (1, X(1), W(X(S‘)))(S‘)
) S
We shall show that # is a contraction map. Let X, Y € &, then one has for each t € J
(PX))D) = PO

!

_ (log t)ﬁ_l 1 fi &i\o-1 de
3 [Z”% 1 (1og E) (Hi (5, X(6), HX() = Hi (5, Y (6). HW ()N

tell,7]. (3.11)

IT

\ 1 “ i \O+vi— d
* DO | (o Dy it X HX ) ~ it (6. HO M

F(ﬁ) f (log = )’9 {(Hi(5. X(6), HX(6)) = Hi(s. Y(s), ﬂ(y@)))—]

+ @ f (log —) T H (5, X (), HX(6)) — His, y(g),w(y(g))))_|

aogt)ﬂ1 ‘ iﬁ
S F( 5 =T (H (6, X(), HX(s)) — Hi(s, Y (o), W(y(g)))l)—

f

» i \O+vi— d
+Z@im—+vi) f (1og é)ﬂ 11|<%<g,2<<g>,w<X(g>>)—%(g,y(g),my(g))mf

T f (log — )’9 I (. X(9). HX(6)) = Hi(s. Y (6). ww(g))m—]

(1 og - )’9 1|((Hl(g X(6), H(X(s) — Hi(s, Y (<), ﬂ(y@)))n—

F(ﬁ)
1 tﬁl ! Inll
S(Oﬁnﬂ Z o ””“9 X(6), H(X () = Hi(s, Y(S), HY ())lle

i=
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f

1 \IH+v;
¥ IZI @ (If)(ii)_vi) I(H1(5. X(9). H(X(6)) = Hi(5, Y (6), HIY (E)D))le
(log T)”
Ir@+1)
1 [
¥ ;(05 f) P IH(5. X (). HX () = Hils. Y (6). HI ).

(L + LMIX () — Y ()l

I(Hi (s, X(s), H(X($))) — Hi(s, Y (s), HY (§))))|Is]

(logt)ﬁl ! Inz log& (log &)™ (log‘]“)ﬁ]_'_ (log T)?
Z r@+1) Z "+ v) "To+Dl T Te+ |

i=

Therefore, we obtain

I(PEX)E) — (PN

(mow Z mi(logé)’ Z (log &)™ | <1og:r)ﬂ]

<L+ LM) r@+1) OT@+w)  T@+1D)

i=1

. (log T)?
r@+1)

]IIX(g) - Yl (3.12)

Hence, given the condition (3.10) and the Banach contraction principle, ¥ has a unique fixed-point.
Thus, the existence of a unique solution to the presumed problem (2.3). O

4. Ulam stability results

In this section we will discuss Ulam-Hyers and Ulam-Hyers—Rassias stability.

Definition 4.1. Equation (2.3) is UH stable if there exists a real number C, > 0 such that for each
€ > 0 and each 3 € C[J] solution of the inequality:

1D} Z() — a(t, ZO), HZM) < €, t € T, “4.1)
there exists a solution Y € C[J] of Eq (2.3) such that:
IZt) - Y1) <Cue, teJ.

Definition 4.2. Equation (2.3) is generalized UH stable if there exists Y, € C(Ry, Ry) with 4(0) =
such that for a solution 3 € C[J] of the inequality:

1D Z(1) — o, ZH), HZM) < €, t€ T, 4.2)
there exists a solution Y € C[J] of Eq (2.3) such that:
1ZH) - YOI < yy(e), teT.
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Definition 4.3. Equation (2.3) is UHS stable concerning v € C(J,R,) if there exists a real number
oy > 0 such that for each € > 0 and for each € > 0 and for each 3 € C[J] solution of the inequality:

1Dg. Z(1) — a(t, Z(H), HZ®)| < en(b), t€ T, (4.3)
there exists a solution Y € C[J] of Eq (2.3) such that:
IZM) YOI < ¢gv(h), teT.

