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Abstract: This study investigated the point-wise superconvergence of block finite elements for the
variable coefficient elliptic equation in a regular family of rectangular partitions of the domain in
three-dimensional space. Initially, the estimates for the three-dimensional discrete Greens function and
discrete derivative Greens function were presented. Subsequently, employing an interpolation operator
of projection type, two essential weak estimates were derived, which were crucial for superconvergence
analysis. Ultimately, by combining the aforementioned estimates, we achieved superconvergence
estimates for the derivatives and function values of the finite element approximation in the point-wise
sense of the L*-norm. A numerical example illustrated the theoretical results.
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1. Introduction

In the realm of solving differential equations using the finite element method (FEM), it has
been observed that the rate of convergence of finite element solutions at specific exceptional points
within a domain surpasses the optimal global rate. This phenomenon is known as superconvergence,
which has already aroused many scholars’ interest. In recent decades, superconvergence has become
a significant topic in the research field of the Galerkin FEM. With the advancement of research
technologies, numerous superconvergence results have been obtained, and theoretical frameworks
for superconvergence have also been established. Currently, several important works related to
FEM superconvergence are cited in Ref. [1-5]. Depending on the partition types within a domain,
the commonly used three-dimensional finite elements mainly include tetrahedral, pentahedral, and
hexahedral elements. Substantial progress has been made in studying the superconvergence of these
three-dimensional FEMs with numerous superconvergence results documented in various published
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papers or reports such as [6-11]. Recently, we also obtained some superconvergence results for the
three-dimensional FEM [12-15]. This paper focuses on the superconvergence of the block finite
element for variable coeflicient elliptic equations, which is a topic not explored by others. The
objective is to demonstrate that the error convergence rates of the finite element approximation and
corresponding interpolant in the W!*-semi-norm and L®-norm are one order (or nearly one order)
higher than those of the finite element approximation and the true solution (referred to as optimal
global rates). It is important to note that the results presented here are generalizations of the research
discussed in [14].

In the paper, the letter C is employed to represent a generic constant, which may vary in different
instances. Additionally, standard notations for the Sobolev spaces and their norms are utilized.

The model problem considered is
Lu = - ?,j=1 6j(aijaibt) + Z?:l a,-(')l-u + apu = f in Q, (1 1)
u = 0 onodQ, ’

where Q C R® is a rectangular block with boundary, dQ, consisting of faces parallel to the x-, y-, and
z-axes. For simplicity, we assume a;;, a;, ag, and f are sufficiently smooth given functions, and write
ou= %, Ohu = g—;, and Ozu = g—’;.

Thus, the standard variational formulation of the problem (1.1) is as follows.

Find u € H}(Q) satisfying (12)
a(u,v)=(f,v) Yve H)Q), ’
where
3 3
a(u,v) = f(z a;;0;ud v + Z a;ouv + aguv)dxdydz, (f,v) = ffvdxdydz.
ij=1 i=1 Q
We also write \ 5
a(u,v) = Z(a,-jal-u, ojv) + Z(alﬁ,-u, V) + (aput, v). (1.3)
ij=1 i=1

The existence and uniqueness of the solution to (1.2) is given by the Lax-Milgram lemma, see
Ciarlet [2, Theorem 1.1.31].

In order to discretize the problem (1.2), one proceeds as follows. The domain € is first partitioned
into a regular family of rectangular blocks 7" with mesh size i € (0, 1) such that Q = U,+&. Then we
define the finite dimensional subspace, S g(Q) - H(l)(Q), as the standard tensor-product m-order finite
element space over the partition. Thus, the discrete problem of approximating (1.2) is

Find u;, € S}(Q) satisfying (1.4)

a(u,, v) =(f,v) VVGSS(Q). ’
Obviously, from (1.2) and (1.4), the following Galerkin orthogonality relation holds.

a(u—w,,v) =0 YveSHQ). (1.5)

To obtain the desired results, for every Z € Q, and any directional unit vector £ € R*, we also need the
discrete Green’s function Gg and discrete derivative Green’s function az,gG’% defined by

a(v,G%) = v(Z) Vv e SHQ), (1.6)
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and
a(v, ang )y=0wv(Z)Vve SO(Q) (L.7)

Here, az,ng and d,v(Z) stand for the following one-sided directional derivatives, respectively.

