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1. Introduction

In 1977, in order to study the regulation and control mechanisms of human diseases, Mackey and
Glass [1] put forward a hematopoiesis model with a single-humped production rate, which is governed
by the following differential equation with delay:

dN(t)
dt
= −αN(t) +

βN(t − τ)
1 + Nm(t − τ)

, m > 1 (1.1)

and is now called the Mackey-Glass hematopoietic model. Biologically, the state variable N(t) signifies
the density of mature circulating cells at time t, in which the cells are assumed to be lost from the
circulation at a rate α and they are believed to be generated at a rate β, and τ indicates the time delay
required to manufacture mature white blood cells in the bone marrow.
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Model (1.1) has attracted much attention in the past decades because of its simple representation,
complex and diverse dynamic properties, and wide practical significance. Moreover, the generalized
models in various senses of this model have been constantly proposed and studied. For instance,
recently, in Refs. [2,3], generalized Mackey-Glass models with iterative terms were studied, in Ref. [4],
a fractional order Mackey-Glass model was considered, and in Ref. [5], a Mackey-Glass model
with diffusion terms was investigated. Also, considering the influence of changing environmental
factors, model (1.1) has been modified to a nonautonomous system. For nonautonomous systems,
there is generally no constant equilibrium solution. As a consequence, the existence of periodic
solutions [6–12], almost periodic solutions [13–19], and pseudo almost periodic solutions [20] in
the nonautonomous form of model (1.1) and its generalized forms have been extensively studied.
For instance, in [17], the existence of Bohr almost periodic solutions of the following generalized
hematopoietic model:

x′(t) = −a(t)x(t) +
n∑

j=1

b j(t)xα (t − τ(t))
1 + xβ (t − τ(t))

was studied by utilizing the fixed point theorem in a cone; and in [18,19], the existence of Bohr almost
periodic solutions of the following generalized hematopoietic models:

x′(t) = −a(t)x(t) +
n∑

j=1

β jγ j(t)
xm j

(
t − τ j(t)

)
1 + xn j

(
t − τ j(t)

)
and

x′(t) = −a(t)x(t) +
n∑

j=1

β jγ j(t)
xm

(
t − τ j(t)

)
1 + xn

(
t − τ j(t)

)
were investigated by using the fixed point theorem of a mixed monotone operator, respectively.

On the one hand, it is well-known that the Bap concept embodies the Bohr almost periodic, Stepanov
almost periodic, and Weyl almost periodic concepts as its special cases, which describes a more
complicated phenomenon of recurrent motions [21,22]. However, there have been no published papers
on the Bap oscillations of hematopoietic models so far.

On the other hand, due to the fact that any real system is subject to various random factors,
considering a stochastic hematopoietic model is more practical.

Moreover, for stochastic differential equations, studying almost periodic solutions in the distribution
sense is more rational than studying almost periodic solutions in the mean square sense [23].

Inspired by the analysis of the above aspects, in the present paper, we consider the following
stochastic generalized hematopoietic model with multiple delays:

dx(t) =
[
−a(t)x(t) +

n∑
j=1

b j(t)xα j
(
t − τ j(t)

)
1 + xβ j

(
t − τ j(t)

) ]
dt +

n∑
j=1

c j(t)σ j

(
x(t − η j(t))

)
dω j(t), (1.2)

where x indicates the density of the mature blood cells circulating in the bloodstream; a(t) signifies
the rate of cells loss during the blood circulation at time t; τ j(t) and η j(t) denote time delays; α j ∈

(0, 1), β j ∈ R
+ are constants; ω j(t) indicates a Brownian motion defined on a complete probability

space; c j(t) denotes the noise intensity; and σ j : R→ R is a Borel measurable function.
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Let
(
Ω,F , {Ft}t≥0 ,P

)
signify a complete probability space, where {Ft}t≥0 is a natural filtration.

Denote by Cb
F0

([−ϑ, 0],R) the family of all bounded, F0-measurable, and real-valued random variables.
System (1.2) is supplemented with the following initial value condition:

x(s) = φ(s), φ(t0) > 0, s ∈ [t0 − ϑ, t0], (1.3)

in which φ ∈ Cb
F0

([−ϑ, 0],R+), ϑ = max1≤ j≤n{supt∈R τ j(t), supt∈R η j(t)}.
Our primary objective of this article is to investigate the existence and stability of Bap-solutions in

finite-dimensional distributions to system (1.2). This is the first article to study the Bap solutions of
stochastic population systems. The main difficulty of this article is that the space composed of Bap

random processes is not a complete space, so the existence of Bap solutions cannot be directly proved
using the fixed point theorem. At the same time, the presence of fractional nonlinearity in the model
poses difficulties for related estimation. To overcome these difficulties, we first establish the existence
of Lp-bounded and Lp-uniformly continuous solutions to system (1.2), and then use the definition to
verify that this solution is also a Bap solution. At the same time, we overcome the difficulties caused
by the fractional nonlinearity using the mean value theorem and inequality techniques.

The structure of the remaining part of this article is as follows: In Section 2, we review some
basic definitions of almost periodic functions and almost periodic stochastic processes, as well as an
important inequality that will be repeatedly used in this paper. In Section 3, we present the main results
and proof of this paper. In Section 4, we provide a numerical example to verify the effectiveness of our
results. Finally, in Section 5, we present a brief conclusion to conclude this paper.

2. Preliminaries

For a random variable Z : (Ω,F , P) → R, we will use law(Z) := P ◦ Z−1 to signify its distribution
and EZ to stand for its expectation. Let Lp(Ω,R) be the space of all real-valued random variables Z
with E|Z|p =

∫
Ω
|Z|pdP < ∞, where 1 ≤ p < ∞.

Definition 2.1. [24] A stochastic process Z : R → Lp (Ω,R) is called Lp-continuous if for every
s ∈ R,

lim
t→s

E|Z(t) − Z(s)|p = 0.

It is Lp-bounded if sup
t∈R

E|Z(t)|p < ∞.

Let Lp
loc (R,R) be the space of all the locally pth integrable functions from R → R. For g ∈

L∞loc (R,R), its Besicovitch semi-norm is defined as follows:

∥g∥Bp =

(
lim sup

l→+∞

1
2l

∫ l

−l
|g(t)|pdt

) 1
p

.

Definition 2.2. [22] A continuous function h : R → R is said to be (Bohr) almost periodic if for any
ε > 0 there exists a positive number l, such that every interval with length l contains a number τ such
that for all t ∈ R it holds

|h(t + τ) − h(t)| < ε.

We will signify the set of all such functions by AP(R,R).
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Definition 2.3. [22] A function h ∈ Lp
loc (R,R) is said to be pth Bap if for every ε > 0 there exists a

positive number l, such that every interval of length l contains a number τ such that

∥h(· + τ) − h(·)∥Bp < ε.

Denote by Bp(R,R) the set of all such functions.

Consider the h-dimensional Euclidean metric space (Rh, dh), where dh (u, v) = max
1≤i≤h
{|xi − yi)|} for

u = (x1, x2, · · · , xh), v = (y1, y2, · · · , yh) ∈ Rh. Denote by P(Rh) the collection of Borel probability
measures on Rh. Let BC(Rh,R) be the space of all bounded and continuous functions from Rh to R
with the norm ∥g∥U := sup

u∈Rh
|g(u)| < ∞.

For g ∈ BC(Rh,R), ζ, ξ ∈ P(Rh), we define

∥g∥A = sup
u,v

|g(u) − g(v)|
dh(u, v)

, ∥g∥B = max{∥g∥U , ∥g∥A}, dC (ζ, ξ) = sup
∥g∥B≤1

∣∣∣∣∣∫
Rh

gd(ζ − ξ)
∣∣∣∣∣.

According to [25], the space (P(Rh), dC) is a separable complete metric space.

Definition 2.4. [26] A stochastic process Y : R → Lp(Ω,R) is said to be a Bap stochastic process in
finite-dimensional distributions if for every finite points t1, t2, · · · , th ∈ R and every ε > 0, there exists
an l(ε) > 0 such that every interval of length l contains a number τ such that

lim sup
l→+∞

( 1
2l

∫ l

−l
dp

C (GY(t + τ),GY(t)) dt
) 1

p

≤ ε,

where the mapping GY : R→
(
P(Eh), dC(·, ·)

)
is defined by

GY(t) = law(Y(t + t1),Y(t + t2), · · · ,Y(t + th)).

Lemma 2.1. [27] If f ∈ L2 (J,R) , p > 2, B (t) is a Brownian motion, then

E
(
sup
t∈J
|

∫ t

t0
f (s)dB(s)|p

)
≤ CpE

(∫ T

t0
| f (s)|2ds

) p
2

,

where Cp =

(
pp+1

2(p − 1)p−1

) p
2

.

Let L∞ (R,R) indicate the set of all essentially bounded and measurable functions from R to R with
the norm ∥x∥∞ = inf{r ≥ 0 : |x(t)| ≤ r a.e. t ∈ R}, where x ∈ L∞(R,R).

