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Abstract: Slope failures in hilly terrain impact the social and economic balance of the community.
The major reasons for these slope failures are steeper slopes, climate factors, seismic activity, nearby
excavations, and construction. Natural slopes show significant heterogeneity due to the inherent
randomness in material properties and geometric nonlinearities. Effective slope stability analysis
solutions can be achieved by incorporating probabilistic approaches. We present a comprehensive
method to develop and analyze a heterogeneous two-dimensional slope model, utilizing a non-linear-
spatial-probabilistic-finite element method under a plane strain condition. The developed slope
model encompasses geometrical and material nonlinearity with a uniform random distribution over
the space. Also, the present slope model integrates the Mohr-Coulomb’s constitutive model for
elastoplastic analysis to capture more realistic and complex behavior. A benchmark soil slope
problem was modeled using the spatial probabilistic finite element method, comprising all six
material properties with uniform spatial uncertainties. These material properties are elastic modulus,
unit weight, cohesion, friction angle, and dilation angle. During the numerical simulation, the
detailed deformations, stress patterns, strain patterns, potential pre-failure zone, and failure
characteristics of heterogeneous slopes were achieved under self-weight and step loading sequences.
Nodal failure and probability of nodal failure were introduced as two novel quantitative parameters
for more insights into failure investigations. The testbench slope model was subjected to self-weight
load and external 100-step loading sequences with a loading increment of -0.1 kN/m. The percentage
probability of nodal failure was obtained at 40.46% considering uniformly distributed material
uncertainties with a 10% coefficient of variation. The developed testbench slope model was also
simulated for different values of the coefficient of variation (ranging from 0% to 50%) and
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comparatively investigated. The detailed deformation patterns, thorough profiles of stresses-strains,
failure zones, and failure characteristics provided valuable insights into geotechnical engineering
practices.

Keywords: heterogeneous slope; spatial probabilistic; finite element method; elastoplastic analysis;
deformation; nodal failure; probability of nodal failure
Mathematics Subject Classification: 65D20, 65D30, 74C10, 74S05

1. Introduction

Slope failures refer to the sudden or gradual movement of soil, rock, or debris down a slope.
These failures can range from small landslides to catastrophic events, posing substantial dangers to
infrastructure, natural ecosystem, and people’s lives [1,2]. Slope failures can result from natural
causes like excess precipitation, seismic movement, environmental weaknesses, and erosion [3].
Slope instability can also be caused by human-induced processes, including mining, building,
deforestation, and inappropriate land use. By comprehending the origins, methods, and consequences
of slope failures, researchers can develop effective strategies to mitigate risk and increase strength in
failure-prone regions [4-6].

The mechanisms of slope failures vary depending on factors like slope geometry, geological
conditions, and environmental forces [7]. Major failure mechanisms include sliding along weak
planes or surfaces, stepper slopes subjected to gravitational forces and external loads, etc. The safety
factors or failure characteristics for a slope are estimated in two major ways: Traditional limit
equilibrium methods (LEM) and numerical analysis approaches. Many researchers offer
comprehensive examinations of limit equilibrium methods of slope stability exploration [8]. Many
LEM-based methods, such as the ordinary method of slices, force equilibrium method, Bishop’s
modified method, Jambu’s method, Morgenstern & Price’s method, and Spencer’s method, were
employed to determine the failure surface and factor of safety values [9,10]. The soil or rock mass
must be separated into slices to utilize LEM methods. It is assumed that the forces acting on each
slice of the slope are oriented in certain ways. The ability to differentiate among different limit
equilibrium approaches depends critically on the assumption [11]. The Methods of limit equilibrium
necessitate a continuous surface that traverses the soil bulk. The surface is crucial for determining the
minimum factor of safety (FOS) against sliding or shear failure. Limit equilibrium methods require the
artificial construction of equations of equilibrium, including side forces and their directions, before
computation of slope stability. Moreover, LEM methods do not provide information about
comprehensive deformations. The variability in slope geometry and material nonlinearities introduced
more complexity in assumptions and further analysis using limit equilibrium methods [12,13].

In other parts, numerical methods are a better approach to defining, understanding, and
analyzing slope stability problems in general. Finite element methods (FEM), finite difference
methods (FDM), and discrete element methods (DEM) are prominent numerical methods used to
analyze slopes [14,15]. FEM enables the analysis of more complex geometry, material heterogeneity,
and boundary conditions compared to limit equilibrium methods. Slope geometry, material properties,
and loading conditions are discretized into finite elements in finite element analysis. Many numerical
approaches-based commercial software are available to analyze slopes with predefined procedures

AIMS Mathematics Volume 9, Issue 10, 26339-26370.



26341

for designing and analyzing the slope in a constraint software environment. The numerical methods
involve large numbers of equations that need to be solved simultaneously, which arises from
complexity, high computation times, and large numbers of system variables. MATLAB is one of
the software programs that uses matrix datatypes to efficiently handle large numbers of system
variables and provides a suitable platform to deal with many simultaneous equations and looping
operations [16,17].

In plane strain analysis, it is assumed that the slope mass under consideration is very long in
one direction (along the plane), and there is no change in dimension along that direction. This
enables the simplification of the three-dimensional problem into a two-dimensional one. Plane
strain analysis greatly reduces the system complexity with certain assumptions [18,19]. The
assumption includes that the deformation in the direction perpendicular to the plane of analysis is
negligible, which means the strain change in the out-of-plane direction is zero. Additionally, the
material properties are assumed to be uniform in the out-of-plane direction. Many commercial
tools have employed the plane strain method to provide a platform for two-dimensional
deterministic slope stability analysis [20—-23].

Typically, many researchers employ analytical and numerical methods to evaluate spatial and
temporal variability on slopes to determine safety factors. In fact, slope failure can occasionally
result from a deterministic strategy that overlooks spatial variability, even in cases where the
"deterministic" factor of safety (FoS) is greater than one. Spatial inconsistency is essential as the
behavior of the landscape is influenced by its geo-mechanical characteristics based on deformation,
and failure typically starts and spreads from the most susceptible region. Probabilistic methods
provide more systematic information, expressed in terms of reliability based on deformation and
failure probability, allowing for a more robust evaluation [24-27]. The implementation of
probabilistic methods to analyze slope stability problems is not new and has been in use since the
1970s [28-31]. These methods involved combining limit equilibrium techniques with various
probabilistic approaches [32]. The probabilistic analysis offers several advantages. Most of the
methods have incorporated random finite element methods (RFEM) and the Monte Carlo Simulation
(MCS) approach [32-36]. The RFEM and MCS techniques compute the likelihood of slope failure
by utilizing the uncertainties in material properties [32]. The MCS method considers the randomness
of variables while also incorporating temporal variation. It allows for a straightforward determination
of standard errors in the results. Furthermore, the size of the uncertainties does not affect the
approach's convergence speed. Furthermore, the simulation procedure does not influence the
sophistication of the execution function. One drawback of the MCS and probabilistic methods is that
when the likelihood of failure decreases, the number of simulations and time required for calculation
increase significantly. Numerical computations of complex systems also utilize probabilistic methods,
particularly MCS, to modify the topography (plastic and/or elastic) characteristics of rock joints [37].
Similarly, the finite difference method (FDM), discrete element method (DEM), and finite volume
method (FVM) have been embraced in recent years [38—41]. In the RS-DEM method (Random Set
Discrete Element Method), the focus is on considering just the gaps of the input parameters rather
than the actual values of the parameters themselves [42-49]. A variety of factors, including the
composition of different materials, their granulometry, the construction method, the interaction with
runoff, and consolidation processes, cause heterogeneity, also known as spatial and temporal
variability. Instead of assuming a simple vertical gradient, as is common for uniform soil layers, the
presence of such a wide range of differences in attributes supports the idea of examining their spatial
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distribution [50-54].

Major factors contributing to spatial uncertainties in slope materials include measurement
methods, sensor placements, topography, vegetation, weathering, evapotranspiration, etc. For
instance, utilizing various testing and empirical methods to measure slope material parameters
always raises questions about the precision of the measured values. In general, instruments measure
quantities with a 5-10% tolerance, and these are widely acceptable in measurement and
instrumentation. Repeated testing of the rock or soil samples reveals variations in the measured
values of material properties. It is also not possible to measure the material parameters for each space
point of the slope. Therefore, it is crucial to consider the random variation in material parameters
when creating a slope model. The fusion of probabilistic methods and finite element modeling
provides a systematic framework to incorporate and analyze the uncertainty in slope parameters. This
probabilistic finite element method maps the spatial uncertainties in material properties using a
probability distribution function (PDF) and coefficient of variation (CoV).

