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Abstract: This paper focuses on the stochastic stabilization of hidden semi-Markov jump nonlinear
positive systems. First, a notion of stochastic stability is introduced for this class of systems. A
criterion is addressed to ensure the stochastic stability using a stochastic copositive Lyapunov function.
Then, an observed mode is proposed to estimate the emitted value of the hidden semi-Markov process
and the mode-dependent controller is designed using an improved matrix decomposition approach.
Some auxiliary variables are added to decouple the coupling terms in hidden semi-Markov jump
nonlinear positive systems into a tractable condition. All conditions are described in terms of linear
programming. Moreover, the proposed design is developed for systems with partially known emission
probabilities. Two examples are provided to show the validity of the obtained results.
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1. Introduction

Positive systems have been one of the most active research issues over the last few decades and
have extensive applications in the real world [1-3]. As an important kind of positive systems, positive
stochastic systems consist of non-negative states, non-negative outputs, and stochastic switching
rule [4-6]. Evidence suggests that typical positive stochastic jump systems include Markov jump
positive systems (MJ-PSs) and semi-Markov jump positive systems (SMJ-PSs) [7-9]. Compared with
MIJ-PSs, SMJ-PSs remove the restriction that sojourn time follows the particular distribution in some
specific scenarios, i.e., the sojourn time of SMJ-PSs does not follow an exponential distribution [10].
It is worth pointing out that system modes are usually assumed to be exactly known in SMJ-PSs [11].
However, in practice, this idealized assumption is hard to achieve. Moreover, it has been observed that
copositive Lyapunov function (CLF) and linear programming (LP) are effective approaches to study
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positive systems [7,9, 12, 13]. These novel approaches also bring challenges for research of positive
stochastic systems.

As discussed in [11], system modes of SMJ-PSs may be hidden and are hard to be exactly acquired.
To overcome this challenge, hidden Markov jump systems were introduced [14—17]. The literature [18]
proposed a mixed H,/H,, control framework for hidden Markov jump systems. The work in [19]
designed an H,, controller to defend multichannel random attacks of nonlinear hidden Markov jump
systems. An extended dissipativity-based controller was designed in [20] for singularly perturbed
systems with hidden Markov processes. It naturally raises a question whether the sojourn time of the
hidden Markov process still needs to follow an exponential distribution or geometric distribution. It
is important to note that hidden semi-Markov processes with the two-layer process have been used
to address the above issue, i.e., hidden and observed layers [21]. The literature [22] constructed a
sojourn time probability density function for non-homogeneous hidden semi-Markov jump systems
with limited information. A novel definition of hidden semi-Markov processes was addressed in [23]
based on the notion of emission probability. For more details, the reader can refer to [24—26].

Most existing results mainly concentrate on hidden semi-Markov jump systems with a completely
known emission probability. However, the emission probability of hidden semi-Markov jump systems
is difficult to completely acquire. The work in [27] proposed a hidden semi-Markov process with a
partially known emission probability. The work in [28] studied an observed mode-dependent control
problem of hidden semi-Markov jump systems with a partially known emission probability. However,
the above results are concerned with linear systems. Up to now, to the best of our knowledge, few
results are reported for hidden semi-Markov jump nonlinear positive systems (HSMJ-NPSs) with
partially known emission probability. This leaves much room to explore the stabilization of
HSMIJ-PSs with partially known emission probabilities. For this topic, there are several research
obstacles. First, how to design the control strategy of HSMJ-NPSs under the hidden Markov process
owing to the uncertainties of the process? Unlike the Markov process, it can be directly obtained. It is
hard to catch the information of a hidden Markov process, and some suitable estimation approaches
need to be presented. This increases the complexity of the control design. Second, how to design the
control strategy under the partially known emission probability? It is more difficult to estimate the
Markov process when the emission probability is partially known. Thus, the corresponding control
strategy is full of challenges. Third, how to establish a unified approach to describe and compute the
presented conditions. This paper is to employ CLF and LP to solve the considered design. It is a new
topic in the field of positive systems. Therefore, how to design the corresponding gain matrices, how
to construct a suitable CLF, and how to address LP-based conditions are key to the design. These
inspire the work.

