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1. Introduction

Let D be the open unit disk in the complex plane C. As usual, L?(D) denotes the Hilbert space of
all Lebesgue square integrable functions on D with the inner product

(frg) = fD FQFDAAR),

for f,g € L*(D), where dA is the normalized area measure on D. The Bergman space L2(D) is the
subset of L*(D), consisting of all analytic functions on D. Let P be the orthogonal projection from
L*(D) onto LX(D), then
f(@)
Pf(w) = ————dA(2),
Fow) fD(l—zmz )
forw € D and f € L*(D). For each z € D, the reproducing kernel function in the Bergman space is

denoted by K, which is given by
1

 PE—— e D.
-z "

K. (w) =

It is clear that {e,}'<) forms an orthonormal basis for L2(D), where e,(w) = Vn + 1w", see [1].
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Let L*(D) be the set of all bounded measurable functions on D. Fix f € L*(D), the Toeplitz
operator 7 s on the Bergman space is defined by

Tsg = P(fg), ge€ LAD).

Toeplitz operators and matrices have applications in control and signal-processing, see [2]. The
harmonic Bergman space Lﬁ(D) is the collection of all harmonic functions in L*(D). Define a unitary
operator K : L2 — Lz by K(ea,) = e, and K(e2,11) = €,+1 for non-negative integers n. The H-Toeplitz
operator By with symbol f on the Bergman space is defined by

Bsg = P(fK(9)), g€ L(D).

One may check that B; is not the identity operator.

Commuting Toeplitz operators has been studied on various function spaces in recent years. In [3],
Brown and Halmos obtained the necessary and sufficient conditions for commuting Toeplitz operators
on the Hardy space. In [4], Axler and Cuckovic proved a similar result for Toeplitz operators with
bounded harmonic symbols on the Bergman space. In [5], Louhichi and Zakariasy studied the same
problem with the quasihomogeneous symbols. All known results have shown that the characterization
of commuting Toeplitz operators is quite hard.

In 2007, Arora and Paliwal [6] studied the H-Toeplitz operator which have clubbed the notion
of Toeplitz and Hankel operators together on the Hardy space. But this operator is neither Toeplitz
nor Hankel operator. They also described the partial isometry, compact and hyponormal properties
of H-Toeplitz operators on the Hardy space in their paper. In 2021, Gupta and Singh first studied
the H-Toeplitz operator on the Bergman space [7]. They described the commutativity of H-Toeplitz
operators with analytic symbols which have nonzero real coefficients {a,} % and {b,}'%) satisfying

n=0
I;Z—:’k‘ > % for any n and k. In 2022, Liang et al. characterized the commuting H-Toeplitz operators
with quasihomogeneous symbols on the Bergman space [8]. The obtained results in [7, 8] show that
the commutativity of H-Toeplitz operators is quite different from the case of Toeplitz operators.

Some other properties of the H-Toeplitz operator have been studied. In 2022, Kim and Lee give
the necessary and sufficient conditions for contractive and expansive H-Toeplitz operators, see [9]. In
2023, Ding and Chen characterize the case when the product of two H-Toeplitz operators is another
H-Toeplitz operator with one general and another quasthomogeneous symbols, and also describe the
product of the H-Toeplitz operator and the Toeplitz operator to be another H-Toeplitz operator with
certain harmonic symbols, see [10].

Motivated by the above, in this paper we will characterize the commuting two H-Toeplitz operators
and the commuting Toeplitz and H-Toeplitz operators on the Bergman space as an extension to the
study of Toeplitz operators on the Bergman space. We will obtain several results as follows.

Theorem 1.1. Suppose pi, p2, q1, q2 are positive integers, f = aywP' + a;wP2, g = byw?" + bywe.
Then, B¢B, = B,By if and only if there exist a, 8 € C, |a| + |B| # O such that af + g = 0.

Theorem 1.2. Suppose f is a bounded harmonic function on D. Let p be a non-negative integer, then
B,»By = B¢B,,» if and only if there exist ¢ € C such that f = cw?.

The above two results show that two H-Toeplitz operators with certain harmonic symbols commute
when two symbols are linearly dependent. The following result shows that, if a H-Toeplitz operator
and a Toeplitz operator with non-harmonic symbols commute, the symbols are either constant or zero.
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Theorem 1.3. Let ¢ be a bounded radial function and p be a non-negative integer. Suppose

f= " e L°D),

k>0

where each ¢y is a bounded radial function. Then, T(B,img = BeinyT s holds if and only if ¢ = 0 or f is
a constant.

The contents of the paper are organized as follows. In Section 2, we shall collect some results
as preliminaries which will be used frequently in this paper. In Section 3, we study the commuting
H-Toeplitz operators with certain harmonic symbols and prove Theorems 1.1 and 1.2. In Section 4,
we focus on the commutativity of a H-Toeplitz operator and a Toeplitz operator with non-harmonic
symbols, which proves Theorem 1.3.