In the absence of comprehensive data, it is reasonable to use a uniform probability distribution
for material attributes in preliminary slope stability analyses. This offers a useful method for
modeling variability and uncertainty, making initial evaluations easier to understand and analysis.
This method prevents bias, and guarantees a wide range of potential values, and it is simple to
incorporate into computer models. Uniform distributions provide a useful foundation for
understanding slope behavior and guiding preliminary design decisions, even though they are an
oversimplification and can improved and compared with more precise data and other probability
distributions in the future study. In general, horizontal correlation scales are often greater in
sedimentary deposits, but various factors, such as complex depositional environments, post-
depositional disturbances, tectonic activity, natural discontinuities, and varying sediment sources, can
result in comparable or greater variability perpendicular to the layers. These factors suggest that the
assumption of a greater correlation scale along the layer is not always valid and requires site-specific
consideration.

In this study, the benchmark two-dimensional slope problem is taken from the literature
authored by Arai and Tagyo in 1985 [55]. The problem resides in multi-layered cohesive soil layers
that have certain slope inclinations and heights. This benchmark problem has been also used by
many researchers for instability analysis [56-61]. The benchmark slope geometry and material
parameters are presented in Table 1, where the additional probability distributions in material
properties are incorporated. The material properties are assumed spatially random and distributed
around a deterministic value to incorporate more realistic mapping and measuring uncertainties in
this study. So, the benchmark slope model is additionally incorporated by uncertainty of uniform pdf
and 10% CoV in all six material properties. The research elucidates the deformation and failure
characteristics of heterogeneous slopes, highlighting the influence of material spatially uncertainties
on the distribution of displacements, stresses, and strains, and failure region. The nonlinear
probabilistic finite element method (PFEM) allows a detailed investigation of detailed deformations,
stresses and strains patterns, and the investigation of localized failure mechanisms in the slope.
Focusing on plane strain conditions allows for a simplified yet realistic representation of slope
behavior. The study captures important aspects of slope response while making computations a lot
simpler by looking at two-dimensional deformations in a plane perpendicular to the direction of
loading.

The research work is to develop and analyze a MATLAB code-based mathematically simulated
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model of the testbench heterogeneous slope. The work originated with the modeling of a two-
dimensional benchmark heterogenous slope consisting of three different layers. The slope is also
incorporating the spatially distributed material properties (cohesion, friction angle, elastic modulus,
dilation angle, and unit weight) with different degrees of variations in terms of %CoV. In this way,
nonlinearities and randomness are introduced additionally to the slope model in terms of geometry,
PDF, and CoV using the probabilistic finite element method approach. Further, Mohr-Coulomb’s soil
model and failure conditions are utilized for elastoplastic analysis of the slope and produce detailed
deformations and slope failure characteristics under self-weight and step loading scenarios. The
failure characteristics of the slope include the determination of the pre-failure zones, shear stress
patterns, different strain patterns, and the probability of a nodal failure parameter. Also, new
quantitative indicators, ‘nodal failure’ and ‘probability of nodal failure’ are presented to add more
depth to failure investigations. Moreover, the deformations and failure characteristics of the
testbench slope are examined at various levels of uncertainty by altering %CoV.

2. Methodology
The systematic process flow chart of the research work is shown in Figure 1. The flowchart

illustrates the four key stages of the proposed slope stability study: Initialization, pre-processing,
elastoplastic analysis, and post-processing.

/ Initialization \ / Preprocessing \ / Elastoplastic Analysis \
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Figure 1. Systematic process flow-chart of presented elastoplastic slope stability analysis.

The initialization stage involves defining slope geometry, slope material parameters and their
non-correlated random distribution, finite element parameters, a generalized slope constitutive model,
and elastoplastic analysis parameters. In the preprocessing stage, the finite element method is
initially used to identify elements and nodes for the given slope geometry. The material properties
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are demarcated for each node, including the spatial randomness of the space. The boundary
conditions are managed to include the restricted motion in the X and Y directions. The global
parameter matrices are calculated using the spatially distributed material parameters for the slope.
Further, the initial stress profiles are also determined using these global parameters and the self-
weight load. In the next stage, the elastoplastic analysis is employed for the slope model using the
generalized Mohr-Coulomb’s slope model. In this process, the slope model is subjected to uniform
step-loading at the top edge. In the final stage, the impact of step-loading is observed in the form of
detailed profiles of deformation, stresses, and strains. Moreover, information on failure nodes is used
to identify pre-failure zones and nodal failures, and the probability of nodal failures is assessed
specifically. Furthermore, the constructed model and processing techniques are simulated for various
values of %CoV to examine the implications of uncertainties on slope physical characteristics and
slope behaviors using a limit analysis scheme.

2.1. Finite element & probabilistic formulation

The finite element method discretizes the two-dimensional slope geometry. In finite element
analysis (FEA), nodes and meshes are fundamental components used to discretize and analyze
complex geometries and solve the governing equations [62]. Meshing enables the analysis of
complex structures by dissecting them into simpler sections, known as elements. These elements
collectively cover the entire slope’s domain. Each element in the mesh is defined by a set of nodes
known as its connectivity. Figure 2(a) illustrates the definition of node connectivity, which is defined
as an anti-clockwise sequence for each element of the slope.

ATl

4 3 49 3

(0.0)
Origin

a i

(a) (b

Figure 2. (a) Q4 element connectivity; (b) natural coordinate system for Q4 element.

This connectivity also determines how the shape functions interpolate the field variables within
the element. Nodes are also defined as discrete points within the geometry being analyzed. They
serve as locations where various quantities, such as displacement, stress, and strain, are calculated or
applied. Each node typically has associated degrees of freedom (DoF), representing the directions in
which the node can move or experience deformation or restraint.

The choice of mesh density, element type, and nodal distribution significantly impacts the
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accuracy and efficiency of the analysis [62,63]. Finite element analysis employs a variety of shape-
based elements, including triangles, quadrilaterals, tetrahedral, and hexahedral, based on the
geometry and the desired level of accuracy [64]. The present analysis discretizes the slope using
quadrilaterals, bilinear, and four-node elements, and represents it as a ‘Q4’ element in two-
dimensional analysis.

This quadrilateral-shaped Q4 element is intended to section the slope with minimal loss of
coverage. It provides the optimum coverage with less complexity and loss of generality compared to
other shaped elements. More elements or higher-order elements can be used, but the number of
governing equations, complexity, and simulation time are increased effectively, but no significant
changes in output profiles are observed.

The behavior of the field variables within each element is interpolated using shape functions
defined at the element nodes. The shape function is defined in terms of the natural coordinate system,
as shown in Figure 2(b). The natural coordinate system enables the specification of a point within an
element through a spectrum of dimensionless values, ensuring its magnitude never surpasses unity.
The two natural coordinates within the element are represented by & and 1 in the X direction and Y
direction, respectively, where -1 <& <1 and -1 <n < 1. Equation (1) provides the shape function for
a Q4 element.

Ni(Em) =2 (1= —m)
N () =1+ —n) >
N;@Em) =+ O +m |
NG =51 = 9 +m)

(1)

These shape functions can be derived based on the bilinear interpolation of the coordinates of
four nodes of the element. Each shape function f (& m) represents the contribution of the
corresponding node to the overall behavior within the element. They are linear combinations of the
natural coordinates (&, 1) and satisfy the Kronecker delta property, which means evaluating them to 1
at the node they correspond to and 0 at all other nodes for an element [65].

These shape functions are then used to interpolate the field variables within the element based
on the nodal values. They are also used to calculate the derivatives of field variables for numerical
integration and other calculations within the element. The bilinear shape functions for the Q4
element provide a simple and efficient way to interpolate within the element and can capture
complex deformations efficiently.

The slope on MATLAB is developed using a versatile constitutive Mohr-Coulomb’s soil model,
illustrated by six material properties [66,67]. The six material properties or parameters of slope are
Young’s modulus (E), Poisson’s ratio (v), unit weight (y), cohesion (c), friction angle (@), and
dilation angle (y). The finite element method incorporates slope heterogeneity by defining different
value sets of these parameters for different segments of slope and fused probabilistic behavior by
randomizing these parameters for stochastic analysis. After that, the global parameter matrices of
these material parameters are established to incorporate features of nonlinear, probabilistic finite
element-based heterogeneous slope.

One of the global parameters is the global elastic constitutive matrix (C), which is used by
system-governing equations to establish relationships among field variables. Equation (2) presents
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the general formula for a node's elastic constitutive matrix (Cn). The global elastic constitutive
matrix (C) comprises the collections of elastic constitutive matrices evaluated for all nodes of the
benchmark slope.

