AIMS Mathematics, 9(10): 28589-28610.
DOI:10.3934/math.20241387
ATMS Mathematics Received: 24 August 2024
Eg Revised: 15 September 2024

o Accepted: 19 September 2024
http://www.aimspress.com/journal/Math Published: 09 October 2024

Research article

V-Moreau envelope of nonconvex functions on smooth Banach spaces

Messaoud Bounkhel*

Department of Mathematics, College of Science, King Saud University, P. O. Box 2455, Riyadh
11451, Saudi Arabia

* Correspondence: Email: bounkhel @ksu.edu.sa; Tel: +96611467526; Fax: +96611467512.

Abstract: We continue the study of the properties of the V-Moreau envelope and generalized (f, 1)-
projection that we started in [5]. In this paper, we study the differentiability and the regularity of the
V-Moreau envelope and the Holder continuity of the generalized (f, 1)-projection. Our results extend
many existing results from the convex case to the nonconvex case and from Hilbert spaces to Banach
spaces. Even on Hilbert spaces and for convex functions and sets, we derived new results.

Keywords: V-Moreau envelope; generalized (f, A)-projection; p-uniformly convex Banach spaces;
g-uniformly smooth Banach spaces; uniformly generalized prox-regular sets; V-prox-regular
functions

Mathematics Subject Classification: 34A60, 49J53

1. Introduction and preliminaries

Let X be a Banach space with dual space X*. The duality pairing between X and X* will be denoted
by (-, -). We denote by B and B.. the closed unit ball in X and X", respectively. The normalized duality
mapping J : X=X" is defined by

J(0) = {j(x) € X" = (j(x), x) = |IxI* = lj(0lP),

where || - || stands for both norms on X and X*. Similarly, we define J* on X*. Many properties of J and
J* are well known and we refer the reader, for instance, to [15].

Definition 1.1. For a fixed closed subset S of X, a fixed function f : S — R U {co}, and a fixed 1 > 0,
we define the following functional: G/‘i = X*x§ = RU {oo}

1
Gl (X", x) = f(x) + 77V, VX eXxes,
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where V(x*, x) = ||x*||> — 2{x*, x) + ||x||>. Clearly, the functional V has the form V(x*; x) = ||x* — x|,
whenever X is a Hilbert space (i.e., X* = X). This remark highlights the significance of using the
functional V rather than the square of the norm, as the latter cannot generally be expressed in the form
of V in Banach spaces.

Using the functional GY

A We define the V-Moreau envelope of f associated with S as follows:

eysf(x") :=inf G} (x",5)},  forany x" € X".
. s A,
We also define the generalized (f, A)-projection on S as follows:

nJSl"/l(x*) ={xes: GXf(x*,x) = e/‘{’sf(x*)}, for any x* € X",

the generalized (f, 1)-projection 7T'§’/l on S coincides with the generalized

(o) When f =0, 4 =
projection mrg over S.
(e) When A = %, the generalized (f, 1)-projection Tl‘g’/l on S coincides with the f-generalized projection

7r§ introduced and studied in [16, 17].

1
2

We need some important results that we gather in the following proposition (see for instance [1,5,

6]).
Proposition 1.1. Let X be a Banach space.

1) If X is g-uniformly convex, then for any a > 0, there exists some constant K, > 0 such that

(Jx=Jy;x=y) 2 Kollx = yll,  VYx,y € aB.
2) If X is p-uniformly smooth, then the dual space X* is p’-uniformly convex with p’ = p%l.
3) Assume that X is g-uniformly convex and let @ > 0. Then, for any x* € @B, and any y € aB,

2c
*, ®OHY q
V() 2 sl @) i,

where ¢ > 0 is the constant given in the definition of g-uniform convexity of X.
We also recall many concepts and definitions as follows:
Definition 1.2.

1) Let f : X — R U {+0c0} be a lower semi-continuous function (L.s.c. in short) and x € X, where f is
finite. The V-proximal subdifferential (see [8]) & f of f at x is defined by x* € &" f(x) if and only
if there exist o > 0,6 > 0 such that

(X, 5 = x) < f(X) = f(x) + oV (J(x),x")),¥x" € x + 6B. (1.1

We notice that &" f(x) C LB., whenever f is locally Lipschitz at x (see [4]).

2) The V-proximal normal cone of a nonempty closed subset S in X at x € S is defined as the V-
proximal subdifferential of the indicator function of §, that is, N*(S; x) = 0 s(x). Note that N*
is also characterized (see [4]) via g as follows:

x* € N*(S;x) © da > 0, such that x € 7g(JX + ax”).
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3) The Fréchet subdifferential and Fréchet normal cone (see for instance [3, 14]) are defined as
follows: x* € 4" f(X) if and only if for all € > 0, there exists 6 > 0 such that

(X x-X) < f(x)— f(X) +€llx—x||, VYxex+B. (1.2)

The Fréchet normal cone N¥(S; x) of a nonempty closed subset S in X at X € S is defined as
NT(S: %) = 0"ys (D).
4) The limiting V-proximal normal cone is defined as follows (see [7]):

NY(S; %) = {w—1limx} : x: € N*(S; x,) with x, —° X}.

Before starting our study, we state some special cases showing the importance of the study of e ¢ f
and JT?/I.

Case 1. If X is a Hilbert space and S = X, the functional e/‘is f coincides with the Moreau envelope
of f with index 4 > 0 and the generalized (f, A)-projection ﬂg’/l coincides with the proximal mapping
P,(f) (see for instance [13]).

Case 2. If X is a Hilbert space and f = 0, the generalized (f, A)-projection n“g’ﬂ coincides with the
metric projection on S (see for instance [9, 10]).