2. Preliminaries

In this section, we present some useful lemmas which come from [8].

Lemma 2.1. Let p be a non-negative integer. For any non-negative n,

n+1
B,» 2ny _ n+p,
=N g

n+2 p-n
r " p-n—1 <p-1
Buw ) =dNn+2p+1" UEPTE
0 , n>p—1,
n+ln-p+1
n—p >
B ={\N2n+1 n+1 © > "5P
0 , n<p,

B (w1 = 0.
Lemma 2.2. Let p and q be non-negative integers, then the following statements are equivalent:

(]) B,»B,a = BB,
(2) Bwl’BWq = BWquﬂ,
(3) p=q

Lemma 2.3. Let p be a non-negative integer, then B,,» Byr = Byr B,,» if and only if p = 0.

Lemma 2.4. Let p and q be different non-negative integers, a,b € C, then B> By = BpyaBar if and
only if ab = 0.
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3. The proof of Theorems 1.1 and 1.2

In this section, we prove the necessary and sufficient conditions for the commutativity of two H-
Toeplitz operators with certain harmonic symbols. First, we consider harmonic monomial symbols.

Proof of Theorem 1.1. The sufliciency is obvious, so now we prove the necessity. Suppose B;B, =
B,By. It is noted that

BB, = a,b, B, Bya + a1b,B,n By + @by By By + ayby By By, (3.1)

Bng = blaleql B, + b_zaleql By + bla_zBqu B,»n + bzazBWiz By . (32)
By Lemma 2.1, for any non-negative integers n, it follows from the above that

BfBg(W2n+1) = (Cllb]BWm Bwa + a_Zb]Bwf’szql )(W2n+l)’

Bng(w2n+1) = (byaB,,2 B,,»1 + b1a;By9 B,p: )(WZ"H),

Case 1. We consider the case of p; # ¢.

For this case, we will first obtain a;b; = 0. Without loss of generality, we assume p;<q;. It is
divided into the following two cases.
Case 1.1. Let py = q; — 1, then p; — 1<g; — 1. Letn = ¢q; — 1,

BB,(w* ") = (a1byB,yn B, + @2b Byyr2 By (W)

but
Bng(qu]_l) = (bla]BW‘H Bwl’l + bla_sz‘QBWpl )(WZq]_l) = 0’

therefore we have a,b, = 0.
Case 1.2. Let p;<q; — 1, then p; — 1<q; — 2. Letn = g; — 2,
ByB,(W*"' ™) = (a1b\ By Byar + @b By By ) (w1 )

q1 2 14 WPl
26]1—2ql+1p1+1

=a;b

b

but
Bng(qul_S) = (blaleql Bwr"l + bla_ZBquBwpl )(W2q1_3) = 0,

we also get a;b; = 0.
The above two cases show that a; = 0 or b; = 0 when p; # ¢,. Based on this, we will get a,b; = 0.
For this, the argument is also divided into the following two cases.
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Case 1.3. Leta; = 0. Then f = a,wr2, g = byw? + byw?. Choose n > max{q,, p»}, then

BfBg(Wzn) = Buzwszblw‘n +hywi2 (Wzn)
n+1 —n—qg+1 _ (3.3)
= @3B (bW + by —— 2y
g 1B (b n+ 1 )

2 2
BgBs(w ") = Bblwtn +b2quBa2sz (w™)

n+1 n—py+1 - (3.4)
2+ 12 S

Case 1.3.1. If both ¢, and ¢, are even, choose n > 2(q; + p, + g») where n is even, then (3.3) becomes

+1 ([]-H’l +1 q1+n +1 +n
7o LIRS
2n+ 1 g +n+1 ‘“T +1

—_n — +1 nq2+1
+b2n e

(3.5)

%—Pz)
w .
n+1 n—q,+1 %+1

Note that, L3
Now, if p, is also even, then for even n > 2(q; + p> + q>), (3.4) becomes

n+l1_n—-—p,+1 n_2p2+1 n-py —n_zpz—cl2+1 n=py _
N e S S B LR ) (3.6)
2n+1a2 n+1 n—p2+1(lw 2 m W )

Note that, ¢, + =52 > =52 — g».
Comparing With (3.5) and (3.6) and observing the degree of w, we have that: If q‘; =

_p2:

and =2 — p, then p, = —¢i, p» = ¢». Under this condition, p, = —q;, which is a
contradlctlon since p,, g2, q; are positive integers. Hence, a;b; = 0, p; = ¢,. If ‘“+" -p="F -
or g, + =2 = 52 — ps, it means that the coefficient of the biggest degree of w in e1ther (3.6) or (3.5)

1S zero. Hence a2b1 =0.