02.G = lim %,
60v2) = lim nZ+ |AAZZ)|_ "2 Az =z
As for G} and d7,G", we have [3]
102GHlli1.0 < C| In A3, (1.8)
102,GLIlL, o < Ch™, (1.9)
IGAI4 o < Clinl, (1.10)

where ||G4|| 219 = Yeer IG2121. and [|07,G2|| 219 = Yeer 102GhlI21 e

The rest of the paper is arranged as follows. In Section 2, for the second-order elliptic equation
with variable coeflicients, we discuss two weak estimates for the finite element, which are crucial in
the superconvergence analysis. Combined with (1.8)—(1.10), several superconvergence results of the
finite element approximation are given in Section 3.

2. Weak estimates for the finite element

In this section, using the properties of the interpolation operator of projection type, we derive the
weak estimates.
We write an element

e = (xe — Ny Xe + ne) X (ye - ke,ye + ke) X (Ze _de’ze + de) =L XX 13- (21)

Let {/ j(x)};‘;o, (I j(y)};‘;o, and {/ j(z)}j.‘;o be the normalized orthogonal Legendre polynomial systems on
L2(I}), L2(I,), and L*(;), respectively. It is easy to check that {L;(x)];(1)(2)}

i ik=o 1s the normalized
orthogonal polynomial system on L*(e). Set

wo(x) = Wo(y) = wo(2) = 1, wj1(x) = f 1;(¢) dé,

"y - Z _
D1a(y) = f [(©)de, Dy (2) = f [(&)dé, j>0,
B2

e—ke Ze—de

which are called Lobatto functions. Suppose u € H>(e). Then, we have the following expansion
(see [14]):

u(x,,9) = . > Biei0;0)@), (xy,2) € e, (2.2)

i=0 j=0 k=0
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where the coeflicients §; can be seen in [3,14] and satisfy, for 7, j, k > 1,

ﬁzOO — O(ni—O 5) ﬁOJO — O(kj—O.S) ﬁOOk O(dk—o 5) :8110 — O(ni—O Skj—O.S)

2.3
Boji = OS> d03), By = O(ni03d40%), By = O(ni 031 dk=09), 23)

We introduce the standard tensor-product m-order polynomial spaces denoted by 7,, namely,
= lqlg = Z Z szijy z}
i=0 j=0 k=0

Define the interpolation operator of projection type by I1%: H*(e) — T,,(e) such that

= i iﬁ,,kw (D@;(V)(2) = i i i Aije- (24)

i=0 j=0 k=0 =0 j=0 k=0

ng

Thus, combining (2.2) and (2.4) yields
u—Heu—(ZZZ+ZZZ+ZZZMijk. (2.5)
i=0 j=0 k=m+1 =0 j=m+1 k=0 i=m+1 j=0 k=0
Further, we may define the global tensor-product m-order interpolation operator of projection type [14]
I, : H(Q) N Hy(Q) — SHQ), (2.6)
where (I1,,u)|, = I1I¢ u

Theorem 2.1. Suppose (7"} is a regular family of rectangular partitions of Q, and u € W">*(Q) N
Hé (Q). Then, forallv e S g(Q), the interpolation operator 11,,, defined by (2.6), satisfies the following
weak estimates:

la(u = Tty W < CH™ il .0 IVl 1,00 m > 1, 2.7)

ja(u = Tpit, VI < CH"2|lullsa, 0,0 VI3, gr 11> 2, (2.8)

where [Vl | o = Zeers VIl 1.
Proof. Note that the term u — IIf, u can be written as follows.

u—1II,u = Apms1y00 + Adognryo + Aoom+1) + R. (2.9)

Now, we first bound (a;,0,(u—IL,u), 0\v) = 3 .(a1101(u—1L,u), 0,v).. For Agu1)00, by the orthogonality
of Legendre functions, we have

(allal/l(mH)OO’ 01v). :,B(m+1)00 f(all - Clll(xe,ye,Ze))lm(x)al\/dXdde- (2.10)

Set h, = diam(e). Thus,
apnn — al](xeayea Ze) = O(he) (211)

By (2.3), (2.10), (2.11), and the properties of Legendre functions, we get

|(a1101/1(m+1)00’ alv)el < Chem+l||u||m+1,oo,e ”V”Ll,e- (212)
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It is easy to see
(@1101Aogm+1y0, 01V)e = (a1101Ao0am+1y> 01V)e = 0.