In the rest part of this paper, we will use the following symbols:

a = inf
t∈R

a(t), a+ = sup
t∈R

a(t), b̂ j = ∥b j∥∞, c+j = sup
t∈R

c j(t),

τ+j = sup
t∈R

τ j(t), τ̇+j = sup
t∈R

τ̇ j(t), η+j = sup
t∈R

η j(t), η̇+j = sup
t∈R

η̇ j(t),

and need the following conditions:
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(H1) Functions a(t), c j(t) ∈ AP(R,R+) with a > 0, τ j(t), η j(t) ∈ AP(R,R+)∩C1(R,R) satisfying 1−τ̇+j >
0 and 1 − η̇+j > 0, and b j(t) ∈ Bp(R,R+) ∩ L∞(R,R), where j = 1, 2, . . ..

(H2) For j = 1, 2, · · · , n, σ j ∈ C(R,R+), and there exist constants Lσj > 0 such that for all x, y ∈ R,

|σ j(y) − σ j(x)| ≤ Lσj |y − x|.

(H3) p ≥ 2,
1
p
+

1
q
= 1, and there exists a constant κ > 0 such that

ς1 :=2p−1
[( p

qa

) p
q q

pa

( n∑
j=1

(
b̂ j

)q
) p

q

n + 2p−1Cp

( p − 2
2a

) p−2
2 q

pa

( n∑
j=1

(
c+j

)q
) p

q

×

n∑
j=1

(
Lσj

)p
]
κp + 4p−1Cp

( p − 2
2a

) p−2
2 q

pa

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

σ
p
j (0) ≤ κp, (p > 2),

ς2 :=2
{ 1

(a)2

n∑
j=1

(
b̂ j

)2
n +

1
a

n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2
}
κ2

+
2
a

n∑
j=1

(
c+j

)2
n∑

j=1

σ2
j(0) ≤ κ2, (p = 2).

(H4) p ≥ 2,
1
p
+

1
q
= 1, and

Θ1 :=2p−1
{
2p−1

( p
qa

) p
q q

pa

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p)

+Cp

( p − 2
2a

) p−2
2 q

pa

( n∑
j=1

(c+j )q
) p

q
n∑

j=1

(
Lσj

)p
}
< 1, (p > 2),

Θ2 :=4
(1
a

)2 n∑
j=1

(
b̂ j

)2
n∑

j=1

(
(2κ)2(α j−1) + (2κ)2(α j+β j−1)) + 1

a

×

n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2
< 1, (p = 2),

in which κ is the same as that in (H3).

(H5) p ≥ 2,
1
p
+

1
q
= 1, and

ϖ1 :=12p−1 q
pa

{
2p−1

( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p)

×
e

pa
q τ
+
j

1 − τ̇+j
+Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j

}
< 1, (p > 2),
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ϖ2 =12
1
a

{
2

1
a

n∑
j=1

(
b̂ j

)2
n∑

j=1

(
(2κ)(α j−1)2 + (2κ)(α j+β j−1)2) eaτ+j

1 − τ̇+j

+

n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2 e2aη+j

1 − η̇+j

}
< 1, (p = 2),

in which κ is the same as that in (H3).

3. Main results

Let Y be the space of all Lp-bounded and uniformly Lp-continuous functions from R to Lp (Ω,R),
then with the norm ∥x∥Y = sup

t∈R
(E|x(t)|p)

1
p for x ∈ Y, it is a Banach space.

Definition 3.1. An Ft-progressively measurable stochastic process x(t) is called a solution of
system (1.2), if x(t) satisfies initial value condition (1.3) for t ∈ [t0 − ϑ, t0] and the following stochastic
process:

x(t) =x(t0)e−
∫ t

t0
a(u)du

+

∫ t

t0
e−

∫ t
s a(u)du

n∑
j=1

b j(s)xα j
(
s − τ j(s)

)
1 + xβ j

(
s − τ j(s)

) ds

+

∫ t

t0
e−

∫ t
s a(u)du

n∑
j=1

c j(s)σ j

(
x(s − η j(s))

)
dω j(s), t ≥ t0. (3.1)

Let t0 → −∞, and we obtain

x(t) =
∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

b j(s)xα j
(
s − τ j(s)

)
1 + xβ j

(
s − τ j(s)

) ds

+

∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

c j(s)σ j

(
x(s − η j(s))

)
dω j(s), (3.2)

which is also a solution of system (1.2).

Theorem 3.1. Assume that assumptions (H1)–(H4) hold. Then system (1.2) has a unique Lp-bounded
and uniformly Lp-continuous solution x in Y∗ = {υ|υ ∈ Y, υ(t) ≥ 0, ∥υ∥Y ≤ κ} that solves (3.2), where
κ is mentioned in (H3).

Proof. We define an operator Ψ: Y∗ → Y∗ as follows:

(Ψφ)(t) =
∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

b j(s)φα j
(
s − τ j(s)

)
1 + φβ j

(
s − τ j(s)

) ds

+

∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

c j(s)σ j

(
φ(s − η j(s))

)
dω j(s), (3.3)
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where φ ∈ Y∗, t ∈ R. To begin with, we will verify that Ψ maps Y∗ into Y∗. For any φ ∈ Y∗, it holds

∥Ψφ∥
p
Y ≤2p−1 sup

t∈R

{
E
∣∣∣∣∣∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

b j(s)φα j
(
s − τ j(s)

)
1 + φβ j

(
s − τ j(s)

) ds
∣∣∣∣∣p}

+ 2p−1 sup
t∈R

{
E
∣∣∣∣∣∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

c j(s)σ j

(
φ(s − η j(s))

)
dω j(s)

∣∣∣∣∣p} := A1 + A2. (3.4)

By the Hölder inequality, we deduce that

A1 ≤2p−1 sup
t∈R

{
E
∣∣∣∣∣[∫ t

−∞

e−
q
p

∫ t
s a(u)duds

] p
q
[∫ t

−∞

e−
p
q

∫ t
s a(u)du

( n∑
j=1

b j(s)φα j
(
s − τ j(s)

)
1 + φβ j

(
s − τ j(s)

) )p

ds
]∣∣∣∣∣}

≤2p−1 sup
t∈R

{( p
qa

) p
q
[∫ t

−∞

e−
p
q a(t−s)

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

E
∣∣∣∣∣ φα j

(
s − τ j(s)

)
1 + φβ j

(
s − τ j(s)

) ∣∣∣∣∣pds
]}

≤2p−1
{( p

qa

) p
q q

pa

( n∑
j=1

(
b̂ j

)q
) p

q

n
}
κp. (3.5)

When p > 2, in view of Lemma 2.1 and the Hölder inequality, it holds

A2 ≤2p−1Cp sup
t∈R

{
E
[∫ t

−∞

e−2
∫ t

s a(u)du
∣∣∣∣∣ n∑

j=1

c j(s)σ j(φ(s − η j(s)))
∣∣∣∣∣2ds

] p
2
}

≤2p−1Cp sup
t∈R

{( p − 2
2a

) p−2
2 q

pa

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

E|σ j(φ(s − η j(s))) − σ j(0) + σ j(0)|p
}

≤4p−1Cp

( p − 2
2a

) p−2
2 q

pa

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

[
(
Lσj

)p
κp + σ

p
j (0)]. (3.6)

When p = 2, by the Itô isometry and the Hölder inequality, we get

A2 ≤2 sup
t∈R

{∫ t

−∞

e−2
∫ t

s a(u)duE
∣∣∣∣∣ n∑

j=1

c j(t)σ j(φ(s − η j(s)))
∣∣∣∣∣2ds

}
≤2 sup

t∈R

{∫ t

−∞

e−2
∫ t

s a(u)du
n∑

j=1

(c+j )2
n∑

j=1

E|σ j(φ(s − η j(s))) − σ j(0) + σ j(0)|2ds
}

≤4
1

2a

n∑
j=1

(
c+j

)2
n∑

j=1

[
(
Lσj

)2
κ2 + σ2

j(0)]. (3.7)

For the case of p > 2, from (3.4)–(3.6), it follows that

∥Ψφ∥
p
Y ≤2p−1

{( p
qa

) p
q q

pa

( n∑
j=1

(
b̂ j

)q
) p

q

nκp + 2p−1Cp

( p − 2
2a

) p−2
2 q

pa

( n∑
j=1

(
c+j

)q
) p

q

×

n∑
j=1

[
(
Lσj

)p
κp + σ

p
j (0)]

}
. (3.8)
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For the case of p = 2, from (3.4), (3.5), and (3.7), it follows that

∥Ψφ∥2Y ≤ 2
{ 1

(a)2

n∑
j=1

(
b̂ j

)2
nκ2 +

2
a

n∑
j=1

(
c+j

)2
n∑

j=1

[
(
Lσj

)2
κ2 + σ2

j(0)]
}
. (3.9)

The inequalities (3.8) and (3.9) combined with condition (H3) imply that ∥Ψφ∥Y ≤ κ.
By (H1), we have a(t), b j(t), c j(t) ≥ 0 for t ∈ R. Hence, it is easy to see that Ψφ ≥ 0 for any φ ∈ Y∗.
For every φ ∈ Y∗, we show the uniformly Lp-continuous of Ψφ. For any t ∈ R and h > 0, we have