Case 3. If X is a reflexive Banach space, the generalized (f, 1)-projection 7T§’/l coincides with the
generalized projection g on S introduced for closed convex sets in [2,11,12] and for closed nonconvex
sets in [4, 6].

Motivated by the special cases presented above and their relevance (as seenin [1-4,11,12,16,17] and
their references), we initially introduced and started investigating the generalized (f, A)-projection JT?A
in [5]. There, we laid the groundwork for understanding its basic properties and potential applications.
In this paper, we aim to expand upon that foundation by delving into more advanced properties of A,
particularly in relation to the differentiability of the functional e;/’s f. This deeper analysis offers new
perspectives on its theoretical framework and behavior. The application of these results to nonconvex
variational inequalities will be addressed in a series of forthcoming papers.

2. Main results on the V-Moreau envelope e}‘f’s f

In the following proposition, we prove the local Lipschitz behavior of the V-Moreau envelope eKS f.

Proposition 2.1. Let X be a reflexive Banach space. Assume that f is bounded below on S by 8 € R.
Then, for any x* € X*, the function e/‘{’s f is Lipschitz on every neighborhood of x*, that is, for any
x* € X* and for any 6 > 0, there exists K- s > 0 such that

leX s ) = er s FEN < Keglly” = 2'll, ¥y, 2" € x* + 6B,

Proof. Let x* € X* and fix some 6 > 0. Let € € (0,9) and r := eXSf(x*) > (. Fix now any y*, 7" €
x* + 0B.. By definition of the infimum in the expression of e/‘{’s f, there exists s, € S such that

1 .
ers fO) < fls) + 77V0% s < ers f) + €.
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Then,

IA

1
evsf(Z) el fO) ers (@) = f(s) - ﬁV(y*, Se) + €

1. . 1. .
f(se)"'ﬁv(z ,Se)_f(se)_ﬁv(y ,SE)+E

IA

% [V(Z*, Se) - V(y*’ Se)] t+e€

IA

IA

1 %112 112 * *
TP =y 1P =267 =" 50| + e
< Qi+ I+ 2lsdblie -l +
< N Z y sDllz” =y €.

We need to find an upper bound of ||s¢||. To do that, we use once again the definition of the infimum in
e/‘{ ¢ f(x") to get an element x, € S such that

1
fxe) + ZVx,x) < e f(xX)+e=r+e

From the definition of V, we have V(y*, s.) = |[y*|I> = 2(y*, s¢) + ||s¢|[>. This gives

V(' se) [y* 1> = 211y Mllsell + Isell®

\%

\%

sl = Iy NI]* -

Hence,

lsell = Y"1 < Hllsell = 7l < YV, se)-

Then, we obtain:

sl < VVO* s + 1Yl
< \/2/leXS FOF) = 24F () + 20e + |IX]| + 6
< \/2/1 [f(xe) + %V(x*,xé) —2Af(ye) +2Ae + ||X|| + 6
< VO 50 1 20 () — 20 () + 20e + ¥l + 6
< \/(Ily*ll +[1xID? + 24 £ (xe) — 22 () + 2€ + [|IX°|| + 6.

Observe that f(x.) < eZSf(x*) +e<r+eand f(y.) >, and so we get

f(x) = fh) <r+e-p.
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Therefore,

\/(llx*ll + x| + 6)* + 2A(r + € = B) + 2 + [|x*|| + &

lIsell - <
< \/(2||x*|| + AVGR %0 +6) + 240 +2¢ = B) + ¥l + 6
< \/(2||x*|| F 2+ +0) +e+ Xl +6
< \/(2||x*|| £ VA4 0) +6) +6+ w7l + 6.

2
By taking M - := \/(2||x*|| + \V24A(r+90) + 6) + 0 + ||x*|| + 0, we get an upper bound of ||s|| in terms
of r, 6, and x*. Thus, we can write

1 * * * *
ﬁ(llz L+ 1yl + 2Ms ) 12" = ¥l + €

IA

ey f(Z) —els fO)
1 * * * * *
< SN+ Mo +0) 1" =yl + € < Koelle' =yl +

where K; - := % (llx*|l + M5+ + 6). Taking € — 0 and interchanging the roles of z* and y*, we get
leY s f(&) — el s SO < Kswellz* = y*|l, for any y*, 2" € x* + 6B,.

This completes the proof. m|
We recall from [5] the following result needed in the proof of the next theorem.

Proposition 2.2. Assume that X is a reflexive Banach space with smooth dual norm, and let S be any
closed nonempty set of X and f : S — R U {co} be any Ls.c. function. Then for any x* € dom ﬂg’ﬂ, any

% e nf'(x*), and any 1 € [0, 1), we have [ (J(F) + t(x* — J(F))) = {%}.

We prove the following result ensuring the existence and uniqueness of the generalized (f, A)-
projection on closed nonempty sets under natural assumptions on the Fréchet subdifferentiability of
the V-Moreau envelope.

Theorem 2.1. Assume that X is a reflexive Banach space with smooth dual norm, and let S be any

closed nonempty set of X and f : S — R U {oo} be any Ls.c. function. Then the following assertions
hold.

1) If 9 eKs f(x*) # 0, then the generalized (f, A)-projection of x* on S exists and is unique and
moreover 8" e} f(x") = {5 [J*x* — ﬂf;’l(x*)]};

2) If mf(x") # 0, then 8% e s f(x*) < (4 [ 1% — mf ()|

3) 8"e} o f(x*) # 0 if and only if e} ¢ f is Fréchet differentiable at x*.

AIMS Mathematics Volume 9, Issue 10, 28589-28610.



