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Abstract: This article aimed to investigate the existence and stability of Besicovitch almost periodic
(Bgp) positive solutions for a stochastic generalized Mackey-Glass hematopoietic model. To begin
with, we used stochastic analysis theory, inequality techniques, and fixed point theorems to prove the
existence and uniqueness of £”-bounded and £”-uniformly continuous positive solutions for the model
under consideration. Then, we used definitions to prove that this unique positive solution is also a B,
solution in finite-dimensional distributions. In addition, we established the global exponential stability
of the B,, positive solution using reduction to absurdity. Finally, we provided a numerical example to
verify the effectiveness of our conclusions.
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1. Introduction

In 1977, in order to study the regulation and control mechanisms of human diseases, Mackey and
Glass [1] put forward a hematopoiesis model with a single-humped production rate, which is governed
by the following differential equation with delay:

dN(t) BN —7)

= —aN@) + AU TD
dt eaNO+ T =y ™

> 1 (1.1)

and is now called the Mackey-Glass hematopoietic model. Biologically, the state variable N(¢) signifies
the density of mature circulating cells at time ¢, in which the cells are assumed to be lost from the
circulation at a rate @ and they are believed to be generated at a rate 8, and 7 indicates the time delay
required to manufacture mature white blood cells in the bone marrow.
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Model (1.1) has attracted much attention in the past decades because of its simple representation,
complex and diverse dynamic properties, and wide practical significance. Moreover, the generalized
models in various senses of this model have been constantly proposed and studied. For instance,
recently, in Refs. [2,3], generalized Mackey-Glass models with iterative terms were studied, in Ref. [4],
a fractional order Mackey-Glass model was considered, and in Ref. [5], a Mackey-Glass model
with diffusion terms was investigated. Also, considering the influence of changing environmental
factors, model (1.1) has been modified to a nonautonomous system. For nonautonomous systems,
there is generally no constant equilibrium solution. As a consequence, the existence of periodic
solutions [6—12], almost periodic solutions [13-19], and pseudo almost periodic solutions [20] in
the nonautonomous form of model (1.1) and its generalized forms have been extensively studied.
For instance, in [17], the existence of Bohr almost periodic solutions of the following generalized
hematopoietic model:

, o bi(0x (1 = 7()
X(1) = —a()x(0) + ; A=)

was studied by utilizing the fixed point theorem in a cone; and in [18,19], the existence of Bohr almost
periodic solutions of the following generalized hematopoietic models:

XM (t -7 j(t))
1+ x4 (= 7,(0))

X (1) = —a(t)x(t) + ) By,(t)
j=1

and

. n x" (l‘ - Tj(t))
X(f) = —a(O)x(t) + ;ﬁﬂ’j(”l e (t _ -rj(t))

were investigated by using the fixed point theorem of a mixed monotone operator, respectively.

On the one hand, it is well-known that the B,, concept embodies the Bohr almost periodic, Stepanov
almost periodic, and Weyl almost periodic concepts as its special cases, which describes a more
complicated phenomenon of recurrent motions [21,22]. However, there have been no published papers
on the B,, oscillations of hematopoietic models so far.

On the other hand, due to the fact that any real system is subject to various random factors,
considering a stochastic hematopoietic model is more practical.

Moreover, for stochastic differential equations, studying almost periodic solutions in the distribution
sense is more rational than studying almost periodic solutions in the mean square sense [23].

Inspired by the analysis of the above aspects, in the present paper, we consider the following
stochastic generalized hematopoietic model with multiple delays:

* bi()x (t -7 j(t))
el (r - Tj(t))

]dt + 3 e (xt - m@)) o, (12)

=1

dx(t) = [—a(t)x(t) +

where x indicates the density of the mature blood cells circulating in the bloodstream; a(?) signifies
the rate of cells loss during the blood circulation at time #; 7;(¢) and r;(f) denote time delays; a; €
(0,1),8;, € R* are constants; w,;(¢) indicates a Brownian motion defined on a complete probability
space; c;(t) denotes the noise intensity; and o-; : R — R is a Borel measurable function.
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Let (Q,F,{F:}is0,P) signify a complete probability space, where {F;},»¢ is a natural filtration.
Denote by C’;fo ([, 0], R) the family of all bounded, ¥-measurable, and real-valued random variables.
System (1.2) is supplemented with the following initial value condition:

x(s) = @(s),  @to) >0, s¢€lto—1,1], (1.3)

in which ¢ € Cbﬁ([—ﬁ, 0], R™), ¥ = max<j<,{sup,cp 7;(1), SUp,er 17;(1)}.

Our primary objective of this article is to investigate the existence and stability of B,,-solutions in
finite-dimensional distributions to system (1.2). This is the first article to study the B,, solutions of
stochastic population systems. The main difficulty of this article is that the space composed of B,,
random processes is not a complete space, so the existence of B,, solutions cannot be directly proved
using the fixed point theorem. At the same time, the presence of fractional nonlinearity in the model
poses difficulties for related estimation. To overcome these difficulties, we first establish the existence
of L7-bounded and £”-uniformly continuous solutions to system (1.2), and then use the definition to
verify that this solution is also a B,, solution. At the same time, we overcome the difficulties caused
by the fractional nonlinearity using the mean value theorem and inequality techniques.

The structure of the remaining part of this article is as follows: In Section 2, we review some
basic definitions of almost periodic functions and almost periodic stochastic processes, as well as an
important inequality that will be repeatedly used in this paper. In Section 3, we present the main results
and proof of this paper. In Section 4, we provide a numerical example to verify the effectiveness of our
results. Finally, in Section 5, we present a brief conclusion to conclude this paper.

2. Preliminaries

For a random variable Z : (Q,F, P) — R, we will use law(Z) := P o Z~! to signify its distribution
and EZ to stand for its expectation. Let £7(€,R) be the space of all real-valued random variables Z
with E|Z|P = [ |Z|PdP < oo, where 1 < p < 0.

Definition 2.1. [24] A stochastic process Z : R — LP (Q,R) is called LP-continuous if for every
sER,
lim E|Z(t) — Z(s)|” = 0.
t—s
It is LP-bounded if sup E|Z(t)|P < oo.
teR

Let L] (R,R) be the space of all the locally pth integrable functions from R — R. For g €

o (R, R), its Besicovitch semi-norm is defined as follows:

/ 1

. 1 »
llgllzr = (hm sup Ig(t)lpdt)p.
-l

[+ l

Definition 2.2. [22] A continuous function h : R — R is said to be (Bohr) almost periodic if for any
g > 0 there exists a positive number |, such that every interval with length | contains a number T such
that for all t € R it holds

|h(t + 1) — h(?)| < €.