E|(Ψφ)(t + h) − (Ψφ)(t)|p

=E
∣∣∣∣∣∫ t+h

−∞

e−
∫ t+h

s a(u)du
n∑

j=1

b j(s)φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

ds

+

∫ t+h

−∞

e−
∫ t+h

s a(u)du
n∑

j=1

c j(s)σ j(φ(s − η j(s)))dω j(s)

−

∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

b j(s)φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

ds

−

∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

c j(s)σ j(φ(s − η j(s)))dω j(s)
∣∣∣∣∣p

=E
∣∣∣∣∣∫ t

−∞

e−
∫ t+h

s a(u)du
n∑

j=1

b j(s)φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

ds

+

∫ t+h

t
e−

∫ t+h
s a(u)du

n∑
j=1

b j(s)φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

ds

+

∫ t

−∞

e−
∫ t+h

s a(u)du
n∑

j=1

c j(s)σ j(φ(s − η j(s)))dω j(s)

+

∫ t+h

t
e−

∫ t+h
s a(u)du

n∑
j=1

c j(s)σ j(φ(s − η j(s)))dω j(s)

−

∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

b j(s)φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

ds

−

∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

c j(s)σ j(φ(s − η j(s)))dω j(s)
∣∣∣∣∣p

≤4p−1E
∣∣∣∣∣∫ t

−∞

(
e−

∫ t+h
s a(u)du − e−

∫ t
s a(u)du

) n∑
j=1

b j(s)φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

ds
∣∣∣∣∣p

+ 4p−1E
∣∣∣∣∣∫ t+h

t
e−

∫ t+h
s a(u)du

n∑
j=1

b j(s)φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

ds
∣∣∣∣∣p

+ 4p−1E
∣∣∣∣∣∫ t

−∞

(
e−

∫ t+h
s a(u)du − e−

∫ t
s a(u)du

) n∑
j=1

c j(s)σ j(φ(s − η j(s)))dω j(s)
∣∣∣∣∣p
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+ 4p−1E
∣∣∣∣∣∫ t+h

t
e−

∫ t+h
s a(u)du

n∑
j=1

c j(s)σ j(φ(s − η j(s)))dω j(s)
∣∣∣∣∣p

:=A3 + A4 + A5 + A6. (3.10)

Since ∣∣∣∣∣e− ∫ t+h
s a(u)du − e−

∫ t
s a(u)du

∣∣∣∣∣ ≤e−a(t−s)
∣∣∣∣∣∫ t+h

s
a(u)du −

∫ t

s
a(u)du

∣∣∣∣∣
≤e−a(t−s)

∣∣∣∣∣∫ t+h

t
a(u)du

∣∣∣∣∣ ≤ e−a(t−s)a+h, (3.11)

by the Hölder inequality, we deduce that

A3 ≤4p−1
[∫ t

−∞

∣∣∣∣∣e− ∫ t+h
s a(u)du − e−

∫ t
s a(u)du

∣∣∣∣∣ q
p

ds
] p

q
[∫ t

−∞

∣∣∣∣∣e− ∫ t+h
s a(u)du − e−

∫ t
s a(u)du

∣∣∣∣∣ p
q

× E
∣∣∣∣∣ n∑

j=1

b j(s)φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

∣∣∣∣∣pds
]

≤4p−1
[∫ t

−∞

(
e−a(t−s)a+h

) q
p

ds
] p

q
[∫ t

−∞

(
e−a(t−s)a+h

) p
q

×

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

E|φα j(s − τ j(s))|pds
]

≤4p−1
( p
qa

) p
q

(a+h)
p
q+1 q

pa

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

κα j p. (3.12)

About A4, we have

A4 ≤4p−1
[∫ t+h

t
e−q

∫ t+h
s a(u)duds

] p
q
[∫ t+h

t
E
∣∣∣∣∣ n∑

j=1

b j(s)φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

∣∣∣∣∣pds
]

≤4p−1
[∫ t+h

t
1ds

] p
q
[∫ t+h

t

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

E|φα j |pds
]

≤4p−1
( n∑

j=1

(
b̂ j

)q
) p

q

h
p
q+1

n∑
j=1

κα j p. (3.13)

When p > 2, by virtue of Lemma 2.1 and Hölder’s inequality, we derive that

A5 ≤4p−1CpE
[∫ t

−∞

(
e−

∫ t+h
s a(u)du − e−

∫ t
s a(u)du

)2∣∣∣∣∣ n∑
j=1

c j(s)σ j(φ(s − η j(s)))
∣∣∣∣∣2ds

] p
2

≤4p−1Cp

[∫ t

−∞

(
e−

∫ t+h
s a(u)du − e−

∫ t
s a(u)du

)2× p
p−2×

1
p

ds
] p−2

p ×
p
2

×

[∫ t

−∞

(
e−

∫ t+h
s a(u)du − e−

∫ t
s a(u)du

)2× 1
q×

p
2

E
∣∣∣∣∣ n∑

j=1

c j(s)σ j(φ(s − η j(s)))
∣∣∣∣∣pds

]
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≤4p−1Cp

[∫ t

−∞

(
e−a(t−s)a+h

) 2
p−2

ds
] p−2

2
[∫ t

−∞

(
e−a(t−s)a+h

) p
q
( n∑

j=1

(
c+j

)q
) p

q

×

n∑
j=1

E|σ j(φ(s − η j(s))) − σ j(0) + σ j(0)|pds
]

≤8p−1Cp

[∫ t

−∞

(
e−a(t−s)a+h

) 2
p−2

ds
] p−2

2
[∫ t

−∞

(
e−a(t−s)a+h

) p
q
( n∑

j=1

(
c+j

)q
) p

q

×

n∑
j=1

[E|σ j(φ(s − η j(s))) − σ j(0)|p + |σ j(0)|p]ds
]

≤8p−1Cp

[∫ t

−∞

(
e−a(t−s)a+h

) 2
p−2

ds
] p−2

2
[∫ t

−∞

(
e−a(t−s)a+h

) p
q
( n∑

j=1

(
c+j

)q
) p

q

×

n∑
j=1

[(Lσj )pE|φ|p + |σ j(0)|p]ds
]

≤8p−1Cp

( p − 2
2a

) p−2
2 q

pa
(a+h)

p
q+1

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

[(Lσj )pκp + σ
p
j (0)], (3.14)

A6 ≤4p−1CpE
[∫ t+h

t
e−2

∫ t+h
s a(u)du

∣∣∣∣∣ n∑
j=1

c j(s)σ j(φ(s − η j(s)))
∣∣∣∣∣2ds

] p
2

≤4p−1Cp

[∫ t+h

t
e−

2p
p−2

∫ t+h
s a(u)duds

] p−2
p ×

p
2
[∫ t+h

t
E
∣∣∣∣∣ n∑

j=1

c j(s)σ j(φ(s − η j(s)))
∣∣∣∣∣pds

]
≤8p−1Cp

[∫ t+h

t
1ds

] p−2
2
[∫ t+h

t

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

[
(
Lσj

)p
E|φ|p + |σ j(0)|p]ds

]
≤8p−1Cph

p−2
2 +1

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

[
(
Lσj

)p
κp + σ

p
j (0)]. (3.15)

When p = 2, by using the Itô isometry and the Hölder inequality, there holds:

A5 ≤8
∫ t

−∞

∣∣∣∣∣e− ∫ t+h
s a(u)du − e−

∫ t
s a(u)du

∣∣∣∣∣2 n∑
j=1

(
c+j

)2
n∑

j=1

[
(
Lσj

)2
E|φ|2 + σ2

j(0)]ds

≤8
∫ t

−∞

(e−a(t−s)a+h)2ds
n∑

j=1

(
c+j

)2
n∑

j=1

[
(
Lσj

)2
κ2 + σ2

j(0)]

≤8
1

2a
(
a+

)2 h2
n∑

j=1

(
c+j

)2
n∑

j=1

[
(
Lσj

)2
κ2 + σ2

j(0)], (3.16)

A6 ≤4
∫ t+h

t
E
∣∣∣∣∣ n∑

j=1

c j(s)σ j(φ(s − η j(s)))
∣∣∣∣∣2ds

≤8
∫ t+h

t

n∑
j=1

(c+j )2
n∑

j=1

[(Lσj )2E|φ|2 + σ2
j(0)]ds
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≤8
n∑

j=1

(
c+j

)2
n∑

j=1

[
(
Lσj

)2
κ2 + σ2

j(0)]h. (3.17)

Putting (3.12)–(3.17) into (3.10), for the case of p > 2, we have

E|(Ψφ)(t + h) − (Ψφ)(t)|p

≤4p−1
{( p

qa

) p
q

(a+)
p
q+1h

p
q

q
pa

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

κα j p +

( n∑
j=1

(
b̂ j

)q
) p

q

h
p
q

n∑
j=1

κα j p

+ 2p−1Cp

( p − 2
2a

) p−2
2 q

pa
(a+)

p
q+1h

p
q

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

[
(
Lσj

)p
κp + σ

p
j (0)]

+ 2p−1Cph
p−2

2

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

[
(
Lσj

)p
κp + σ

p
j (0)]