28594

Proof. (1) Assume that 3"e}; f(x*) # @ and let y € 9"e} ¢ f(x*) and let € > 0. By the definition of
9"l s f(x7), there exists § > 0 such that for any 7 € (0,6) and any v* € B, we have

(y;tv") < e{sf(){k + ') — e}‘:Sf(x*) + €et.

By the definition of eZS f(x"), for any n > 1, the exists some y, € S such that

3 1 * * t
ers f(X) < fyn) + 57V < ers f(X") + e 2.1)
Therefore,
vy < fOn)+ ﬁV(x + 15y, — fn) — V(x Vn) + o et
1 * * * t
< — [V +0vy,) = V(X )]+ — + et
24 n
* *112 112 *, ., t
< ﬁ[llx + v |P = I = 2¢rv ,,y,,>]+z+a.
Thus,

+—+e€
n

1 .
G+ =yuv) £ —

A 24 t

[lx* + ¥ 1P — IIX*IIZ]

Since the norm of the dual space is smooth, we can take the limit t — 0" to get
1 * k ok, 1
G+ V) < —<J )+ te

and hence,

1 1
<y+z[yn—J*x*];V*> < —+4+¢ YW eB,VYe>0,Yn> 1.
n

1
This ensures that lim ||y + Z[y" - J°x"]|| = 0, thatis, y, = J*x* — Ay asn — oo. Set X := J*x* — Ay, and

take the limit as n — oo in the inequality (2.1), we obtain:
ers f(X) = fG) + —V(x 25,

which means that y € nJSI’/l(x*). The uniqueness can be shown easily and so the first assertion is proved.
(2) This assertion follows directly from (1). Indeed, if 8¢} f(x*) = 0, then we are done.
Otherwise, we assume that 3" e}, f(x*) # 0, and so the assertion (1) ensures that "e}; f(x") =
[J* * ﬂf A )] Consequently, for both cases, we have 8¢} f(x*) C {1 [J*x* - ﬂf;’}(x*)]}, and
so the proof of (2) is complete.
(3) Obviously, the Fréchet differentiability of e A ¢ ensures that ofe" e f(x ) # 0. So, we have to
prove the reverse implication. We assume that 9" e} sJ(x") # 0, and we are going to prove that e" asS 18
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Fréchet differentiable at x*. Using the assertion (1), we get a generalized (f, A)-projection y € S, such
that

1
(9Fexsf(x*) = {/_l [J*x" = 7]}

Thus, we have eZS f(x*) = fO) + ﬁV(x*; y). By the definition of the Fréchet subdifferential, there
exists 0 > 0 such that for any 7 € (0, 6) and any v* € B,, we have

1 : - * * * *
(71 [J*x" =3];0v) < eXSf(x + 1) — eXSf(x ) + et.

Hence,
* 3 * 1 k _k - *
el + 1) = s fO] = (S [ =5 2 e

and hence, for any v* € B, and any € > 0,
. . —1 \% * * \% * 1 k% = *
lim inf 1 leh s flx" + ) — €Y s f(x)]| 2 (GLx =51 —e (2.2)
t—0* i i
On the other hand, we have, by the definition of eXS f,
—1 1% % s \%4 % —1 1 s P 1 P
M elsf ) s fO] < T SV ) - V)

1
ﬁt_l [V(X* + v, 5) — V(x*; )],

IA

and so,

1

limsup ™" e s (6" + 1) — e} s f(x)] < o7 27 = 5] (2.3)
t—0*

Combining this inequality (2.3) with (2.2), and taking € — 0*, we obtain the existence of the Fréchet

derivative of e} ¢ f at x" and VFe! ¢ f(x*) =  [J'x* - 3]. O

We prove in the next two theorems various characterizations of the continuous Fréchet
differentiability of the V-Moreau envelope eK ¢/ over open sets. We need to recall the Kadec property
of the Banach space X, that is, for any sequence (x,), in X, we have that (x,) is strongly convergent to
some limit X if and only if (x,) is weakly convergent to X and ||x,|| — ||X||.

Theorem 2.2. Assume that X is a reflexive Banach space with Kadec property and with smooth dual
norm. Let U be an open subset in X*. Consider the following assertions:

1) e} fisC' on U;

2) eXS f is Fréchet differentiable on U;

3) eKS £ is Fréchet subdifferentiable on U, that is, 8" eXS f(x*)#0,Vx* € U,
4) 7T§’/1 is single-valued and norm-to-weak continuous on U;

5) nJS(’A is single-valued and norm-to-norm continuous on U.

AIMS Mathematics Volume 9, Issue 10, 28589-28610.
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Then, the following implications and equivalences are true.

H =02 = @
() m
3) )

Proof. The implications (1) = (2) and (5) = (4) follow directly from the definitions. The equivalence
(2) & (3) follows from part (3) in Theorem 2.1. We have to prove the implication (2) = (4). We
assume that eXS f 1s Fréchet differentiable on U, and let x; be a sequence in U converging to some
point x* € X*. First, we prove that V"e! ¢ f(x;) weakly converges to V'e] ¢ f(x*). Observe that

el fx) = mf{——<x W+ )+ 5 [nx P+ Iy | + %(y)}
&
= -h
- heO),
2

with A(x*) := sup{ v —fO) — M — s (y)} The function 4 is clearly convex Fréchet

yeX
differentiable on U and so its derivative VF h is norm-to-weak continuous on U, and so VFh(x*) weakly
converges to VFh(x*). Since the norm of the dual space X* is smooth, we have V¥ =z ”x ” — vl ” and
consequently, we get that VFe! ¢ f(x7) = VF/=2T ”x ” - VFEh(x) weakly converges to VF ”" ” - VF h(x ) =
VFe! f(x). We use Theorem 2.1 to write VFe e = 1w - afto)] and VFeXS fx) =
% [J X = ng’ (x* )]. Therefore, we obtain the weak convergence of ng’ﬂ(xn) to nJ; (x"), thereby satisfying
the assertion (4). O

This result extends Theorem 2.10 in [6] from the case f = 0to f # 0.
In order to get the equivalence between all the assertions in Theorem 2.2, we need an additional
assumption on the function f, which is the weak lower semicontinuity of f.