We will signify the set of all such functions by AP(R,R).
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Definition 2.3. [22] A function h € L] (R,R) is said to be pth B, if for every & > 0 there exists a

loc
positive number [, such that every interval of length | contains a number T such that

1A(- +7) = hOllpr < €.

Denote by BP(R, R) the set of all such functions.

Consider the h-dimensional Euclidean metric space (R", d,), where d, (u,v) = {na);{lxi — yy)|} for
<i<

u = (x1,%, - ,x),v = (y1,¥2,-+ ,yn) € R". Denote by P(R") the collection of Borel probability
measures on R". Let BC(R",R) be the space of all bounded and continuous functions from R" to R
with the norm ||g||y := sup |g(u)| < oo.

ucRh

For g € BC(R",R), ¢, & € P(R"), we define

18Gu) — ()|
lglla = sup 22— 8N el = max{llgllu. llglla)s  de (G€) = sup
wrv  dp(u,v) lgllz<1

fR gd¢-)|

According to [25], the space (P(R"), d) is a separable complete metric space.

Definition 2.4. [26] A stochastic process Y : R — LP(Q,R) is said to be a B,, stochastic process in
finite-dimensional distributions if for every finite points t,,t,,- - ,t, € R and every € > 0, there exists
an l(e) > 0 such that every interval of length | contains a number T such that

1 ’
lim sup(— f dp. (Gy(t + 1), Gy(1)) dt) <eg,
[—+00 21 -1

where the mapping Gy : R — (P(Eh), de(, -)) is defined by
Gy(®) =law(Y(t+ 1), Y(t+ 1), -, Y(t + 1p)).

Lemma 2.1. [271If f € L?(J,R), p > 2, B(¢) is a Brownian motion, then

‘ T g
E (SUP| f(S)dB(S)|p) <C,E (f |f(S)|2dS) ,

teJ to
pp+1 %
2(p - 1)1"1)
Let £~ (R, R) indicate the set of all essentially bounded and measurable functions from R to R with

the norm ||x||c = inf{r > 0 : |x(?)| < ra.e.t € R}, where x € L*(R,R).
In the rest part of this paper, we will use the following symbols:

where C,, = (

a=infa(r), a"=supa(). bj=1bjle, ¢ =supc),
te

teR teR
T =supT(t), T =suptt), n;=supni®), 7; =supi;d),
teR teR teR teR

and need the following conditions:
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(H;) Functions a(?), cj(t) € AP(R,R") witha > 0, (1), n;(t) € AP(R,R")NC I(R,R) satisfying 1—%; >
Oand 1 - r‘;}r >0, and b;(t) € BP(R,R") N LR, R), where j =1,2,....
(H,) For j=1,2,--- ,n,0; € C(R,R"), and there exist constants L;.’ > 0 such that for all x,y € R,

o) = (0] < LTIy = Al.

1 1
(H3) p>2,— + — =1, and there exists a constant ¥ > 0 such that

=2 n

A (P—2\7 g
n+2f’1c,,( ) —(
pa

j:l j=1

1 1
(Hy) p=22,—+—-=1,and
P 9

0, ::2”‘1{2p‘1(qa)p (i b; ) Z((ZK)("J D2 4 (k) ithim 1)17)
=1

+ 6o g) pa(Z< >‘1) Z L7) }<1,<p>2>,

= j=1

0, ::4(1)2 Z 13 Z (2r)Xe=1) 4 (24X B 1)) + 2

FSIQ

= II

x Y () YL < Lp =2,

=1 i=1

~.
~.

in which « is the same as that in (H3).
1 1
(Hs) p>22,—+—-=1,and
P 4q

n

(g :le”’li{Z”_l(%)z(Zn: q)z Z ((2/<)("f DP 4 (k) ithim 1)17)
a’ \o

pal” \g
st p—Z% C +q§n P€§n+

XI—TT+C”( Za) ( (cf))Z<Lf) 1—n}<1(p>2)
j < = = j
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+

2 . wig ) €5
j) ]Z:; ((2/()( D2 4 () @itB 1)2)1_—7-37

g

Il

[S—

[\
Q| =
—
[\
IS
—~
S

J

+ (c;r)2 (L;f)2 16_7%} <1,(p=2),
; j

in which « is the same as that in (H3).

3. Main results

Let Y be the space of all £”-bounded and uniformly £”-continuous functions from R to £7 (Q, R),

then with the norm ||x||y = sup (E |x(t)|”)$ for x € Y, it is a Banach space.
teR

Definition 3.1. An F,-progressively measurable stochastic process x(t) is called a solution of
system (1.2), if x(¢) satisfies initial value condition (1.3) for t € [ty — 9, ty] and the following stochastic
process:

= = Jyy atwdu ft ~ [ atuydu  bj(s)x® (S—Tj(s))
T e ’ f0 ‘ Z 1+ ¥ (S —~ Tj(S))

J=1

n

+ f el N i) (x(s = () dwi(s), 12 1. 3.1)

j=1
Let tg — —o0, and we obtain

" bi(s)x® (s - Tj(S))

— ! —f_:au u
*0) f_we - Z 1+X’Bj(S—Tj(S)) .

Jj=1

n

+ f ¢~ [ atwn Z ci(8)o; (x(s - nj(S))) dwi(s), (3.2)

=1
which is also a solution of system (1.2).

Theorem 3.1. Assume that assumptions (H,)—(Hy) hold. Then system (1.2) has a unique LP-bounded
and uniformly LP-continuous solution x in Y* = {v|v € Y, u(t) > 0, ||ully < «} that solves (3.2), where
k is mentioned in (H3).

Proof. We define an operator ¥: Y* — Y™ as follows:

oo [ et SO,

=1

4 f e fsta(u)du Z C](S)O'] (QO(S — ]7](5))) d(,L)J(S), (33)

J=1
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where ¢ € Y*, ¢t € R. To begin with, we will verify that ¥ maps Y* into Y"*. For any ¢ € Y*, it holds

! ! " b (S)QDQ/ S—T (S) p
Wellf, <277 sup{E'f o Js atwdu Z J ( j )ds }
teR —0 j=1 1 + (ij (S — TJ(S))

+2r7! sup{E‘It ¢ i atwdu Zn: ci(s)o; (go(s - nj(s))) dwi(s)

teR =1

,,} = Ay + Ay, 3.4)

By the Holder inequality, we deduce that

gl [ it [ it UL )
TN AT CWARVIVG “i(s—1i(s)
A8 S )
Szp—l{(ﬁ)qpig(z (Bj)q)

n}KP. (3.5)