Consider the main parts of R in (2.9), i.e.,

A01m+1)> Ao+ 11> A+ 105 A10mm+1)> Agnt1)105 At 101 -
As the symmetry, only need to discuss Aoim+1ys A1gn+1)0s Aam+1y10. Obviously,
(@1101A01m+1), 01v)e = 0.

For A1m+1)05

(@1101 A14n+1y0> 01V)e = Bign+1y0 fanlo(x)@mﬂ(Y)alva'Xdde-

By (2.3), (2.15), and the properties of Legendre and Lobatto functions, we have
(@101 A1ame10s O1V)el < CH Nl co.e IVl 1.

Similarly,
!
I(a1101 Agns1y105 O1V)el < CHY utllra, o6 VI 1, e

From (2.9), (2.12)—(2.14), (2.16), and (2.17),

(@@ (u = T,u), 31v)el < CH tllmr,co.e IV 1.
Summing over all elements yields

[(a1101(u — [L,u), 01v)| < Chm“||u||m+2,oo,g VIl 1,0
Similarly to the arguments of the result (2.18),

[(@;i0i(u — IL,u), 0;v)| < Chm+1||l’t||m+2,oo,§2 ||V||1,1,Q, i=2,3.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

Now, we bound the terms (a;;0;,(u—1I1,,u), d;v),i # j. Without loss of generality, we consider (a1,0,(u—

IL,u), 0,v) = X (a120:(u — 11 u), 0,v),. Nevertheless, from (2.9),
(91(u - anl/t) = (91/1(m+1)()() + (91R
Integration by parts results in

(@1201 Am+1y00> O2V)e

= Buneoo [, Ome1 (X)(B20120,v — 81a1,8,v)d xdydz
_ﬁ(m+1)00 j(:)e algwm+1(x)61v cos < ﬁ,y > dS

= A,+B,.

Combined with (2.3), we get
Al < CR Nutllsr, e V1,1,

(2.20)

(2.21)
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As for B,, we need to apply the element canceling technique. At the adjacent element e’ = (x, —n,, x, +

ne) X Ve — kery Yo + ko) X (20 — de, 20 + d,) of e, where k., — k., = O(h,) = O(h,/) and y, < y,,

B, = _ﬂzm+1)00f AWy (X)01vCOS < /A,y > dS.
de’

Obviously, there is the same integration factor between B, and B, the summing of which is

Bero = (Buns1oo = Bims1y00) a(x, ye = ke, D)W 1(X)01V(X, yo — ke, 2)dxdz.

I XI3

Here,
1.5
|,8(m+1)00 _ﬂzmﬂ)ool < ChZH ”u”m+2 o, ¢’ -

Additionally,

S, @128 Ve = kes D)Wy (DX, Ve = ey 2)dxdz

5t J @2(x,ye = ke, DWmi1 ()01, e — ke, 2)dxdz
= sze La12(x’ Ye = key W1 (0O W(X, y, 2)dxdydz

—3 @206 Ye = ke, D0 ([, 9:01v(x, y, )dy)dxdydz
= M+ N.

By the inverse estimate, we have
M| < CR;®IWll11er INI< CRZ% VI e
Combined with (2.22) and (2.23), we obtain
|Beverl < CRY iz, co,er V111, 1.
From (2.21) and (2.24), summing over all elements yields

!
|Z(a1281/l(m+1)00’ 02V)el < CH™ ull sz, .0 [VI1 1. 0-
e

As for the main parts of 9;R in (2.20), it is easy to see

(@1201 01 (m+1)> 02V)e = (a1201 Aogm+1)1> 02v)e = 0.