Theorem 2.3. Assume that X is a reflexive Banach space with Kadec property and with smooth dual
norm. Assume further that f is weak lower semicontinuous on U. Then, all the assertions in Theorem
2.2 are equivalent, that is,

eXSfis C'on U,
()

eXS f is Fréchet differentiable on U;
)

eX ¢ f 1s Fréchet subdifferentiable on U

)

e;/ ¢ f 1s single-valued and norm-to-norm continuous on U

()

ey o f is single-valued and norm-to-weak continuous on U.

Proof. We have to prove the implications (2) = (1) and (4) = (5). We start with (4) = (5). Assume
that 7T§’/l is single-valued and norm-to-weak continuous on U. Let x; be a sequence in U converging to

AIMS Mathematics Volume 9, Issue 10, 28589-28610.
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some point x* € X*. We have to prove that x,, := 7TS (x ) converges to X := nf /l(x ). By assumption (4),
we have (x,) weakly converges to . Using the local Lipschitz continuity of e} . f proved in Proposition
2.1, we can write

G (i x) =€) f(x) — el f(x") =G} (x', %)

Observe that
Lk = GV ) = f6) = =l + = (s 1)
2077 T T SEY R D

Taking the limit superior as n — +oo in this equality and using the weak L.s.c. of f, we get

| .
= limsup [, [> = limsup |G} (x;, x,) — f(xn)——llx I” + —<xn,xn>

n—+oo n—+oo

IA

1
\%4 * = . _ N2 S
G /(x7, X) + lim sup[—f(x,)] 2/lllx P+ 77X

n—+oo

IA

1 1 1
14 2 2
G, ) = f(3) = I+ 2 0 8 = I

On the other hand, we always have ||x|| < hm 1nf [1x,]|. Thus, we obtain hm lx,|| = [|x||. Finally,

we use the fact that x, weakly converges to X and ||x,]| converges to || x|, and the Kadec property of
the space to deduce the convergence of x, to X, and so the proof of (5) is complete. We turn to prove
the implication (2) = (1). We assume that e}/ ¢ f 1s Fréchet differentiable on U. We have to prove that
v eV ¢f 1s continuous on U. Let x; be a sequence in U converging to some point x* € X*, and we have
to prove that VeV e f (x1) = VFeY e f (x*). Using Theorem 2.1, we have the existence and uniqueness
of 7TS (xn) and

1
Vel o f(xl) = = [Jx -t ().
Similarly, we have
VieY  f(x) = = [Jx - ).

Using the implications (2) = (4) and (4) = (5), we get the convergence of JTS (x ) to 7r (x ).
Consequently, we use the continuity of J* to deduce the following:

Vel ) = 2 [V =l )] = S [ 1 = a0 = Vel £,
and so the proof of the theorem is complete.

3. Main results on the generalized (f, 1)-projection 7z*§’/l

In this section, we need more regularity assumptions on the function f and the set S to establish our
main results on the generalized (f, 4)-projection. First, we start with the generalized uniform V-prox-
regularity concept introduced and studied in [6].

AIMS Mathematics Volume 9, Issue 10, 28589-28610.
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Definition 3.1. A nonempty closed subset S, in a reflexive smooth Banach space X, is called V-
uniformly generalized prox-regular if and only if there exists r > 0 such that VYx € S,¥Yx* € N*(S; x)
(with x* # 0), we have x € ng (J(x) + ri).

[l

Example 3.1.

1) Any closed convex set is generalized uniformly V-prox-regular with any positive number r > 0.

2) We state from [6] the following nonconvex example of generalized uniformly V-prox-regular sets.
Let xo € X with [|xo|| > 3. The set S := B U (xo + B) is nonconvex but it is generalized uniformly
V-prox-regular for some r > 0 (for its proof, we refer to Example 4.1 in [6]).

Remark 3.1.

1) It has been proved in Theorem 3.2 in [7] that for generalized uniformly V-prox-regular sets S, we
have N*(S; x) = N¥(S;x), Vx € S.

2) From Theorem 3.3 in [7], we deduce that for bounded generalized uniformly V-prox-regular sets
S, there exists some r > 0 such that for all x € § and any x* € N*(S; x) with |[x*|| < 1, we have

1
(xX5y—x) < 2—V(Jx;y), Yy eS. (3.1
r

Now, we state the concept of V-prox-regular functions uniformly over sets.

Definition 3.2. Let f : X — R U {oo} be a l.s.c. function, and let S C dom f be a nonempty set. We
say that f is V-prox-regular uniformly over S provided that there exists some r > 0 such that for any
x €S and any x* € 07 f(x):

XX =x) < f(X) = f(x) + %V(J(x); x), Vx eS. (3.2)

Example 3.2.

1) Any l.s.c. convex function f is V-prox-regular with any positive number r > 0 uniformly over
any closed subset S ¢ dom f.