This paper investigates the stabilization of HSMIJ-NPSs with partially known emission
probabilities. The aim is to understand how these unknown emission probabilities affect HSMJ-NPSs
and under which conditions the stabilization can be achieved. By introducing a matrix decomposition
technique and stochastic CLF approach, an observed mode-dependent control approach is derived for
HSMJ-NPSs. The main contributions are summarized as: (i) Hidden semi-Markov jump systems are
developed for positive systems and the corresponding stability analysis is addressed; (ii) A novel
matrix decomposition-based control gain design is proposed; and (iii) A unified framework on the
stabilization of HSMJ-NPSs is constructed by employing the analysis approach of CLF and the
design approach of LP. The rest of this paper is organized as follows: Section II gives the
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preliminaries. Section III presents the main results. An example is provided in Section IV. Finally,
Section V concludes the paper.

Notations: N and N, denote the sets of non-negative and positive integers, respectively. R" and R
are n-dimensional vectors and n X n matrices. For the probability space (®,F,P), ® denotes the
sample space, F denotes the Borel o-algebra, and P is the corresponding probability measure on F. RT
is the transpose of a matrix R. For a matrix W € R™", w;; is its ith row and jth column element, and
W > 0 (> 0) implies that w;; > 0 (> 0) fori, j = 1,2,--- ,n. || - ||; is the 1-norm. || - ||, is the 2-norm.
E{-} is the mathematical expectation. Finally, denote 15? =(0,0,...,0,1,0,...,0)".

NS A/ N A

i—1 n—i

2. Preliminaries

Consider a semi-Markov jump nonlinear system defined on the probability space (@, F, P):

x(k + 1) = Aow f(x(k)) + Bogu(k), 2.1

where x(k) € R" and u(k) € R™ are the state and input, respectively. f(x(k)) is the nonlinearities of the
system satisfying sector conditions gxiz(k) < f(xi(k))xi(k) < ﬁxf(k), where 1 <i <n,0 <n <7 since
f:(0) = 0. O(k),k € N, is a semi-Markov process taking values in the set # = {1,2,...,P},P € N,
which governs the jumps among system modes. The system matrices of the oth mode are denoted by
(A,, B,), where A, > 0 and B, > 0 for O(k) = 0 € P.

Definition 1. ( [1]) A system is called positive when its states are non-negative for any non-negative
initial conditions and inputs.

Lemma 1. ( [10]) For a matrix A > 0, the following statements are equivalent:
(i) A € R™" is a Schur matrix;
(ii) There exists a vector v > 0 such that (AT — I)v < 0.

Definition 2. ( [24]) Suppose that O, is the index of the system mode at the pth jump, t, is the time
instant at the pth jump with ty = 0, and k is the sojourn time. Then the semi-Markov kernel can be
represented as:

Son(K) = IP)(()p+1 =h, Ipv1 — I = Klop =0)= noh(K)éoha (22)

where o,h € P,k € N, 6,, = P(O,41 = hlO, = o) is the transition probability with 6,, = 0, and
Non(K) = P(tp41 — t, = kIO, = 0,0,+1 = h) is a probability density function.

Throughout this paper, it is assumed that the semi-Markov processes O(k), k € N is hidden, whose
values can be estimated by an observed process O* (k) with state space Q = {1,2,...,0},Q € N, and
the emission probability:

Yos = P(O*(k) = slO(k) = o), (2.3)
where 0 € P, s € Q, Y scqWos = 1, and T = [,5]pxq is the emission probability matrix.

Definition 3. System (2.1) is said to be stochastically stable if for any initial condition x(ky) = xo and
O(ky) = Oy, the following holds:
lim E(lx(k)l1l,0,} = 0. (2.4)
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Definition 4. System (2.1) is said to be o-stochastically stable if for any initial condition x(ky) = x
and O(ky) = Oy, the following holds:

tim E(x(k)l1 L, 0,005} = 0, 2.5)
where k{... is the upper bound of sojourn time for the pth subsystem mode, Oeor := |In F, (&0, )|, and

0

F()(Kronax) = P(Ko < Kfnax) = Z::a])( ZheP §()h(T).