}
h, (3.18)

and for the case of p = 2, we gain

E|(Ψφ)(t + h) − (Ψφ)(t)|2

≤4
{(1

a

)2

(a+)2h
n∑

j=1

(
b̂ j

)2
n∑

j=1

κ2α j +

n∑
j=1

(
b̂ j

)2
h

n∑
j=1

κ2α j + 2
1

2a
(
a+

)2 h
n∑

j=1

(
c+j

)2

×

n∑
j=1

[
(
Lσj

)2
κ2 + σ2

j(0)] + 2
n∑

j=1

(
c+j

)2
n∑

j=1

[
(
Lσj

)2
κ2 + σ2

j(0)]
}
h. (3.19)

By (3.18) and (3.19), letting h→ 0+, one can get

E|(Ψφ)(t + h) − (Ψφ)(t)|p → 0,

which means that Ψφ is uniformly Lp-continuous. Therefore, Ψ(Y∗) ⊂ Y∗.
Then, we will show that Ψ is a contraction mapping. In fact, note that∣∣∣∣∣ φα j(s − τ j(s))

1 + φβ j(s − τ j(s))
−

ψα j(s − τ j(s))
1 + ψβ j(s − τ j(s))

∣∣∣∣∣
=

∣∣∣∣∣ φα j(s − τ j(s)) − ψα j(s − τ j(s))(
1 + φβ j(s − τ j(s))

) (
1 + φβ j(s − τ j(s))

)
+
φα j(s − τ j(s))

(
ψβ j(s − τ j(s)) − φβ j(s − τ j(s))

)(
1 + φβ j(s − τ j(s))

) (
1 + φβ j(s − τ j(s))

)
+
φβ j(s − τ j(s))

(
φα j(s − τ j(s)) − ψα j(s − τ j(s))

)(
1 + φβ j(s − τ j(s))

) (
1 + φβ j(s − τ j(s))

) ∣∣∣∣∣
≤|φα j(s − τ j(s)) − ψα j(s − τ j(s))| + |φα j(s − τ j(s))|
× |ψβ j(s − τ j(s)) − φβ j(s − τ j(s))|. (3.20)
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For any φ, ψ ∈ Y∗, one can obtain

E|(Ψφ)(t) − (Ψψ)(t)|p

≤2p−1E
∣∣∣∣∣∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

b j(s)
( φα j(s − τ j(s))
1 + φβ j(s − τ j(s))

−
ψα j(s − τ j(s))

1 + ψβ j(s − τ j(s))

)
ds

∣∣∣∣∣p
+ 2p−1E

∣∣∣∣∣∫ t

−∞

e−
∫ t

s a(u)du
n∑

j=1

c j(s)
(
σ j

(
φ(s − η j(s))

)
− σ j

(
ψ(s − η j(s))

) )
dω j(s)

∣∣∣∣∣p
:=A11 + A12. (3.21)

By the Hölder inequality and the mean value theorem of calculus, we have

A11 ≤2p−1
[∫ t

−∞

e−
q
p

∫ t
s a(u)duds

] p
q
[∫ t

−∞

e−
p
q

∫ t
s a(u)duE

( n∑
j=1

b j(s)
(
|φα j(s − τ j(s))

− ψα j(s − τ j(s))| + |φα j(s − τ j(s))||ψβ j(s − τ j(s)) − φβ j(s − τ j(s))|
))p

ds
]

≤2p−1
[∫ t

−∞

e−
q
p

∫ t
s a(u)duds

] p
q
[∫ t

−∞

e−
p
q

∫ t
s a(u)du

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

E
(
|φα j(s − τ j(s))

− ψα j(s − τ j(s))| + |φα j(s − τ j(s))||ψβ j(s − τ j(s)) − φβ j(s − τ j(s))|
)pds

]
≤2p−1

[∫ t

−∞

e−
q
p

∫ t
s a(u)duds

] p
q
[∫ t

−∞

e−
p
q

∫ t
s a(u)du

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

E
(
|φ
α j−1
1 ||φ(s − τ j(s))

− ψ(s − τ j(s))| + |φβ j−1
2 ||φα j(s − τ j(s))||ψ(s − τ j(s)) − φ(s − τ j(s))|

)pds
]

≤4p−1
( p
qa

) p
q q

pa

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j−1)p+β j p)∥φ − ψ∥pY, (3.22)

where φ1 and φ2 are between φ(s − τ j(s)) and ψ(s − τ j(s)); for this reason, we have used ∥φ1∥Y ≤ 2κ
and ∥φ2∥Y ≤ 2κ in the derivation above.

For random term A12, when p > 2, by Lemma 2.1 and the Hölder inequality, we deduce that

A12 ≤2p−1CpE
[∫ t

−∞

e−2
∫ t

s a(u)du
∣∣∣∣∣ n∑

j=1

c j(s)
(
σ j

(
φ(s − η j(s))

)
− σ j

(
ψ(s − η j(s))

) )∣∣∣∣∣2ds
] p

2

≤2p−1Cp

[∫ t

−∞

(
e−2

∫ t
s a(u)du

) 1
p×

p
p−2

ds
] p−2

p ×
p
2
[∫ t

−∞

(
e−2

∫ t
s a(u)du

) 1
q×

p
2

×

( n∑
j=1

(c+j )q
) p

q
n∑

j=1

(
Lσj

)p
E|φ − ψ|ds

]
≤2p−1Cp

( p − 2
2a

) p−2
2 q

pa

( n∑
j=1

(c+j )q
) p

q
n∑

j=1

(
Lσj

)p
∥φ − ψ∥

p
Y. (3.23)
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When p = 2, by the Itô isometry and the Hölder inequality, we get

A12 ≤2
∫ t

−∞

e−2a(t−s)
n∑

j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2
E|φ − ψ|2ds

≤2
1

2a

n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2
∥φ − ψ∥2Y. (3.24)

Putting (3.22)–(3.24) into (3.21), we gain

∥(Ψφ)(t) − (Ψψ)(t)∥pY

≤2p−1
{
2p−1

( p
qa

) p
q q

pa

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p)

+Cp

( p − 2
2a

) p−2
2 q

pa

( n∑
j=1

(c+j )q
) p

q
n∑

j=1

(
Lσj

)p
}
∥φ − ψ∥

p
Y

=Θ1∥φ − ψ∥
p
Y, (p > 2),

∥(Ψφ)(t) − (Ψψ)(t)∥2Y

≤

{
4
(1
a

)2 n∑
j=1

(
b̂ j

)2
n∑

j=1

(
(2κ)2(α j−1) + (2κ)2(α j+β j−1)) + 1

a

n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2
}
∥φ − ψ∥2Y

=Θ2∥φ − ψ∥
2
Y, (p = 2).

From (H4), we see that Ψ is a contraction mapping. Hence, Ψ has a unique point x ∈ Y∗. As a
consequence, system (1.2) possesses a unique solution x in Y∗. This finishes the proof. □

Theorem 3.2. Assume that assumptions (H1)–(H5) hold. Then, system (1.2) has a unique pth Bap

solution in finite-dimensional distributions in Y∗ = {x|x ∈ Y, x(t) ≥ 0, ∥x∥Y ≤ κ}, where κ is mentioned
in (H3).

Proof. In the light of Theorem 3.1, we can assume that x is the unique solution to system (1.2) in Y∗.
Since x ∈ Y∗, for given any ε > 0, there exists δ ∈ (0, ε). When |h| < δ, we have E|x(t + h) − x(t)|p < ε.
Hence, we derive that 1

2l

∫ l

−l
E|x(t+ h)− x(t)|pdt < ε. For the previously mentioned δ above, there exists

l > 0 such that in every interval with length l of R, we can find a number τ such that, for all t ∈ R,

|a(t + τ) − a(t)| < δ, ∥b j(· + τ) − b j(·)∥Bp < δ, |τ j(t + τ) − τ j(t)| < δ,
|c j(t + τ) − c j(t)| < δ, |η j(t + τ) − η j(t)| < δ.

Since |τ j(s + τ) − τ j(s)| < δ, we further have

1
2l

∫ l

−l
E|x(s − τ j(s + τ)) − x(s − τ j(s))|pdt < ε.