2) The distance function ds associated with generalized uniformly V-prox-regular set S (in the sense
of Definition 3.1) is V-prox-regular uniformly over S with the same positive number r > 0.
Indeed, for any x € S and any x* € 8”"dg(x), we have x* € N¥(S;x) = N*(S;x) and ||x*|| < 1.
We set y* := —_ for € > 0. We have y* € N™(S; x) with ||[y*|| < 1. Then, by (3.1), we have

T llxt|l+e
£ . 1
Gy =0 =0%y -0 < =VUxy), Vyes. (3.3)
[lx*|| + € 2r
Thus,
Il +
(x5 y—x) < bl eV(Jx;y)
r
1+e€
< ds(y) —ds(x) + 2—V(]x; y), VYyeS. (3.4
r
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Taking € — 0" gives

(x5 y—x) < ds(y)—ds(x) + %V(Jx;y), Yy eS. (3.5

This ensures by definition that ds is a V-prox-regular function uniformly over § with the same constant
r>0.

We start by proving the following important result for this class of V-prox-regular functions
uniformly over sets. It proves the r-hypomonotony of §* f uniformly over sets for V-prox-regular
functions f uniformly over closed sets.

Proposition 3.1. Assume that f is V-prox-regular uniformly over S C dom f with constant r > 0.
Then for any x1,x, € S and any y; € 0" f(x,) and y; € 0" f(x2), we have

1
3 = YiiX2 —x1) > —;U(xz) = J(x1); %2 — x1).

Proof. Let x|, x, € S C dom f and y} € 8" f(x;) and y; € 8""f(x,). Then, we have, by the V-prox-
regularity of f uniformly over S,

1

Oix—x) < fl) - fln) + 5, V() x),
and )

s x1 = x2) < fxn) = f(x) + ZV(J(XZ);XI)-
Adding these two inequalities yields

1
O =y x =) < VU )i x) + VI (); )]
Notice that we always have
V(J(x2); x1) + V(J(x1); x2) = 2(J (x2) — J(x1); X2 — X1).

Thus,
1
V=YX —xp) < ;(J(Xz) — J(x1); X2 — x1).

This completes the proof. O

Lemma 3.1. Let S be any closed nonempty set in a reflexive Banach space X, and let f : S — R U {co}
be any Ls.c. function. Then for any (x*, x) in the graph of ﬂg’/l, we have

x* € J(x) + 10" f(x) + N¥(S; x).
Proof. Let x* € X" and x € rrg’/l(x*). Then, by the definition of ng’ﬂ, we have

1 1
Jfo+ ﬁV(X*,X) <f+ ﬁV(x*,y), YyeSs.

AIMS Mathematics Volume 9, Issue 10, 28589-28610.
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Hence,

1
57127y =0+ P = IIP] < fO) - fx). Wy es. (3.6)

Observe that

V(J(x),y) [l = 2¢7 (x5 y) + Iyl

[yl = 112> + 2¢J(x); ) = 2¢J(x); y)

Y12 = lldll® + 2¢J (x); x = y).

Hence,
llxl? = lIylI* = =2¢J(x);y — x)y = V(J(x), y),

and so the inequality (3.6) becomes

1
27 [2(x" = J(x);y = x) = VI (x), )] < f() = f(x), VYy€eS.

Thus,
Ty =0 < ) = 00+ VUL, Yy ES,
and so,
I = Wy =0 < [+ Us10) ~ [f + U0 + 3-VU. 0, Yy e X

This ensures, by the definition of 9", that
1
Z[x* —J@] € FLf +Pslx) € I7Lf +ys)(x)

C IV f(x) +0"ps(x) € I f(x) + NS5 ),
and hence, x* € J(x) + A0 f(x) + NI*(S; x). This completes the proof. m|

We recall from [4] the following density theorem for the generalized (f, A)-projection on closed
nonempty sets.

Theorem 3.2. Assume that X is a reflexive Banach space with smooth dual norm and let S be any
closed nonempty set of X, and let f : S — R U {00} be any Ls.c. function. Then, the set of points in X*
admitting unique generalized (f, A)-projection on S is dense in X*, that is, for any x* € X", there exists
X, — x* with ﬂg’l(x,’;) #0,Vn.

Now, we are ready to prove one of the main results in this paper. We define the argmin of a function
f over a given set S as the set of elements in S that achieve the global minimum of f in §, that is,

argrr}gin(f) ={xeS: f(x)= r?eisnf(s)}.

Also, we define the set:
U;/:;(r) ={x" e X" : eXSf(x*) <r.
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Notice that for any x € arg n}gin( f), we have eXS f(J(x)) = f(x). Indeed, for any x € arg n}gin( f), we
have f(x) < f(y),Vye S,and so V1 >0

1 1
J@) = J() + VI 0) < fO) + = VI (2):y), ¥y €5

This ensures that f(x) < e/‘{s f(J(x)). Since the reverse inequality is always valid, we obtain the desired
equality. We state and prove the Holder continuity of the generalized (f, 1)-projection ﬂ?/l.

Theorem 3.3. Let X be a g-uniformly convex and p-uniformly smooth Banach space. Assume that the
following assumptions hold:

1) S is generalized uniformly V-prox-regular with constant r, > 0;
2) fis V-prox-regular uniformly over S with constant ; > 0;
3) fis L-locally Lipschitz over §, that is, for any X € §, there exists ¢ > 0 such that

lf() = fOI < Lllx = yll,  Vx,y€X+06B;

4) f is bounded from below by some real number 8 € R;
5) argmin(f) # 0;

6) 1€ (0, min{’—2 —1})

8L 2

P
Then, there exist g > 0 and ry > 0 such that for any @ > max{ag, 1/24(r5 —B)}, B < % (62‘—2&)”71 ,

P
and any 1’ € (ro, min {rz, \/ 1634‘2 (62—2“)”" + /3}), we have that the generalized (f, A)-projection ﬂg’/l is

single-valued and Holder continuous with coefficient ﬁ on U;/’jp(r’) N aint(B,), i.e., for some y > 0,
we have
mg" (x) =g () < yllxy = xllT, Vxp, x; € Ug,(r') N aint(B,). (3.7)

Proof. First, we choose some a( > 0 and some ry > 0 so that
U;/’;(r’) Naint(B,) #0, VYa > ay,VYr > r.