Remark 1. Definitions 3 and 4 follow the definitions of non-positive hidden semi-Markov jump

systems [24, 26, 28]. For non-positive  systems, l}im E{||x(k)||§|xo,00} = 0 and
l}im E{||x(k)||§|xO,00,Ko£Krom} = 0 are always used to describe the stochastic stability conditions of

systems. In Definitions 3 and 4, the 2-norm ||x(k)||, is replaced by the I-norm ||x(k)||,. The main
reasons are twofold. First, the 1-norm is more suitable for positive systems. Generally, the 2-norm
represents the energy, and thus a quadratic Lyapunov function can be constructed. Positive systems
are usually used to model populations, the amount of material, etc. The 1-norm ||x(k)||, represents the
sum of all components of the state and is suitable to be introduced for positive systems. Under the
1-norm framework, a copositive Lyapunov function can be chosen for a such class of systems. Second,
the 1-norm is equivalent to the 2-norm. By the norm equivalence principle, the mentioned two norms
are equivalent in a finite space. Thus, it is reasonable to introduce Definitions 3 and 4 for
HSMJ-NPSs.

3. Main results

In this section, the stabilization of HSMJ-NPSs with completely known and partially known
emission probabilities are presented. First, an observed mode-dependent controller is designed:

u(k) = Koxux(k), (3.1
where Ko~ 1s a control gain matrix to be determined. Then,
x(k + 1) = Aow f(x(k)) + Bow Ko x(k). (3.2)

Lemma 2. Assume that system (3.2) is positive. If there exist a stochastic CLF
V(x(k), O(k)) = x"(k)dow) with dow) > 0 and constants po,), A1 > 0,2 > 0,43 > 0 with Ay > A; such
that

Allx®)llr < V(x(k), O(k)) < Allx(ll (3.3)
E{V(x(t, + k), O(t, + k) = h|x(t,),O(t,) = 0} < pog,)V(x(t,), O(t))), (3.4)
E{V(x(t, + k), O(t), + k) = h|x(t,),O(t,) = o} = V(x(t,), O(t,)) < —=A3||x(t,)|l1, (3.5)

hold, then system (3.2) is stochastically stable for any initial conditions x(ky) = xo and O(ky) = O,
where k € [1,t,.1 — t,) and O(k,) € P.

Proof. By (3.5), it follows that
E{llx(#p)lh} < B{V(x(2,), O@p)} — B{E{V(x(7, + k), Ot + k) = hlx(z,), O(1,) = 0}}.
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Together with E{E{V (x(¢,+k), O(t,+k) = h|x(t,), O(t,) = o}} = E{V(x(t,+k), O(t,+k) = hlx(t,),O(t,) =
o}, we obtain E{As]|x(t,)Il} < E{V(x(z,),0(t,))} — E{V(x(t, + k), O(t, + k) = h|x(t,),O(t,) = o}. Then,
Yot B{sllx(p)Il} < E{V(x(1), O(ty)} < oo, which means that lim E{A;]|x(z,)|l;} = 0. By 43 > 0, we
p—00
have lim E{|lx(z,)Il;} = 0. Since 4, > A; > 0, then E{A;[|x(k)||;} < Or(ne)lxo{po(,p)}E{V(x(k),O(k))} <
p—oo tp S
max {po(,) YE{Aal|lx(K)|l;} holds Vk € [t,,1,.1). It is not difficult to conclude that lim E{||lx(k)||;} = 0. By
p—

O(tp)e0
Definition 3, the system (3.2) is stochastically stable. m|

Remark 2. Unlike the Lyapunov function V(x(k), O(k)) = x"(k)Poux(k) used in [24, 26], and [28],
a stochastic CLF V(x(k), O(k)) = x"(k)Aow, is used for HSMJ-NPSs in Lemma 2. Such a Lyapunov
function follows the design in [7,9, 12, 13]. When the state of the system is non-negative, the positivity
of CLF is easy to be guaranteed. It is also clear that CLF has a simpler form than the quadratic
Lyapunov function.