P
q

When p > 2, in view of Lemma 2.1 and the Holder inequality, it holds

!
A, <2'7'c, sup{E[f e 2 ) awdu

teR

P

2 95
ds] }

<27'c, sup{(£ 2)62 pia(zn: (c;.)")z D Elor(ls = () = (0) + O}
=1

D i) i(els = ni()

=

teR 26_1 a4
p-2 n P n
. (P—2Y7 g )\ 7\’ p
<4, 7 ) p—g(; () ;[(Lj) K+ O], (3.6)
When p = 2, by the It6 isometry and the Holder inequality, we get
t . n 2
Ay szsup{ f e 2L g N e (0 (s = () ds}
teR —00 j:1
! . n n
<2 sup{ f ¢ 2 atwdu Z(c;)2 Z Eloj(¢(s — nj(5))) — 0;(0) + aj(0)|2ds}
teR —00 - -
j=1 j=1
1 © 2« 2
<dz- D () QML) @ + 50 (3.7)
= j=1 j=1

For the case of p > 2, from (3.4)—(3.6), it follows that

4 n p p-2 n
P —1f( P\ 4 Y G (P=2\7 ¢q
et <2 {() Sa @ e+ 2 5) LG

wa) pa\2
x (L) v+ af(O)]}. (3.8)
=1
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For the case of p = 2, from (3.4), (3.5), and (3.7), it follows that

n

||\P¢||§{gz{éz (B) e + = Z Z[ (L7) & + o (0)]} (3.9)
Ly

The inequalities (3.8) and (3.9) combined with condition (H3) imply that || P¢|ly < «.
By (H,), we have a(t), b;(t), c;(t) > 0 for t € R. Hence, it is easy to see that Yo > 0 for any ¢ € Y".
For every ¢ € Y*, we show the uniformly £”-continuous of W¢. For any # € R and & > 0, we have

EI(Yo)( + h) = Fo)(D)I

b (s = T8 |
_ f a(u)du J
EU ¢ Z I+ PGt

i+h t+h
" f e ”<“)d“Zc/~(S)<Tj(<p(s—nj(S)))dwj(S)

) j=1
i bi(s)p%i(s — 7,(5))
f a(u)du /
f Z 1+ ¢Pi(s — 1i(s)) @
) p

t+h b (S)QOQI(S _ (S))
= f a(u)du Tj
EU e ) 1+<pBJ(S—TJ(s))d
]—1

1 + ()DBJ(S - TJ(S))
N f e fr a(u)du
1+h 1+h -
+ f e “(”)dchJ(S)U (s —nj(s))dw;(s)
t Jj=
) bi(8)p¥i(s — T,(5))
f a(u)du !
f Z L+ @Pi(s — 7i(s)) as

, , P
B f o~ )i atdu Z ci($)o i(p(s — n;(s)))dw;(s)

J=1

J=

M:

() j(e(s = 1;(s)))dw;(s)
j=1

_ T _ bi(s)¢” (s — 7,(5))
1 £ a(uydu _ f a(u)du J
<! E'Lo(e ) I+t

b; (S)‘Pa’(s —7i(5))
1 f a(u)du J
HATE 'f ¢ 2 A ) @

- 4P‘1E'f (e‘ [ atwdu _ - fs-"’(“)d“) Z /() j(e(s = n;())dw,(s) !

J=1

AIMS Mathematics Volume 9, Issue 10, 26602-26630.



26610
t+h 1+h U P
+ 4P-‘E' f e i atwdu Z ¢j(9)o j(@(s —n,())dw;(s)
t j=1
I:A3 + A4 + A5 + A6.

Since

(3.10)

t+h t
e—fx a(uwydu _ e J; a(u)du

< e‘ﬁ(f —5)

t+h t
f a(u)du—fa(u)du

t+h
f a(u)du
t
o S atwdu _ - [ adu|” 4 S]q[ f t
ds]

_ f 4 P t P
<401 f (e‘““‘”a*h)pds]q [f (e_g(’_s)cfh)q
n P n
X (Z (5 j)")q > Elp®i(s - Tj(s))Ipds]
=1 =1

S4p—1(q‘%)z(a+h)g+1pia(zn: (B])q) ZK(xjp.

= j=1 =1
About A4, we have

Se—ﬂ(f—s)

< e—g(l—s)a+h,
by the Holder inequality, we deduce that

-t
A; <477 f

b(5)g"I (s — T/(5))|"
XE§;1+¢%u—rxn>

(3.11)

P
e fSHh a(uwydu __ e f;a(u)du 4

(3.12)

Z bj()p™(s = 7;(s)|P

A4 <4P—1[ft+h e—qfsﬂha(u)duds]g[ft h
B t t 1+ ‘PB (s— Tj(s))
hon
§41"1[f 1ds] [fH )q 2E|90(’f|pds]
t ,:1

j=

341"1(2 b; )" "“ZK‘W’
Jj=

j=1

o

(3.13)

P

2 95
ds]

When p > 2, by virtue of Lemma 2.1 and Holder’s inequality, we derive that
! t+h t 21
As S4P‘ICPE[I (e‘fs atdu _ o= || “(”)d”) Z c;()o j(e(s —n;
o ‘=

L Deilyxh B
S4p_le[f (e‘sz a@du _ 5= fs[“(‘”d”) ' pds] !
! 2xixf
% [f (e— f;+h a(uydu _ e f;a(u)du) a"2

E Z ci($)ai(e(s —n;

J=1
AIMS Mathematics

P
ds]

Volume 9, Issue 10, 26602-26630.



26611

p=2 £ P n )4

$4P—1C,,[I;( ~a(t-s) +h)22ds] ) [Iw(e_a(t_s)“%)q( (C;)q);

X " Eloi(p(s = n9) = (0) + O ds|
=1

el [ e ol [ (e (S

X D IEW (s = (s = O + lorO)1 s

=1
p-1 t —a(t s) + % % ' —a(t—s) + g 4 + qqu)
<87 C, h) ds e Va'h (cj)
X DSV EII + 1O 1ds]
=1
2 »
e (p 7 ) a (a+h)q+1( ) Z[(L‘T)PKP + 0],
t+h 1+h 1 ’2’
Ag S4p_1CpE[f e~2 ) awdu Z cj(8)o (s —n; ds]
t =

2

t+h [Ny A t+h
> h
S4P_1Cp[f = “(”>d”ds] ’ 2[f
t t

-2

SSP“CP[IM lds]pz[ftt+h(zn: (cj)q)ll JZ:‘[(L?)ID Elgl” + IO'j(O)IP]ds]