1—-v v 0 0

_ E v 1-v 0 wv
[Cnl= (1+v)(a+2v)| 0 0 1‘22” ol (2)
v v 0 UJ

The primary field variable of the finite element analysis is the displacement vector (U), which is
defined in two spatial coordinates (u, v) of the cartesian coordinate system. The mathematical
formulation of displacements is given in Egs (3.1) and (3.2) in terms of shape functions. Here, u and
v are the horizontal and vertical displacements, respectively, for a point within the Q4 element. Also,
ui, vi, and N; are horizontal, vertical, and shape functions of i"" node of the element. The nodal
displacement is represented by the U vector, as given in Egs (3.3). In the finite element analysis for
the benchmark slope, the field variable horizontal and vertical displacements are determined at each
node of the slope mesh.

u = Yio; N, (3.1)
v =Y N, (3.2)
v="] (3.3)

The partial derivative of shape functions with regards to the cartesian coordinates is used to
calculate the strain-displacement matrix (B) using the mathematical relationship mentioned in Eq (4).

aN, AN, aNs aN,

ox 0 dx 0 dx 0 dx 0
0N, 0N, ON; ON,
p=|0 St 0 Sz o0 = o0 ¢ (4)
ON, 9Ny Ny N ON; 9Ny 9Ny 0N,
dy ox dy ox dy ox dy ox

The strain displacement matrix (B) and global linear constitutive matrix (C) are further used to
calculate strains and stress tensors, as represented in Egs (5.1) and (5.2).

ey =2 =181[,] (5.1)

{0} =7 = [C] [e]. (5.2)
O-ZZ

These stress and strain states are defined for each gaussian point of all elements in the slope
domain. The stress and strain states have a total of four components in different planes, as shown in
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Egs (5.1) and (5.2). A strain state can be computed in four directions with a cartesian coordinate
arrangement (xx, yy, Xy, zz). The zz-components of the strain state are in a long spatial direction and
assumed to be zero considering the plane strain condition.

Equation (6) uses this strain-displacement matrix and the linear constitutive matrix to determine
the global stiffness matrix.

K = [IBI"[C][B]aV. (6)

Here, the weak form of the governing partial differential equations leads to numerical
integration using the finite element method. The present analysis employs the gaussian point
integration method with two integration orders. In the present work, FEM-based computational
methods can efficiently and accurately compute these integrals, leading to accurate solutions to
governing equations. Equation (7) illustrates the further use of the global stiffness matrix to
determine nodal displacements with the application of nodal force (Fn).

[U] = [K]7H[Fu]. (7)

The fusion of the boundary conditions, which include the nodal degree of freedom in
calculation and analysis, also simplified the finite element analysis. These conditions are
incorporated in the corresponding displacement vector and their degree of freedom in such a way
that deformations are only calculated at unrestrained nodes in the slope.

2.2. Yield function & elasto-plasticity

A stress state is enumerated with four components with a cartesian coordinate arrangement (6XX,
oYy, 1Xy, ozz) for each gaussian point available on the slope surface. The global stress matrix
comprises four components of the stress value of all four gaussian points for each of the elements
available on the slope surface. The stress state can also be represented in the form of a principal
stress coordinate system using (o1, 62, 63) Or in the form of stress invariants (p, g, 8). These stress
invariants (p, q, 8), along with cohesion and frictional angle, form the failure condition or yield
function (F), as mentioned in Egs (8.1) and (8.2).

F = (%) sin(¢) — (%) —c.cos(¢), (8.1)

F =psin(¢p) — g (Cojée) - Sln(g);ln(¢)) —c.cos(¢). (8.2)

This yield function or failure function (F) is used to determine the elastic or plastic state for
Mohr-Coulomb’s model of elastoplastic slope and distinguish between elastic and plastic states. The
yield function is determined and assessed for each node of the slope separately.

An elastoplastic material acts as either an elastic solid or a plastic solid, depending on the
present stress state. If the value of the yield function is less than zero, then the point exhibits elastic
behavior; otherwise, it is plastic. The yield or failure criteria create a surface in the three-dimensional
principal stress space and describe the change from elasticity to plasticity as presented in Figure 3.
This Mohr-Coulomb failure region has a hexagonal cross-section. Moreover, the yield surface in a
two-dimensional stress space is represented in Figure 3. Stress states are classified as plastic when
they are on the yield surface and as elastic when they are inside the surface. Stress states that are
outside of the failure surface are unacceptable and need to be reallocated iteratively because when
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the material distorts plastically, stresses must stay on the failure surface.

(a) (b)

Figure 3. Mohr-Coulomb’s Yield surface using principal stress space (a) in 3-D (b) in 2-D.

In general, two methods have been used to solve iterative finite element-based governing
equations. These methods are the tangent stiffness method and the constant stiffness method. The
present work utilized constant stiffness techniques to adjust the loads on the system iteratively in
order to attain convergence through repeated elastic solutions.

The displacement variation (4u) for each load increment (4f) must be solved, and the strain-
displacement matrix is then utilized to obtain the total strain increments as presented in Eqs (9.1) and
(9.2).

[Au]* = [K][Af]¥, (9.1)

[4e]* = [B][4u]*. (9.2)

Changes in strain states respond to the stresses during elastoplastic analysis. The failure or yield
function (F) is determined by evaluating the current stress state. If the failure function is equal to
zero, it means stress states at the failure surface, and less than zero represents the elastic straining
that occurs. If this yield function is greater than zero, material starts deforming plastically, and
present stress state should not cross the failure surface, so the strain states are distributed between
plastic strain (4eP) and elastic strain [4&€] as shown in Eq (10). The yield function is determined for
each gaussian point of all elements separately, which provides precise point information about the
slope in the plastic region.

[Ae]F = [Ae°]* + [AeP]*. (10)

The change in elastic strain is further used to determine the stress component (Ac) using the
elastic constitutive matrix (C), as depicted in Eq (11). This final stress state is achieved by
accumulating this change in stress state (Ac) for all iterations.

[Ac] = [C]. [Ae°] . (11)
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The generated stresses (Ac) are added to preexisting stresses, and the resultant stress is again
utilized to determine the failure condition as given in Eq (12).

[o]* = [o]** + [Ac]k. (12)

If yield occurs (F > 0), then slope points undergo plastic deformation. Plastic straining happens
when the stress condition cannot be maintained for an extended period. The yield function’s value,
which expresses how much the current stress state surpasses the failure condition, determines the
size of the plastic strain rate, or visco-plastic strain rate. The plastic strain rate is expressed in terms
of pseudo-time step (4t), yield function, and plastic potential derivative (0G/da) using Eq (13),
considering associated flow conditions.

[0e?] = at.F.|52] (13)

The visco-plastic strains are further utilized to calculate the residual nodal force for each
gaussian point. The strain state represents the accumulated strain changes from all iterations and is
mathematically expressed in Eq (14).

[4eP]¢ = [AeP]! + [SeP] . (14)

Now, the plastic strains are further utilized to determine the residual forces, which represent the
internal forces remaining in a structure or material after the loads have been removed, which means
incorporating the plasticity. The residual forces arise due to the redistribution of stresses during
plastic deformation and can significantly affect the behavior and stability of the structure. The
collective residue forces of an iteration are again added to the previous step load, and the process
repeats until convergence occurs. The convergence conditions integrate the incremental
displacements, small values of yield function, and strain values, which can be modulated by
tolerance limit conditions.

In elastoplastic analysis, a slope undergoes a number of external loading sequences. We utilized
the yield function and Mohr-Coulomb’s failure criteria to pinpoint the precise nodes where the slope
yields. These nodes are referred to as failure points. This work introduces two novel quantitative
failure parameters: ‘nodal failure’ and ‘probability of nodal failure’. The nodal failure is formulated
as the ratio of the failure node to the total number of nodes for each external loading sequence. The
information about nodal failure can be used to investigate the different loading types and different
magnitudes of loading increments on a slope. Also, the probability of nodal failure is defined as the
average of nodal failures. The probability of nodal failure is characterized by certain loading types,
load increments, and loading sequences. These parameters can be used to investigate slope failures
and comparatively analyze the different types and levels of uncertainties introduced in probabilistic
finite element analysis. The present spatial probabilistic finite element analysis investigates these
parameters for the heterogenous nonlinear benchmark slope.

3. Simulation and result analysis
3.1. Probabilistic finite element modelling of the testbench slope

The benchmark two-dimensional slope geometry is 32 m high and 66 m wide. MATLAB code
models the benchmark slope and presents it in Figure 4. Finite element analysis primarily divides this
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slope into finite numbers of small pieces, known as ‘elements’. This is like substituting a structure
with a finite number of degrees of freedom for one with a limitless number of degrees of freedom.
This process is termed meshing, and the sectionized slope is known as the meshed slope. Figure 5
displays the results of simulating the slope for meshing. The slope is converted into finite numbers of
Q4 elements in the X and Y directions. The element used is of quadrilateral shape and is referred to
as a ‘Q4’ element. It is speculated that each Q4 element has four corner points, or that elements are
connected at specific places known as nodes. Two spatial coordinates, X and Y, can be used to
characterize the geometry, material characteristics, and field variables of the system in a plain strain
analysis.
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Figure 4. The benchmark slope modeled in MATLAB.
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Figure 5. The finite element benchmark slope modeled in MATLAB.

Each element and node of the meshed slope is numbered to use their geometry, material
characteristics, and field variables for calculation and analysis. The first element and first node are
the left-most and bottom-most element and node, respectively. Elements are incrementally numbered
in a left-to-right and bottom-to-top approach. In the same way, nodes are also incrementally
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numbered from left to right and from bottom to top. The total number of elements in the X and Y
directions is 33 and 16, respectively. The total number of nodes in the X and Y directions is 34 and
17, respectively. Figure 5 represents the finite element mesh slope using Q4-shaped elements.