Theorem 1. If there exist constants 9, > 1,9, > 1,p, > 0, R" vectors A, > 0, u; > 0, and R" vector
1\ < 0 such that the conditions

Y 1 BT S q WAy + B, T, 1Y > 0, (3.6a)
= TOAT _ N @, OT
D17 Dse@WsAoHs — Poldo + 91 2imy Lg ks <0, (3.6b)
T Yse@UsATis — o+ 22 10T <0, (3.6¢)
7 S sc@WsA] T e ConlOts — T Tpep Son(Opta + 22, 10V <0, (3.6d)
927 3@ WAL (S Son(Dits + T T Son(W)pty) — Ao + 92 2, 1517 <0, (3.6¢)
/10 < P1Ms, /lh < P25 (36f)

hold for (0,h) € P X P,(s,a) € A X Q, K

max

€ [2, +00), respectively, then the system (3.2) is positive
and o-stochastically stable under the observed mode-dependent controller (3.1) with

o

_ Y
K= 2 o7 soaim (3.7)
wherei e {1,2,...,9} e Q ¥, = max LK) = —S2® B — min{B )}, B=max{B,), and B
{ } % oep {wos} goh( ) Sop ZZZ‘?X @ = o {_0} oep { 0} D,

and B, represent the minimal and maximal elements of the matrix B,

Proof. Since B > 0, # > 0, and p, > 0, it can follow that Z?zl lg)TET Yea¥sus = 0. Give a

B, ¥ 10xT 0
2?:1 1g>T§T ZsteZs/ls -
which means that A, + B,K; > 0. By (3.2) and Definition 1, we obtain x(ky + 1) > 0. Thus, one can
have x(k) > O using recursive derivation, that is, the system (3.2) is positive. Using the sector

condition and (3.2) yields that

nonnegative initial condition x(ky) > 0. Following A, > 0 and (3.7) gives A, +

X(k + 1) > EA()(k)X(k) + Bo(k)Ko*(k)X(k), (38)
x(k + 1) 2 wAowx(k) + Bouw Koxwx(k) = Aowoxwx(k), (3.9)
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where Aoworxy) = TAow + BowKoxw)-
Construct a stochastic CLF as: V(x(k), O(k) = 0) = x7(k)4,. Then, Aminllx(K)lli < V(x(k),O(k)) <
AaxIX(©)Il1, Where A = miygl{/_lo}, Amax = me}ox{/lo}, and A4, and 4, represent the minimal and maximal
o€ o€

elements of the vector A,, respectively. Thus, the condition (3.3) is guaranteed. Then,
E{V(x(lp + k)a O(tp + k))lxo,Oo} = xT(tp)( leeQ o ZskeQ Hf:l wosiﬂ(—;rsi/lo) (310)
holds for «j,,, € [2,+00),k € [1,1,,1 —t, — 1], and p € [0, +o0). By (3.6f) and (3.10), it follows that

ZSIGQ T ZSkEQ Hi:l Yos, os,/l — Podo

=< ZsleQ e ZskeQ Hi‘(:l wOSzﬂ()‘visolﬂsk 0/10

= 01 Ssea Do re [T Vou AL (B ie@ Wos Alubts, =t ) (3.11)
+ omt Zovea* L re@ [T Yo A0, (L c@Wou Ay Hs, = Hs, )
+ Zslea l/’oslﬂ;sl,usl) = Podos

where
k-1 -1
( ZvleQ Tt Zvn,leQ ?:1 lrl’(lsiﬂ;,-(aneQ wosn‘?{;vn/’lsn - :uSn—l) + ZSIEQ l//().vlﬂlvlﬂsl) - po/l(l
- 801( ZS]EQ lp(”l 0S1 e Zsk,leQ 17[/05'1{—2‘?(;—3[(,2 ZskfleQ woskﬂ-orsk,ll'tsk—]
- ZSIGQ Yos A oslﬂn + Zslea Wos, (Tslluw) = Polo
k-1
= pl(ZSIEQ e Zskea Hi:l 'ﬁos,- os,IUSk 1) po/lo-

Using (3.7) gives K] B™ Y cqWsts = Zs 1(’) T Tt is also clear that K, < 0. Together with B > 0,
s = max{y,,}, and (3.6b) yields that

1 ZsleQ woslﬂ;—slﬂsl _p()/lt) < 1 leeQ J}ilﬂ;sl#ﬂ _p()/l(?S (3 12)
=< 8017_.{2516@ wSIAZ/Jsl + 1 Zi: (gl;)/\/gll)—r pO/lO <0.