J=1

sgp—‘cph%l(zn: (C;)q)i; i[(ﬂ;)” K+ 0 (0)].
. <

J=1

n

B[ eito0sets — )| as]

j=1

When p = 2, by using the Itd isometry and the Hblder inequality, there holds:

As <8 f Z Z[ (L7) ? Elop? +02(0)lds

j=1

<8 f (7t *h)zdsz ;)ZZ[(L;.’)ZK2+U§(0)]
=1

j=1

(a+) hzz ;T)ZZ[(L}T)Q &+ 20,
< =1 =1

t+h n
Aq <4 f Zc,(S)aj(sa(s—m
t+h N
<8 f Z(c) Z[(Lf’ VElgl + a3(0)lds

e sz+h a(u)du _ e J: a(u)du

2
ds

(3.14)

(3.15)

(3.16)

AIMS Mathematics Volume 9, Issue 10, 26602-26630.
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n

<8 (er) n (L) 2 + 2O (3.17)
j=1

J=1 J

Putting (3.12)—(3.17) into (3.10), for the case of p > 2, we have
E|lYo)(t + h) — (Yo

s |(2) w3 6N) S+ (S0)) 0 S

=1 =1 =1 =1
p=2 n P n
-2\ 7 Py, 2 q -
26 F ) S () ) )« + oo
= = = =
b2 n 5 n
#2100 (Y ()') D) + ol (3.18)
=1 =1

and for the case of p = 2, we gain
E|(¥@)(t + h) = (Pe)(0)?

(@ Y (B Y e Y (6 5y R 2@ ()
- J=1 J=1 J=1 Jj=1 = j=1
x Zn:[(y;)z @+ 2(0)] +2 Z (&) D) € + ol (3.19)

J=1 J=1 J=1

N

By (3.18) and (3.19), letting 7 — 0%, one can get
E|(Yo)(t + h) - (Fo)D)I" — 0,

which means that Wy is uniformly £”-continuous. Therefore, W(Y*) c Y*.
Then, we will show that ' is a contraction mapping. In fact, note that

‘ @%i(s —1;(5)) B Yri(s —1;(s))
L+ @Fi(s—1(8)) 1+ yPi(s —1i(s))

:‘ @™ (s = T,(5)) = Y = 7,(5))
(1+¢Pits —750s) (1 + ¢Pics — 74(5)))
@ (s = 7(5)) (s = 7,(5)) = (s — 7(5)))

(1+Pits = 7i(sn) (1 +@Pils —71(s))
Pils =) (9"1(5 = 7,(8) = ¥ (s - rj(s»)‘

(1+ @G = 7(0) (1 + (5 = 7(s)
<l (s = 7;(8)) = Y¥(s = 7)) + " (s = 7(5))|

X WP(s = 7i(s) = (s = TS (3.:20)

+
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For any ¢, € Y*, one can obtain

E|(Ye)(®) - (YD

l ~ [ atwydu n . @"i(s —7;(s)) B Yri(s — 1i(s))
Ime ;bj(s)(l +()DB./(S—T]'(S)) 1 +wﬁj(s_7_j(s)))ds

p

<2 'E

+ 2/ 'E

f o Jlaw D ei(o) (els = mi(s)) = o (s = () Ydw,(s) ’
] Z

::All +A12. (321)

By the Holder inequality and the mean value theorem of calculus, we have

Al Szp_l[[we af a(u)duds]p[f_‘; » a(u)duE(Zb ()1 (s — 7,(5))

(s — 1)) + 167 (s — I — T(8) — Pils — T,»<s>>|)) ds|

Szp—l[ft s a(u)duds]p[ft ) a(u)du(i ([;j)Q)z i E(j¢™ (s = 7i(s))
—oo —o0 j=1

J=1

—0i(s = (D] + @ (s = TN (s = 7,(9)) = ¢Pi(s = Tj<s>>l)”d5]
Szp_l[ft oL a(u)duds] [ft ) a(u)du(z (13,-)(1)3 ZE(KD(IIJ'_IH()D(S—TJ'(S))
—o0 -0 j=1 Jj=1

—Y(s = TN+ I g™ (s = (DI (s = TH(s)) — (s = Tj(s))l)pds]

s4p_l(£)s i(i (Ef)q)z JZ; (@) (DP + i) Dr i) — |7, (3.22)

qa) pa\s

where ¢, and ¢, are between (s — 7;(s)) and ¥(s — 7;(s)); for this reason, we have used |[l¢;[ly < 2«
and ||¢,|ly < 2« in the derivation above.
For random term A,, when p > 2, by Lemma 2.1 and the Holder inequality, we deduce that

2
ds]

n

> eio) (els = ni(s)) = o (w(s = ()

J=
[ft ( —2fa(u)azu)l’X

[S1aS)

!
An szp-lcpE[ f ¢ 2 atwds

1
P pP=2.,p
=) o)

! : »%F >
e[ (e-2£-a<u>du) "

n

(Z@ )Q) Z ) Bl - vids|

ale (ngz) pa(Z( )q) Zn](Lg)””go—l//ug(_ (3.23)

— j=1 j=1

[S1aS]

I
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When p = 2, by the It isometry and the Holder inequality, we get

!
Ap L2 f ~2a(t- ‘>Z Z L" E|¢ yl’ds

j=1

1 n n ]
2 2 () /Z; (5) e - v (3.24)

Putting (3.22)—(3.24) into (3.21), we gain
I(Pe)(@) = (P

6l 2a )zpia(z;(c} >")q Z} (£5) fie = wil,
- J= j=
=0l -yl (p>2),
IR (1) = (PO

3{4(2)2 36, Z((ZK)Z(“’ D+ @)+ 2N () 3 (1) e - ik

J=1 —Jl J=1

=0sll¢ - i <p =2).

From (H,4), we see that ¥ is a contraction mapping. Hence, ¥ has a unique point x € Y*. As a
consequence, system (1.2) possesses a unique solution x in Y*. This finishes the proof. O

Theorem 3.2. Assume that assumptions (H;)—(Hs) hold. Then, system (1.2) has a unique pth B,,
solution in finite-dimensional distributions in Y* = {x|x € Y, x(¢) > 0, ||x|ly < «}, where k is mentioned

Proof. In the light of Theorem 3.1, we can assume that x is the unique solution to system (1.2) in Y™.
Since x € Y*, for given any g > 0, there exists 0 € (0, &). When |h| < 6, we have E|x(t + h) — x(?)|P < &.

Hence, we derive that 11 f E |x(¢ + h) — x(¢)|’dt < . For the previously mentioned ¢ above, there exists
[ > 0 such that in every interval with length / of R, we can find a number 7 such that, for all 7 € R,

la(t+ 1) —a@®l <6, bj(- +7)=bj(llpr <6, |tj(t+71)—7,(DI <6,
lcj(t+71)—ci(®) <6, Init+71)—ni0)| <o
Since |7;(s + 7) — 7,(s)| < 0, we further have

/

% Elx(s - T(s+ 1) = x(s —7;(s)dt < e.