The slope model can map the slope's natural support at the bottom and side boundaries using
appropriate boundary conditions. The boundary condition is a basic way to restrict the movement of
boundary nodes. Natural boundary conditions restrict the movement of side-boundary nodes only in
the Y direction. The bottom node of the slope is restrained in both the X and Y directions. This can
be achieved by defining in X and Y the directional degree of freedom matrix for the respective nodes.
Figure 5 of the meshed slope depicts the restricted nodes in both directions as circles and the X-
direction restrained nodes as squares. These boundary conditions are used not only to map natural
conditions, but also to reduce the model’s complexity. Now, deformations are calculated for
unrestrained nodes of the benchmark slope model only.

The developed slope model is defined using six material properties. These are Young’s modulus
(E), Poisson’s ratio (v), unit weight (y), cohesion (c), friction angle (@), and dilation angle (). The
benchmark slope has both material nonlinearity and geometric nonlinearity. The benchmark slope
has three distinct material layers, comprising different material parameters as listed in Table 1.

Table 1. Material Parameters and their random distributions of the heterogeneous benchmark slope.

Layer 1 Layer 2 Layer 3

r 0 227
Boundary coordinates 8 3(2) 22 102 0 o0 Probability
(each row represents X & Y 66 0 Distribution

. R 42 16 48 12 .

coordinates of layer’s 18 32 42 16 0 22 Function
boundary nodes) 0 32 0 30 0 0 (PDF)

L0 22
Material Parameters Value % CoV  Value %CoV Value % CoV
Young’s E (in kPa) 5000  10% 5000 10% 5000 10% Uniform
Modulus
possons 03  10% 03 10% 03  10% Uniform
Unit Weight ¥ (inkN/m®)  18.82  10% 18.82  10% 18.82  10% Uniform
Cohesion C (in kPa) 29.4 10% 9.8 10% 294 10% Uniform
Z‘};ﬁf” @ (in degree) 12 10% 5 10% 40  10% Uniform
R:g}g’” W (in degree) 12 0% 5 0% 40 10% Uniform

We encompass the spatial probabilistic uniform distribution for material parameters,which is
listed in Table 1 and is presented over the slope space in Figure 6. The random distribution for each
material property has a center value, which is the deterministic value of the material property. The
distribution is characterized by the percentage coefficient of variation (%CoV), which is a measure
of dispersion around the deterministic value of material properties. The uniform probability
distribution function with a 10% CoV in spatial values of material properties is labeled as the first
randomized material properties of the benchmark slope. The frequency distributions of all material
parameters for the first randomized set are represented in Figure 7. In this Figure 7, three material
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parameters (cohesion, friction angle, and dilation angle) are randomized around three different
respective deterministic values of three different layers, as mentioned in Table 1. These histograms
also confirmed that the first set of material parameters is randomized with a CoV value of 10%.

Distribution of Elasticity Const, E (in kPa)

10 20 30 40 50 60

Distribution of friction angle, phi Distribution of dilation angle, tsi

70

Figure 6. Spatial distribution of all six material properties over the slope.
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Figure 7. Frequency distribution plot of material parameters of the benchmark slope.

The detailed distributions of material properties are further used to determine the global
material parameters of the slope. These global material parameters are marked for each node of the
benchmark heterogenous meshed slope. These global material parameters are further used to
determine the global elastic constitutive matrix (C), global pseudo-time stepping (dt), and global
stiffness matrix (K). These global parameter matrices are also distinctly defined for each node of the
slope to effectively map spatial probability distributions of material properties over the slope domain.
These parameters are used to prepare the Mohr-Coulomb elastoplastic slope model and are further
used to calculate the deformations, strains, and stresses globally. This requires solving a large
number of variables and simultaneous equations in loops. A matrix-based approach to the MATLAB
numerical tool can enable and manage complex calculations, providing a suitable platform for better
user-control analysis and representation of the slope system.

3.2. Detailed deformations and failure analysis

In this probabilistic finite element elastoplastic analysis, the testbench heterogenous slope is
considered with the inclusion of the first set of randomizations in material properties (uniform pdf
and 10% CoV), as described in previous Section 3.1. The initial state of global deformations, stresses,
and strains is determined considering the elastic nature of the slope. After that, the slope model
undergoes a step load increment for a fixed number of 100 steps, and corresponding deformation
changes, stress changes, and strain changes for each node of the slope space are assessed. Moreover,
the stress states are used to check the Mohr-Coulomb failure criterion for each gaussian point of the
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element. In this case, the slope demonstrates elastic characteristics, leading to the calculation of
corresponding deformations, stress changes, and strain changes.

If the failure condition is met, then excess stresses and plastic strains are calculated when
considering associative flow conditions. When the failure state materializes, the slope begins to
exhibit plastic behavior, leading to the calculation of plastic strains. Then, in the process of
overestimating stress distribution, plastic strains determine the excess load, and the next loading
sequence utilizes this surplus load. When the stress state only temporarily violates yield, plastic
straining occurs. The value of the failure function, which expresses how much the current stress state
surpasses the yield condition, determines the visco-plastic strain rate. As a result of increasing visco-
plastic stresses over time or through iterations, the material relaxes, and the yield function and visco-
plastic strain rate decrease. When the visco-plastic strain rate moved towards a very low value or
convergence, the incremental plastic strain and stress change, respectively, were equivalent to the
accumulated visco-plastic strains and the corresponding stress change. Moreover, the nodal forces
accumulated due to plastic strains are determined and used in the next iteration until convergence.

The slope model is simulated for 100 steps with a step load increment of -0.1 kN/m, ranging
from 0 KN/m to -10 kN/m. The maximum of 200 iterations can be used to adjust the excess force
generated due to stress distribution while full yielding occurs. The top layer of the slope’s nodes
receives the applied load. The Mohr-Coulomb elastoplastic model is employed as a constitutive slope
model, and deformations for each node are calculated and stored in two arrays of size 578*1, one for
X-direction deformations and the other for Y-direction deformations.

Figure 8 represents the deformations of all nodal points over the slope space, obtained during
the numerical simulation of the testbench slope with 10% CoV. The maximum deformation in the +X
and -Y directions is 0.2129 m and 1.5634 m, respectively. Also, the minimum deformation in the +X
and -Y directions is -0.097 m and 0 m, respectively. The frequency distribution plots of both
deformations were also obtained during analysis and depicted in Figure 9, which gives exact
information on the number of nodes displaced in the X-direction and Y-direction of the XY-plane,
where the slope is situated.

Deformation plot, Ux (in mtrs)
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Figure 8. Deformations profile in X and Y directions for the benchmark slope.
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Figure 9. Frequency distribution of deformations for the benchmark slope.

A three-dimensional matrix for the stress tensor is acquired from the simulation of a MATLAB
based benchmark slope model. The size of the stress tensor matrix is three dimensional and 4*4*528.
The stress matrix stores all four stress components (sigma_xx, sigma_yy, sigma_xy, and sigma_zz)
for each gaussian point in a row. Each gaussian point in an element is associated with four rows. This
4*4 arrangement sub-matrix is spread in the Z-direction, representing the stress information of each
individual element. Figure 10 presents the systematic representations of different axial and shear
stress profiles. Figure 11 also depicts the frequency distribution plots for these stress components,
determined for critical slope analysis. Similarly, a MATLAB-based slope model simulation
determines the strain tensor, and Figure 12 presents axial, shear, and volumetric strain profiles.

Stress plot, sigma__xx (in kPa) Stress plot, sigma__xy (in kPa)

20
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Stress plot, sigma__zz (in kPa)
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Figure 10. Stress profiles of the benchmark slope.
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Figure 11. Stress component frequency distributions of the benchmark slope.
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Figure 12. Strain profiles of the benchmark slope.

The simulation of the two-dimensional slope model under plane strain conditions results in a
relatively long slope in the spatial Z-direction, leading to the assumption of zero axial strain in the
zz-component. The strain profiles comprise strains in xx-component, yy-component, xy-component,
and volumetric strain. Figure 13 also depicts the frequency distribution plots for these strain
components. In this frequency distribution, strain in the XX-plane having both positive and negative
values means nodes are exhibiting tensile and compressive horizontal deformations, while the strain
in the YY-plane is negative, meaning nodes are facing a major compressive effect.
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Figure 13. Strain component frequency distributions of the benchmark slope.

The simulation results also provide information on failure nodes and where the slope yields.
The distribution of these nodes, where a yield function fails or nodes enter the plastic region, is
presented. Figure 14 plots the spatial distribution of failure nodes, or potential yielding regions, over
the benchmark slope and presents these nodes with red asterisks. The recorded data correspond to a
heterogeneous testbench slope with homogeneous material uncertainties of 10% CoV when the slope
was subjected to a step load of -10 kN/m (100th step load sequence) at the top.