Definition 4.4. Equation (2.3) is generalized UHS stable with respect to v € C(J,R,) if there exists
oy > 0 such that for each 3 € C[J] solution of the inequality:

DG Z(1) - a(t, Z(H), HZ®)| < en(b), t€ T, (4.4)

there exists Y € C[ ] solution of Eq (2.3) such that:
1Z() - YOI < (D), t€T.
Remark 4.1. A function 3 € C[J] is a solution of the inequality:
1D, Z(1) - at, ZH), HZ(t)| < €, t€ T, (4.5)

if there exists a function w € C[J | such that:

(Dlw(t)| <€ teJ,

QD3 = a(t, ZH), HZ(1)) + w(t), t€ T

Remark 4.2. It is clear that:
(1) Definition (4.1) = Definition (4.2).
(2) Definition (4.3) = Definition (4.4).

Theorem 4.1. Assume that (Q,) and (3.10) are satisfied, then the presumed problem (2.3) is UH stable.

Proof. Let 3 € C[J] be a solution of the inequality (4.1), and let Y € C[.J] be a unique solution of the
given system:

THDMX(1) = Hit, X(t) W(X(c))) teg =117,

4.6
X(1) =0, X(T) = Zn,x<§,>+ZgJ“X<4) w>Omo R Ggeg. 0

i=1

where 1 < ¥ < 2,
Given Remark 4.1, we have

aogt)ﬂ1 I f’ f, 11 ZO, HEZES)
F ©))

‘Z(f)— 0 c

f (lo & +v-1 Hi(s, Z(6), W(Z(g)))
9T (19 + V) S
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19 1 Hi(s, Z(s), W(Z(c)))
r( @ f (lo . dg]| (4.7)
f (lo 0 1 Hi(s, Z(s), W(Z(S‘)))d < t?
T < SCTo+1)

Then, for each t € J, we obtain

1Z() - X0ty
Jza - (e 5o f" iy e KO HENE)
. I ) -

L 1 ‘ & pv—1 Hi(5, X(5), H(X(5)))
+Zginﬁ—4-i)f (log—) - ds

f (1o _)19 1 Hi(5, X(9), HIX () ]
T (ﬁ) S

f (log 1) 1Hi(s, X(g) W(X(g)))
F (19)

(log t)” ! f (1o mv, 1 Hi (s, Z(s), W(Z(g)))
1r(ﬂ+ 5

<< - — c

f (lo _)ﬁ 6. Z(6), HZO) , ]
T (19) 'y

f ( _)0 1 Hi (s, Z(?) 7‘{(Z(S‘)))
T ()

_<logt>“1 f’ g,ﬂl
I1 F(z?)

y (7{1 (s, X(g),ﬂ(z\’(g))) _ His, Z(g)ﬂ{ (Z(S‘)))) J
S S ¢

* Zf: R f " (1og Gy
o @ +v) Jy S

Hi(s, X(s*) HX(s) Hi(s, Z(s), H(Z(s)))
X ( — )dg

S
f (To 19 1 Hi(s, X(6), HX(9)  Hils, Z(s), H(Z(s)) J ]
F(ﬁ) 'Y Iy ¢
f (log 1) 1(%(; ,X(), H(X(5))  Hi(s, Z(c),W(Z(g)))) dg'
19) S S

F(ﬁ D + (L + LM
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(logt)ﬂ 1 2 Inzl log& Zfl (log £;)"*" . (1og‘:r)ﬂ]Jr (log T)?

20T+ LT T e n |0 YO
)
= rTo+n " ILIX(®) - YO
eT?
< b
S -TH@ + 1)
therefore,
|Z®) — X(@})| < &, (4.8)
where,

I, = (L + LM)

(log 1;)’“[ 2 pmi(logé)’ ) i (o5 | (og)'y, (ogy

r@+1) — QiF(19+vj) ro+nHl " ro+n| (4.9)

=

This shows that (2.3) is UH stable. O

Theorem 4.2. Assume that Q,—Q; and (3.10) hold. Then, there exists an increasing function v €
Ci_-lJ] and a real number £, > 0 such that:

|Z(t) - XD < L00), ted. (4.10)
Then (2.3) is UHR stable.