By (3.2), for any ti ∈ R, one can get
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x(t + ti + τ)

=

∫ t+ti

−∞

e−
∫ t+ti

s a(u+τ)du
n∑

j=1

b j(s + τ)xα j
(
s + τ − τ j(s + τ)

)
1 + xβ j

(
s + τ − τ j(s + τ)

) ds

+

∫ t+ti

−∞

e−
∫ t+ti

s a(u+τ)du
n∑

j=1

c j(s + τ)σ j

(
x(s + τ − η j(s + τ))

)
d
[
ω j(s + τ) − ω j(s)

]
, (3.25)

where ω j(s + τ) − ω j(s) is a Brownian motion and it has the same distribution as ω j(s).
Now, we consider the the following stochastic process:

x(t + ti + τ) =
∫ t+ti

−∞

e−
∫ t+ti

s a(u+τ)du
n∑

j=1

b j(s + τ)xα j
(
s + τ − τ j(s + τ)

)
1 + xβ j

(
s + τ − τ j(s + τ)

) ds

+

∫ t+ti

−∞

e−
∫ t+ti

s a(u+τ)du
n∑

j=1

c j(s + τ)σ j

(
x(s + τ − η j(s + τ))

)
dω j(s), (3.26)

then, we have

1
2l

∫ l

−l
E|x(t + ti + τ) − x(t + ti)|pdt

≤6p−1
{ 1

2l

∫ l

−l
E
∣∣∣∣∣∫ t+ti

−∞

e−
∫ t+ti

s a(u+τ)du
n∑

j=1

b j(s + τ)
( xα j(s + τ − τ j(s + τ))
1 + xβ j(s + τ − τ j(s + τ))

−
xα j(s − τ j(s))

1 + xβ j(s − τ j(s))

)
ds

∣∣∣∣∣pdt +
1
2l

∫ l

−l
E
∣∣∣∣∣∫ t+ti

−∞

e−
∫ t+ti

s a(u+τ)du
n∑

j=1

(
b j(s + τ) − b j(s)

)
×

xα j(s − τ j(s))
1 + xβ j(s − τ j(s))

ds
∣∣∣∣∣pdt +

1
2l

∫ l

−l
E
∣∣∣∣∣∫ t+ti

−∞

(
e−

∫ t+ti
s a(u+τ)du − e−

∫ t+ti
s a(u)du

)
×

n∑
j=1

b j(s)
xα j(s − τ j(s))

1 + xβ j(s − τ j(s))
ds

∣∣∣∣∣pdt +
1
2l

∫ l

−l
E
∣∣∣∣∣∫ t+ti

−∞

e−
∫ t+ti

s a(u+τ)du
n∑

j=1

c j(s + τ)

×
(
σ j(x(s + τ − η j(s + τ))) − σ j(x(s − η j(s)))

)
dω j(s)

∣∣∣∣∣pdt

+
1
2l

∫ l

−l
E
∣∣∣∣∣∫ t+ti

−∞

e−
∫ t+ti

s a(u+τ)du
n∑

j=1

(
c j(s + τ) − c j(s)

)
σ j(x(s − η j(s)))dω j(s)

∣∣∣∣∣pdt

+
1
2l

∫ l

−l
E
∣∣∣∣∣∫ t+ti

−∞

(
e−

∫ t+ti
s a(u+τ)du − e−

∫ t+ti
s a(u)du

) n∑
j=1

c j(s)σ j(x(s − η j(s)))dω j(s)
∣∣∣∣∣pdt

}
:=B1 + B2 + B3 + B4 + B5 + B6. (3.27)

By the Hölder inequality and (3.20), we obtain

B1 ≤6p−1 1
2l

∫ l

−l

[∫ t+ti

−∞

e−
q
p

∫ t+ti
s a(u+τ)duds

] p
q
[∫ t+ti

−∞

e−
p
q

∫ t+ti
s a(u+τ)duE

( n∑
j=1

b j(s + τ)
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×
(
|xα j

(
s + τ − τ j(s + τ)

)
− xα j

(
s − τ j(s)

)
| + |xα j

(
s + τ − τ j(s + τ)

)
|

× |xβ j
(
s + τ − τ j(s + τ)

)
− xβ j

(
s − τ j(s)

)
|
))p

ds
]
dt

≤6p−1
{( p

qa

) p
q 1

2l

∫ l

−l

∫ t+ti

−∞

e−
p
q

∫ t+ti
s a(u+τ)du

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

E
(
|xα j

(
s + τ − τ j(s + τ)

)
− xα j

(
s − τ j(s)

)
| + |xα j

(
s + τ − τ j(s + τ)

)
|

× |xβ j
(
s + τ − τ j(s + τ)

)
− xβ j

(
s − τ j(s)

)
|
)pdsdt

}
≤12p−1

{( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q 1
2l

∫ l

−l

∫ t+ti

−∞

e−
p
q a(t+ti−s)

n∑
j=1

E
(
|xα j−1

1 |p

+ |xα j
(
s − τ j(s)

)
|p|xβ j−1

2 |p
)
E|x

(
s + τ − τ j(s + τ)

)
− x

(
s − τ j(s)

)
|pdsdt

}
≤24p−1

{( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p)

×
1
2l

∫ l

−l

∫ t+ti

−∞

e−
p
q a(t+ti−s)(E|x (

s + τ − τ j(s + τ)
)
− x(s − τ j(s + τ))|p

+ E|x(s − τ j(s + τ)) − x
(
s − τ j(s)

)
|p
)
dsdt

}
:=B11 + B12, (3.28)

where x1 and x2 take values between x
(
s + τ − τ j(s + τ)

)
and x

(
s − τ j(s)

)
, hence, ∥x1∥Y ≤ 2κ, ∥x2∥Y ≤

2κ.

Let u = s − τ j(s + τ), and making use of Fubini’s theorem, we derive that

1
2l

∫ l

−l

∫ t+ti

−∞

e−
p
q a(t+ti−s)E|x

(
s + τ − τ j(s + τ)

)
− x

(
s − τ j(s + τ)

)
|pdsdt

≤
e

p
q aτ+j

1 − τ̇+j

1
2l

∫ l

−l

∫ t+ti

−∞

e−
p
q a(t+ti−u)E|x(u + τ) − x(u)|pdudt

t+ti−u=w
========

e
p
q aτ+j

1 − τ̇+j

∫ +∞

0
e−

p
q aw 1

2l

∫ l

−l
E|x(t + ti − w + τ) − x(t + ti − w)|pdtdw

s=l−w
======

e
p
q aτ+j

1 − τ̇+j

∫ l

−∞

e−
p
q a(l−s) 1

2l

∫ l

−l
E|x(t + ti + s − l + τ) − x(t + ti + s − l)|pdtds

t+s−l=k
=======

e
p
q aτ+j

1 − τ̇+j

∫ l

−∞

e−
p
q a(l−s) 1

2l

∫ s

s−2l
E|x(k + ti + τ) − x(k + ti)|pdkds

=
e

p
q aτ+j

1 − τ̇+j

∫ l

−∞

e−
p
q a(l−s) 1

2l

[∫ s

s−2l
E|x(t + ti + τ) − x(t + ti)|pdt

]
ds. (3.29)
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Based on the inequality above, we obtain

B11 ≤24p−1
{( p

qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p) e

pa
q τ
+
j

1 − τ̇+j

×

∫ l

−∞

e−
p
q a(l−s) 1

2l

[∫ s

s−2l
E|x(t + ti + τ) − x(t + ti)|pdt

]
ds

}
,

B12 ≤24p−1
{( p

qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p)

×
1
2l

∫ l

−l

∫ t+ti

−∞

e−
p
q a(t+ti−s)εpdsdt

}
≤24p−1

{( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q q
pa

n∑
j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p)εp

}
.

Consequently, we arrive at

B1 ≤24p−1
( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p){ e

pa
q τ
+
j

1 − τ̇+j

∫ l

−∞

e−
p
q a(l−s)

×
1
2l

[∫ s

s−2l
E|x(t + ti + τ) − x(t + ti)|pdt

]
ds +

q
pa
εp

}
. (3.30)

By Hölder’s inequality, Fubini’s theorem, and Lebesgue’s dominated convergence theorem, we infer
that

B2 ≤6p−1
( p
qa

) p
q 1

2l

∫ l

−l

∫ t+ti

−∞

e−
p
q a(t+ti−s)

n∑
j=1

|b j(s + τ) − b j(s)|p

×

( n∑
j=1

E
∣∣∣∣∣ xα j

(
s − τ j(s)

)
1 + xβ j

(
s − τ j(s)

) ∣∣∣∣∣qdsdt
) p

q

≤6p−1
( p
qa

) p
q 1

2l

∫ l

−l

∫ t+ti

−∞

e−
p
q a(t+ti−s)

n∑
j=1

|b j(s + τ) − b j(s)|p

×

( n∑
j=1

E|xα j
(
s − τ j(s)

)
|q
) p

q

dsdt

≤6p−1
( p
qa

) p
q
( n∑

j=1

κα jq
) p

q 1
2l

∫ l

−l

∫ t+ti

−∞

e−
p
q a(t+ti−s)

n∑
j=1

|b j(s + τ) − b j(s)|pdsdt

≤6p−1
( p
qa

) p
q
( n∑

j=1

κα jq
) p

q
∫ +∞

0
e−

p
q audu

×
1
2l

∫ l

−l

n∑
j=1

|b j(t + ti − u + τ) − b j(t + ti − u)|pdt
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≤6p−1
( p
qa

) p
q
( n∑

j=1

κα jq
) p

q
∫ +∞

0
e−

p
q audu

×
2(l + |ti| + u)

2l
1

2(l + |ti| + u)

∫ l+|ti |+u

−l−|ti |−u

n∑
j=1

|b j(s + τ) − b j(s)|pds

≤6p−1
{( p

qa

) p
q q

pa
nεp

n∑
j=1

κα j p
}
. (3.31)

Since ∫ t+ti

−∞

∣∣∣∣∣e− ∫ t+ti
s a(u+τ)du − e−

∫ t+ti
s a(u)du

∣∣∣∣∣ q
p

ds

≤

∫ t+ti

−∞

e−
q
p a(t+ti−s)