35

30

- B A o o

SV Pk de e nn ¥

20

15

10

b |

RS-

0 10 20 30 40 50 60 70

Figure 14. Potential yeilding region for the testbench slope (10% CoV).
The benchmark slope yields a total of 231 to 235 failure nodes, with corresponding nodal failure

percentages of 39.96% and 40.65% under step-load values of 2 kN and 200 kN, respectively. Figure
15 presents the variation of the nodal failure percentage with the step-load sequence, taking into
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account a 10% CoV. When a total of 100 step-loading sequences with a step increment of -0.1 kN/m
are applied to the top edge of the benchmark slope, the percentage probability of nodal failure is
40.646%.

40.7
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40.5 aebbik

40.3 R
40.2
e
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40

%nodal failure in each step-load increment

]

1] 10 20 30 40 50 60 70 80 ] 100
steps loading sequence

Figure 15. Variation of % nodal failure for each step-loading for 10%CoV.

In this elastoplastic analysis, each failure node enters the plastic region a number of times. The
occurrence of a node in the plastic zones depends on the access nodal stress generated due to self-
weight load, external load increment, and residual force exerted against visco-plastic stress
distributions. The visco-plastic excess stress is distributed using the constant stiffness method. In this
iterative analysis, the frequency of yielding of each of the failure nodes is recorded and plotted as
depicted in Figure 16.
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Figure 16. Normalized failure frequency presentation of failure nodes.
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The variation in frequent appearance in yielding can be utilized to define the severity level of
the failure zone. The high value of the failure frequency of a zone represents the more sensitive
failure region. Based on the normalized failure frequency values, Table 2 categorizes failure nodes
into four groups and divides the overall yielding region into four zones. Table 2 also shows and lists
the number of failure nodes in each zone.

Table 2. Identification of failure zones based on normalized failure frequency.

Normalized failure <0.50 0.50 0.75 1
Number of failure Nodes 9 38 8 177
Failure Zones Zone-4 Zone-3 Zone-2 Zone-1

The spatial distributions of zone-wise failure nodes are represented on the testbench slope, as
shown in Figure 17. The failure nodes of zones 1, 2, 3, and 4 are represented by blue- dots, black-
crosses, green asterisks, and red triangles, respectively, in Figure 17.
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Figure 17. Zone wise node failure of the testbench slope (%CoV=10%).
3.3. Effect of different coefficient of variation (CoV) values

The developed slope model is simulated for different values of %CoV using MATLAB. Here,
six randomized sets of material properties are generated, characterized by %CoV values of 0%, 5%,
10%, 20%, 30%, 40%, and 50%, respectively. The top edge of the testbench slope is subjected to
stepwise external loading of 100 steps with a uniform load increment value of -0.1 kN/m. The
changes in %CoV of uniformly randomized material properties are used to analyze the corresponding
variations in slope deformations, stress limits, strain limits, and failure characteristics during the
statistical analysis of the testbench slope. All simulation results are investigated using upper and
lower bound values under finite element limit analysis for different values of CoV.

The boxplot of horizontal and vertical deformations for all six values of %CoV is presented in

AIMS Mathematics Volume 9, Issue 10, 26339-26370.



26360

Figure 18. It is observed that the maximum and minimum values of horizontal deformation are
shifted upwards (+X direction) without significantly changing the median value, and the lower
bound value of Y-direction deformation is reduced as CoV increments.
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Figure 18. Boxplot representation of deformations with %CoV changes.

Figures 19 and 20 also record and represent the optimal points of stress and strain components,
with varying values of %CoV. It is observed that the upper bound values of all axial stresses remain
unchanged, but the upper bound value of shear stress is notably changed as the CoV increases.
Additionally, an increase in CoV has the potential to increase the lower bound values of all stress
components. The axial strain component in the YY-plane remains nearly unchanged as CoV
increases, while the shear strain component experiences the maximum changes. The maximum
percentage change is observed in shear components, so it clearly implies that the benchmark slope is
much more susceptible to shear failure.
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Figure 19. Variation in optimal points of stress components with %CoV changes.
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Figure 20. Variation in optimal points of strain components with %CoV changes.

The failure characteristics parameters, nodal failure, and probability of nodal failure are also
investigated for different values of %CoV in the spatial probabilistic finite element analysis. The
variation of %nodal failure with step-loading (step-load increment of -0.1 kN/m at the top edge of
the slope) is investigated for deterministic material values (CoV = 0) and six different values of
CoVs; thereafter simulation results are plotted, as shown in Figure 21. The nodal failure is increased
with external load increments as well as a rise in CoV values.
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The probability of nodal failures versus %CoV is also plotted using a bar chart in Figure 22.
The probability of nodal failure is also increased as CoV increases. It is also observed that the nodal

failure pattern and probability of nodal failure are not s

tly changed for CoV values of 0%

ignifican

and 5%. A sudden change in nodal failure pattern and probability of nodal failure is identified as

the %CoV crosses the value of 20%, as shown in Figures 21 and 22.
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Figure 22. Changes in % probabilty of nodal failure with %CoV.

Discussion

4.

We explore the behavior of heterogeneous elastoplastic slopes and aim to provide insights into
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the deformations and failure characteristics using the nonlinear spatial probabilistic finite element
method under self-weight and step loading sequences considering different levels of material
uncertainties.

4.1. Deformations and failure analysis

During the numerical simulation of the first randomized material properties set for the test
bench slope (uniform pdf, 10% CoV, and with the application of 100 load steps), detailed
deformation profiles are determined, which provide exact spatial displacement information in both
dimensions at nodal points and are cumulatively represented in Figure 8. The deformation profile of
the benchmark slope has a maximum deformation of 0.2129 m in the X direction and exhibits a
radial deformation pattern near the unconfined slope surface. This radial deformation pattern is
generated due to slope confinement and restrained movement conditions. It is also observed from the
frequency distribution plot of deformation that the number of nodal displacements in the positive X-
direction is very few (<50), and none of the nodes are displaced in the upward Y-direction. In the
same way, the maximum deformation of 1.5639 m in the downward y-direction is observed; hence, it
presents an irregular tensile-compressive type deformation pattern. This behavior is due to the
restraining of Y-direction movement in the bottom and self-weight and step loading in a downward
direction only. It is noteworthy that the toe area lies in layer 2 of the slope, which has low cohesion
and friction angle of 9.8 kPa and 5°, respectively. Thus, the slope exhibits the maximum density of
failure nodes in layer 2, as presented in Figure 14. The variations of tensile-compressive stress and
shear stress spread over the slope surface are observed due to the heterogeneity and spatial
randomization of the slope. The optimal stress components are determined by values of -275.09 kPa,
-607.86 kPa, 72.50 kPa, and -276.85 kPa in the XX-plane, YY-plane, XY-plane, and ZZ-plane,
respectively. The spatial region of higher and positive values of shear stress is mostly confined by
horizontally restrained side boundaries, and some parts are near the toe region of the slope, so the
common area of layer-2 and effective positive shear stress values is the most prominent slope failure
region. Also, the dominant strain component is shear-strain in the XY-plane, with a maximum value
of 367240 pe. The dominant shear strain, downward axial stress, and positive shear stress indicate
that the slope will undergo sliding in the shear plane with a low value of tensile-compressive failure,
so it is reasonably unstable. Although it is validated by the percentage probability of nodal failure
value of 40.646% for the benchmark slope problem, which exhibits an unstable slope condition. A
total of 232 failure nodes are observed for the 100" step-load sequence on the testbench slope. The
failure region is classified into four zones based on normalized nodal failure frequency, as depicted
in Figure 16 and Table 2. The high value of normalized failure frequency represents a more severe
failure zone over the testbench slope, as represented in Figure 17. Inclusion of failure frequency
information with failure nodes provides potential findings for studying crack propagation by
numerical methods.

4.2. Effects of uncertainty levels
The level of uncertainty around deterministic values of material properties is attributed to CoV.

The testbench slope behavior is investigated for the seven different values of %CoV ranging from 0%
to 50%. The finite element limit analysis is used to investigate deformations, stress components, and
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strain components for seven different values of %CoV and is presented in Figures 18-20. The
maximum changes in horizontal deformation limits are observed at 50% CoV, and the corresponding
percentage changes in the lower and upper limits are observed at -29.52% and 7.17%, respectively.
Therefore, the maximum change in deformation is observed at the lower limit of horizontal
deformation. The fusion of the deformation pattern in Figure 8 and the boxplot of deformation
presented in Figure 18 indicate the enhancement of swelling of the toe area and shrinking of the
crown area of the slope surface with an enhancement of uncertainties in material properties.