Proof. Let Z € Ci_,|1,7T] be a solution of the inequality (4.3) and let X € C;_,(9) be the unique
solution of the given system:

THDMX(1) = Hi, X(t) W(X(g))) tedJ =117l

4.11
X(1) =0, X(T) = ZULX(51)+ZQIIV'X(§I) > Ome R Ggeg,
i=1
where 1 < 9 < 2.
By Remark 4.1, we have
(logt)’ ' 1 f’ Eno-1H, (t, Z(H), H(Z(6)))(S)
‘za)— = [;m ) (g% - ds
* 1 GG g Hi(s, Z(s), H(Z($)))
+ZQ1F(0—+vi)f (log—) c dg
f ( _)19 17’(1(§' Z(§) 7‘[(-Z(§‘))) ] (4 12)
F(ﬁ) s '
91 Hi(s, Z(s), W(Z(c)))
+ o f (Io —) . o < sz,00).
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Then for each t € J, we obtain

|Z(t) — X(®)]
<z - Lo f’ fz 1t X HXONS) |
IT F (19) ¢

t 1 ’ & pav—1 Hi(s, X(5), H(X(s)))
+Zgir(ﬁ+v')f1 (10gE) - dg
i=1 !

1 f (log Ty~ H1(6: X(©) HX(©) dc|
r (ﬁ) 1 S S

f (1o _)a 1 Hi(s, X(g) W(X(G)))
F (29)

Jze - toe 50 f €y HL Z0. HZONS)
- IT F (19) S

i 1 f (lo g)w_l%(gZ(gW(Z(g))) .
AT + v g . s

f (1o _)19 1 Hi(s, Z(s), W(Z(g))) ]
F(ﬁ) 'y

f ( 19 1 Hi (s, Z(S‘) 7‘{(Z(Q‘)))
F(z?)

~ (logt)’9 ! 1 f‘f g, -1
I1 F(ﬁ)

o (Wl(c, X(c),W(X(g))) _ His, Z(s*),W(Z(g))))d
S S ¢

* i R f " (1og Sy
— @ +v) Jy Y

o (7{1(5‘, X($), HX()  His, Z(g),W(Z(S‘))))d

S )
f (1o _)19 1(%(? ,X(), HX(s)  Hi(s, Z(s), W(Z(g)))) ]
T (19) S S
f (lo _)ﬂ 1(71’1@ ,X(9), H(X(s)  Hi(s, Z(s), W(Z(?)))) ‘
F r®) S )

<&, O) + (L + LM)

9
Jog 1 < mil(log&) & (logd)™  (ogT);  (logT)?
<= T@+1) +Z;Qir(ﬁ+vj) +F(19+1)]+F(ﬁ+1)

i=1

x |X(t) = Y@,
< g, O(t) + I11X(1) = Y (@),
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ed, O(t)
T -1
therefore,
|1Z(®) = X()| < ¢grev(d). 4.13)
Hence, (2.3) is UHR stable. O

5. Examples

Example S5.1. Let us investigate nonlocal BVPs employing Hilfer-Hadamard fractional differential
equations given by the form:

Zt 1 t
- - f e2X(G)ds tey =[1,T),
1

DX = i * 2

5.1
1 f
X(1)=0, X(T) = ) nXE+ ) 0l"X@G), v > 0.0 €R, §.& €T

i=1 i=1

8 =6/58=1/2,y=16T=51n =1/151 = 1/10,15 = 2/15,& = 5/4,& = 3/2,& = 7/2,
01 =6/29,0, = 17/50,05 = 3/25,41 = 5/2,5, = 53,45 = 7/2,T1 = 0.701548, £, = L, = 1/9,
M=1/8;

Hence, the assumptions (Qy) and (Q3) hold. We check the condition,

9
(og™ lelnil(logfi) +i (ogg™  (ogT)'y G0aT) | g g

<L+ M= r@+1) “T@+v) T@+D!I T T@+1)

i=1
(5.2)
Hence, the problem (5.1) has a unique solution on | 1,2].