By (3.6¢c), we have

Zs,,ea wOSnﬂIS,,#Sn — M5, = ZskeQ 'vl’o~skﬂ3sk:uSk sy _
<r ZskeQ leskA;—/Jsk + ngB;— ZskeQ wskﬂsk — M (313)
< ﬁZskeQ Yy A :USk + 2= 1(1)/\/(??T — My, < 0.
Substituting (3.12) and (3.13) into (3.11) gives p1(X5,cq " * * 2@ Hizl Yos; Osl,ugk) Pod, < 0. Thus,

it is not difficult to conclude that condition (3.4) is true.
Furthermore, we consider O(t,) = 0,0(t,+1) = h,Yo,h € P,0 # h, and k = t,,; — t,. Then,

{V(x(tpH) O(tp+l))|x0 o, K<Kﬂ,ax - xT( )(Z s ZsleQ ZS,(EQ H;'(:l ‘/’os,-fﬂ;i ZhEP E‘Oh(K)/lh) (314)
holds for p € [0, +0). Together with (3.6f) yields that

I e ZHGQ  Yosee izt Yos; Ay, Zinep Son(k) A —

< Z e cheQ Z;Kea [T YosiAgs, Zinep goh(K)SOZ,us, Ao

= 502( Yo (2] Zs]ea Yyea 12, Yo AL, (3.15)
X (Bir0Wosper Aoy Linep SonliOftsy, = Sy Son(K)ts,))
IS Vo ALy Siep SotOHs, + TorcaWon Ay Sner Eon D) = Ao
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where o € [1,«— 1]. Note the facts K] B" Y ,cq Wits = Zg 1(’))((5’)T K, <0,y = mz;)x{wos}, and B > 0.
0€
Together with (3.6d) gives

I(n ax ~ max
ZSQ.HGQ lposm] ﬂgs£,+ I Z Zhe? goh(K),usDH Z ZheP S oh(K)/JsD
<7 ZSQ+I€Q ngHA( iy ZhEP gf)h(K)ﬂng + KT>+| Z 50+1€Q wsml ka‘;‘

~ (3.16)
X Zhe? goh(K),ungrl Z Y Zhe? goh(K)/Jsu
<7 s uc@Wsn Ay T S Sy = T Tnep Sonltpsy, + XL, 1gx0] < 0.
By (3.6¢), we obtain
P2 25 cQ Wmlﬂosl (Znep Son(Dpts, + Z e 5 2hep Son(K)s) — Ao
< g ZsleQ wSIA (Xhep goh(l)/'lSI + Z s Zhe?’ Son(FpLs,) + KOZK;BZ ZS1€Q UM (3.17)

X (Zhe?’ goh(l),usl + Z s Zhesl’ golz(K)ﬂsl) /l
< P27 S, (,M(zhep Son(Dpts, + T Fpep Gon(ps,) = o + 92 Ty I9xA)T <0,

Substituting (3.16) and (3.17) into (3.15) yields 502(2 . T 2seQ " DiseQ [T Yos, A os: oo Yonep Son(K)Us) —
A, < 0. It is not difficult to conclude that the condltlon (3.5) under %, € [2,+00) is true. Therefore,
the system (3.2) is positive and o-stochastically stable. This completes the proof. O

Remark 3. Theorem I designs the controller gain matrix (3.7) using a matrix decomposition technique.
Under the matrix decomposition technique, the controller gain matrix K can be transformed into a set
of vector variables, i.e.,

ka1 ka2 -0 kas ka1 kgao -0 kas 0 o --- 0
kot kaor 0 kog o o0 - 0 0 o --- 0
K, = . . . . = . . . . +e- T+ . . .
kg1 ks oo kg o o0 - 0 kg1 ks oo+ kg
n ® 10,07 10,0
=1y X (kstiksiz -+ - kag) + -+ + 157" X (ksgiksgo - - - ksgs) = T8 vgiur T T s i
1007
=37

i=1 I(I)TBT ZSEQ lﬂs#J

This means that these vector variables can be computed by using the LP toolbox in MATLAB. In

fact, the term lg)TET Y seqUshs is introduced to transform (3.7) into an LP form as shown in the
conditions (3.12), (3.13), (3.16), and (3.17).