By (3.2), for any ¢; € R, one can get
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x(t+1,+71)
" bi(s+1)xY (s +7-T1i(s+ ‘r))

I+t
— - LTH[ a(u+7t)du
I ‘ Z 1+xﬁj(s+T—Tj(s+T)) @

(=) j=1
+ f o [ atwsrd D cils+ 0o (x5 + 7= my(s + 1)) d [w,(s + T) — wi(5)] (3.25)

00 =1

where w;(s + 7) — w;(s) is a Brownian motion and it has the same distribution as w;(s).
Now, we consider the the following stochastic process:

" bi(s +T1)x% (s +7-Ti(s+ T))

t+tl 1+t
x(t+t+71)= f e ki atwrnidu Z
- 1+xﬁf(S+T—Tj(S+T))

°° J=1

t+1; i n
+ f o= [ aturtydu Z ci(s+ 7)o (x(s +T—1n;(s+ 7'))) dwi(s), (3.26)

00 =1

ds

then, we have

[
EIx(t +1t;+71)— x(t + t,)|Pdt

21
x(s+T1-1i(s+ 7))

p— 1 s ﬂ "a(u+t)du
<6 f 'f ¢ Zb(S+T)(1+xﬁf(s+7'—rj(s+r))

f ‘fﬁtl o [ atuseyd Z (b (s+71)—b, (s))

j=1

p 1 a t+t; 1+
dt + _f E'f e—J;_ "a(u+t)du _ e—fS ’a(u)du)
21 J_
1+
f ‘f e f a(u+‘r)duzc (S+T)

j=1

B x¥i(s —7;(5)) )
1+ xPi(s — 7,(5))
x¥(s —7;(s))

1+ 2Pi(s — 7,(s))

X" (s —7;(s))

% ; T G- ™
X (0 (x(s + 7= 1n;(s + 7)) — 0 (x(s — n;(5))))dw;(s)

! 1+ 1+ !
E‘ f e [N (54 7) = ()0 (x(s = n(s))dew (s)
0 j=1

ds

dt

p
dt

p
dt}

[ 1+t ot o n
E‘f e fy a(u+t)du _ e ﬁ a(u)du) Z Cj(S)O'j(X(S _ nj(s)))dw](s)

=1

=B+ B, + By + B4 + Bs + Bg. (3.27)

By the Holder inequality and (3.20), we obtain

41 -

1 / 1+1; g L
msotd [ enmnsa [ [ ctisng($
-l —00 —00 =1
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X (|x% (s +T7-T1,(s+ T)) — XY (s - Tj(S)) | + |x% (s +T7-T1(s+ T))|

X |xPi (s +T-Ti(s+ T)) — X (s - Tj(S)) |))pds]dt

2 [ L b (4 noo 2 n
S6p1{(q%)q2ll Iz j:oo ek a(””)d”(; (bj)q)q ; E(|x" (s +7-7i(s+ T))

_xa.f( —Tj(S))| + |Xaj(S+T_Tj(S+T))|

X |XPi(s+ 71— TJ(S + T)) P (s - Tj(S)) |)pdsdt}

(
(B S [ [ S
(

]:

+ |x% (s — Tj(s)) I”Ixﬁ’ Ip)Elx (s +7-Ti(s+ T)) (s - Tj(s)) I”dsdt}

324’7_1{(%)2(2 () D @0 + ey
- J=l Jj=1

1 / 1+t »
X % f f e 4 (| x (s +T7-T1,(s+ ‘r)) - x(s —1i(s + )"
-l J-

+Ex(s—1i(s+ 1) - x(s - Tj(S)) |p)dsdt}
=B + By, (328)

where x; and x, take values between x (s +7-T1i(s+ T)) and x (s - Tj(s)), hence, ||x1|ly < 2k, ||x2]ly <
2K.

Let u = s — 7;(s + 7), and making use of Fubini’s theorem, we derive that

1 [ 1+1; ” ‘
— f f e I x (s +T-T,(s+ T)) - x(s —Ti(s+ T)) |Pd sdt

,m 1+t
f f ——a(z+t, u)Elx(u +7)— x(u)|pdudl‘
1 - T 21

D+

Par +00
—u=w €47 gy 1
Ltz f e f Elx(t + t; —w+ 1) — x(t + t; — w)|’dtdw
0 -l

_ 4+
1 7

Lart / [
s=l-w =7 _P (-« 1

sty .+f e o “)—fEIX(t+ti+s—l+7’)—x(t+ti+s—l)|”dtds
1- [N 21 J_,

t+s—I=k 62@7 : —La(l-s) 1 ’ %

— — e =V — Elxtk+t;+71)— x(k + t,)|°dkd s
1-17 Jo 20 Js
e%ﬁ‘l’; [ _Ea(l_s) 1 N »

= — e TV — Elx(t+t; + ) — x(t + 1,)|Pdt|ds. (3.29)

1-77 J o 2010
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Based on the inequality above, we obtain

n

w2 |2 (560

=1

I
e |
X f e‘q“("‘)—[f Elx(t+1t; + 1) — x(t + ti)lpdt] ds},
—00 21 s—21

P

By, 32417—1{(;%1)4(2 (j,j)q)g i ((ZK)(Q’_/‘—I)P + (2K)(aj+ﬁj—1)p)
a =

J=1

1 / 1+1; B
X 5 f f e a4 gp dsdt}
1 J-c0

S24P—1{(%)4( (E])Q)qﬁ Z ((ZK)(Q’/'—l)p + (2K)(a_/+ﬁ_,~—l)p)8p}.
- i=1 = j=1

J

IS

Z((2K)((Ij Dp +(2K)("f+ﬁ’ l)p)

Consequently, we arrive at

2, n P n Ph o+ !
B, 524p—1(£)q( (l;j)q)q Z((ZK)(aj—l)p + (ZK)(aijﬂ_/—l)p){ e’ : f e—;a(l D]
qa — — 1-7" J_o
— j=1 j=1 J
1 S
x 2—1[ f Elx(t+14;+ 1) — x(t + ti)lpdt]ds ; isp}. (3.30)
s=21 pra

By Holder’s inequality, Fubini’s theorem, and Lebesgue’s dominated convergence theorem, we infer
that