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

For Ayn+1)05 A10m+1)s Aam+1)10> Agm+1)01, by (2.3) and the properties of Legendre and Lobatto functions,

we immediately obtain
!
(a1201 A1 gne1)0s 02V)e < CR utllr2, co.e VI 1, e

1

(1201 10gn+1)> 02V)e < CHY iz, co,e VI 1, e
1

(alzal/l(mﬂ)lo, 0hv), < ChZH ||M||m+2,oo,e ||V||1,1,e-

!
(1201 Am+1y01> 02V)e < CHY iz, co,e VI 1, e

(2.27)

(2.28)
(2.29)
(2.30)

AIMS Mathematics Volume 9, Issue 10, 28611-28622.



28617

From (2.25)—(2.30), and summing over all elements, we obtain
[(a1201(u = 11,,), 02v)| < Chm+1||u||m+2,oo,9 Vll1, 1,0 (2.31)

Hence,
|(Clij(9i(u —1L,), 5jV)| < Chm+l||u||m+2,oo,g ||V||1,1,Q, I # ] (2.32)

It remains to bound the terms (a;0;(u — I1,,u), v) and (aop(u — I1,,u), v). Using the integration by parts,
the element canceling technique, and the interpolation error estimate, we have

(@0 (u = Te), V)| = | = (u = Ty, Bi(aiv))l < CH"™ lutller, 0.0 VI, 1.0 (2.33)
Obviously, by the interpolation error estimate, we immediately get
l(ao(u = Tute), V)| < CH™ tllys1. 0. V11, 1.2 (2.34)

The desired result (2.7) follows from (2.18), (2.19), and (2.32)—(2.34).
Let’s prove (2.8) when m > 2. From (2.20), we first bound (@101 A(m+1y00, 01V).. By the integration
by parts and the orthogonality of Lobatto functions, we have

(@1101Am+1)005 01V)e
= Bunnoo J, D7 w1 (0)81(81a1101v)dxdydz
—Bm+1)00 fe(all - all(xeaye,Ze))wm+l(x)a%‘}dXdde'

Combined with (2.3), (2.11), and the properties of Lobatto functions,
[(@1101 Agn+1)00, O1V)e| < Chzn+2||u”m+l,oo,e VIl2, 1, e- (2.35)

Now consider the main parts of 0;R in (2.20). As the symmetry, we only need to discuss
(91/101(,7“_1), 61/11(,,”1)0, (91/1(m+1)10. For 61/11(,”4_1)0, integration by parts y1€1dS

(611181/11(er1)0, 01v).
= ,81(m+1)0fealllo(x)(DmH(Y)alVdXdde
= —Bimeno J, (D)D" D1 (1)D2(a110,v)dxdydz.

By (2.3) and the properties of Legendre and Lobatto functions, we have
(@1101 Aigne1y0s O1V)el < CHY 2 llutllnsz, oo, V12, 1, (2.36)
For 0; A(m+1)10, integration by parts yields

(a1151/1(m+1)10, 01v)e
= Bunenno [, anln(x)@1(y)0vdxdydz
= _ﬁ(m+1)10LD_llm(x)(bl()’)al(allalv)dxa,ydz'

By (2.3) and the properties of Legendre and Lobatto functions again, we get

1@1101 Ams 110> O1V)el < CH™ 2 [utll s, core VI 1. (2.37)
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From (2.14), (2.35)—(2.37), and summing over all elements,
(@110 (u = ), v)| < CH™|[ullnsz, 0.0 VI | g (2.38)

Similarly,
(@:0;(u — Tyu), O0) < CH"™|lullsz, o0 IVIs 1 o0 0= 2,3 (2.39)

Next, we bound the terms (a;;0;(u — Il,,u), d;v), i # j. Applying integration by parts twice, we have

(@1201 Agns1)00> O2V)e

Bim+1)00 fe D7 w1 (X)(87a120, + 201012010,V — 0ra1,07v)dxdydz
+ﬁ(m+l)00 fae alzD‘lme(x)(')%v Ccos < ﬁ,y > dS

C.,+D,.