Remark 4. From the derivation in Theorem 1, it is easy to achieve the positivity and stochastic stability

of the system (3.2) for ki, = 2. For the special case k,,, = 1, two points are stated. On one hand, it

can follow from (3.6e) that 9,78 ¥ . WAL Snep Con(Dpts — Ao + 92 2, 1(’) T < 0. Together with the

remaining conditions in (3.6), the positivity and stochastic stabzltty of the system (3.2) can be verified

for Koux = 1. On the other hand, it is assumed that the term Y™ o 5 2nep Son(K)s equals to zero when
K} .« = 1. This further enhances the validity of the condition (3. 6e) ) for K)o = L.

Remark 5. As discussed in the Introduction, there are two widely used switching rules in positive
stochastic systems, i.e., Markov and the semi-Markov processes [9, 10, 29, 30]. Compared with the
Markov process, the semi-Markov process removes the restriction that the sojourn time follows an
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exponential distribution. In [9], the obtained results were concerned with MJ-PSs. In [10, 29, 30],
the stochastic stability of SMJ-PSs was addressed. In fact, system modes of SMJ-PSs may be
hidden [14-17]. However, so far, no efforts have been devoted to the hidden mode issues of MJ-PSs,
not mentioning HSMJ-NPSs. Theorem 1 attempts to construct a novel o-stochastic stabilization
Jframework for HSMJ-NPSs in a linear approach. The obtained framework develops the semi-Markov
process of positive systems in [10, 29, 30] to the hidden semi-Markov process. The difficulty lies in
how to design a control strategy for HSMJ-NPSs under the hidden Markov process owing to the
uncertainties of the process. The results in [10, 29, 30] can be regarded as some special cases of the
results in Theorem 1.

Theorem 1 gives sufficient conditions for the o-stochastic stabilization of HSMIJ-NPSs in
observable emission probabilities. In practice, it is hard to obtain full emission probabilities. Thus, we
consider the system (3.2) with partially known emission probabilities. Inspired by the results in [27]
and [28], we introduce the following formal definition of partially known emission probabilities.
Denote Q = Q,z UQ,y with Q,z = {s € Q : ¢, is known} and Q,y = {s € Q : ¥, is unknown}. On
the other hand, if @ # 0, then denote Q,; = {Z},Z,...,Zy},1 < q, < O, and ¥ = Y cq,, Yos:
where ZZ is the column number of the gth known element in the oth row in the emission probability
matrix.

Theorem 2. If there exist constants 9 > 1,9, > 1,p, > 0, R" vectors A, > 0, u; > 0, and R™ vector
¥V < 0 such that the conditions

XL BT S cqUatA, + By L 19T > 0, (3.182)

DI Leq,, UsAT s — Wepodo + 91 Ty 1007 <0, (3.18b)

7 X equ, Uehgtts = Wopa + L 1T <0, (3.18¢)

7 Vsea,, UsAT T3 Tep Son(Otts = W T Tpep Sonlipta + T 1900 <0, (3.18d)
P27 3 e, UsAT (D Gon(Dtts + T Fep Gon(Wpts) = W2, + 92 T2 10T <0, (3.18e)
Ao £ P1fts, Ap < Paopls, (3.18f)

hold for s € Q, 7 and K,,, € [2,+00) and the conditions

7Y 15 BT Ay + B, XL 15x T > 0, (3.192)

DITAT s — Poldo + 91 Ty 10 PT <0, (3.19b)

TAT U, — pa + Dy 10T <0, (3.19¢)