If p, is odd, for even n > 2(q, + p2 + q»), (3.4) equals to zero. Immediately, it follows from (3.5)
that a;b; = 0.
Case 1.3.2. If both ¢; and ¢, are odd, let n > 2(g; + p> + g») where n is odd, meaning that both g, — n
and g, — n are even, then (3.5) still holds. If p; is odd then p, — n is even, (3.6) is still true, with the
similar argument as done before, we have a;b; = 0, p, = ¢». If p, is even, (3.4) becomes zero, then
ab; = 0 is similarly as above.
Case 1.3.3. If one of ¢, and ¢, is even and another is odd: Assume that ¢, is even, we can choose the
even n satisfying n > 2(q; + p» + ¢»). For (3.3) equals (3.4),

= n+1 q1+n +1 q1+n - pz +1 q1+n_p2 0, P2 s Odd,
a \/ 2 =
"Non+1 g +n+1 ql*” (3.6), p,iseven.

We see the degree of w in above equation satisfies either L5 — p, = g + =2 q‘; "=
or q‘+" — p2 = 0. Each of these three conditions implies azbl 0. If ¢y is odd we can choose the odd

n satlsfymg n > 2(qy + p2 + g2). With the similar argument, we also have a;b; = 0.
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In summary, when a; = 0, we get a,b; = 0. If a; = a; = 0, then f = 0. If a; = by = 0, then
BsB, = B,B; becomes @Bwpz By = @Bqu By, by Lemma 2.2, then E =0orp;, = qs.
Case 1.4. Let b; = 0. By (3.3) and (3.4), using the same arguments as done in Case 1.3, it follows that
g=0ora =b :O,then@:Oorpz = q».
Case 2. We now turn to consider the case of p; = ¢.

If ByB, = B,By, by (3.1) and (3.2), it follows that

(a1byB,» Bon» + Gaby B By + ayby By B )(w™")

_ _ (3.7)
= (bya3B,yn Bor + byay By Byoi + byay B By ) (W),

for any non-negative integers n.
Case 2.1. We now consider the case of p, # ¢,. Choose n = min{p,, g,}. Assume that p,<q,, then
n = p, and (3.7) becomes

+1 +1 1 —
P2 Cl_zblBWt’z (wp1+p2) = P2 (Cl_zbl wPl + bzd]Bqu (wp1+p2))_ (38)
2p2+1 2p2+1 p2+1

For the left side of (3.8), the degree of w is either ’% or zero. For the right side of (3.8), the degree
of w of Byax (WP'*P2) is either % — ¢» or zero. As we assume, p, < g, and pi, p», g, are positive
integers, thus p; # @ and p; # &2”2 — ¢». Hence, the coeflicient of w”' is zero, that is, a;b; = 0,
which yields a, = 0 or b; = 0.

Case 2.1.1. If a, = 0, then f = ayw”', g = byw? + byw®. (3.7) then becomes

alb_ngm Bqu (W2n) = b_zaleqz B,» (WZn)

By Lemma 2.4, alb_z = 0. It follows that f = 0 or a, = b, = 0, which is f = ayw”', g = byw?'.
Case 2.1.2. If by = 0, then f = ayw”" + a,wP2, g = byw?. (3.7) then becomes

alb_szm By (Wzn) + a,by Byr: By (Wzn) = b_zalBqu B, (Wzn) + bzaszpz By (Wzn).

For p, < q», setn > 2g, + p, + 1. From the above equation, it follows that

-q@p+1, —
%(Cllszwm (wn—q2) + ayby B> (Wn—qz))
n—p,+1 3.9

+1

Now we choose n such that n — g, is even.Then the left side of (3.9) becomes

w _ n—q _ n—q
ot ] R (alb_zwp”% + azbzi—pz”w;z_m)‘ G-10)
n+1 n—q,+1 7+ 1

If p; + n and n — p, are even, the right of (3.9) becomes

= (b_zalBqu W™ + bray Boo (w"-m)).

+ +
B T s
a1b2 2 92

n+pi
- +1

—_—n — p2 —+ 1 _n—2p2 + 1 _n_zpz - q2 + 1 n—py -
+ Clzbz s w 2
n+1 n—p,+1 =+ 1

AIMS Mathematics Volume 9, Issue 1, 2530-2548.
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2 > =2 — p,in (3.10) and '”% -

in (3.11).

2 =20 —gpand 52 - p, = then p; = —¢»,
q>» = p>. These both contradict that P2, 42, p1 are posmve 1ntegers and p, # qz So, we have a,b, = 0.
Ifp+=2 =" -qpor 2 —p, = M — @, then either the last term of (3.11) or the last term

of (3.10) is zero. ThlS also glves a\b, = 0.
If at least one of p; + n and n — p, is odd, then (3.11) becomes

—n—-—py+1 np2+1 g+ 1 "
arDy w
n+1 n—py+1 %+1

—q2

or

n+pi 1 l’l+p|

—q2+ 1 wpy
Cl]bg z

n+p1

n+p+1 +1

Applying similar and easier arguments as done above, we also get that a\b, = 0.