In the same way, lower limits of all four stress components are effective, varying in proportion
to the CoV. However, the maximum %change in stress is observed at 96.57% in the lower limit of
the stress component in the XX-plane, for the %CoV changing from 0 to 50%. This is due to the rise
in uncertainty in the material properties of the slope, which is confined by the slope's side boundaries,
restraining horizontal movement at both side edges. The magnitude of the upper and lower limit
values of shear stress components increased with the rise in uncertainties, as shown in Figure 19. It is
observed that the rise in upper limit values (positive values) is comparatively larger than the lower
limit (negative values) of shear stress, which means the uncertainties enhance the shear sliding or
slope instability. This is also validated by the rise in probability of nodal failure with an increment in
CoV, as shown in Figure 22. The nodal failure-step loading sequence curve for different values
of %CoV provides a potential insight into uncertainty analysis, as shown in Figure 21. The nodal
failure patterns are not affected much by the rise in %CoV from 0% to 5%; this indicates that the
lower uncertainties (%CoV under 5%) do not affect the failure behavior for the testbench slope. Here,
a sudden rise in the nodal failure curve is observed when the %CoV is equal to or more than
30%. Also, the abrupt rise in probability of nodal failure is recorded for %CoV values changing from
20% to 30%, as represented in Figure 22. This study indicates that if the uncertainty level in material
properties crosses a certain level, the deterministic solutions cannot be considered for stability
analysis, and there is a strict need for the inclusion of uncertainty analysis for correct and effective
instability analysis.

4.3. Limitation and future work

Further refinement of the numerical models and incorporation of more sophisticated soil
constitutive models can enhance the accuracy and reliability of slope stability measurements.
Conducting field investigations and validation studies can improve the numerical analysis's findings
and provide real-world data to improve model calibration and verification. Effective slope stability
analysis can also be used to preserve important physical properties and structures [68, 69].
Additionally, exploring multi-scale approaches that integrate information from laboratory testing,
field observations, and numerical simulations can provide a more comprehensive understanding of
slope behavior across different spatial and temporal scales. The present modeling and analysis are
also used for a set framework for Monte-Carlo analysis and sensitivity analysis of slope properties,
including multi-level spatial material variabilities and spatiotemporal randomization, which can be
further used in reliability and risk analysis.

5. Conclusions

We employ modeling and analysis of advanced numerical techniques to simulate the complex
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behavior of heterogeneous slopes using the MATLAB platform. Nonlinear PFEM accounts for both
material and geometric nonlinearities and probabilistic aspects effectively in slope stability analysis.
The developed slope model incorporates the quantitative spatial uncertainties in terms of %CoV in
slope material properties using PFEM. After that, numerical simulation is successfully performed,
and detailed information about deformations, stress patterns, strain patterns, possible pre-failure
zones, and failure features of heterogeneous slopes is acquired. Additionally, two novel quantitative
parameters are introduced and computed to shed more light on failure investigations: nodal failure
and probability of nodal failure in this probabilistic finite element analysis. Overall, this study offers
a comprehensive framework for more realistic elastoplastic modeling and a novel approach to
analyzing the detailed deformation and failure characteristics of a geotechnical slope. The main
conclusions for the present research work are as follows:

e The failure region is mostly found in layer 2 of the benchmark slope, as it has a low value of
cohesion and friction angle.

e Considering 10% CoV in all six material properties, the benchmark slope's horizontal
deformation profile displays a radial deformation pattern close to the unconfined slope surface, with
a minimum and maximum deformation of -0.099 m and 0.2129 m, respectively.

e The testbench slope exhibited an uneven tensile-compressive type deformation pattern due to the
maximum deformation of 1.5639 m in a downward y-direction for 10% CoV. The whole Y-direction
nodal deformations are in a downward direction only. This behavior is caused by self-weight, step
loading in a downhill direction exclusively, and restriction of Y-direction movement at the bottom.

e The extreme value of stress components is -263.6 kPa, -600.9 kPa, and 71.4 kPa in XX-plane,
YY-plane, and XY-plane, respectively, and the extreme value of strain components is 8700 pe, 3400
ue, and 36000 pe in XX-plane, YY-plane, and XY-plane, respectively, for the first set of randomized
material uncertainties of 10%.

e For every load step, the percentage nodal failure of the test bench slope of 10% CoV is
calculated and varies from 39.69% to 40.13% for 100 successive step loading sequences. The failure
region is further divided into four zones based on the normalized failure frequency to facilitate a
more thorough and comparative failure analysis.

e Maximum deviations are observed in the lower limit of horizontal displacement, while varying
material uncertainties exist for the testbench slope. The %changes in the lower limit of the horizontal
deformation with respect to its deterministic boundary value are -2.38%, -4.88%, -10.27%, -16.17%,
-22.58%, and -29.52, for %CoV values of 5%, 10%, 20%, 30%, 40%, and 50%, respectively. This
indicates that the X-direction deformation decreased as the %CoV increased.

e The upper and lower bound values of the shear stress components also increased in magnitude as
material uncertainties increased. Furthermore, the increase in the upper limit values (positive values)
of shear stress is significantly greater than the decrease in the lower limit values (negative values),
indicating that the rise in material uncertainties amplify the shear sliding and slope instability.

e The failure characteristic parameter, the percentage probability of nodal failures, is increased
with an increment in %CoV. The percentage probability of nodal failures for the testbench slope is
observed at 39.86%, 40.46%, 40.84%, 41.78%, 41.93%, and 42.09% for %CoV values of 5%, 10%,
20%, 30%, 40%, and 50%, respectively.

e The sudden changes between nodal failure curves of different %CoVs are used for defining an
acceptable threshold of uncertainties and for considering deterministic solutions. Deterministic
solutions for the testbench slope cannot be taken into consideration if the amount of uncertainty
exceeds 20%.
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It can be summarized that by integrating probabilistic methods and finite element methods into slope
stability analysis, engineers can estimate pre-failure precisely, analyze detailed deformations, stresses,
and strains efficiently; thus, they can effective decisions, manage risks and mitigation efficiently, and
enhance the resilience of slope infrastructure in geotechnical projects.

Author contributions

Peeyush Garg: conceptualization, data curation, formal analysis, methodology, software,
writing—original draft, writing—review & editing; Pradeep Kumar Gautam: conceptualization, formal
analysis, methodology, validation, writing—original draft, writing—review & editing; Amit Kumar
Verma: formal analysis, writing—review & editing, supervision; Gnananandh Budi: formal analysis,
writing—review & editing, supervision. All authors have read and approved the final version of the
manuscript for publication.

Acknowledgments

We would like to extend our sincere gratitude to the editors and reviewers for their invaluable
feedback and guidance throughout the review process.

Conflict of interest
The authors declare no conflicts of interest.
References

1. A. K. Turner, Social and environmental impacts of landslides, Innov. Infrastruct. Solut., 3 (2018),
70. https://doi.org/10.1007/s41062-018-0175-y

2. P. Lacroix, A. L. Handwerger, G. Bievre, Life and death of slow-moving landslides, Nat. Rev.
Earth Environ., 1 (2020), 404-419. https://doi.org/10.1038/s43017-020-0072-8

3. S. T. McColl, Landslide causes and triggers, In: Landslide Aazards, risks, and disasters, 2 Eds.,
Amsterdam: Elsevier, 2022, 13-41. https://doi.org/10.1016/B978-0-12-818464-6.00011-1

4. R. Paranunzio, M. Chiarle, F. Laio, G.. Nigrelli, L. Turconi, F. Luino, New insights in the
relation between climate and slope failures at high-elevation sites, Theor. Appl. Climatol., 137
(2019), 1765-1784. https://doi.org/10.1007/s00704-018-2673-4

5. J. F. Shroder, L. Cverckova K. L. Mulhern, Slope-failure analysis and classification: Review of
a century of effort, Phys. Geogr, 26 (2005), 216-247. https://doi.org/10.2747/0272-
3646.26.3.216

6. M. J. Froude, D. N. Petley, Global fatal landslide occurrence from 2004 to 2016, Nat. Hazards
Earth Syst. Sci., 18 (2018), 2161-2181. https://doi.org/10.5194/nhess-18-2161-2018

7. A. Braathen, L. H. Blikra, S. S. Berg, F. Karlsen, Rock-slope failures in Norway; type, geometry,
deformation mechanisms and stability, Norw. J. Geol., 84 (2004), 67-88.

8. J. M. Duncan, State of the art: limit equilibrium and finite-element analysis of slopes, Journal of
Geotechnical Engineering, 122 (1996), 577-596. https://doi.org/10.1061/(ASCE)0733-
9410(1996)122:7(577)

AIMS Mathematics Volume 9, Issue 10, 26339-26370.


https://doi.org/10.1007/s41062-018-0175-y
https://doi.org/10.1038/s43017-020-0072-8
https://doi.org/10.1016/B978-0-12-818464-6.00011-1
https://doi.org/10.1007/s00704-018-2673-4
https://doi.org/10.2747/0272-3646.26.3.216
https://doi.org/10.2747/0272-3646.26.3.216
https://doi.org/10.5194/nhess-18-2161-2018
https://doi.org/10.1061/(ASCE)0733-9410(1996)122:7(577)
https://doi.org/10.1061/(ASCE)0733-9410(1996)122:7(577)

26367

9. Y. H. Huang, Slope stability analysis by the limit equilibrium method: Fundamentals and
methods, Reston: ASCE Press, 2013. https://doi.org/10.1061/9780784412886

10. W. F. Chen, Limit analysis and soil plasticity, Burlington: Elsevier, 2013.

11. B. Leshchinsky, S. Ambauen, Limit equilibrium and limit analysis: comparison of benchmark
slope stability problems, J. Geotech. Geoenviron., 141 (2015), 04015043.
https://doi.org/10.1061/(ASCE)GT.1943-5606.0001347

12. A. Burman, S. P. Acharya, R. Sahay, D. Maity, A comparative study of slope stability analysis
using traditional limit equilibrium method and finite element method, Asian Journal of Civil
Engineering, 16 (2015), 467-492.