(∫ t+ti

s
|a(u + τ) − a(u)|du

) q
p

ds

≤Γ

( p + q
p

)( p
qa

) q+p
p

ε
q
p , (3.32)

and by virtue of the Hölder inequality, we infer that

B3 ≤6p−1
{ 1

2l

∫ l

−l

[∫ t+ti

−∞

(
e−

∫ t+ti
s a(u+τ)du − e−

∫ t+ti
s a(u)du

) q
p

ds
] p

q

×

[∫ t+ti

−∞

(
e−

∫ t+ti
s a(u+τ)du − e−

∫ t+ti
s a(u)du

) p
q

E
∣∣∣∣∣ n∑

j=1

b j(s)
xα j

(
s − τ j(s)

)
1 + xβ j

(
s − τ j(s)

) ∣∣∣∣∣pds
]
dt

}
≤6p−1

{ 1
2l

∫ l

−l

[∫ t+ti

−∞

(
e−

∫ t+ti
s a(u+τ)du − e−

∫ t+ti
s a(u)du

) q
p

ds
] p

q

×

[∫ t+ti

−∞

(
e−

∫ t+ti
s a(u+τ)du − e−

∫ t+ti
s a(u)du

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

E|xα j
(
s − τ j(s)

)
|pds

]
dt

}
≤6p−1

{(
Γ

( p + q
p

)) p
q
(1
a

) 2(q+p)
q

Γ

( p + q
q

)
ε

p
q+1

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

κα j p
}
. (3.33)

For random term B4, when p > 2, by Lemma 2.1 and Fubini’s theorem, we have

B4 ≤6p−1Cp
1
2l

∫ l

−l

[∫ t+ti

−∞

(
e−2

∫ t+ti
s a(u+τ)du

) 1
p×

p
p−2

ds
] p−2

p ×
p
2
[∫ t+ti

−∞

(
e−2

∫ t+ti
s a(u+τ)du

) 1
q×

p
2

× E
∣∣∣∣∣ n∑

j=1

c j(s + τ)
[
σ j(x(s + τ − η j(s + τ))) − σ j(x(s − η j(s)))

]∣∣∣∣∣pds
]
dt

≤12p−1Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p 1
2l

∫ l

−l

∫ t+ti

−∞

e−
p
q a(t+ti−s) (E|x(s + τ

−η j(s + τ)) − x(s − η j(s + τ))|p + E|x(s − η j(s + τ)) − x(s − η j(s))|p
)

dsdt

≤12p−1Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p
{ e

p
q aη+j

1 − η̇+j

∫ l

−∞

e−
p
q a(l−s)
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×
1
2l

[∫ s

s−2l
E|x(t + ti + τ) − x(t + ti)|pdt

]
ds +

q
pa
εp

}
. (3.34)

When p = 2, in view of the Itô isometry and Fubini’s theorem, we get

B4 ≤12
n∑

j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2 1
2l

∫ l

−l

∫ t+ti

−∞

e−2a(t+ti−s)
(
E|x(s + τ − η j(s + τ)) − x(s − η j(s + τ))|2

+E|x(s − η j(s + τ)) − x(s − η j(s))|2
)

dsdt

≤12
n∑

j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2
{ e2aη+j

1 − η̇+j

∫ l

−∞

e−2a(l−s) 1
2l

[∫ s

s−2l
E|x(t + ti + τ) − x(t + ti)|2dt

]
ds

+
1
2a
ε2

}
. (3.35)

For random term B5, when p > 2, by Lemma 2.1 and the Hölder inequality, we have

B5 ≤12p−1Cp
1
2l

∫ l

−l

[∫ t+ti

−∞

(
e−2a(t+ti−s)

) 1
p−2

ds
] p−2

2
[∫ t+ti

−∞

(
e−2a(t+ti−s)

) 1
q×

p
2

×

( n∑
j=1

∣∣∣c j(s + τ) − c j(s)
∣∣∣q) p

q
n∑

j=1

[(Lσj )pE|x(s − η j(s))|p + σp
j (0)]ds

]
dt

≤12p−1Cp

( p − 2
2a

) p−2
2 q

pa
(nεq)

p
q

n∑
j=1

[
(
Lσj

)p
κp + σ

p
j (0)]. (3.36)

When p = 2, by the Itô isometry and the Hölder inequality, we obtain

B5 ≤12
1
2l

∫ l

−l

∫ t+ti

−∞

e−2a(t+ti−s)
n∑

j=1

∣∣∣c j(s + τ) − c j(s)
∣∣∣2

×

n∑
j=1

[(Lσj )2E|x(s − η j(s))|2 + σ2
j(0)]dsdt

≤12
1

2a
nε2

n∑
j=1

[
(
Lσj

)2
κ2 + σ2

j(0)]. (3.37)

When p > 2, by Lemma 2.1, the Hölder inequality, and (3.32), one can obtain

B6 ≤6p−1Cp
1
2l

∫ l

−l
E
[∫ t+ti

−∞

(
e−

∫ t+ti
s a(u+τ)du − e−

∫ t+ti
s a(u)du

)2× 1
p×

p
p−2

ds
] p

2×
p−2

p

×

[(
e−

∫ t+ti
s a(u+τ)du − e−

∫ t+ti
s a(u)du

)2× 1
q×

p
2

E
∣∣∣∣∣ n∑

j=1

c j(s)σ j(x(s − η j(s)))
∣∣∣∣∣pds

]
dt

≤12p−1Cp

(
Γ

( p
p − 2

)) p−2
2
( p − 2

2a

) p
2

Γ

( p + q
q

)( q
pa

) p+q
q

ε
p
q+1

( n∑
j=1

(
c+j

)q
) p

q

×

n∑
j=1

[
(
Lσj

)p
κp + σ

p
j (0)]. (3.38)
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When p = 2, by the Itô isometry and (3.32), we get

B6 ≤12
n∑

j=1

(
c+j

)2
n∑

j=1

((
Lσj

)2
κ2 + σ2

j(0)
) 1
2l

∫ l

−l

∫ t+ti

−∞

e−2a(t+ti−s)ε2 (t + ti − s)2 dsdt

≤12Γ(3)
( 1
2a

)2

ε2
n∑

j=1

(
c+j

)2
n∑

j=1

( (
Lσj

)2
κ2 + σ2

j(0)
)
. (3.39)

Substituting (3.30)–(3.39) into (3.27), for p > 2, we have

1
2l

∫ l

−l
E|x(t + ti + τ) − x(t + ti)|pdt

≤∆1ε +ϖ1

∫ l

−∞

e−
p
q a(l−s) 1

2l

[∫ s

s−2l
E|x(t + ti + τ) − x(t + ti)|pdt

]
ds,

where ϖ1 is defined in (H5) and

∆1 =6p−1
{( p

qa

) p
q
(
4p−1

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p) q

pa
εp−1

+
q
pa

n
p
q εp−1

n∑
j=1

κα j p
)
+

(
Γ

( p + q
p

)) p
q
(1
a

) 2(q+p)
q

Γ

( p + q
q

)
ε

p
q

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

κα j p

+ 2p−1Cp

(( p − 2
2a

) p−2
2
[( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p q
pa
εp−1 +

q
pa

n
p
q εp−1

×

n∑
j=1

[
(
Lσj

)p
κp + σ

p
j (0)]

]
+

(
Γ

( p
p − 2

)) p−2
2
( p − 2

2a

) p
2

Γ

( p + q
q

)( q
pa

) p+q
q

× ε
p
q

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

[
(
Lσj

)p
κp + σ

p
j (0)]

)}
.

By (H5), we derive that ϖ1 <
pa
q . Thus, it follows from the variant of Gronwall’s lemma (Lemma 3.3

in [28]) that

1
2l

∫ l

−l
E|x(t + ti + τ) − x(t + ti)|pdt ≤ ∆1ε

pa
pa − qϖ1

. (3.40)

Notice that

dC (Gx(t + τ),Gx(t))

= sup
∥ f ∥A≤1

∣∣∣∣∣∫
Rh

f d(Gx(t + τ) −Gx(t))
∣∣∣∣∣

= sup
∥ f ∥A≤1

∣∣∣∣∣∫
Ωh

[ f (x(t + τ + t1), x(t + τ + t2), · · · , x(t + τ + th))

− f (x(t + t1), x(t + t2), · · · , x(t + th))]dhP
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≤

∫
Ωh
∥(x(t + t1), x(t + t2), · · · , x(t + th)) − (x(t + t1), x(t + t2), · · · , x(t + th))∥dhP

≤

∫
Ω

max
1≤i≤h
{|x(ti + t + τ) − x(ti + t)|}dP

≤max
1≤i≤h
{(E|x(ti + t + τ) − x(ti + t)|p)

1
p }. (3.41)

We obtain that

dp
C (Gx(t + τ),GX(t)) ≤ max

1≤i≤h
{E|x(t + ti + τ) − x(t + ti)|p} ≤ ∆1ε

pa
pa − qϖ1

. (3.42)

For p = 2, we have

1
2l

∫ l

−l
E|x(t + ti + τ) − x(t + ti)|2dt

≤∆2ε +ϖ2

∫ l

−∞

e−a(l−s) 1
2l

[∫ s

s−2l
E|x(t + ti + τ) − x(t + ti)|2dt

]
ds,

where ϖ2 is mentioned in (H5) and

∆2 =6
{
4
(1
a

)2 n∑
j=1

(
b̂ j

)2
n∑

j=1

(
(2κ)(α j−1)2 + (2κ)(α j+β j−1)2)ε + (1

a

)2

nε
n∑

j=1

κα j2

+ Γ(2)2
(1
a

)4

ε

n∑
j=1

(
b̂ j

)2
n∑

j=1

κα j2 +
1
a

( n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2
ε + nε

×

n∑
j=1

[
(
Lσj

)2
κ2 + σ2

j(0)] + Γ(3)
1

2a
ε2

n∑
j=1

(
c+j

)2
n∑

j=1

[
(
Lσj

)2
κ2 + σ2

j(0)]
)}
.