Combined with (2.3) and the properties of Lobatto functions,
ICel < CR 2 |lutllms1, 00, V]2, 1. (2.40)

At the adjacent element ¢’ = (x, — n,, x, + n,) X Vo — ker, Vo + ko) X (2, — d,, 2, + d,) of e, where
ke/ - ke = O(he) = O(he/) and Yo < Yes

-1 2 2
D, :ﬁEm+l)00f a12D” W1 (X)07v cos < i,y > dS.
oe’

Obviously, there is the same integration factor between D, and D,., the summing of which is

De+e’ = (ﬁ;m+1)00 _ﬁ(m+l)00) alz(X, Ye — ke’ z)D_lme(x)G%v(x, Ye — ke’ Z)d-XdZ~
11 XI5

Similarly to the arguments of (2.24),
|De+e'| < Chzn+2||u||m+2,00,e’ ”V”Z,l,e- (241)
From (2.40) and (2.41), summing over all elements yields

|Z(d1251/1(m+1)00, V)el < CH"™lullms2, 00,0 VI3 | - (2.42)

Obviously,
(@1201 01 m+1)> 02V)e = (a1201 Aoim+1)1> 02v)e = 0. (2.43)

Next, we discuss 01 A14n+1)0> 01 d100m+1)> O1d@m+1)10, And 01 Am+1y01. By the integration by parts and the
properties of Legendre and Lobatto functions, we immediately obtain

|Z(01251/11(m+1)0, 0rv)e| < Chm+2||u||m+2,oo,§2 ||V||g,1,g- (2.44)
|Z(a1251/110(m+1), 0rv)e| < Chm+2||u||m+2,oo,§2 ||V||g,1,g- (2.45)
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|Z(¢11231/l(m+1)10, 02V)el < CH™2|[tll 12, 0.0 ||V||l22,1,g- (2.46)
|Z(a1261/1(m+1)01, 0rv)e| < Chm+2||u||m+2,oo,Q ||V||g,1,g- (2.47)

From (2.20) and (2.42)—(2.47),
(@120, (u = TL,u), 829)| < CH™*||ullns2. 0.0 IIVIIZ,LQ-
Hence,
|(@;;0:(u — TLyu), ;) < CH™[|ullnsa, 00,0 IIVIIZ,I,Q, [ # J. (2.43)

It remains to bound
3

D (@i = Tyu), v) + (o = Ty, v).

i=1
As for (a;0,(u = IL,u), v) = 3 (a;:0,(u = I} u), v),, we first consider (a0, Agn+1)00, V)e. Integration by
parts twice yields

(@101 41005 V)e = Bm+1)00 f D™ W41 (x)07 (@1 v)dxdydz.

e

From (2.3) and the properties of Lobatto functions,
(@101 A 100 Vel < CH P llutllns, oo, V112, 1, - (2.49)

In addition,
(a131/101(m+1), V)e = (0151/10(;%1)1, v)e = 0. (2.50)

Utilizing the integration by parts and the properties of Legendre and Lobatto functions, we get

@101 Aims 10> Vel < CH 2 |lttllnsa, o V12, 1. - (2.51)
(@101 Aione 1y Vel < CHI[Ullinsz,coe V12, 1, (2.52)
|(alal/l(m+l)10a V)EI < Ch’en+2”u”m+2,oo,e IIV”Z,l,e‘ (253)
|(a151/1(m+1)01, V)el < Ch?+2”u”m+2,oo,e ||V||2,1,e. (2.54)

From (2.20), (2.49)—(2.54), and summing over all elements,
(@101 (u = TLyu0), V)| < CH"™utlls2, 0.0 VI3, -

Thus,
[(@0:(u — ), V)| < CH™|lullns2, 0.0 IIVII’S,LQ, i=1,2,3. (2.55)

For (ay(u — 11,,u), v), integration by parts results in
(@0Am+1)00> V)e = —Bm+1)00 f D' w41 (x)0: (agv)dxdydz.