Indeed, by assumption, we have arg mSin( f) # 0, that is, there exists z, € arg mSin( f). Set ay = ||zo]|

and ry := +/f(z0), if f(z0) > 0, and ry := 0, if f(z0) < 0. Clearly, J(z0) € Ug'3(r') N int(B,), and s0
Ugi(r)y N aint(B.) # 0, Ya > ay,¥r = r.

P
Fix now any @ > max{ag, {243 +B)}, B < 16%“2(62—20)”", and any r €

[ro,min {rz, \/16;“2 (’—2)ﬁ —,8}]. Then, U;/:;(r’) N aint(B,) # 0. We divide our proof into

64a

two steps.

Step 1. In the first step, we prove the conclusion of the theorem for any xj, x; € U ;/:jp(r’) N aint(B,)

with JT?A(X?) #0,i=1,2,thatis, x],x; € U;/:}l(r’) N dom JT?/I N aint(B,). Fix any two points xj, x; €
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U ;/jc(r’) N dom JT{;’/I N aint(B,). Then, there exist x; € ﬂg’l(xj), i = 1,2. Without loss of generality, we
assume that x; # x,. We have to prove that for some y > 0,

1
llxr = xall < yllxy — x|l (3.8)

By Lemma 3.1, there exist y; € 0" f(x;) (i = 1,2) such that z/ := x} — J(x;) — Ay; € N(S;x) =
N™(S;x;),i = 1,2 (by Part (1) in Remark 3.1). So, by the generalized uniform V-prox-regularity of S
with ratio r,, we have

*

{xi}:ﬂg (in‘l'rzm), fori=1,2.
i

Then by the definition of 7y, we have

* *

Z; Z:
VIxi+rh——,x) < V(Ux;j+rn—,2), VYz€S,

Iz l1Z:1]

and so,
Vwi,x;)— V(wi,2) <0, VzeS,

with w! = Jx; + rzﬁ, i = 1,2. Since the function V(w};-) is convex differentiable on X and its

derivative is given by V¥ V(wi)(z) =2 [Jz — w;‘], then, we can write
2Uz—-wiy—2) < V(wiy) - Vw2, Yy,zeX,i=1,2.
Taking y = x; and z € § in the previous inequality yields

2(Jz—=wiixi—2) < V(W x) = V(w;52) < 0.

Hence,
7
(Jz—Jx,-—rzﬁ;x,-—@ <0, fori=1,2, VzeS
g
and hence,
&
Jz=Jxi3z2—x) > r2(|| ;”;z— x;y fori=1,2, VzeS.
Z;

Thus, by taking z = x; and z = x;, respectively, we obtain:

Iz}l

r—sz—Jxl;xz—xl)2<ZT;X2—X1>, (3.9)
2
and
lI1Z5 I .
r—(Jxl = Jx25x1 — Xx2) 2 (255 X1 — X2). (3.10)
2

Now, we turn to the bound of z;, fori = 1,2. First, observe that ||x}|| < a. Since f is locally Lipschitz
over § with constant L, we have [|y:|| < L. Also, we have fori = 1,2,

il < Il + V(x7, x)
L 1
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S @t 20 £ - f)]
< a+ 2207 +p)
< a+ 220+ p) < 2a.
Let M := 2a. Since X is p-uniformly smooth, the dual space X* is p’-uniformly convex with p’ = ]%.

Thus, by Part (3) in Proposition 1.1, there exists some ¢ > 0 depending on the dual space X* such that

k[P

SNV v *’ : € MB*7
4C)” XY

(124 [[v* |12 /- /- . . *
where C := \/w Set ¢ := Li”pz. Since fori = 1,2, [J(x)Il = llxill < M and ||x}|| < M, we
2+ i 2
have C = \/w < M. Thus,

: 4r'-ier'=2
[l = Jxoll” —s

2¢
cdlel s f(x7) = f(x)]

IA

V(xi;x) < %V(x;k; X;)

IA

cAlr? - Bl.

IA

Thus, fori=1,2,

Il =l = J(x) — Ayl

IA

[l = J el + Ally;

< [‘/l( & ,8)]”% +AL< 2
r — —

< |c 1

where the last inequality follows from our assumptions on A and #’. Thus, the two inequalities (3.9)—
(3.10) become

Iz}l .
0 = T = x) 2 r—1<sz —JxX13 %0 = x1) 242} X — X))
2
1 123l .
Zle —Jxp; %1 — x2) > r—le —Jxp;x1 — x2) > <Zz;xl - X2).
2

Adding these two inequalities gives

§<]X2 —Jxiix—x1) = (2] — X —Xx1)
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() = J(x1) = yp) = (x5 = J(x2) = Ay3); %2 — x1)

(X) = X33 %0 — x1) + (J(x2) = J(x1); X2 — X1)

+

A5 = Y15 X2 — x1).
Hence,
§<sz —Jx13x0 —x1) < (X5 — X5 — X)) — A5 — Vs — X))

On the other hand, we have by the r;-hypomonotony of f uniformly over S proved in Proposition 3.1,
we have

% * 1
(V3 = YiiXxo—x1) £ r—(J(Xz) = J(x1); 2 — x1).
1
Therefore,
sk k /1
§<JXz —Jxisx —x) S - XX X))+ r_<J(x2) = J(x1); %0 = x1),
1
which ensures that
1

(5 - r—)<sz = JIx15x0 = x1) <65 = x5 x0 = x1) < lx = xqlllx] = X5l
1

Using the assumption that X is g-uniformly convex, Part (1) in Proposition 1.1, and the fact that ||x;|| <
M, we have for some positive constant K, > 0

(Ixa = JIx15%0 = x1) = Kpyllxa = x|,

and so,
e = il = x> 22y —
Thus,
b = xall < il = X117,
with y := (m)ﬁ > (. This completes the proof of the first step.