To sum up, when b; = 0, Wegeta1b2 =0.Ifp, = bz = 0, then g = 0. If a; = b; = 0, then by
Lemma 2.2, a,b, = 0 or p, = q5.
Case 2.2. We consider the case when p; = ¢, p» = o, thatis f = ayw”' + aawP?, g = byw?' + bywP2.
By (3.1) and (3.2), this implies that

(a1by = b1@)(Byn B2 — B2 By ) = 0
By Lemmas 2.3 and 2.4, B,» Byr» — By B,y # 0. We then obtain Cl]b_g — bya; = 0. The proof
is complete. o

Now we turn to more general cases. Before we consider the case where one symbol is an analytic
monomial and another is a harmonic function, we need the following two lemmas.

Lemma 3.1. Suppose f is a bounded harmonic function on D. Then, ByB, = BBy if and only if f is
a constant.

Proof. Write f = f, + f- where f, = Y2, aw' and f. = Yo bw! are analytic functions. By
Lemma 2.1, B;(w) = 0, implying that B;B¢(w) = 0. Again, by Lemma 2.1

S 2i+1 [i+1
Ble(W):Z“”“znz Vair W =0

i=0

So ayir1 = 0,1 > 0. By using B¢B (1) = B;B¢(1), we get the following equation

(o) [ .

2i i+1
E ayw = E aj; ; w
_ ' 4 "V2i+1
i=1 i=1

Comparing the lowest degree of w, it is easy to see that a,; = 0 for all i > 1. Hence, f, = 0.
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Now we turn to the co-analytic part of f. By

/2n+2
BfTBl(W4n+2): 4 +3 f( 2n+1) O,
N—2n—j+1 n—-j+1 .
B B— dnt2y _ b =] = ().
v ijo M onv 2 \m-2j+ 1"

Hence, byj,; = 0, j = 0,1,2...,n. Because n is any non-negative integer, then b,;,; = 0 for all
J = 0. Also, for any positive integer n, by B-B,(w*") = B;B-(w*""), we get the following equation

n+1 b—2n—1+1 w2 Z —2n-2j+1 n-j+1 .
204147 an+ T4 w1 \m—2j+1"

Comparing the highest degree of w, we easily obtain that b,; = 0, j = 1,2,3,...,n. Because n is
any positive integer, then b,; = 0, j > 0. Hence, f_ = b is a constant. Therefore, f is a constant. O

we have

Lemma 3.2. Suppose g is a bounded analytic function on D with g(0) = 0. Let p be a non-negative
integer, then B,,»Bg = BgB,,» if and only if g = 0.

Proof. The sufficiency is obvious, so now we prove the necessity. If p = 0, by Lemma 3.1, g = 0. Now
we consider the case when p > 1. Suppose that B,» B; = BgB,», and write g as 372, b w.
Case 1. p is even. Then, for any non-negative integer n, p + 2n + 1 is odd. By Lemma 2.1,

BgB,»(w**2) = |22 B(wP*!) = 0. Since

2n+2 2n—-2j+1 n—j+1 .
. An+2N 2n 2] 2n 2j+1
BB = \ g3 B szf“ 2n+ 1 szf n+ 1 )

2n+21 v 2n—-2j+1 n—-j+1 .
Bw B- 4n+2 — b n—j+p
B 4n+3[_=0 Y on w1 \2n-2j+ 1"
—n—j+1 n—j+2 _,_ig
P> b T = 0.
Pw Z 1 \/2n—2j+2w )

The degree of w in the first term of above equation is from p to n + p, while in the second term, it
is not greater than p — 1. So immediately we get b, =0, j=0,1,2,...,n

hence

(3.12)
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Because n is any non-negative integer, b,;,; = 0 for any integer j > 0. Now again, by (3.12),

N —n—j+1 n—j+2 _,_ ..
0=Pw’ > b "
(v JZ‘ Y1 \2n-zj+2” )
n—1 . . .
—n—-j+1 n—j+2 p-n+j i
/ ’ S _1’
; AP \/2n—2j+2 FES I n=p
n—1 . . .
—n—-j+1 n—-j+2 p-n+j ...
b P p>p - 1.
ARG TS \2n-2j+2 p+1 " P

Since n is any non-negative integer, by the above, it is easy to see that b,; = 0 for j > 0. Hence,
b; =0 forany j > 0, we get that g = 0.
Case 2. p is odd. Then, for any non-negative integer n, we see that p + 2n is odd. Thus, with similar
arguments as Case 1 when applying B,,» B;(w*") = BzB,,»(w*"), one may get the desired conclusion. O

We are now ready to prove the commutativity of two H-Toeplitz operators with one symbol being
an analytic monomial and another being a harmonic one. For the general case, it seems very hard.