1+t;
B, <6/ ﬂ % f f e qdrHi ”Zw (s +7)=bi(s)
a

- xls—1i(s)) |4 L
x( E‘ (5= 9) dsdr)
j=1 1+ Xﬁj (s — Tj(S))
—*a(t+t, s) »
<6" qc_l 2lff Zlb(sw) bi(s)|
X ( E|x" (s - Tj(S)) Iq)qudt
j=1
1 p 5 n 5 1 / I+1; p( ) n
P a;q i —EQ t+ti—s ) _ ) p
=6 (qg) (Z::JK ) 2[]_‘11_‘00 ¢ j=21|bj(5+7') bi(s)|Pdsdt

4

P n P +00
S6p—1(£)"( Kdﬂ)q f o hau g,
qa — 0
= Jj=1

—fZ|b(t+t—u+T) bt +1; — w)lPdt

N»—
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P n 14 +00
S6p—1(£)q( Ka_;ﬂ)q f By
qa - 0

j=1
2(1 + |t;] + u) 1 I+lti+u 1
T 2+mtw D Ibj(s +7) = by(s)"ds
i ~I-li-u 45
S6p_l{(§a)q piangp 2, Kajp}' (3.31)

=

Since
q

1+1; 1+t p
e [ auArydu _ e 7 atwydu ds

ft+t,'
o, t+t; %

Sf e‘p”(”““")(f la(u + 1) — a(u)ldu) ds
—00 )

sr(p+q)(£)"s$, (3.32)
p Nga

and by virtue of the Holder inequality, we infer that

1 ! 1+ 1+t r+t; 5 i
o 1ol
- 21 -1l —00
I+l 1+ S B
[ [ e S T
B 1+xﬁf s—T(S))

1 [ -+t s ) 2
<6P—1{_ f [f (e—fs ta(u+tydu €_ff fi a(u)du)] dS] g
B 20 ) -
1+t i o 5 n
% [f (e_fs Pa(urT)du e_fs ‘a(u)du) (Z B ) Z E|x“ / S - TJ(S)) |Pds]dt}

J=1

<61 {(F(P; q ))(é)() r(pTJrq)gﬁ“(Zn“ (5 j)q)z Z; K%'P}. (3.33)

pds]dt}

For random term B4, when p > 2, by Lemma 2.1 and Fubini’s theorem, we have

1 ! 1+t - %Xp%z
6p IC Z [f (e_sz a(u+T)du) ds

n

2

399 4 f+1; ) Lyp
P2 [f (€—2 fxw’ a(u+T)du)q 2
—00

X E Z ci(s+1) [O'J-(x(s +7-1;(s + 7)) — o j(x(s — nj(s)))] pds]dt
=1
) p_2 I’T—2 n N g n iy 1 ! 1+t P
<127 1Cp( 7 ) (;(c/)) ]Z::‘(Lj) ZIIIW U= (Flx(s + 1

—1i(s 4 T) — x(s = (s + DI + Elx(s — ny(s + 1) = 2(s - (s)I7) dsd
- p_sz_2 C +qs C a\P 65977; : —La(i-s
<12? 1Cp( % ) (;(cj)) ]Z:;(Lj) {1—77; f:ooe a(i-s)
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1 S
X —[f Elx(t+t;+71)— x(t + ti)lpdt]ds + is”}.
205 pa
When p = 2, in view of the Itd isometry and Fubini’s theorem, we get

Bs <12 i (c;f)z Zn: (L;.’)2 211 fl fmi o~ 2a(r+i=s) (E|x(s +T-ni(s+ 1) —x(s —n;(s + )
=1 =1 e

+E|x(s = (s + 1) — x(s = ;(s)I*) dsdt

2an*t / s
el _2g(z—s)l[ ‘ B 2
<122 Z s »Lf il | Bl 0 0) = x| ds

1 2
+ES }

For random term Bs, when p > 2, by Lemma 2.1 and the Holder inequality, we have

%2

t+t, L;Z 1+t é £
BS <12p IC _f f —2a(t+t, S‘)) dS] [f (e—la(t+t, s))
) _

x (Z lej(s + 1) — ¢ j(s)|q)q Z[(Lj)ﬂmx(s I + o;’(O)]ds]dt

=1 =1

<12r-'c (p2a2) (nsq)g Zn:[(L?)p & +0'?(0)].
a pa o

When p = 2, by the Itd isometry and the Holder inequality, we obtain

5. <12_f ft+tl —2a(t+t;— V)Z|c (s+71)— C](S)|

X Z[(L;’)zmx(s — () + 03(0)]dsdr
j=1

1 . 2
<122-ns” ) [(L5) & + 05O,
= Jj=1
When p > 2, by Lemma 2.1, the Holder inequality, and (3.32), one can obtain

-2

f+1; Ixly P PP
t (T pp-2 2 P
BG <6p IC f f x a(u+T)du —e f; a(u)du) dS]

n
X [(6_ fsm" a(u+t)du _ e J:”i a(u)du)

E Z ci(s)o(x(s —n;

=

e 5) ) ) ()

Jj=1

2x1x2

P
ds]dt

=S

X Z;[(L‘;)” K"+ o(0)].

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

AIMS Mathematics Volume 9, Issue 10, 26602-26630.
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When p = 2, by the It isometry and (3.32), we get

By 5122( ) Z((Lff) &+ o2 (0) 21f fml 2= g2 (41— ) dsdt

SIZF(?))(%)ZS Z Z( (L) + 20)). (3.39)

j=1

Substituting (3.30)—(3.39) into (3.27), for p > 2, we have
1

3 Elx(t +t;+71)— x(t + t)|Pdt

[ s
Pty |
e+ @ f e‘q“”‘”z—l[ f Elx(t + t; + T) = x(t + t)|"dt |ds
s=21

—00

where @ is defined in (H;5) and

qa

]:1 j=1
« pP+q 5 1 Z(q;p) ptq\r 2~ qg X @;
L ;K,p)+(r( o) (1) )gq(;(b])) 5
B ) 2 n P n . . ,
+2P le((pzc_l ) 2 [(le (C;)q)q ;(Lj)p p%_lsl’ Lt p%_lnégp !
p=2 p+

x 2[(Lj)p K+ o) +(T

—_—
—_—
<
(IS
[\9)
~—
|
—_—
%
[\
Q
[\.)
\_/
’1
—_—
<
R+
Q
~———
"@
QQ
~—

P n
q

% &2 (i (c;)q) Z[(L;T)P K+ G?(O)])}.

j=1 j=1

By (Hs), we derive that @ < %g. Thus, it follows from the variant of Gronwall’s lemma (Lemma 3.3
in [28]) that

/

B+ 14 ) = )i Me—TE (3.40)
21 pa — qw,
Notice that
dC (Gx(t + T), Gx(t))
= sup| [ fdG.r+1) - Gxa))]
IAlla<1
= sup f [f(x(t+T+0),x(t+T+1), -, x(t+T+1))
IAlla<1