Step 2. We are going to prove that U;/ijc(r’) N aint(B,) C dom ng’ﬂ with @ and " as in Step 1. Let
7" e U;/z;(r’) N aint(B.,), and choose 6 > 0 so that 7* + 6B, C U;/:;(r’) N aint(B,). Letn € (0, 9 and

fix any x* € z* + 7B, and any k > 1. By the density theorem stated in Theorem 3.2, we can choose,
for any n > k, some x;, € x* + %B* and y, € ﬂ{;’d(x,’;). For n sufficiently large, we have i < % and
hence, we obtain x; € z* + (7 + %)B* Cz"+0B,cU ;/jc(r') N aint(B,). Clearly, (x;), is a sequence in

U;/:;(r’) N aint(B,) N dom ﬂ?ﬁ. Then by Step 1, we can write for any n,m > k

n
1Yn = ymll < Yllx, = X, [1+7
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Since the sequence (x}), is convergent to x*, then the sequence (y,), is a Cauchy sequence in X, and
hence, it converges to some limit y € §. By construction, we have y, € ng’ﬂ(xj‘l), that is,

FOn) + 37V 30 < () + 3V, Vs €S,

Using the continuity of V and the Lipschitz continuity of f over S, and the convergence of x; to x* and
v, to ¥, we obtain:

ﬂw+$WﬁﬂSﬂw+$Wﬁﬂ,VwS,

which means by definition that y € ng’ﬂ(x*), that is, x* € dom ﬂ‘g’/l, and hence, 7" + 1B, C dom ng’ﬂ. This
ensures that U} (') Ner int(B.) C domry”, that is, Uy (') Narint(B.) Ndom §" = Ug(*') Naint(B.).

f
This equality with Step 1 completes the proof of the Holder continuity of 7T§’/l over U;/’ ()N aint(B.).

A
S
We end the proof of the theorem by proving the single-valuedness of ﬂg’/l on U ;/:jc(r’)ﬂa int(B,). Letx* €
U;/:;.(r’) N aint(B,) with two generalized (f, A)-projections x;, x, € 7" (x*). Then the inequality (3.8)

) n )
gives ||x; — x| < y||x* — x*||+T = 0, and hence x; = x,. This completes the proof. O

First, we derive straight-forwardly the following particular case when f = O proved in Theorem 4.4
in [6]. In this case, we have 8 =0, L = 0, r; = +00, arg rrgin(f) = .5, and we take A = %

Theorem 3.4. Let X be a g-uniformly convex and p-uniformly smooth Banach space. Assume that S is
generalized uniformly V-prox-regular with constant r > 0. Then, there exists ay > 0 such that for any

P
a > max{ag, r,} and any r’ € |0, min {}’2, da+[2¢ (62—2“)”_' }), we have that the generalized projection
ns is single-valued and Holder continuous with coefficient q%l on U ;’ (r) N aint(B,), ie., for some
v > 0, we have

s (x}) = s QI < ylix; = 31177, Vi, x5 € Ug(r) N aint(B.,). (3.11)

The convex case when f is a convex function and S is a closed convex set in dom f is deduced from
Theorem 3.3 as follows: First, we notice that any convex function is V-prox-regular with r; = +oo
uniformly over any closed subset in its domain and any closed convex set is generalized uniformly
V-prox-regular with r, = +oo.

Theorem 3.5. Let X be a q-uniformly convex and p-uniformly smooth Banach space and let 1 > Q.
Assume that S is a closed convex set and that f is convex L-Lipschitz over S. Assume that f is bounded
from below by B € R. Then for any a > 0, the generalized (f, 1)-projection 7T'§’/l is single-valued and

Holder continuous with coefficient q—fl on a int(B,), i.e., for somey > 0, we have
fid, fid, x * || _— .
llrg (x7) — " ()Nl < yllxp — xllT,  Vaq, x; € aint(B,). (3.12)

We have to mention that even in the convex case, the best result obtained on the (f, 4)-projection
has been proved in Theorem 3.4 in [17] in which the authors proved the continuity (not the Holder
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continuity) under the positive homogenous assumption on the function f and the compactness
assumption on S. These two very strong assumptions are not needed in our proof.

Now, we are going to study the local property of the generalized ( f, A)-projection, that is, for a given
€ > 0, a closed subset S, and a given point X € argming f, we are interested in the localization of
the generalized (f, 4)-projection of the elements x* in the e-neighborhood of J(X). First, we prove the
following technical result.

Proposition 3.2. Let M > 0 such that arg rnSin fNMB # 0. Then for any x* € MB,, we have

e;/,sf(X*) = e/‘l/,SmMBf(x*) and ”?A(X*) = ”§’£3MB(X*)'

Proof. Let x( € arg mSinf N MB # (. Then, x, € S N MB with
S(xo) = in;ff(x) < in/’{f(x), forany A C S.

Hence,

flx) < inf  f(x). (3.13)

xeS\3MB

Fix now any y € § with [|y|| > 3M. Then, we have

1 1
FO) + VS 2 fO) + o7 (bl = IKD?