13. R. K. H. Ching, D. G. Fredlund, Some difficulties associated with the limit equilibrium method
of slices, Can. Geotech. J., 20 (1983), 661-672. https://doi.org/10.1139/t83-074

14. S. Ullah, M. U. Khan, G. Rehman, A brief review of the slope stability analysis methods,
Geological Behavior, 4 (2020), 73-77. https://doi.org/10.26480/gbr.02.2020.73.77

15. Y. N. Zheng, L. F. Zheng, H. Y. Zhan, Q. F. Huang, C. J. Jia, Z. Li, Study on failure mechanism
of soil-rock slope with FDM-DEM method, Sustainability, 14 (2022), 17015.
https://doi.org/10.3390/su142417015

16. Z.Y.Yin,J. C. Teng, H. L. Wang, Y. F. Jin, A MATLAB-based educational platform for analysis
of slope  stabilityy, Comput. Appl. Eng. Educ.,, 30 (2022), 575-588.
https://doi.org/10.1002/cae.22474

17. G. R. Lindfield, J. E. T. Penny, Numerical methods: using MATLAB, 3 Eds., New York:
Academic Press, 2012. https://doi.org/10.1016/C2010-0-67189-6

18. L. Y. Zhang, W. M. Shi, Y. R. Zheng, The slope stability analysis by FEM under the plane strain
condition, Chinese Journal of Geotechnical Engineering, 24 (2002), 487—-490.

19. F. Darve, F. Laouafa, Plane strain instabilities in soil: application to slopes stability, In:
Numerical models in geomechanics, Boca Raton: CRC Press, 2020, 85-90. https://doi.org/
10.1201/9781003078548-16

20. E. M. Dawson, W. H. Roth, Slope stability analysis with FLAC, In: FLAC and numerical
modeling in geomechanics, Boca Raton: CRC Press, 2020, 3-9. https://doi.org/
10.1201/9781003078531-2

21. Y. L. Tan, J. J. Cao, W. X. Xiang, W. Z. Xu, J. W. Tian, Y. Gou, Slope stability analysis of
saturated—unsaturated based on the GEO-studio: a case study of Xinchang slope in Lanping
County, Yunnan Province, China, Environ. Earth Sci., 82 (2023), 322.
https://doi.org/10.1007/s12665-023-11006-x

22. A. Torok, A. Barsi, G. Bogoly, T. Lovas, A. Somogyi, P. G&réy, Slope stability and rockfall
assessment of volcanic tuffs using RPAS with 2-D FEM slope modelling, Nat. Hazards Earth
Syst. Sci., 18 (2018), 583-597. https://doi.org/10.5194/nhess-18-583-2018

23. R. Singh, R. K. Umrao, T. N. Singh, Hill slope stability analysis using two and three dimensions
analysis: A comparative study, J. Geol. Soc. India, 89 (2017), 295-302.
https://doi.org/10.1007/s12594-017-0602-2

24. D. V. Griffiths, G. A. Fenton, Probabilistic slope stability analysis by finite elements, J. Geotech.
Geoenviron., 130 (2004), 507-518. https://doi.org/10.1061/(ASCE)1090-0241(2004)130:5(507)

25. J. M. Duncan, Factors of safety and reliability in geotechnical engineering, J. Geotech.
Geoenviron., 126 (2000), 307-316. https://doi.org/10.1061/(ASCE)1090-0241(2000)126:4(307)

AIMS Mathematics Volume 9, Issue 10, 26339-26370.


https://doi.org/10.1061/9780784412886 
https://doi.org/10.1061/(ASCE)GT.1943-5606.0001347
https://doi.org/10.1139/t83-074
https://doi.org/10.26480/gbr.02.2020.73.77
https://doi.org/10.3390/su142417015
https://doi.org/10.1002/cae.22474
https://doi.org/10.1016/C2010-0-67189-6
https://doi.org/%2010.1201/9781003078548-16
https://doi.org/%2010.1201/9781003078548-16
https://doi.org/10.1201/9781003078531
https://doi.org/10.1201/9781003078531
https://doi.org/10.1007/s12665-023-11006-x
https://doi.org/10.5194/nhess-18-583-2018
https://doi.org/10.1007/s12594-017-0602-2
https://doi.org/10.1061/(ASCE)1090-0241(2004)130:5(507)
https://doi.org/10.1061/(ASCE)1090-0241(2000)126:4(307)

26368

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

K. Farah, M. Ltifi, T. Abichou, H. Hassis, Comparison of different probabilistic methods for
analyzing slope stability, Int. J. Civ. Eng., 12 (2014), 264-268.

V. Renaud, M. A. Heib, Probabilistic slope stability analysis: A novel distribution for soils
exhibiting highly variable spatial properties, Probabilist. Eng. Mech., 76 (2024), 103586.
https://doi.org/10.1016/j.probengmech.2024.103586

M. Matsuo, K. Kuroda, Probabilistic approach to design of embankments, Soils Found., 14
(1974), 1-17. https://doi.org/10.3208/sandf1972.14.2 1

A. Alfredo, H. Wilson, Probability concepts in engineering planning and design, New York:
John Wiley & Sons, 1975.

E. E. Alonso, Risk analysis of slopes and its application to slopes in Canadian sensitive clays,
Geotechnique, 26 (1976), 453-472. https://doi.org/10.1680/geot.1976.26.3.453

E. H. Vanmarcke, Reliability of earth slopes, Journal of the Geotechnical Engineering Division,
103 (1977), 1247-1265. https://doi.org/10.1061/AJGEB6.00005

O. Ditlevsen, P. Bjerager, Methods of structural systems reliability, Struct. Saf., 3 (1986), 195-
229. https://doi.org/10.1016/0167-4730(86)90004-4

H. ElI-Ramly, N. R. Morgenstern, D. M. Cruden, Probabilistic slope stability analysis for
practice, Can. Geotech. J., 39 (2002), 665-683. https://doi.org/10.1139/t02-034

O. D. Ditlevsen, H. O. Madsen, Structural reliability methods, Chichester: John Wiley & Sons,
1996.

I. E. Zevgolis, A. V. Deliveris, N. C. Koukouzas, Probabilistic design optimization and
simplified geotechnical risk analysis for large open pit excavations, Comput. Geotech., 103
(2018), 153-164. https://doi.org/10.1016/j.compge0.2018.07.024

C. Obregon, H. Mitri, Probabilistic approach for open pit bench slope stability analysis—A mine
case study, Int. J. Min. Sci. Techno., 29 (2019), 629-640.
https://doi.org/10.1016/j.ijmst.2019.06.017

V. Merrien-Soukatchoff, T. Korini, A. Thoraval, Use of an integrated discrete fracture network
code for stochastic stability analyses of fractured rock masses, Rock Mech. Rock Eng., 45 (2012),
159-181. https://doi.org/10.1007/s00603-011-0136-7

L. J. Wu, H. X. Zhang, X. H. Yang, F. R. Wang, A second-order finite difference method for the
multi-term fourth-order integral—differential equations on graded meshes, Comp. Appl. Math.,
41 (2022), 313. https://doi.org/10.1007/s40314-022-02026-7

X. H. Yang, Z. M. Zhang, Analysis of a new NFV scheme preserving DMP for two-dimensional
sub-diffusion equation on distorted meshes, J. Sci. Comput.,, 99 (2024), 80.
https://doi.org/10.1007/s10915-024-02511-7

W. Wang, H. X. Zhang, Z. Y. Zhou, X. H. Yang, A fast compact finite difference scheme for the
fourth-order diffusion-wave equation, Int. J. Comput. Math., 101 (2024), 170-193.
https://doi.org/10.1080/00207160.2024.2323985

X. H. Yang, W. L. Qiu, H. X. Zhang, L. Tang, An efficient alternating direction implicit finite
difference scheme for the three-dimensional time-fractional telegraph equation, Comput. Math.
Appl., 102 (2021), 233-247. https://doi.org/10.1016/j.camwa.2021.10.021

M. L. Napoli, M. Barbero, E. Ravera, C. Scavia, A stochastic approach to slope stability analysis
in bimrocks, Int. J. Rock Mech. Min., 101 (2018), 41-49.
https://doi.org/10.1016/j.ijrmms.2017.11.009

AIMS Mathematics Volume 9, Issue 10, 26339-26370.


https://doi.org/10.1016/j.probengmech.2024.103586
https://doi.org/10.3208/sandf1972.14.2_1
https://doi.org/10.1680/geot.1976.26.3.453
https://doi.org/10.1061/AJGEB6.00005
https://doi.org/10.1016/0167-4730(86)90004-4
https://doi.org/10.1139/t02-034
https://doi.org/10.1016/j.compgeo.2018.07.024
https://doi.org/10.1016/j.ijmst.2019.06.017
https://doi.org/10.1007/s00603-011-0136-7
https://doi.org/10.1007/s40314-022-02026-7
https://doi.org/10.1007/s10915-024-02511-7
https://doi.org/10.1080/00207160.2024.2323985
https://doi.org/10.1016/j.camwa.2021.10.021
https://doi.org/10.1016/j.ijrmms.2017.11.009

26369

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54,

55.