— f(x(t+ 1), x(t + 1), - -+, x(t + t,))]d"P
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sf Nx(z + 1)), (£ + 1), - -+, x(t + 1)) — (x(t + 11), x(t + 12), - - -, x(t + t))||d" P
Qh

< | max{|x(t; +t+ 1) — x(t; + 1)|}dP
o I<i<h

< {E%{(mx(f:‘ +t+71)— x(t; + t)|p)1l’}. (3.41)

We obtain that

d? (Gt + 1), Gx(1)) < max{Elx(t + 1, + 7) — x(t + )|’} < Aye—b—. (3.42)
1<i<h pa— qw,

For p = 2, we have

/

1
— | Elx@t+1t+71) - x(t + t;))dt
20,

/ s

1

<Are + @, f e_a(H)Z_l[f Elx(t+t; + 1) — x(t + tl-)|2dt]ds,
—00 s—=21

where @, is mentioned in (Hs) and

IV O3 2N aj- a;j+Bj- 1y naj
A, :6{4(;) ; (bj) ; (21 @™ D% 4 () @i g 4 (é) ne 2 K72
crr(H) e D) S+ () D) e ne
27 = =1 VA =1
x (L) ¥ + 30N + r(3)ie2 D) D) + o)

j=1 j=1 j=1
By (Hs), we derive that w;, < a. Thus, again from Lemma 3.3 in [28], it follows that
!

1
— | Elxtt+ 1+ 1) - x(t + 1)Pdt < Ape—"—. (3.43)
20 J a—;

Hence, by virtue of (3.41), we arrive at

d% (G (t +1),G(D)) < {n_a)I({Elx(t + 1 +7)—x(t+ 1)} < dhe g (3.44)
<i<h a— 1w

From (3.42) and (3.44), according to Definition 2.4, we can conclude that x(¢) is a pth B,, solution
in finite-dimensional distributions. |

Theorem 3.3. Suppose that conditions (H\)—(Hs) are fulfilled. Let x(t) be the B, solution in finite-
dimensional distributions of system (1.2) with initial value ¢ and let y(t) be an arbitrary solution of
system (1.2) with initial value s, then there exist constants A > 0 and M > 0 such that

Ely(t) = x(0)" < Mllyr — @lly € 27, £ > 1,

where ||y — ¢lli = sup, g, EW(s) — @(s)l. That is, the solution x(t) of system (1.2) is globally
exponentially stable.
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Proof. Let z(t) = y(t) — x(¢), then by (1.2), one has

Plne) _efomo) g,
1+ P (t - Tj(t)) 1+ P (t - Tj(t))

dz(1) =[—a(t)z(t) + Zn: b j(r)(
j=1

+ e (3¢ = 1)) = o (x(2 = (1) Ydw;(0),
j=1

then

ons) | _elono)

_ —ft;a(u)du ft —f;a(u)du : b _
(1) =z(ty)e + ) e ; J(S)(l +yP (S _ Tj(s)) 1+ 35 (s _ Tj(s))

n

+ f e K awd " e (s)e (y(s = m(50) = o (x(s = () e (s). (3.45)

J=1

Define continuous functions I'1(0), I'2(0) € C(R*,R) as follows:

pla-o) |
I'i(o) = — 37" () and T(0) = (a — 0) — 3Ax(0),
where

Ai(0) ZZZP_I(CI%)S( A" (l;j)q) ((2/()("‘-"1)1’ + (2K)(”./—1+ﬁj)P)

J=1 J=1
Lart r=2 n r n 2 gt
€T bt 4 o p=2)> A1) o\ £ o
X I —Seq + » > Cj ; I —edl,
-7 a =1 =1 1

+

M@ =2 () Y (@02 1 o) E

a“= = 7
n n 2ant
2 e +
+ § (c*)? § (L7) U
/ A
=1 =1 J

By virtue of (Hy4), we have I';(0) > 0 and I’,(0) > 0. Since I';(0) and I';(0) are continuous on
[0 +0), and I';(0) — —o0 and [,(0) — —o0 as p — oo, there exist & > 0,&, > 0 such that I'1(&;) =
0,I(&) = 0, (0) > 0,I%(0) > 0 for o € (0,min{é,&,}). So, we can take a positive constant
0 < A < min{a, &, &} such that I'j (1) > 0,1(4) > 0, which implies that

12N A
X1 = M <1,(p>2) and x; := w <1,(p=2).
p@—@

(a=1)

pra 2 1 a2 1 a2
and M = max{M", M~}, then by (Hs), we know M", M~ > 1.

a
A1 A AN M = ;9
3r-1gA1(0) 3A,(0)
Hence, we can deduce that

Take M' =

1 1
M_X] SOandW—,\/ZSO.
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For any € > 0, it is easy to see that
Elz(to)l” <l — ¢l + &
and for any ¢ € [ty — 9, to],
Ez0)P < (I — ¢l + &) e "™ < M (ly — ¢lly + &) e a7,
We claim that
Elz0)l" < M (Iy — gl + &) €1, 1 > 1y,
In the contrary case, there exists some #; > t, such that

ElZ([1)|p =M (Hw — ()0”1 + 8) e_gfl(’l—lo),
ElZ(t)lp <M (”w — (p”] + 8) e_g/l(t_to)’ tO _ 19 <t< tl.

Based on (3.45), we derive

Elz(t)I

— [ a(u)du g t 1 ya/j s = T'(S)
S?’p_lElZ(to)e ftol (w)d |p + 3p—1E f e_Ll a(u)du Z bJ(S)( ( J )
fo ,]:1

1+ P (s — Tj(S))

f 1 - f:l a(u)du Z Cj(S)(O'j (y(s — T]j(s)))

J=1

)4
+377'E

_ X (s - Tj(s)) )
1+ xB (s - T.,-(s))

p
=T+ T, +T;.

-0 (x(s - nj(s))) Ydw(s)
It is easy to see that
Ty <3771l = gl + &) P07,

By the Holder inequality and (3.48), we infer that

T, S6”_1(q£a)s(znl (];j)q)g Zn: ((ZK)(C'/“l)P + (2K)(“j+,3j—1)17) ftl o5 [ atwdu
al 5

J=1 fo

X Ely(s — 1;(s)) — x(s — 7;(s))"ds.