Proof of Theorem 1.2. The sufficiency is obvious, so now we prove the necessity. If p = 0, by
Lemma 3.1, f is constant. We only need to prove the case when p is a positive integer. Write f = f, +f-
and assume that f, = X\, aw'. Suppose B,,»B + = B¢B,», then

BWpr+ + BW])BfT = Bf_*_BWp + BJT_BW/J. (313)

For non-negative integer n, by Lemma 2.1 we see that BWpr—_(wz"“) = 0. When n > p, we have
B,.»(w**) = 0, thus (3.13) implies that B,,» By, (w**') = 0 when n > p.
Case 1. pis even. Let n = p, then a direct computation gives that

0 = B,»B;, (W)

+2 = 2i +1 o
\/2l;+2BW”(Z,;az'” lzziz LA Z i +I17W21 ")

_Pp
i=5 i=5+1

p+2(§: 2i-p+1 [i-5+1 o (3.14)
2i+1 w

2p+ 2V & 2i+2 2i—-p+1
=3
l——+1——l+1 .
+ 1 7_l.
Za22 +1\j 2i-p p+l " )
By (3.14), we get ay;,; = 0 for any i > £, which implies ap; = ap43 = --- = 0. Letn = p + 1, then

a direct computation gives that
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0 = B,» By, (w?"*)

p+3 N 2i-p—1 5,0 N 2i=p o
= BW) i mPTe i =P
\/2p+4 (Z i _Z]a“lznzw )
=3 =5

i=5+1 5+
P3N 2i-p-1 | i5 (3.15)
2p+4(i_z+la2’ 2i+1 21—p—1W
-2
/‘—3+13—”—i+1 .
+ Z az,+1 i 2i — 2p+1 WT_I)'
By (3.15), we get a,; = O for any i > % + 1, which implies a,.» = a,4 = --- = 0. Thus,

fr = XF, aw'. Next, we will show ay, ..., a,_; are zero.
Again by Lemma 2.1, BWpr_(w) = Bf—_BWp(w) = 0, and by (3.13) we obtain the following two
equations which are equal:

p_
5-1

14

- 20 - 2i+1
B,» By (w) = Bwﬂ(z aZiﬁWZI bt Z Agip1 W)

i=1 L+ i=0

2i+2
) , - _y (3.16)
i i+lp—-i+1 i i+ i+1
= ; Ly ; ! P’
;a22i+1 2 p+l " ;“z“zuz\/ziuw

BB LN kAW 3.17

g P = - .. . l_j. .
1 Bur (W) p+1 p Z I+ 1 W ( )
Note that the degree of w of the first term in (3.16) is from £ to p — 1, and the second term is
from p to 7” — 1. But in (3.17), the degree of w is from 0 to % This means that in (3.16), the
second term is zero, and in the first term, the coefficients of w”™ are zero except w?. This implies that
ap = a; = --- =a,; = 0. Hence, a; = 0 except a,. At this time, both (3.16) and (3.17) are equal to

£+1
27 D —_ Y4
p erlapwz Hence, f, = cw” with ¢ = a,,.

Case 2. pis odd. Let n = p, then a direct computation gives that
0 = BBy, (W)

p+2 - 2i—-p+1 =P ipei
:,/—Bw, S Pr D iy , -p
2p +2 ‘(Zp:“z“ 2i+2 Z“Z +1W )
2

. p+l p+
= v

3p-1
p+2(2 2i—p+1 l——+1
2p+28 L4012 \2i-p+l p+l

=5

e 2 (3.18)

2

AIMS Mathematics Volume 9, Issue 1, 2530-2548.



2540

Letn = p + 1, then we obtain

0 = B,» By, (w?"*)

p+3 - 20=p 5, - 2i-p-1 ,_
B, i T i~ w
\/2p+4 (;“z”zmzw Z )

=5 117;1+1
_ p+3(i 2i-p i—”T”+1Wi+% (3.19)
2p+4\ LT \ 2i-p
2
3pi1 Pl q 3p+l 1
N Z 4 2i—-p—-1 Z_T+ - — Lt przarl_)
*2i+1 \2i-p-1 p+l

By (3.18) and (3.19), with similar arguments as done in Case 1, we get f, = ;7 o Qi wi. On the other
hand, by Lemma 2.1, Bwaf—_(l) = ijBwp(l) = 0, and by (3.13), we see that B,» B, (1) = By B,»(1). A
direct computation gives that

pl pl

WpBﬁ(l)—BWp(Zaz,w +Z W)

p—1 17 1 (3.20)
- i+1 ., i+2 p
= l p +
LN i1 Z“Z’”Vzmzpﬂ ’
p+l . p+1
l_ X + 1 . p+l
B B,(1) = Z ——w (3.21)

By (3.20) and (3.21) and applying similar arguments as done in Case 1, we obtain f. = cw”, where
c = a,.