By (H5), we derive that ϖ2 < a. Thus, again from Lemma 3.3 in [28], it follows that

1
2l

∫ l

−l
E|x(t + ti + τ) − x(t + ti)|2dt ≤ ∆2ε

a
a −ϖ1

. (3.43)

Hence, by virtue of (3.41), we arrive at

d2
C (Gx(t + τ),Gx(t)) ≤ max

1≤i≤h
{E|x(t + ti + τ) − x(t + ti)|2} ≤ ∆2ε

a
a −ϖ1

. (3.44)

From (3.42) and (3.44), according to Definition 2.4, we can conclude that x(t) is a pth Bap solution
in finite-dimensional distributions. □

Theorem 3.3. Suppose that conditions (H1)–(H5) are fulfilled. Let x(t) be the Bap solution in finite-
dimensional distributions of system (1.2) with initial value φ and let y(t) be an arbitrary solution of
system (1.2) with initial value ψ, then there exist constants λ > 0 and M > 0 such that

E|y(t) − x(t)|p ≤ M∥ψ − φ∥1 e−
p
q λ(t−t0), t > t0,

where ∥ψ − φ∥1 = sups∈[t0−ϑ,t0] E|ψ(s) − φ(s)|. That is, the solution x(t) of system (1.2) is globally
exponentially stable.

AIMS Mathematics Volume 9, Issue 10, 26602–26630.



26622

Proof. Let z(t) = y(t) − x(t), then by (1.2), one has

dz(t) =
[
−a(t)z(t) +

n∑
j=1

b j(t)
( yα j

(
t − τ j(t)

)
1 + yβ j

(
t − τ j(t)

) − xα j
(
t − τ j(t)

)
1 + xβ j

(
t − τ j(t)

))]dt

+

n∑
j=1

c j(t)
(
σ j

(
y(t − η j(t))

)
− σ j

(
x(t − η j(t))

) )
dω j(t),

then

z(t) =z(t0)e−
∫ t

t0
a(u)du

+

∫ t

t0
e−

∫ t
s a(u)du

n∑
j=1

b j(s)
( yα j

(
s − τ j(s)

)
1 + yβ j

(
s − τ j(s)

) − xα j
(
s − τ j(s)

)
1 + xβ j

(
s − τ j(s)

))ds

+

∫ t

t0
e−

∫ t
s a(u)du

n∑
j=1

c j(s)
(
σ j

(
y(s − η j(s))

)
− σ j

(
x(s − η j(s))

) )
dω j(s). (3.45)

Define continuous functions Γ1(ϱ),Γ2(ϱ) ∈ C (R+,R) as follows:

Γ1(ϱ) =
p
(
a − ϱ

)
q

− 3p−1Λ1(ϱ) and Γ2(ϱ) =
(
a − ϱ

)
− 3Λ2(ϱ),

where

Λ1(ϱ) :=2p−1
( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j−1+β j)p

)
×

e
p
q aτ+j

1 − τ̇+j
e

p
q ϱτ

+
j +Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q ϱη

+
j ,

Λ2(ϱ) :=
2
a

n∑
j=1

(
b̂ j

)2
n∑

j=1

(
(2κ)(α j−1)2 + (2κ)(α j−1+β j)2

) eaτ+j

1 − τ̇+j
eϱτ

+
j

+

n∑
j=1

(c+j )2
n∑

j=1

(
Lσj

)2 e2aη+j

1 − η̇+j
eϱη

+
j .

By virtue of (H4), we have Γ1(0) > 0 and Γ2(0) > 0. Since Γ1(ϱ) and Γ2(ϱ) are continuous on
[0 +∞), and Γ1(ϱ) → −∞ and Γ2(ϱ) → −∞ as ϱ → ∞, there exist ξ1 > 0, ξ2 > 0 such that Γ1(ξ2) =
0,Γ2(ξ2) = 0,Γ1(ϱ) > 0,Γ2(ϱ) > 0 for ϱ ∈ (0,min{ξ1, ξ2}). So, we can take a positive constant
0 < λ < min{a, ξ1, ξ2} such that Γ1(λ) > 0,Γ2(λ) > 0, which implies that

χ1 :=
q3p−1Λ1(λ)

p
(
a − λ

) < 1, (p > 2) and χ2 :=
3Λ2(λ)(
a − λ

) < 1, (p = 2).

Take M1 =
pa

3p−1qΛ1(0)
,M2 =

a
3Λ2(0)

, and M = max{M1,M2}, then by (H5), we know M1,M2 > 1.

Hence, we can deduce that

1
M1 − χ1 ≤ 0 and

1
M2 − χ2 ≤ 0.
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For any ε > 0, it is easy to see that

E|z(t0)|p ≤ ∥ψ − φ∥1 + ε

and for any t ∈ [t0 − ϑ, t0],

E|z(t)|p ≤ (∥ψ − φ∥1 + ε) e−
p
q λ(t−t0)

≤ M (∥ψ − φ∥1 + ε) e−
p
q λ(t−t0).

We claim that

E|z(t)|p ≤ M (∥ψ − φ∥1 + ε) e−
p
q λ(t−t0), t > t0. (3.46)

In the contrary case, there exists some t1 > t0 such that

E|z(t1)|p =M (∥ψ − φ∥1 + ε) e−
p
q λ(t1−t0), (3.47)

E|z(t)|p <M (∥ψ − φ∥1 + ε) e−
p
q λ(t−t0), t0 − ϑ ≤ t < t1. (3.48)

Based on (3.45), we derive

E|z(t1)|p (3.49)

≤3p−1E|z(t0)e−
∫ t1

t0
a(u)du
|p + 3p−1E

∣∣∣∣∣∫ t1

t0
e−

∫ t1
s a(u)du

n∑
j=1

b j(s)
( yα j

(
s − τ j(s)

)
1 + yβ j

(
s − τ j(s)

)
−

xα j
(
s − τ j(s)

)
1 + xβ j

(
s − τ j(s)

))∣∣∣∣∣p + 3p−1E
∣∣∣∣∣∫ t1

t0
e−

∫ t1
s a(u)du

n∑
j=1

c j(s)
(
σ j

(
y(s − η j(s))

)
− σ j

(
x(s − η j(s))

) )
dω j(s)

∣∣∣∣∣p := T1 + T2 + T3. (3.50)

It is easy to see that

T1 ≤ 3p−1 (∥ψ − φ∥1 + ε) e−pa(t1−t0). (3.51)

By the Hölder inequality and (3.48), we infer that

T2 ≤6p−1
( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) ∫ t1

t0
e−

p
q

∫ t1
s a(u)du

× E|y(s − τ j(s)) − x(s − τ j(s))|pds.

Letting ρ = s − τ j(s) and ν = ρ + τ j(s), we have

T2 ≤6p−1
( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) 1
1 − τ̇+j

×

∫ t1−τ j(s)

t0−τ j(s)
e−

p
q a(t1−ρ−τ j(s))M (∥ψ − φ∥1 + ε) e−

p
q λ(t1−t0)dρ
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≤6p−1
( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) e
p
q aτ+j

1 − τ̇+j

×

∫ t1

t0
e−

p
q (a−λ)(t1−ν+τ j(s))M (∥ψ − φ∥1 + ε) e−

p
q λ(t1−t0)dν

≤6p−1
( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) e
p
q aτ+j

1 − τ̇+j
e

p
q λτ

+
j

× M (∥ψ − φ∥1 + ε) e−
p
q λ(t1−t0) q

p(a − λ)

(
1 − e−

p
q (a−λ)(t1−t0)

)
. (3.52)

Similarly, when p > 2, by Lemma 2.1, we deduce that

T3 ≤3p−1Cp

[∫ t1

t0

(
e−2

∫ t1
s a(u)du

) 1
p×

p
p−2

ds
] p−2

p ×
p
2
[∫ t1

t0

(
e−2

∫ t1
s a(u)du

) 1
q×

p
2

× E
∣∣∣∣∣ n∑

j=1

c j(s)
(
σ j

(
y(s − η j(s))

)
− σ j

(
x(s − η j(s))

) )∣∣∣∣∣pds
]