Letting p = s — 7;(s) and v = p + 7;(s), we have

7, 361"1(3)5(2 (l%)q)z Z (@D uferhithr) 1—;

=

11— () » »
x [ e EnOM - gl + e
To

=7;(s)

(3.46)

(3.47)
(3.48)

(3.49)

(3.50)

(3.51)
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S6p—1(£)"( b; q)q 2)( @ DP 4 (24 @rBi=1)p &L
) (20)) 2,1 )T+

11
X f e_g(g_/l)(tl_VHj(S))M(||lﬁ —¢lli + &) e—f/l(fl—lo)dv

fo
.

361’1(61%)"(; (b)) Z‘ (@07 + @u(e8i1)r) f“_f"'jesh;

—2A(0- q ~2(a=A)(t1~19)
X M (|l — ¢l + &) e e 170 — (1 — ¢4 @ . (3.52)
Vel p(c_l—ﬂ)( )

Similarly, when p > 2, by Lemma 2.1, we deduce that

2

11 ; l>(lf_7 g 8l . Lyp
1 e [ B [
1 1

0 0
n

< E Z c;(s)(o (y(s - Uj(s))) -0 (x(s - ﬂj(S)))) ”dS]
=
S3p_lcp(p2_az)2(zl (C;)q)q Zl (L(;'-)p j;l e (! atdu
“ j= Jj= 0

X Ely(s —1,(s)) — x(s — n;(s)I"ds

n

. —-2\7T By e,
<36, 75.) (Zl )) Z (1) et

1]
— Pt — _P (-
Xf e 7(@-0(1 S)M(”w_()olll +e)e Pyl lo)ds

fo
n

p=2 P n Pant
e (P) () D) e
= j j=1 J

~Pan- 9 2 (a-A)(t1—1o)
XMl — || + &) e ™ __—L__(] 4@ (3.53)
. p(g—ﬂ)( )

and when p = 2, by the Itd isometry, we infer that

T; <3 Z (c;_r)2 Z (L‘J.T)z ffl e_zfs’l a(u)duEly(s _ nj(s)) — x(s — 77j(S))|2dS
=1

Jj=1 fo

S () D (1) %eﬂ’ﬁ My =gl + £ 070 L (1 — e (354)
J=1 1 i @

= J
Substituting (3.51)—(3.54) into (3.49), for p > 2, we derive

Elz(t)l

e(gﬂ—l’g)(n —1o)

- B ) q L 2G-a)(n—1)
<M gl + e S T (1)
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)4 +

- P < Egnj P+
(S S )

J=1 J=1

<M (Ily = gl + &) e,
When p = 2, we have

Elz(t)I?

A=2a)t-10)  pA-a)ti—10) ;5 L n
M - a-A1 (

@B eﬁTf‘ o+ a 2 \2 62@7/*. + 1 2 a2
) T 2 () 2 () T )+ o=ala 2,0)

% Zn: ((ZK)(a/j—l)Z " (2K)(a,-+ﬁ,-—1)2) % AT 4 (C;)z Z”: (L‘JT)Z ezani 1 )}
J=1 j j=1 j=1

1 I 22 © _
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O (10 M 1 (2 R
a (Lj )2 16_ ﬁfe/m] )] " . /l(é Z (bj)z
i U n 2an

X Zn: ((ZK)(C"'_l)2 + (2K)(“j+ﬁf—1)2) Kl e+ (cf)z
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e
1—#
J

smwmw—¢m+sn”mW{e

J

e~ P 2
+(2K)(a/+ﬁj_1)2) l—q_e/l‘rj + Z (c;')
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<M (Y = ¢ll; + &) e 17,
Therefore, for p > 2, we can conclude that
Elz(t)l” < M (Iy — glly + &) ™4™,
which contradicts (3.47). Hence, (3.46) holds. Letting £ — 0%, from (3.46), we have
Elz(t)l” < M (Iw = @l e, 1> 1.

This completes the proof.
4. Numerical simulation

In this part, we give an example to illustrate the validity of the results obtained in Section 3.
Example 4.1. In system (1.2), let n = 2, and we consider the coefficients are as follows:

1 (R D
19’ 502 = 30° % = To0°

bi(f) = 0.08le™" + sint + 1], bo(r) = 0.02| cos gt +sint+ ,

2sint

a(t) =5+e + |sinnt|, a) = ay =

17+ 12
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71(6) = 0.032(2 — 0.02 cos £ — cos V21), T5(t) = 0.05(2 — cos V3t — 0.02 cos® V21),
_ 1 . s 2 _ 1 cos t .

ci(t) = 45|sm7rt +sin’ 1), ¢o(f) = 250|e + sin V31,

n1(f) = 0.2(sin 7t + €™ + 1), mo() = 0.3(2 + 0.02 sin 27 + cos V37),

1 1 1 1
01(x) = 75 sin Vax + Togr T2 = 5esinx+ o, k=15,

By calculations, we obtain

a = 4.36809, b, =0.1789, b, = 0.0411, 71 = 0.0966, 75 = 0.15, ] = 0.0459,
75 = 0.0873, ¢ = 0.0444, ¢; = 0.1487, n{ = 0.94, 77 = 0.92, n; = 0.906,
1 1

7 =0.5316, LY = —, L] = —, 9 = 0.94.

n, = 0.5316, L] oo’ &2 25,19 0.9
When p = %, q= %, we have ¢; = 0.0132 < Ko = 2.3431, 0, =0.0026 < 1, @; =0.0394 < 1.
When p = g = 2, we have ¢, = 0.0159 < «* = 2.2500, ®, = 0.0033 < 1, @, = 0.0647 < 1.
So, conditions (H,)—(Hs) are verified. Therefore, according to Theorem 3.3, system (1.2) admits

a unique B, solution in finite-dimensional distributions and it is globally exponentially stable (see
Figure 1).

0.025
\*x(s):0.025, s€[-0.94,0]; - x(s)=0.0145, s€[-0.94,0]; —x(s)=0.000085, s<[-0.94,0]
0.02
0.015
| l |
0.01
{ If
0.005 1| LA il
0
1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800

Figure 1. Global exponential stability of states x of (1.2) with different initial values.

5. Conclusions

This article established for the first time the existence and stability of positive B,, solutions
in finite-dimensional distributions of a stochastic generalized Mackey-Glass delayed hematopoietic
model. The effectiveness of the obtained results was verified through a numerical example and
computer simulations. As is known to all, B,, oscillation is a more complex recurrent motion than

AIMS Mathematics Volume 9, Issue 10, 26602-26630.
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Bohr almost periodic oscillation, Stepanov almost periodic oscillation, and Weyl almost periodic
oscillation. This further indicates that although the differential equation form describing the Mackey-
Glass hematopoietic model is simple, it has very rich dynamics. Finally, it is worth mentioning that
this article is also the first one on the B, oscillations in biological population systems.
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