2

! e 20
f(y)+ﬁ(3M—M) =fy+ I

\%

Taking the infimum over all y € S \ 3MB and using the inequality (3.13), we obtain:

1
e/‘l/,S\SMBf(X*) = inf {f@) + ﬁV(X*;)’)}

yeS\3MB

2

. 2M? 2M
2 ol SO+ 2 [+ ==

(3.14)

On the other hand, we have

1
e oS (x) = inf {f(y)+ﬁV(x*;y)}

yeSNMB

IA

1
fxo) + ﬁV(x*; X0)

IA

Fxo) + % Al + ol

IA

1
fxo) + ﬁ(M + M)

2
C f) + 2% (3.15)
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Combining this inequality with (3.14), we get

\%4 * 2M2 %4 *
e/l,SmMBf(x ) < f(xo)+ T < 6/1,5\3M13f(x ).
Therefore,
e/‘l/,sf(X*) = inf {ex,smMBf(X*); e/‘l/,S\SMBf(X*)}
> inf {e/‘l/,Sﬂ3MBf(X*); e/‘l/,SﬂMBf(X*)}
> elsramnf(X)
> e,‘{’s f(xY).
This completes the proof. O

We deduce the following proposition.

Proposition 3.3. Assume that X is a g-uniformly convex Banach space. Let S be a closed nonempty

set in X with X € arg mSinf andlet e > 0. Let M .= ||x|| + €, € := and

cel
8a-1pa-2>
Nas(D) = (¥ €X' V(.0 < & and |1'x" - 3 < 5.
Then, for any x* € N, <(JX), we have

\% = _ V % A w4 %
e s S(X) = € srrer)f(x7) and ”é (X7) = T pemy) (X0

Proof. Fix € > 0and X € argming f and let M := ||X||+ € and ¢ := fgq,f%, where ¢ > 0 is the constant
given in the definition of the g-uniform convexity of X.
Set .
Ne.s(UX) :={x" € X" : V(x", X) < g and [|[J°x" — &]| < 5}.
Then,
(x+eB)NS cMB and N, (JX) C MB..
Using Part (3) in Proposition 1.1, we have for any x* € N, <(JX) and any y € S N MB
2c
4a-1 M2

Observe that (x+€eB)NS N3MB = (x+eB)NS. Take any x* € N, <(JX) and any y € [SNIMB]\(x+€B).
Then, we have

V(x'sy) 2 I7°(x") = ylI. (3.16)

O+ 5V 2 )+ 5l () -l
¢ - % -
> )+ o (= = 1) )"
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c €\? €
> —_— —— = —
= f(y”za(e 2) fO+ 3
1
> —V(x*: %). _
> fO)+ 2)LV(x ; X) (3.17)
Taking the infimum over all y € [S N 3MB] \ (x + €B), we obtain:

1
V * : % =
e = X > lnf + —V(x s X
AN ﬁ3MB]\(x+eIB§)f( ) ye[SN3MB]\(X+€B) f(y) 2/1 ( )

\%

. (N
;Ielsff(y)+ ﬁV(x ; X)

\%

1
f) + ﬁV(x*;i). (3.18)

Hence,

v - v %
e snamet () inf {e/l,[Sﬁ3MB]ﬂ()'c+eB)f(x*)’ e/l,[Sﬂ3MB]\(X+eB)f(x*)}

\%

) . _ 1 . -
inf {e/‘l/,Sm(x+eB)f (x7); f(2) + ﬁV(x ; x)}
2 e/‘l/,Sn()HeB)f (x)

> e/‘isf(x*).

On the other side, since x € arg mSin f and X|| < M, we have arg mSin f N MB # (0. Consequently, we

obtain by Proposition 3.2, e}”S e (X)) = e)‘f,s f(x"), which ensures the equality
) f(X) = €\ gnren S (X)), X € Ng <(JX).
Thus, the proof is achieved. m]

Observe that N, <(JX) is an open neighborhood of J(¥) in X*. So, for any € > 0, we can find some
constant 6 > 0 such that J(X) + 0B C NE,,g(J)_c). Therefore, we can state the following localization
theorem.

Theorem 3.6. Assume that X is a g-uniformly convex Banach space. Let S be a closed nonempty set
in X with x € arg mSin f N MB. Then for any € > 0, we can find some constant 6 > 0 such that for any

x* € J(X) + 0B, we have

v * 1% * A, A ;
ersf(X) =€) grrepyf(x7) and ”Jsl (x") = ﬂgﬁ()ﬂeB)(X ).
4. Conclusions

In this paper, we introduced and explored an appropriate extension of the well-known Moreau
envelope. Taking into account the nice and favorable properties of the functional V in uniformly
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smooth and uniformly convex Banach spaces, we defined the V-Moreau envelope based on V. Within
the framework of reflexive Banach spaces, we established several important properties of the V-Moreau
envelope. Furthermore, under the additional assumptions of uniform smoothness and convexity of
the space, we demonstrated the Holder continuity of the generalized (f, A)-projection. Several key
properties of both the V-Moreau envelope and the generalized ( f, A)-projection were also proven.

The convex case in Theorem 3.5 presents a novel result. It is noteworthy that, even in the convex
case, the best result regarding the (f, A)-projection was shown in Theorem 3.4 of [17], where the
authors established continuity under two strong conditions: the positive homogeneity of the function f
and the compactness of S. In contrast, our proof avoids these restrictive assumptions.

For future research, we are focusing on applying our results on the V-Moreau envelope and the
generalized (f, 1)-projection to problems such as nonconvex variational inequalities and nonconvex
complementarity problems in Banach spaces. Another potential research direction is extending our
results to nonreflexive Banach spaces.
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