In summary, since f, = cw”, B¢B,,» = B,»B gives that Bwaff = Bfwap, which means f- = 0 by
Lemma 3.2. The proof is complete. O

Now we shall prove the result about commuting H-Toeplitz operators where one symbol is a co-
analytic monomial and another is an analytic function.

Theorem 3.3. Suppose f is a bounded analytic function on D. Let q be a positive integer, then By« By =
ByByys if and only if f = 0.

Proof. The sufficiency is obvious, so now we only need to prove the necessity. Suppose By«By = BBy
and write f as ), aw'. By Lemma 2.1, ByBy(1) = ByBya(w) = 0, so we have

i+l i—-g+1
ByuBg(1) = i w™ =0,
By(1) = Zazv21+l i+l
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[Se]

2i+1 [i+1i—-qg+1 .
l}W B i = (l
“Br(w) = Zaz“z 2 V2irl i+t W

=q

It follows that @; = O for any i > 2¢. It remains to be shown thata; =0,i=1,2,--- ,2¢g — 1.
Again by Lemma 2.1 ,

3g+12g+1
B;Boa(w®) = B (w4
rB (W) \6g+13g+1 )
2g-1
3g+12g+1 1
grlzg+ q+ Zalwﬁq
6g+13q+1 \2q+1 =
/3 +1
Bquf(Wﬁq) — 6;1 B (Z o] W 2t+l+3q + Za W2z+3q)
i=0
3g+1 i+ 41 i+d41
9 ZaZi 2 2 wta, q is even, (3.23)
6g + 1 = 21+3q+1i+3_‘1+1
3g+1 q+1
3g+1 % i+ +1i+ +1 ezl
i whr dd.
6Q+122+1V21+3q+21+3q+1+1 qiso
Case 1. g is even, so p > 2. Note that (3.22) equals (3.23), so the following equation holds
2g-1 gq-1 q
2g+1 +1 , +1 i+9+1 +4
1 17N aw*1= > ay Wit (3.24)
3g+1 \2g+1 & pr 21+3q+ll+3‘1+1

The degree of w in the left side is from ¢ to 3¢ — 1 and the right is from { to 7 —1,sowe getay =0
immediately. Since 3g—1 > 37‘1 — 1, on the left side of (3.24), the coefficients of w' from ¢ = 37‘1 to3g—1

(3.22)

I

are zero, meaning ag = -+ = dyyy = 0. If g = 2, the desired conclusion holds. If g > 4, substitute
ap = 0 and ag = =dy1 = 0 into (3.24), notice that a, = 0, then we get
q_ 4_1
2g+1 |qg+1 < +2 41 i+4+1 w

i _ with (3.25)
i 2z+3q+ll+3‘1+1

MN

3g+1 \2g+1 4% —

The degree of w on the left side is from g + 1 to 7 — 1, and the right is from % > +1tog—1,but
% +l<g-1<g+1< 37‘] — 1, thus on the left side of (3.25), a; = --- = as; = 0, which is the
desired conclusion.
Case 2. p is odd. Because (3.22) equals (3.23), the following equation holds:

+1
1 l'+ q . qH

2 .

2g + 1 q+1 itg _
3+ 1 2q+1za’w -

i=0 i

arit

2g-1 q-1 3q+l
i=0

21+3q+2 + 3‘1”
If ¢ = 1, the above equation becomes 3 \/;(aow +aw?) = 2 \/;alw thenay = a; = 0. If ¢ > 3,
from the above equation we immediately get ap = 0 and applymg the same arguments as done when ¢

is even, we get the desired result.
Therefore, a; = 0 for any i > 0, that is, f = 0. The proof is complete. O
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4. The proof of Theorem 1.3

The aim of this section is to find the necessary and sufficient conditions of the commutativity of
H-Toeplitz and Toeplitz operators with non-harmonic symbols.
To discuss one of our main results, we will use the Mellin transform @ of the function ¢ €

L'([0, 1], rdr), which is defined by
1
ow) = f @(r)r*~'dr.
0

It is known that ¢ is analytic on {w : Rew > 2}. The following lemmas has been proved in [8],
which will be used in the following.
Lemma4.1. Let ¢ € L'([0, 1], rdr). If there exist a sequence of positive integers ny such that Z ni =

and ¢(ny) = 0 for all k, then ¢ = 0.

Let R be the space of square integrable functions on [0, 1] with respect to the measure rdr. It is
clear that the functions in R are radial functions on D. Since trigonometric polynomials are dense in
L? and e®%R is orthogonal to e*2R for k; # k,, one can see

12 = @ MR

keZ

So, for each f € L*(D), it can be written as (see [11])

flre®y = > M),

keZ

where each ¢, € R is a bounded radial function when f € L*(D). Each function in ¢*’R is called a
quasihomogeneous function with degree k.