56.

57,

I. Molchanov, Foundations of stochastic geometry and theory of random sets, In: Stochastic
geometry, spatial statistics and random fields, Berlin: Springer, 2012, 1-20.
https://doi.org/10.1007/978-3-642-33305-7_1

D. V. Griffiths, J. S. Huang, G. A. Fenton, Influence of spatial variability on slope reliability
using 2-D random fields, J. Geotech. Geoenvirong., 135 (2009), 1367-1378.
https://doi.org/10.1061/(ASCE)GT.1943-5606.0000099

A. M. Afrapoli, M. Osanloo, Determination and stability analysis of ultimate open-pit slope
under geomechanical uncertainty, Int. J. Min. Sci. Techno., 24 (2014), 105-110.
https://doi.org/10.1016/j.ijmst.2013.12.018

H. Shen, S. M. Abbas, Rock slope reliability analysis based on distinct element method and
random  set theory, Int. J. Rock Mech. Min, 61 (2013), 15-22.
https://doi.org/10.1016/j.ijrmms.2013.02.003

R. G. Ghanem, P. D. Spanos, Stochastic finite elements: A spectral approach, New York: Dover
Publications, 2003. https://doi.org/ 10.1007/978-1-4612-3094-6

X. Li, Q. L. Liao, J. M. He, In-situ tests and a stochastic structural model of rock and soil
aggregate in the Three Gorges Reservoir area, China, Int. J. Rock Mech. Min., 41 (2004), 702—
707. https://doi.org/10.1016/j.ijrmms.2004.03.122

B. Pandit, G. Tiwari, G. M. Latha, G. L. S. Babu, Stability analysis of a large gold mine open-pit
slope using advanced probabilistic method, Rock Mech. Rock Eng., 51 (2018), 2153-2174.
https://doi.org/10.1007/s00603-018-1465-6

S. Sharma, I. Roy, Slope failure of waste rock dump at Jayant opencast mine, India: A case study,
International Journal of Applied Engineering Research, 10 (2015), 33006-33012.

M. R. Bishwal, P. Sen, M. Jawed, Characterization of shear strength properties of spoil dump
based on their constituent material, International Journal of Applied Engineering Research, 12
(2017), 8590-8594.

C. Oggeri, R. Vinai, Characterisation of geomaterials and non-conventional waste streams for
their reuse as engineered materials, E3S Web of Conferences, 2020, 06002.
https://doi.org/10.1051/e3sconf/202019506002

I. E. Zevgolis, Geotechnical characterization of mining rock waste dumps in central Evia,
Greece, Environ. Earth Sci., 77 (2018), 566. https://doi.org/10.1007/5s12665-018-7743-5

I. E. Zevgolis, A. I. Theocharis, A. V. Deliveris, N. C. Koukouzas, C. Roumpos, A. M. Marshall,
Geotechnical characterization of fine-grained spoil material from surface coal mines, J. Geotech.
Geoenviron., 147 (2021), 04021050. https://doi.org/10.1061/(ASCE)GT.1943-5606.0002550

K. Arai, K. Tagyo, Determination of noncircular slip surface giving the minimum factor of
safety in  slope stability analysis, Soils Found., 25 (1985), 43-51.
https://doi.org/10.3208/sandf1972.25.43

S. H. Li, L. Z. Wu, An improved salp swarm algorithm for locating critical slip surface of slopes,
Arab. J. Geosci., 14 (2021), 359. https://doi.org/10.1007/s12517-021-06687-2

J. Singh, A. K. Verma, H. Banka, R. Kumar, A. Jaiswal, Optics-based metaheuristic approach to
assess critical failure surfaces in both circular and non-circular failure modes for slope stability
analysis, Rock Mechanics Bulletin, 3 (2024), 100084.
https://doi.org/10.1016/j.rockmb.2023.100084

AIMS Mathematics Volume 9, Issue 10, 26339-26370.


https://doi.org/10.1007/978-3-642-33305-7_1
https://doi.org/10.1061/(ASCE)GT.1943-5606.0000099
https://doi.org/10.1016/j.ijmst.2013.12.018
https://doi.org/10.1016/j.ijrmms.2013.02.003
https://doi.org/10.1007/978-1-4612-3094-6
https://doi.org/10.1016/j.ijrmms.2004.03.122
https://doi.org/10.1007/s00603-018-1465-6
https://doi.org/10.1051/e3sconf/202019506002
https://doi.org/10.1007/s12665-018-7743-5
https://doi.org/10.1061/(ASCE)GT.1943-5606.0002550
https://doi.org/10.3208/sandf1972.25.43
https://doi.org/10.1007/s12517-021-06687-2
https://doi.org/10.1016/j.rockmb.2023.100084

26370

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

A. R. Kashani, R. Chiong, S. Mirjalili, A. H. Gandomi, Particle swarm optimization variants for
solving geotechnical problems: review and comparative analysis, Arch. Computat. Methods
Eng., 28 (2021), 1871-1927. https://doi.org/10.1007/s11831-020-09442-0

J. Singh, H. Banka, A. K. Verma, Locating critical failure surface using meta-heuristic
approaches: A comparative assessment, Arab. J. Geosci., 12 (2019), 307.
https://doi.org/10.1007/s12517-019-4435-8

Z. Y. Xiao, B. Tian, X. C. Lu, Locating the critical slip surface in a slope stability analysis by
enhanced  fireworks  algorithm, Cluster ~ Comput., 22 (2019), 719-729.
https://doi.org/10.1007/s10586-017-1196-6

N. Himanshu, A. Burman, V. Kumar, Assessment of optimum location of non-circular failure
surface in soil slope using unified particle swarm optimization, Geotech. Geol. Eng., 38 (2020),
2061-2083. https://doi.org/10.1007/s10706-019-01148-w

O. C. Zienkiewicz, R. L. Taylor, J. Z. Zhu, The finite element method: its basis and
fundamentals, Oxford: Butterworth-Heinemann, 2013. https://doi.org/10.1016/C2009-0-24909-9
K. H. Huebner, D. L. Dewhirst, D. E. Smith, T. G. Byrom, The finite element method for
engineers, 4 Eds., New York: John Wiley & Sons, 2001.

H. Nguyen-Xuan, S. Bordas, H. Nguyen-Dang, Smooth finite element methods: convergence,
accuracy and properties, Int. J. Numer. Meth. Eng., 74 (2008), 175-208.
https://doi.org/10.1002/nme.2146

P. Duxbury, X. K. Li, Development of elasto-plastic material models in a natural coordinate
system, Comput. Method. Appl. M., 135 (1996), 283-306. https://doi.org/10.1016/0045-
7825(95)00950-7

L. E. Baker, R. S. Sandhu, Application of Elasto-Plastic analysis in rock mechanics by finite
element method, The 11th U.S. Symposium on Rock Mechanics (USRMS), Berkeley, California,,
1969.

H. Zheng, D. F. Liu, C. G. Li, Slope stability analysis based on elasto-plastic finite element
method, Int. J. Numer. Meth. Eng., 64 (2005), 1871-1888. https://doi.org/10.1002/nme.1406

X. H. Yang, H. X. Zhang, The uniform I! long-time behavior of time discretization for time-
fractional partial differential equations with nonsmooth data, Appl. Math. Lett., 124 (2022),
107644. https://doi.org/10.1016/j.am1.2021.107644

X. H. Yang, H. X. Zhang, Q. Zhang, G. W. Yuan, Z. Q. Sheng, The finite volume scheme
preserving maximum principle for two-dimensional time-fractional Fokker—Planck equations on
distorted meshes, Appl. Math. Lett., 97 (2019), 99-106.
https://doi.org/10.1016/j.amI.2019.05.030

© 2024 the Author(s), licensee AIMS Press. This is an open access

MS ATMS Press  article distributed under the terms of the Creative Commons

Attribution License (https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 10, 26339-26370.


https://doi.org/10.1007/s11831-020-09442-0
https://doi.org/10.1007/s12517-019-4435-8
https://doi.org/10.1007/s10586-017-1196-6
https://doi.org/10.1007/s10706-019-01148-w
https://doi.org/10.1016/C2009-0-24909-9
https://doi.org/10.1002/nme.2146
https://doi.org/10.1016/0045-7825(95)00950-7
https://doi.org/10.1016/0045-7825(95)00950-7
https://doi.org/10.1002/nme.1406
https://doi.org/10.1016/j.aml.2021.107644
https://doi.org/10.1016/j.aml.2019.05.030