≤3p−1Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p
∫ t1

t0
e−

p
q

∫ t1
s a(u)du

× E|y(s − η j(s)) − x(s − η j(s))|pds

≤3p−1Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q λη

+
j

×

∫ t1

t0
e−

p
q (a−λ)(t1−s)M (∥ψ − φ∥1 + ε) e−

p
q λ(t1−t0)ds

≤3p−1Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q λη

+
j

× M (∥ψ − φ∥1 + ε) e−
p
q λ(t1−t0) q

p(a − λ)

(
1 − e−

p
q (a−λ)(t1−t0)

)
(3.53)

and when p = 2, by the Itô isometry, we infer that

T3 ≤3
n∑

j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2
∫ t1

t0
e−2

∫ t1
s a(u)duE|y(s − η j(s)) − x(s − η j(s))|2ds

≤3
n∑

j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2 e2aη+j

1 − η̇+j
eλη

+
j M (∥ψ − φ∥1 + ε) e−λ(t1−t0) 1

a − λ

(
1 − e−(a−λ)(t1−t0)

)
. (3.54)

Substituting (3.51)–(3.54) into (3.49), for p > 2, we derive

E|z(t1)|p

≤3p−1M (∥ψ − φ∥1 + ε) e−
p
q λ(t1−t0)

{e
( p

q λ−pa
)
(t1−t0)

M
+

q
p(a − λ)

(
1 − e

p
q (λ−a)(t1−t0)

)
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×

(
2p−1

( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) e
p
q aτ+j

1 − τ̇+j
e

p
q λτ

+
j

+Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q λη

+
j

)}

≤3p−1M (∥ψ − φ∥1 + ε) e−
p
q λ(t1−t0)

{e
( p

q λ−pa
)
(t1−t0)

M
−

q
p(a − λ)

e
p
q (λ−a)(t1−t0)

×

(
2p−1

( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) e
p
q aτ+j

1 − τ̇+j
e

p
q λτ

+
j

+Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q λη

+
j

)
+

q
p(a − λ)

(
2p−1

( p
qa

) p
q

×

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) e
p
q aτ+j

1 − τ̇+j
e

p
q λτ

+
j +Cp

( p − 2
2a

) p−2
2

×

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q λη

+
j

)}
≤3p−1M (∥ψ − φ∥1 + ε) e−

p
q λ(t1−t0)

{e
p
q (λ−a)(t1−t0)

M
−

q
p(a − λ)

e
p
q (λ−a)(t1−t0)

×

(
2p−1

( p
qa

) p
q
( n∑

j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) e
p
q aτ+j

1 − τ̇+j
e

p
q λτ

+
j

+Cp

( p − 2
2a

) p−2
2
( n∑

j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q λη

+
j

)
+

q
p(a − λ)

(
2p−1

( p
qa

) p
q

×

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) e
p
q aτ+j

1 − τ̇+j
e

p
q λτ

+
j +Cp

( p − 2
2a

) p−2
2

×

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q λη

+
j

)}
≤3p−1M (∥ψ − φ∥1 + ε) e−

p
q λ(t1−t0)

{
e

p
q (λ−a)(t1−t0)

[ 1
M
−

q
p(a − λ)

(
2p−1

( p
qa

) p
q

×

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) e
p
q aτ+j

1 − τ̇+j
e

p
q λτ

+
j +Cp

( p − 2
2a

) p−2
2

×

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q λη

+
j

)]
+

q
p(a − λ)

(
2p−1

( p
qa

) p
q

×

( n∑
j=1

(
b̂ j

)q
) p

q
n∑

j=1

(
(2κ)(α j−1)p + (2κ)(α j+β j−1)p

) e
p
q aτ+j

1 − τ̇+j
e

p
q λτ

+
j +Cp

( p − 2
2a

) p−2
2
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×

( n∑
j=1

(
c+j

)q
) p

q
n∑

j=1

(
Lσj

)p e
p
q aη+j

1 − η̇+j
e

p
q λη

+
j

)}
≤M (∥ψ − φ∥1 + ε) e−

p
q λ(t1−t0).

When p = 2, we have

E|z(t1)|p

≤3M (∥ψ − φ∥1 + ε) e−λ(t1−t0)
{e(λ−2a)(t1−t0)

M
−

e(λ−a)(t1−t0)

a − λ

(2
a

n∑
j=1

(
b̂ j

)2
n∑

j=1

(
(2κ)(α j−1)2

+(2κ)(α j+β j−1)2
) eaτ+j

1 − τ̇+j
eλτ

+
j +

n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2 e2aη+j

1 − η̇+j
eλη

+
j

)
+

1
a − λ

(2
a

n∑
j=1

(
b̂ j

)2

×

n∑
j=1

(
(2κ)(α j−1)2 + (2κ)(α j+β j−1)2

) eaτ+j

1 − τ̇+j
eλτ

+
j +

n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2 e2aη+j

1 − η̇+j
eλη

+
j

)}
≤3M (∥ψ − φ∥1 + ε) e−λ(t1−t0)

{
e(λ−a)(t1−t0)

[ 1
M
−

1
a − λ

(2
a

n∑
j=1

(
b̂ j

)2
n∑

j=1

(
(2κ)(α j−1)2

+(2κ)(α j+β j−1)2
) eaτ+j

1 − τ̇+j
eλτ

+
j +

n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2 e2aη+j

1 − η̇+j
eλη

+
j

)]
+

1
a − λ

(2
a

n∑
j=1

(
b̂ j

)2

×

n∑
j=1

(
(2κ)(α j−1)2 + (2κ)(α j+β j−1)2

) eaτ+j

1 − τ̇+j
eλτ

+
j +

n∑
j=1

(
c+j

)2
n∑

j=1

(
Lσj

)2 e2aη+j

1 − η̇+j
eλη

+
j

)}
≤M (∥ψ − φ∥1 + ε) e−λ(t1−t0).

Therefore, for p ≥ 2, we can conclude that

E|z(t1)|p < M (∥ψ − φ∥1 + ε) e−
p
q λt1 ,

which contradicts (3.47). Hence, (3.46) holds. Letting ε→ 0+, from (3.46), we have

E|z(t1)|p ≤ M (∥ψ − φ∥1) e−
p
q λ(t−t0), t > t0.

This completes the proof. □

4. Numerical simulation

In this part, we give an example to illustrate the validity of the results obtained in Section 3.

Example 4.1. In system (1.2), let n = 2, and we consider the coefficients are as follows:

a(t) = 5 + e2 sin t + | sin πt|, α1 =
1
19
, α2 =

1
50
, β1 =

1
30
, β2 =

1
100

,

b1(t) = 0.08|e−|t| + sin t + 1|, b2(t) = 0.02| cos
π

2
t + sin t +

5
17 + t2 |,
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τ1(t) = 0.032(2 − 0.02 cos t − cos
√

2t), τ2(t) = 0.05(2 − cos
√

3t − 0.02 cos2
√

2t),

c1(t) =
1

45
| sin πt + sin2 t|, c2(t) =

1
250
|ecos t + sin

√
3t|,

η1(t) = 0.2(sin πt + esin t + 1), η2(t) = 0.3(2 + 0.02 sin 2t + cos
√

3t),

σ1(x) =
1

100
sin
√

2x +
1

100
, σ2(x) =

1
25

sin x +
1

50
, κ = 1.5.

By calculations, we obtain

a = 4.3689, b̂1 = 0.1789, b̂2 = 0.0411, τ+1 = 0.0966, τ+2 = 0.15, τ̇+1 = 0.0459,
τ̇+2 = 0.0873, c+1 = 0.0444, c+2 = 0.1487, η+1 = 0.94, η̇+1 = 0.92, η+2 = 0.906,

η̇+2 = 0.5316, Lσ1 =
1

100
, Lσ2 =

1
25
, ϑ = 0.94.

When p = 21
10 , q = 21

11 , we have ς1 = 0.0132 < κ
21
10 = 2.3431, Θ1 = 0.0026 < 1, ϖ1 = 0.0394 < 1.

When p = q = 2, we have ς2 = 0.0159 < κ2 = 2.2500, Θ2 = 0.0033 < 1, ϖ2 = 0.0647 < 1.
So, conditions (H1)–(H5) are verified. Therefore, according to Theorem 3.3, system (1.2) admits

a unique Bap solution in finite-dimensional distributions and it is globally exponentially stable (see
Figure 1).

0 100 200 300 400 500 600 700 800

0

0.005

0.01

0.015

0.02

0.025
x(s)=0.025, s [-0.94,0]; x(s)=0.0145, s [-0.94,0]; x(s)=0.000085, s [-0.94,0]

Figure 1. Global exponential stability of states x of (1.2) with different initial values.

5. Conclusions

This article established for the first time the existence and stability of positive Bap solutions
in finite-dimensional distributions of a stochastic generalized Mackey-Glass delayed hematopoietic
model. The effectiveness of the obtained results was verified through a numerical example and
computer simulations. As is known to all, Bap oscillation is a more complex recurrent motion than

AIMS Mathematics Volume 9, Issue 10, 26602–26630.
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Bohr almost periodic oscillation, Stepanov almost periodic oscillation, and Weyl almost periodic
oscillation. This further indicates that although the differential equation form describing the Mackey-
Glass hematopoietic model is simple, it has very rich dynamics. Finally, it is worth mentioning that
this article is also the first one on the Bap oscillations in biological population systems.
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