TAT S0 3 ep Son(Os = T8 3o SonWpa + T2, 10407 <0, (3.19d)
027A] (Cpep Son(Dts + L s 5 2nep Son(KOs) — Ap + 92 >, 1(’) 0T <0, (3.19¢)
Ao < P1ls, A < Pofds, (3.19f)
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hold for s € Q,y and K5, € [2, +0), respectively, then the system (3.2) is positive and o-stochastically

stable under the observed mode-dependent controller (3.1) with

10T

3
K=Y 2 se 2
§ Zl:l l(gli)TQT er()l/’x/ix’ § QO’Z’ (3 Oa)
@, T
g 1gxs
Ky =2 gy § € Qv (3.20b)
S = s

Proof. Recalling the fact Q = Q, 7z U Q, i, the conditions (3.18)—(3.20) can guarantee the validity of
the conditions (3.6) and (3.7). This completes the proof. O

Remark 6. In [9] and [10], the stochastic stabilization of Markov jump positive systems x(k + 1) =
5 40, 0T
Aowx(k) + Bogyu(k) was designed as: u(k) = Kogx(k) = —erm=m

3Xob (k). It should be pointed

13B" Yowea Yomtom

out that an additional condition )(g)(k) < Xow is introduced in these literature. This increases the
conservatism of the design. In Theorems 1 and 2, an improved control design is proposed in (3.7)
and (3.20). Under the novel design approach, the additional restriction condition )(ED < x; Is removed.
Remark 7. For non-positive Markov jump systems [21-24, 30], quadratic Lyapunov functions were
always used. Owing to the positivity property, quadratic Lyapunov functions are not very effective for
positive systems and it has been observed that CLF and LP are more suitable [7,9, 10, 12, 13,29, 31].
How to design the control gain matrices, how to construct a suitable CLF for HSMJ-NPSs, and how
to address LP-based conditions are key to handling the issues of HSMJ-NPSs. A novel stochastic
stabilization framework is constructed in Theorems 1 and 2 for HSMJ-NPSs. It should be noted that
such a design framework is easily developed for other issues of positive stochastic jump systems.

4. Illustrative examples

In [10] and [31], a communication network model with three nodes was established via SMJ-PSs in
the following form:

x(k + 1) = Ao x(k) + Boguouw(k), 4.1)

where O(k) denotes busy- and idle-time models of communication networks by the semi-Markov
process and x(k) = (x;(k), x2(k), x3(k))" is the number of data transmitted between the three nodes.

Note the fact that switching between busy- and idle-time cases is usually uncertain and random in
communication network operation. Moreover, many uncertainties, such as environment and
temperature, exist in communication network operations. This is a typical nonlinearity phenomenon.
In [26-28], switching rules with uncertain and random are described via a hidden semi-Markov
process. Inspired by [26-28], we further assume switching rules between busy- and idle-time cases of
communication networks under uncertainties are hidden. Thus, the communication network
model (4.1) is changed as:

x(k + 1) = Aow f(x(k)) + Bowyuo* (k) 4.2)
where O* (k) is an observed process for O(k).
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By the analysis above, it is reasonable to use the system (2.1) with hidden semi-Markov processes
to improve the communication network model, where

042 0.37 0.29 0.25 0.29 0.52 0.36 0.28
A :[0.29 0.38 0.33 ],31 :[ 0.26 0.28 ],Az :[ 0.30 0.35 0.37 )
0.30 0.45 0.49 0.29 0.27 0.30 0.24 0.45
0.29 0.31 0.62 0.29 0.26 0.30 0.32
B, =[ 0.28 0.28 ],A3 =[ 0.30 0.39 0.37 ],33 = [ 0.26 0.29 ],
0.26 0.28 0.31 0.29 0.49 0.29 0.29

where f(x(k)) = 0.3x; + x?x-:l and o, s = {1,2,3}. The upper bounds of the sojourn time are K}nax =
2 3 :

Kiax = Kmax = 9. The emission probability matrix is assumed to have four cases as listed in Table 1,
where ? is an unknown element of the emission probability matrix. The system modes are governed

by the semi-Markov process [¢,,(k)] = [17,,(k)d,], which is borrowed from [27]:

0 0.7 03 0 nf, n;
[6or] =] 04 0 0.6 |,[n()]=| 15 O my |,

05 05 0 w0
where
. 0604100 04°-0.6'"*- 10!
T2 = 0ot a3 T T 10—kl &
0.5' . 10! ) | . |
7y = 0.9 0.9, 15, = 01 = 0.4% D" _ 0.4y, = 036" — 03¢,
—K)! - K. N N

Table 1. Four cases of the emission probability matrix I'.