Lemma 4.2. Let ¢ be a bounded radial function and p an integer. For any non-negative integer n,

on ﬂ (n+p+1)¢)(2n+p+2)w”+p, n+p=>0,
e’P"(b(W )_

, n+p<0,

— p—n—1
Beip9¢(w2n+l V (p n)¢(p + 2)W , n+ 1 < D,

, n+1>p,

By Lemma 4.2, we obtain the following lemmas immediately.

is6

Lemma 4.3. Suppose f = Y., e ¢i(r) € L*(D) where each ¢y is a radial function. For any non-

negative integer n,

1 _
1(n +k + Dgr(k + 2n + 2w,

By(w") =2 )"
k=0
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The following lemma is proved in [5] which will be used later.

Lemma 4.4. Let p be an integer and  be a bounded radial function on D. Then, for any non-negative
integer n,
. 2+ p+ DWQRn+p+2w"P, n+p=>0,
Teipﬁlp(w ) =
0 , n+p<0.

In order to prove Theorem 1.3, we first give the following lemma.

Lemma 4.5. Let ¢ # 0 be a bounded radial function and p an integer. Write
f= M) e L“D),
keZ

where each ¢y is a bounded radial function. If T ;Byimg = BeimyT s, then @oryy = 0 for each k.

Proof. Choose n satisfying n > |p|, which means n + 1 > p. By Lemma 4.2, Bims(w*"*') = 0, and by
Lemma 4.4,

[oe)

0 = BumyTp(W?™™") = 2By Z 2n +2 + kgi(4n + 4 + w 2)
k=—2n-1

= 2Bans( D (2n+ 3+ 200G (4n + 5 + kw2 (4.1)

k=—n—1

+ )20+ 2+ 2P (dn + 4 + 2w ),

k=—n

We will show ¢,;,1 = 0 for each integer & in the following two cases.
Case 1. p < 0. In this case, (4.1) becomes

N _ | k+n+2
0= Z (2l’l+3 +2k)$02k+1(4l’l+5+k) m

k=—n—1-p
X (k+n+2+ pdQk +2n + 3 + pywh1+p,

then
O 1(An+5+k)pQRk+2n+3+p)=0

holds, where k > —n — 1 — p. Set
Ec={nx2Ipl: ¢Q2k+2n+3+p)=0],

As we assume ¢ # 0, by Lemma 4.1, 3, ., % = o0. For each k, choose n € Ej then 051 (4n+5+k) =
0 with g, m = co. By Lemma 4.1, we get ¢y+1 = 0, where k > —n — 1 — p. For any integer n
with n > [pl, we get o, = O for each integer k.
Case 2. p > 0. So (4.1) becomes

) . k+l’l+2
0= Z (2n + 3 + 2k)pops1(4n + 5 + k) 2k+2n+3

k=—n-1
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X (k+n+2+ p)pQk +2n + 3 + pywkeler,

and then
O 1(An+5+k)pQRk+2n+3+p)=0

holds, where kK > —n — 1. With the similar arguments as done in Case 1, we can obtain ¢;,; = 0 for
each integer k. O

Lemma 4.6. Let ¢ and ¢ be bounded radial functions and p be a non-negative integer. T B,imy =
B,imgT, holds if and only if ¢ = 0 or ¢ is a constant.

Proof. For any non-negative integer n, by Lemmas 4.2 and 4.4,

+1 —
Ty BangW?™) = 24/ 2" — 1+ p + D@20+ p+ DT, (w7
n

1 — -
:4w/2nil(n+p+1)¢(2n+p+2)(n+p+1)(,0(2n+2p+2)w"+”,
n

Biiny T,(W™") = 221 + 1)@(4n + 2)Birsy(W™")

1 N _
=442 J; -2+ DFAn +2)(n+ p+ Dg2n+ p+ 2w,
n

Hence, we get that, for any non-negative integer n,

—

[Cn+ Dp(dn+2)—(n+p+ DpRn+2p +2)]|pQ2n+ p +2) = 0. 4.2)
Set
E = {nz Ipl : ¢(2n+p+2):0}.
By Lemma 4.1, if ), ,% = oo, then ¢ = 0. Otherwise, > ,cg- % = oo, where E° is the complement
of E in the set of non-negative integers. Then,

Cn+ De[2@n+ D] =m+p+ Dy[2(n+ 1) +2p], neE".

This implies that

%zc’ﬁ(z) = [%(z +2)+ p]fﬁ[%(z +2)+2p], VRez > 2.

So,
—1 . ~ 1
I(EZ +2p+ Dp(z) = 1(z)<,0(5z +2p+1).

Denote that 72
Z
Gz) = 22,
1(z)
Notice that G(z) = G(%z + 2p + 1), and it can be written as G2w) = G(w + 2p + 1) where z = 2w.

With similar proof of Theorem 3.6 in [8], it follows that G(z) is a constant, namely A. Then,
P(2) = 11(z) = A(2).