Example 5.2. Consider the following boundary value problem for the Hilfer-Hadamard-type
fractional differential equation:

24[ 1 t
= f e 2X(§)ds tey =11,T),

HH qy3,8 = ———— 4+ _
DEAW = o T2 )

(5.3)

[ i
X(1)=0, X(T) = > niXE) + ) ol"X(&), vi>0.m0 €R, §,& €.
i=1 i=1

3 =6/5,=1/2,y=1.6,T =5,n, =1/15,n, = 1/10,n3 = 2/15,&, =5/4,& = 3/2,& =7/2,
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01 =6/29,0, =17/50,03 =3/25,{1 =5/2,{, =5/3,{3 =7/2,11 =0.701548, L, = L, = 1/9;

e 1 X Y
(1, X, Y)| = 3—2(«&+1ogt)(2+ le)+(2+ IJII)'
Clearly,
1
[Hi(t X, ) < 5 (VE+1) (X1 +1)
and

|7_{1(t»X1,yl) - 7‘{1(4[9{Y2’~y2)| S~£1|Xl - X2| + LZlyl - yZl

Therefore, by Theorem 3.1, the boundary value problem (1.2) has a unique solution on (1,7 | with L,
and L, = % =0.1111. We can show that = 1.5635, L = 0.1735485 < 1.

6. Conclusions

In this study, we have used the Hilfer-Hadamard derivative in conjunction with RLC circuits to
investigate various aspects of fractional calculus. Using these mathematical tools, we have
investigated the existence, uniqueness, and stability of solutions to fractional differential equations,
especially those relevant to RLC circuits. By focusing on the Hilfer-Hadamard derivative, we have
expanded our understanding of fractional calculus and its applicability in modeling complex systems
such as RLC circuits.

The work described in this article is novel and considerably adds to the established literature of
knowledge on the subject. When the parameters in problems (1;, 0;) were specified, our results
conformed to a few special cases. Assume that we formulated the problem in Equation (2.3) by taking
o0; in the presented findings:

i
{X(l) = 0, X((.T) = ZQIIVIX(QUI), v > 0, ni,0; € R, Q"fi € j, (61)

i=1

We can then solve the above problem (6.1) by using the methodology employed in the previous section.
Future research could focus on different concepts of stability and existence concerning a neutral time-
delay system/inclusion and a time-delay system/inclusion with finite delay.

Remark 6.1. The results presented in this paper extend the theory of fractional differential equations
by applying the Hilfer-Hadamard fractional derivative to RLC circuit models. This combination offers
deeper insights into both the theoretical and practical aspects of such circuits, particularly through
the establishment of existence, uniqueness, and stability results using advanced techniques like
Schaefer’s fixed-point theorem and Banach’s contraction principle. Additionally, the application of
Krasnoselskii’s fixed-point theorem could be a valuable enhancement to further investigate the
existence of solutions, particularly in the context of compact operators on Banach spaces. The
inclusion of the Ulam-Hyers and Ulam-Hyers-Rassias stability criteria strengthens the relevance of
these results in engineering applications. By employing both analytical techniques and numerical
methods, such as the two-step Lagrange polynomial interpolation method, the study not only verifies
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theoretical findings but also demonstrates practical feasibility. This work opens new directions for the
use of fractional calculus in modeling RLC circuits and provides a solid foundation for extending
these results to other engineering systems and boundary value problems. Including Krasnoselskii’s
fixed-point theorem can deepen the mathematical rigor of your work, particularly when dealing with
non-linear problems or specific functional spaces.
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