AIMS Mathematics Volume 9, Issue 10, 28611-28622.
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From (2.3) and the properties of Lobatto functions,

(@0 Ams100> Vel < CRT2{[Ulls1coe IVl 1. (2.56)
Similarly,
[(@0Aogn+1)0s Vel < Ch?+2||l’t||m+l,oo,e V2, 1,e- (2.57)
(@0 200m+1)> Vel < CRI2[Ullrstcoe IVl 1. (2.58)
Obviously,
|((10R, V)el < Ch?+2||u||m+2,oo,e ”V”Z,l,e- (259)

From (2.9), (2.56)—(2.59), and summing over all elements,
(ao(u = M), V] < CH™ 2 (|ullpsz,co.0 IV, 1 o (2.60)

The desired result (2.8) follows from (2.38), (2.39), (2.48), (2.55), and (2.60).
3. Superconvergence of the finite element

In this section, we will use the weak estimates and the estimates for discrete Green’s function and
discrete derivative Green’s function to obtain superconvergence estimates of the finite element.

Theorem 3.1. Suppose {T"} is a regular family of rectangular partitions of Q, u € W"™>>(Q) ﬂHé (Q),
and w, € S)(Q) and ,u € S2(Q) are the finite element approximation and interpolant of projection
type to u, respectively. Then, we have

1 4
|Hh - Hmull,oo,Q < Cl’lm+ |h’ll’l|3 ||u||m+2,oo,Q ,m 2 17 (31)
1
up = Mty o0 < CH™ lttlli, 0,05 1 2 2, (3.2)
2 2
|uh - Hm”lO,oo,Q < Chm+ |1n hl3 ||u||m+2,oo,Q , m= 2. (33)

Proof. For every Z € Q, applying the definitions of G/, and d7,G" as well as the Galerkin orthogonality
relation (1.5), we derive

O¢(up — IL,u)(Z) = a(uy, — IL,u, 5z,€G§) = a(u — 1L,u, 3Z,ZG§), (3.4)

and
(up = Tu)(Z) = a(uy, — Ty, G) = a(u — Tu, Gl). (3.5)

From (1.8), (2.7), and (3.4), the result (3.1) is obtained. Combining (1.9), (2.8), and (3.4) yields the
result (3.2). The result (3.3) is immediately proved by using (1.10), (2,8), and (3.5).

Example 3.1. Consider the following equation:

~V-(@Vu)=f inQ=(0,1)>
u=0 on 0Q,

AIMS Mathematics Volume 9, Issue 10, 28611-28622.
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where a = ¢*”*%, and the exact solution is u# = sin rx sin 7y sin 7rz. Let u;, and I1, be the tensor-product
quadratic finite element approximation and the interpolation operator of projection type, respectively.
We solve Example 3.1 and obtain the following numerical results (see Table 1):

Table 1. Numerical results of superconvergence on uniform meshes.

1/h lup, — Ihuly, o 0 reduction lup, — Ihul; . o reduction
2 8.696¢e-002 - 2.261e-001 -

4 9.838e-003 8.84 5.116e-002 4.42

8 7.861e-004 12.51 8.175e-003 6.26
16 5.322e-005 14.77 1.107e-003 7.38

The numerical results demonstrate our theoretical results.

Comments. The domain treated in the paper is a rectangular block in R*, which is also discussed by
Goodsell [10]. Actually, as the Brandts and M. K¥izek discussed [7], the results of the paper hold for a
bounded polyhedral domain, which is usually presented in engineering problems.

4. Conclusions

In this paper, we generalized superconvergence results of the FEM from constant coefficient elliptic
equations to variable coeflicient settings in three dimensions. Applying the properties of interpolation
operator of projection type, we obtained the weak estimates. Combined with the estimates for discrete
Green’s function and discrete derivative Green’s function, superconvergence results were derived.
Among the arguments, how to deal with the given variable coefficients is a challenging issue. The
methods presented in the paper can also be applied to other high-dimensional second-order variable
coeflicient elliptic equations.
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