Case 1 Case 2 Case 3 Case 4
0.70 0.20 0.10 0.70 0.20 0.10 ?7 020 ? ? ?7 0.10
[ 0.10 0.60 0.30 ] [ 0.10 ? ? ] ( 0.10 0.60 0.30 ] [ 0.10 0.60 0.30 ]
0.40 0.50 0.10 0.40 0.50 0.10 0.40 0.50 0.10 ? ?7 0.10

Choose p; = 1.1,p, = 1.2,p3 = 13,71 = 0.2,7 = 0.4, and 9, = 9, = 1.1. By Theorem 1, one can
obtain for Case 1 that

cuer _ 01363 —0.1236 01377
7\ -0.1156 -0.1000 —0.1105 )
_(—0.1296 ~0.1175 —0.1309) _(—0.1266 ~0.1148 —0.1279)

Casel
k —0.1099 -0.0950 -0.1051 -0.1074 -0.0928 -0.1026

Casel
by K

3

The initial condition of the system is set as xy = ( 255 205 17 )T. In this condition, Figures 1
and 2 show the state of open- and closed-loop systems in Case 1. From Figure 1, the states under
completely known emission probabilities are positive and stochastically stable. It means that the
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proposed observed mode-dependent controller is effective. By Theorem 2, one can obtain for
Cases 24 that

Case2 _
Kl

-0.1889 -0.1727 -0.1896
-0.1691 -0.1488 -0.1558 J°

KCase2 _ -0.1756 -0.1605 -0.1762 KCase2 _ -0.1774 -0.1621 -0.1779
2 | -0.1572 -0.1383 -0.1448 )’ 3 | -0.1588 -0.1397 -0.1462 |’
KCased _ —-0.2096 -0.2079 -0.2236
1 1 -0.1294 -0.1033 -0.0704 |’
KCased _ -0.2209 -0.2190 -0.2356 KCased _ -0.2403 -0.2383 -0.2564
2 “\ -0.1363 —0.1089 -0.0742 |’ "3 | -0.1483 -0.1184 -0.0807 |’
and
g Cased _ -0.2010 -0.1872 -0.2072
1 | -0.1494 -0.1072 -0.0934 |’
KCased _ -0.2418 -0.2252 -0.2492 KCased _ —0.1888 —0.1759 -0.1946 .
2 -0.1797 -0.1290 -0.1123 )3 —0.1403 -0.1007 -0.0877

Figures 3 and 4 show the states of open- and closed-loop systems in Case 2, Figures 5 and 6 show
the states of open- and closed-loop systems in Case 3, and Figures 7 and 8 show the states of open- and
closed-loop systems in Case 4. Simulation results show that the designed controller is still effective
under partially known emission probabilities.

T—Emission Probabilities|

Figure 1. States of the open-loop system in Case 1.
‘ ‘ [ ‘ [ ‘ — Emission Probabilities | 4

()
—x,(K)
()

Figure 2. States of the closed-loop system in Case 1.
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Figure 6. States of the closed-loop system in Case 3.
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Figure 8. State for the closed-loop system under Case 4.

5. Conclusions

This paper has studied the stabilization of HSMJ-NPSs with completely known- and partially
known emission probabilities. Hidden semi-Markov jump processes are employed to govern the
switching of systems. Using a CLF and LP, the observed mode-dependent controller is constructed.
The designed stabilization framework will be further developed for other issues of positive systems
such as stability analysis, nonlinear observer design, event-triggered controller design, etc. The results
obtained in this paper are based on an idealized assumption that the considered systems do not contain
external perturbations. Thus, how to construct a stochastic stabilization framework on HSMJ-NPSs
with completely unknown emission probabilities in the presence of disturbance is an interesting topic
in future.
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