Therefore, ¢ is constant. O
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Proof of Theorem 1.3. If ¢ = 0, the conclusion is obvious. In the following we assume ¢ # 0. By
Lemma 4.5, p2+1 = 0 for each integer k. Now, f can be written as

f= Z ei@kw%k(” ).

k>0

We now show that ¢, = 0 for k£ > 0. For any non-negative integer n, by Lemmas 4.3 and 4.4, then

+1 —~
T BumosW") = 2+ 2” 1+ p + 1DEQn + p+ T (W)
n

+1 —~
:41/2nn+1(n+p+1)¢(2n+p+2)
+

o0

X » (n+p+2k+ Dpy(2n+2p + 2k +2)w ,
Z( D+ 2k + g (2n + 2p + 2Kk + 2wk
k=0

+00
BogTp(w?") = 23" (2 + 2k + 1)@(4n + 2k + 2)Barog(w?"* )
k=0

+00
=4 Z(Zn + 2k + Dgoi(4n + 2k + 2)

k=0

n+k+1 "
8 2n+2k+1(n+k+p+1)¢(2”+2k+p+2)w .
\/m( +p+DoCn+p+2)
1P ¢(2n +p

+

X >+ p+ 2k + Dn(2n +2p + 2k + 2w 0
k=0

We have that

=0 (4.3)
= > (@n+ 2k + 1gy(dn + 2k +2)

k=0

n 7 n+k+p
% 2n+2k+1(n+k+p+1)¢(2n+2k+p+2)w _

Comparing two sides of (4.3), the degrees of w are the same when k = 0. Using the same argument
as done in Lemma 4.6, we get that ¢, is constant. So, (4.3) becomes

n+1 .
\/2n+1(n+p+1)¢(2n+p+2)

+00

X Z(n + p o+ 2k + Dga(2n + 2p + 2k + 2w
k=1

= (4.4)
= Z(Zn + 2k + Dgw(4n + 2k +2)

k=1

n 7 n+k+p
8 2n+2k+l(n+k+p+1)¢(2n+2k+p+2)w _

AIMS Mathematics Volume 9, Issue 1, 2530-2548.



2546

By (4.4), the lowest of the degree of w on the leftis n + p + 2, but on the rightitisn + p + 1. It is
clear that the coefficient of w"*7*! is zero, that is

22(4n+4)p2n + p+4) = 0.

Set .
Ey={n>Ipl: $Qn+p+4)#0).

As we assume ¢ # 0, by Lemma 4.1, 3, ¢, % = co. Choosing n € E,, then p,(4n + 4) = 0 with
Yk, g = . By Lemma 4.1 we get ¢, = 0. Then, (4.3) becomes

/n+1 —
2n_i_1(n+p+1)¢(2n+p+2)

+0o0

X Z(n + p + 2k + Dgo(2n + 2p + 2k + 2w Pk
=

= (4.5)
= Z(Zn + 2k + 1) (dn + 2k + 2)

k=2

| n+k+1 — Dkt p
X 2n+2k+1(n+k+p+l)¢(2n+2k+p+2)w .

Again, by (4.5), the lowest of the degree of w on the leftis n + p + 4, but on the rightitisn + p + 2.
The coefficient of w"**2 on the right is zero, that is

G4(4n + 6)p(2n + p + 6) = 0.
Set _
Ey={n>Ipl: $Qn+p+6)#0).

By using similar argument as done above, we get ¢, = 0. One can see that if the lowest degrees of
w on both sides of (4.5) are different, then the coefficients should be zero. Thus, we have ¢, = 0 for
k > 0. Further, ¢, = 0 for k£ > 0. Therefore, f is a constant. i

As the special case of Theorem 1.3, we obtain two corollaries in the following.

Corollary 4.7. Let ¢ and ¢ be bounded radial functions. T,B, = B,T4 holds if and only if $ = 0 or f
is constant.

Corollary 4.8. Let ¢ be a bounded radial function and p a non-negative integer. Suppose f is analytic
in L*(D). Then, T¢B.ivy = BeiryT s holds if and only if ¢ = 0 or f is constant.

5. Conclusions

In this research, we obtain the following characterizations for the commuting Toeplitz operators and
H-Toeplitz operators on the Bergman space.

(1) Suppose pi1, pa, g1, ¢» are positive integers, f = ayw?' + a;w??, g = byw? + byw®. Then,
BB, = B,By if and only if there exist a, 8 € C, |a| + |8 # 0 such that af + g = 0.
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(2) Suppose f is a bounded harmonic function on D. Let p be a non-negative integer. Then B,,, B, =
B¢B,, if and only if there exist ¢ € C, such that f' = cw”.
(3) Let ¢ be a bounded radial function and p be a non-negative integer. Suppose

f= e e L~D),

k>0

where each ¢y is a bounded radial function. Then, TB,img = B,imgT ; holds if and only if ¢ = 0 or f is
a constant.
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